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PREFACE 

This book is written for the serious student, probably at the graduate 
level, who is interested in obtaining an understanding of the theory of 
Fourier and Laplace transforms, together with the basic theory of 
functions of a complex variable, without which the transform theory 
cannot be understood. No prior knowledge other than a good ground­
ing in the calculus is necessary, although undoubtedly the material will 
have more meaning in the initial stages for the student who bas the 
motivation provided by some understanding of the simpler applications 
of the Laplace transform. Such prior knowledge will usually be at an 
introductory level, having to do with the mechanical manipulation of 
formulas. It is reasonable to begin a subject by the manipulative 
approach, but to do so should leave the serious student in a state of 
unrest and perhaps mild confusion. If he is alert, many of the manipu­
lative procedures will not really make sense. If you have experienced 
this kind of confusion and if it bothers you, you are ready to profit from 
a study of this book, which occupies a position between the usual engi­
neering treatments and the abstract treatments of the mathematicians. 
The book ie intended to prepare you for creative work, not merely to 
solve stereotyped problems. The approach is intended for workers in 
an age of mature technology, in which the scientific method occupies a 
position of dominance. Because of the heavy emphasis on interpretation 
and because of the lack of generality in the proofs, this should be regarded 
as an engineering book, in spite of the extensive use of mathematics. 

The highly personal aspect of the learning process makes it impossible 
for an author to write a book that is ideal for anyone except himself. 
Recognition of this reality provides the key to how you can benefit most 
from a book such as this. Probably you will want first to search for the 
main pattern of ideas, with the details to be filled in at such time as your 
interest is aroused. Learning is essentially a random process, and an 
author cannot insist that events in your program of learning will occur 
in any predictable order. Therefore, it is recommended that you remain 
alert to points of interest, and particularly to points of confusion. To 
acknowledge that a concept is not fully understood is to recognize it as a 
point of interest. It is suggested that you give due respect to such a 
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point, at the time it cries for attention, without regard for whether it is 
the next topic in the book-searching for related ideas, referring to other 
texts, and, above all, experimenting with your own ideas. There is such 
a wealth of interrelatedness of topics that, if you do this with complete 
intellectual honesty, you will eventually find that you have more than 
covered the text, without ever having read it in continuous fashion from 
cover to cover. 

The text is roughly in two parts. The first part, on functions of a 
complex variable, begins at a relatively low level. Experience with 
graduate students in electrical engineering at Syracuse University, over 
a period of five years during which the first eleven chapters of this 
material were used in note form, indicates that the approach is acceptable 
to most beginning graduate students. The level of difficulty gradually 
increases throughout the book, and the material beyond Chapter 7 
attains a relatively high degree of sophistication. However, it is antici­
pated that with a gradual increase in your knowledge the material will 
present an aspect of approximately constant difficulty. 

The material on functions of a complex variable iB quite similar to 
many of the standard beginning engineering-oriented texts on the sub­
ject, except perhaps for the amount of interpretation and illustrative 
material. One other difference will be noticed immediately: the use of 
8 = U + jCJJ instead of the usual z = x + iy. To use j in place of i 
is established practice in engineering literature and probably is not con­
troversial. The choice of 8, u, and CJJ in place of z, x, and y was a calculated 
risk in terms of reader reaction. It provides a unity in this one book, 
but it will necessitate a symbol translation when comparing with other 
books on function theory. My apologies are offered to anyone for whom 
this is a nuisance. 

A few suggestions are offered here, to both student and teacher, as 
to what material might be considered superfluous in an initial course 
of study. Chapter 1 provides motivation and a perspective viewpoint. 
It will not serve all students equally well, possibly being too concise 
for some and too elementary for others. It has no essential position 
in the stream of continuity and therefore can be omitted. Chapter 2 
gives the main introductory concepts and is essential. Chapter 3 should 
be covered to the extent of firmly establishing the geometrical interpre­
tation of a function of a complex variable as a point transformation 
between two planes, and the basic ideas of conformality of the trans­
formation as related to analyticity of the function. However, on first 
reading it may be advisable not to go into details of all the examples 
given. Much of this is reference material. 

Chapters 4 and 5 are very basic and should not be omitted. Chapter 
6 bears a relation to the general text material similar to that of Chapter 3. 
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Some knowledge of multivalued functions is certainly essential, but the 
student should adjust to his own taste how much detail and how many 
practical illustrations are appropriate. Much of this chapter may be 
regarded as reference material. Chapter 7, the last of the chapters 
devoted to function theory, consists almost completely of reference 
material pertinent to network theory, and can be omitted without loss 
of continuity. In fact the encyclopedic nature of this chapter causes 
some of the topics to appear out of logical order. 

Chapter 8 contains background on certain properties of integrals, 
particularly improper integrals, in anticipation of applications in the later 
chapters. This chapter deals with difficult mathematical concepts and, 
compared with the standards of rigor set in the other chapters, is largely 
intuitive. The main purpose is to alert the reader to the major problems 
arising when an improper integral is used to represent a function. The 
chapter can be skipped without loss of continuity, but at least a cursory 
reading is recommended, followed by deeper consideration of appropriate 
parts while studying the later chapters. 

Chapters 9 and 10 form the core of the second part of the book­
the Fourier and Laplace transform theory. In the transition from the 
Fourier integral to the one-sided Laplace integral, the two-sided Laplace 
integral is introduced, on the argument that conceptually the two-sided 
Laplace integral lies midway between the other two. This seems to 
smooth the way for the student to negotiate the subtle conceptual bridge 
between the Fourier and Laplace transform theories. If the Laplace 
transform theory is to be understood at the level intended, there seems 
to be no alternative but to include the two-sided Laplace transform. 

The theory of convolution integrals presented in Chapter 11 is certainly 
fundamental, although not wholly a part of Laplace transform theory, and 
therefore should be included in a comprehensive course of study. The 
remaining chapters deal with special topics, and each has its roots 
in the all-important Chapter 10. Chapter 12 is essentially a continuation 
of Chapter 10 and is primarily a reference work. The practical applica­
tions treated in Chapter 13 provide a brief summary of the theory of linear 
systems and preferably should be studied together with, or following, a 
course in network theory. Otherwise the treatment may be too abstract. 
However, taken at the proper time, it can be helpful in unifying the 
ideas about this important field of application. 

In regard to Chapter 14, on impulse functions, a critical response from 
some readers is anticipated by saying that this chapter represents one 
particular viewpoint. Many will say that 'it labors the point and that 
all the useful ideas contained therein can be reduced to one page. This 
is a matter of opinion, and it is thought that a significant number of 
students can benefit from this analysis. Everyone knows that impulse 
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functions are not functions in the true sense of the word, and this chapter 
has something to say about this question, casting the usual results in 
such a form that no doubts can arise as to the meaning. A knowledge 
of the customary formalisms associated with impulse functions and their 
symbolic transforms represents a bare minimum of accomplishment in this 
chapter. 

Finally, Chapters 15 and 16 on periodic functions and the Z transform 
are related and provide background material for many of the practical 
applications which you will probably study elsewhere. The justification 
for including these chapters is to be found in the desire to present this 
fundamental applied material with the same degree of completeness as 
the Laplace transform itself. 

No particular claim is made for originality in the basic theory, other 
than in organization and details of presentation. Nor is it claimed that 
the proofs are always as short or as elegant as possible. The general 
criterion used was to select proofs that are realistically straightforward, 
with the hope that this would ensure a high degree of intellectual honesty, 
while always keeping in touch with simple concepts. 

In its preliminary versions, this material has been taught by about 
twenty different colleagues. All of these persons have made help­
ful suggestions, and a list of their names would be too long to give in 
its entirety. However, I would like to single out Professors Norman 
Balabanian, David Cheng, Harry Gruenberg, Richard McFee, Fazlollah 
Reza, and Sundaram Seshu as having been especially helpful. Also, Pro­
fessor Rajendra Nanavati and Messrs. Joseph Cornacchio and Robert 
Richardson deserve special acknowledgment for reading and construc­
tively criticizing the entire manuscript. Similar acknowledgment is 
made to Professors Erik Hemmingsen and Jerome Blackman, of the 
Syracuse Mathematics Department, for their careful reviews of Chapters 
8 through 12. Finally, my sincere thanks go to Miss Anne L. Woods 
for her skill and untiring efforts in typing the various versions of the 
notes and the final manuscript. 

Wilbur R. LePage 
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CHAPTER 1 

CONCEPTUAL STRUCTURE OF SYSTEM ANALYSIS 

1-1. Introduction. It is worthwhile for a serious student of the 
analytical approach to engineering to recognize that one important facet 
of his education consists in a transition from preoccupation with tech­
niques of problem solving, with which he is usually initially concerned, to 
the more sophisticated levels of understanding which make it possible for 
him to approach a subject more creatively than at the purely manipula­
tive level. Lack of adequate motivation to carry out this transition can 
be a serious deterrent to learning. This chapter is directed at dealing 
with this matter. Although it is assumed that you are familiar with 
the Laplace transform techniques of solving a problem, at least to the 
extent covered in a typical undergraduate curriculum, it cannot be 
assumed that you are fully aware of the importance of functions of a 
complex variable or of the wide applicability of the Laplace transform 
theory. 

Since motivation is the primary purpose of this chapter, for the most 
part we shall make little effort to attain a precision of logic. Our aim is 
to form a bridge between your present knowledge, which is assumed to be 
at the level described above, and the more sophisticated level of the 
relatively carefully constructed logical developments of the succeeding 
chapters. In this first chapter we briefly use several concepts which are 
reintroduced in succeedim:; chapters. For example, we make free use 
ol complex numbers in Chap. 1,· although they are not defined until 
Chap. 2. Presumably a student with no background in electric-circuit 
theory or other applications of the algebra of complex numbers could 
study from this book; but he would probably be well advised to start 
with Chap. 2. 

Most of Chap. 1 is devoted to a review of the roles played by complex 
numbers, the Fourier series and integral, and the Laplace transform in the 
analysis of linear systems. However, the theory ultimately to be devel­
oped in this book has applicability beyond the purely linear system, par­
ticularly through the various convolution theorems of Chap. 11 and the 
stability considerations in Chaps. 6, 7, and 13. 

1-2. Classical Steady-state Response of a Linear System. A brief 
summary of the essence of the sinusoidal steady-state analysis of the 
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response of a linear system requires a prediction of the relationship 
between the magnitudes A and B and initial angles a and {3 for two func­
tions such as 

Va = A cos (ClJt + a) 
Vb = B COS (ClJt + {3) 

(1-1) 

where Va' for example, is a driving function* and Vb is a response function. 
From a steady-state analysis we learn that it is convenient to define two 
complex quantities 

Va = Aeia (1-2) 

which are related to each other through a system function H{jCIJ) by the 
equation 

Vb = H(jCIJ)Vo (1-3) 

H(jCIJ), a complex function of the real variable CIJ, provides all the informa­
tion required to determine the mag­

L f1 nitude relationship and the phase r I + } difference between input and output 
110 +", +q "" sinusoidal functions. Presently we 

shall point out that H(jCIJ) also com­
pletely determines the non periodic 

FiG. 1-1. A physical sysiem described response of the system to a sudden 
by the function in Eq. (1-4). 

disturbance. 
In the example of Fig. 1-1, the H(jCIJ) function is 

• jCIJRC 
H(}CIJ) = 1 _ ClJ2LC + jCIJRC (1-3a) 

H(jCIJ) = ClJRC ei[r/2-tag-'wRC/(1--..·LCl) (1-3b) 
v' (1 - ClJ2LC)2 + ClJ2R2C2 

Equation (1-3a) emphasizes the fact that H(jCIJ) is a rational function 
(ratio of polynOInials) of the variablejCIJ, and Eq. (1-3b) places in evidence 
the factors of H(jCIJ) which are responsible for changing the magnitude 
and angle of Vo, to give Vb. Evaluation of the steady-state properties of a 
system is usually in terms of magnitude and angle functions given in Eq. 
(1-3b), but the rational form is more convenient for analysis. 

This brief summary leaves out the details of the procedure for finding 
H{jCIJ) from the differential equations of a system. It should be recog­
nized that H (jCIJ) is a rational function only for systems which are described 
by ordinary linear differential equations with constant coefficients. 

1-3. Characterization of the System Function as a Function of a Com­
plex Variable. The material of the preceding section provides our first 

• The tenns driving function, forcing function, and excitation function are used 
interchangeably in this text. 
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point of motivation for a study of functions of a complex variable. In the 
first place, purely for convenience of writing, it is simpler to write 

RCs 
H(s) = 1 + RCs + LCs2 (1-4) 

which reduces to Eq. (l-3a) if we make the substitution s = jlJJ. How­
ever, wherever we write an expression like this, with s indicated as the 
variable, we understand that s is a complex variable, not necessarily jlJJ. 
In fact, throughout the text we shall use the notation s = tT + jlJJ. 
Another advantage of Eq. (1-4) is recognized when it appears in the fac­
tored form 

H(s) = (R/L)s 
(s - Sl)(S - 82) 

(1-5) 

Carrying these ideas a bit further, we observe that the general steady­
state-system response function can be characterized as a rational function 

H(s) = K -;.(_s _-_S-=<l)'-7(_S _-_S....:.:3)c--· _. _·-;(;-.8_----.::8n"') 
(s - 82)(S - 8,) . . . (s - s"') 

(1-6) 

Various systems differ with respect to the degree of numerator and 
denominator of Eq. (1-6), in the factor K, and in the locations of the 
critical values Sl, S2, 83, etc. The quantities SI, 83, etc., in the numerator 
are called zeros of the function, and the corresponding 82, s" etc., in the 
denominator are poles of the function. In general, these critical values of 
8, where H(s) becomes either zero or infinite, are complex numbers, 
emphasizing the need to deal with complex numbers in the analysis of a 
linear system. 

Equation (1-6) provides an example of the importance of becoming 
accustomed to thinking in terms of a junction of a complex variable, 
since, with s = jlJJ and IJJ variable, this function represents the variation 
of system response as a function of frequency. In particular, the varia­
tion of response magnitude with frequency is often important, as in filter 
design; and Eq. (1-6) provides a convenient vehicle for obtaining this 
functional variation. Geometrically, each factor in the numerator or 
denOIninator of Eq. (1-6) has a magnitude represented graphically by line 
AB in Fig. 1-2a, shown for the particular case where 8k is a negative real 
number. Except for the real multiplying factor K, for any complex value 
of s the complex number H(s) has a magnitude which can be calculated as 
a product and quotient of line lengths like AB in the figure and an angle 
which is made up of sums and differences of angles like aJc. Thus, a plot 
in the complex s plane provides a pictoI'ial aid in understanding the 
properties of the function H(s). In particular, steady-state response for 
variable frequency is characterized by allowing point s to move along the 
vertical axis. 



4 COMPLEX VAlUABLES AND THE LAPLACE TRANSFORM 

This formulation is also helpful when we are concerned with variation of 
the magnitude IH(j",) I as a function of CIl. The function H(8)H( -8) plays 
a central role in this question. H( -8) is made up of products and quo­
tients of factors like -8 - 8i, one of which is portrayed by magnitude 

(a) 

I 
I 

I 

l 
" 

CT-

\ 

(c) 

, , 
\ -." 

c ,-8. , , , 
I 

, I 

" -8 

(b) 

FIG. 1-2. Geometrical interpretation of factors in the numerator and denominator of 
H(.), H( -8), and H(s)H( -s). (a) A factor of H(s); (b) a factor of H( -s); (c) factors 
of H(s)H( -8) due to a pair of conjugate zeros or poles of H(s). 

1-8 - 8kl and angle a~ in Fig. 1-2b. Thus, if each 8k is real, H(s)H( -s) is 
formed from the product and quotient of factors like 

Is - 8kll-s - skleiCa.+a.') 

The geometry of Fig. 1-2a makes it evident that when s = jCll (placing s 
on the vertical axis) the sum of angles ak + a~ is zero and therefore 
H(jCll)H( -jCll) is real. Furthermore, Ali = AC when s = jCll, and there­
fore H(jCll)H( -jCll) is the square of the magnitude of H(jCll). It can be 
shown, from physical considerations, that, if Sk is complex, the factor 
8 - 8k is accompanied by a companion factor s - Sk, where Sk is the com­
plex conjugate of Sk, as illustrated in Fig. 1-2c. * In that case, both factors 

• A bar above a symbol designates its complex conjugate. Conjugates bear to 
each other the relation shown in the figure, having the same real components and 
imaginary components of opposite signs. The conjugate is defined and discussed 
in Chap. 2. 
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are considered together, with the conclusion that the product of four 
factors (a - ak)(a - &10)( -a - 810)( -8 - &/0) is real when a = jflJ. Thus, 
since K is real, we find generally that the function H(a)H( -a) is a. func­
tion of a complex variable which has the peculiar property of being real 
when a = jflJ and furthermore of being the square of the magnitude of 
H(jflJ). We summarize by writing 

IH(jflJ)12 = H(a)H( -a) I . .-,'" 
Equation (1-4) can be used for an illustration, where 

-RCs 
H(-a) = 1 - RCs + LCs2 

giving 
-R2C2s2 

H(s)H( -s) = (1 + LCs2)2 _ R2C2a2 

When s = jflJ, since (jflJ)2 = -flJ2, we obtain 

.. R2C2flJ2 
H(JflJ)H( -)flJ) = (1 _ LCflJ2)2 + R2C2flJ2 

which is the square of the magnitude factor in Eq. (l-3b). 

(1-7) 

(1-8) 

(1-9) 

(1-10) 

The function H(s)H( -a) is particularly important in the design of 
filter and corrective networks because of the property just demonstrated. 
Again we can say that analytical work is easier if we deal with the 
complex function H(s)H( -s) than if we deal only with the real function 
IH(jflJ) I. 

1-4. Fourier Series. The sinusoidal function described in Sec. 1-3 
plays a vital role beyond the sinusoidal case for which it is defined. The 
reason is provided by the Fourier series, whereby a periodic function 
vit) , of angular frequency flJa , can be described as a sum of sinusoidal 
components. One way to write the Fourier series for the driving function 
is .. 

va(t) = l A .. cos (nflJat + cr .. ) 
.. -0 

(1-11) 

each term of which is like Eqs. (1-1). Assuming that the principle of 
superposition is applicable, the response is 

.. 
Vb(t) = l B .. cos (nflJat + fl .. ) 

.. -0 

(1-12) 

Upon comparing with Eqs. (1-2) and (1-3), it is evident that A .. and B. 
and cr .. and fl .. are related by 

(1-13) 
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The important concept here is the emergence of the idea of a signal 
spectrum (a line spectrum in the case of a periodic function) represented 
by the sequence of complex numbers AI&,a" A 2&,a" etc., and of the modi­
fication of this signal spectrum by the system function H(jnwo) to give the 
spectrum of the output signal. Emphasis is on the importance of H(jw) 
as a function of w, where in this case the function is used only at discrete 
values of w. 

1-6. Fourier Integral. It is a short intuitive step from the Fourier 
aeries to the Fourier integral. • In this case, vit) is not periodic, but we 
can define a periodic function, of period 7r / aw, 

w(t) = vo(t) It I < :'w (1-14) 

and for all t, 

w(t) = w(t ± ~:) (1-15) 

as illustrated in Fig. 1-3. The period of w(t) can be made as large as 

£~!:!., 
;' I I 

, I I 

11(1) 

I I 
I I " =".----1--...."."'---+-=0---':-_-- ~ ;,. ' 

£fL .. -t-
4",. ......w(') 

FIG. 1-3. Range of validity of Fourier series for a non periodic function. 

JIesired by making aw arbitrarily small. As another indication of the 
usefulness of complex quantities, it is also known that we can write 

A cos (wt + a) = ~ (eiGle'''' + e-iGle-i·') (1-16) 
2 

thereby putting into evidence the fact that w(t) can be represented as a 
complex Fourier series involving a summation over negative as well as 
positive n, as follows: . 

w(t) = ~: 1 A .. &''' 4<0, (1-17)t 

n---
• The procedure outlined here is good as a learning aid, although a rigorous develop­

ment of the basieJ'ourier integral theorem requires a more complicated treatment, 
as given in Chap. 9. 

t The factor A(42.r is the reciprocal of the period and normally is incorporated as a 
factor of Aft. The notation used here is adopted to blend with standard practice in 
Laplace transform theory. 
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where each A" is complex, rather than real and positive as in Eq. (1-11). 
The function wet) is identical with vo(t) over the arbitrarily large interval 
-r/Aw < t < r/Aw and will have a response ret) given by 

• 
Aw ~ 

ret) = 2r L, B.ei"Aw' (1-18) 
n--. 

where B" = H(jn Aw)A. (1-19) 

The last two equations are similar to Eqs. (1-12) and (1-13), with the 
exception that A .. and B .. are complex in Eq. (1-19). As defined, ret) is 
the response to a fictitious periodic function which approximates vo(t) 
over the interval -r / Aw < t < 1r / Aw. If v .. (t) reduces essentially to zero 
for t outside this interval, it is intuitively reasonable to expect ret) to be 
an approximation for Vb(t), valid over the same interval. Assuming this 
to be the case, one might expect to be able to take the limit as Aw goes 
to zero, thereby obtaining exact expressions which we formally write 
for the two functions: . 

vo(t) = lim .w(t) = lim Aw ~ A .. ei" A .. , 
A ...... O Aw-+O 21r L, (1-20a} 

n-- • . 
and Vb(t) = lim ret) = lim A

2
W ~ H(jn Aw)A .. ei .. Aw, 

.1..-.0 .1..-.01rL, 
(1-20b) 

"--aD 

Of course, according to the well-known theory of Fourier series, the 
coefficients A .. are given by 

I r/AOI . 
A = v (t)e-I"A..' dt .. -riA.. a 

(1-21) 

We now allow Aw to approach zero, with no concern for the question of 
whether the limits exist. Equation (1-21), which is a function of the 
discrete variable n Aw, becomes a function of a continuous variable jw, 
and we formally write 

'O .. (jw) = 1-.... v .. (t)e-i .. ' dt 

The summations in Eqs. (1-20) become integrals, as follows: 

vo(t) = 21 f" 'O .. (jw)eiw, dw 
1r _ .. 

Vb(t) = -.!.. f" 'Ob(jW)eiw
' dw 2r _. 

where 'Ob{jW} = H(jw)'O .. {jw) 

(1-22) 

(1-23a) 

(1-23b) 

(1-24) 

takes the place of Eq. (l-19). The system response function now "acts 
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on" the continuous-spectrum function 'Oa(jW) of the excitation, to produce 
the continuous spectrum of the response 'Ob(jW). 

The above brief outline gives the essential ideas of the Fourier integral 
treatment of a linear system, showing how the response to a general 
nonperiodic excitation is determined by the system function H(s), again 
emphasizing the importance of this function. 

1-6. The Laplace Integral. The Fourier integral approach, although 
powerful, is not satisfying for solving certain practical problems and does 
not provide as general a basis for theoretical analysis as we should like. 
Its shortcomings are two in number: 

1. An integral like Eq. (1-22) does not exist for most va(t) functions of 
practical interest. For example, it will not handle such a simple case as 
the unit-step function. * 

2. The formulation does not conveniently take into consideration the 
.... ansient effects when energy stored in system components is suddenly 
"eleased. That is, a.r.bitrary initial conditions cannot be handled. 

Both these problems are dealt with by making two simple modifica­
tions. The excitation function is replaced by a function which is defined 
to be zero for negative t; and va(t) and Vb(t) are multiplied by a "converg­
ing factor" e-VI. For positive values of the real number u, this function 
approaches zero fast enough to allow many integrals like 

and 

to converge when they do not converge in the absence of the e-VI factor. 
For example, if va(t) is the unit step, 

fo" e-VI (cos wt - j sin wt) dt = fo" e-VI cos wt dt - j fo" e-VI sin wt dt 

and each integral on the right exists if u > .0. This permits definition of 
a function of u + jw, which bears the same relationship to va(t)e-VI as 
'Oa(jw) bears to va(t), with the additional stipulation that va(t) is now 
zero for t < o. Thus, we define 

Va(u + jw) = fo 00 vaCt)e-(o'+i"')1 dt (1-25) 

and a formula corresponding to Eq. (1-23a) can be derived, giving 

vaCt)e-V1 = ir f-.... Va(u + jw)ei"'l dw 

• The Fourier integral for the unit step, the function which is zero for t < 0 and 1 
for t > 0, is 

fo" if"" dt = /0" (cos wt + sin we) dt 

Neither cosine nor sine can be integrated from zero to infinity. 
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which is more conveniently written 

vaCt) = ir j: .. Va(q + jw)e(f1+ifO )I dw 

Similar expressions apply for VbCt), for which we have 

Vb(q + jw) = fo" Vb(t)e-(t1+i .. )' dt 

9 

(1-26) 

(1-27) 

as the Fourier integral of Vb(t)e-"', where Vb(t) = 0 when t < 0; and also, 
in similarity with Eq. (1-26), 

Vb(t) = ~ f" Vb(q + jw)e(f1+ifO )' dw (1-28) 
2r _00 

It is beyond the scope of this chapter to show that Va(q + jw) and 
Vb(q + jw) bear a relationship similar to Eq. (1-24), namely, 

Vb(U + jw) = H(q + jw)Va(q + jw) (1-29) 

It now becomes apparent that Eqs. (1-25) through (1-29) are materially 
simplified by regarding q and w as the components of the complex variable 
s, in which case Eqs. (1-25) and (1-26) become 

Va(s) = 10" va(t)e-ol dt (1-30) 

va(t) = ~ hr Va(s)e" ds (1-31) 

where the last integral is a contour integral of the complex function 
Va(s)eal taken over a vertical line for which the real component q is 
constant. That is, on the contour of integration, s = q + jw and 
ds = j dw. (Contour integration is the topic of Chap. 4.) A similar 
pair of equations applies to Vb(t), giving 

Vb(S) = 10" vb(t)e-" dt 

Vb(t) = o~. [ Vb(S)e" ds 
""'"3 ]Br 

and Eq. (1-29) becomes 

(1-32) 

(1-33) 

(1-34) 

The functions Va(s) and Vb(S) are called Laplace transforms. The 
possibility of having prescribed initial conditions at t = 0 is not admitted 
by Eq. (1-34); but it is a relatively simple matter to show how this can 
be handled by adding another term, giving 

Vb(s) = H(s) Vo(s) + G(8) (1-35) 
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as the general expression Vb(8). G(8) is a function of initial-energy terms. 
For details, you are referred to Chap. 13. 

In view of the implications of Eqs. (1-30) and (1-31), H(8} takes on 
added significance when the Fourier integral is extended to the Laplace 
integral formulation. Until this introduction of the Laplace integral, 
we have been interested primarily in H(jw}, although the observation 
has been made that considerable simplification ensues if H(jw) is regarded 
as a special case of H(s}, thereby making it possible for general properties 
of s to be used in interpretation and design problems in which H(jw} is 
the primary function. Now, with the Laplace integral formulation we 
find H(8} appearing explicitly as a function of 8 rather than of jw. 

In the developments of the last two sections we have made free use of 
improper integrals. This fact points to another of the topics which must 
be considered, the question of properties of the integrand functions that 
will make the integrals exist. Perhaps more important is the fact that a 
formula like Eq. (1-33) is useful only if it can be evaluated and if it can 
be interpreted to deterInine its properties as a function. Therefore, 
techniques of evaluating and manipulating improper integrals provide 
one of the later objectives of this study. 

1-'1. Frequency, and the Generalized Frequency Variable. The Fou­
rier integral carries the liInits - 00 and 00, where integration is with 
respect to the variable w, implying that we are interested in functions of w 
for negative as well as positive values of w. In the analysis of time 
response of systems it is customary to call w the angular frequency, 
recognizing it as related to the actual frequency f by the simple formula 

w = 2rf 
What, then, is the physical meaning of wand f when they become' nega­
tive numbers? No physical interpretation seems possible, since fre­
quency is by definition a count of number of cycles or radians per second. 
The error is in calling f and w frequency; the' proper terminology is 

and 
Frequency = III 

Angular frequency = Iwl 

The alternative is to refer to f as the frequency variable, rather than 
frequency. However, the quantity w is so much more prevalent than f 
in analytical work that we shall consider w to be the frequency variable. 

Sometimes in analysis it is convenient to regard the Laplace generali­
zation of the Fourier integral as equivalent to a generalization of a 
sinusoidal driving function. For example, in Eq. (1-23a) we may think 
of vo(t} as due to a superposition (via the integral) of sinusoidal com­
ponents like 
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which is essentially the cosine function. To clarify this statement, it can 
be shown that for a practical system, having a real response to a real 
excitation, 1),,( -jw) is the conjugate of 1),,(jw), and so if A(w) is the 
magnitude function and a(w) is the angle function, 

1),,(jw) = A(w)eia( .. ) and 1),,( -jw) = A(w)e-ia( .. ) 

in terms of which the above becomes 

2A(w) cos [wt + a(w)] dw 

In the Laplace case, the corresponding formula is 

v,,(t) =.2.... ( V,,(s)e" ds = ~ foo V,,(u + jw)e(ff+;..)1 dw 
27rJ lBr 27r - 00 

which implies a summation of components like 

[V,,(u + jw)e(ff+MI + V,,(u - jw)e(ff-iW)I] dw = [V,,(s)e" + V,,(s)eilj dw 

This focuses attention on eo' instead of eiw1 as the basic building block. 

FIG. 1-4. Plots of the function ~(e''' + Il'''), where 80 "" /TO + j",., for three values of 
/T. and with "'. constant. 

The above can be made to look more like the previous case by writing it 
in the form 

e"t[V,,(s)eiwt + V,,(s)e-i"'tj 

showing it to be a sinusoidal function multiplied by an exponential. * 
Examples of the special case 

~e""(ei"., + e-i ... I ) 

are plotted in Fig. 1-4. 

• This is true because in practical problema V.(') is the conjugate of V.(s). 



12 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

In view of the fact that eo' is a generalization of eiw" it is customary to 
call s the generalized frequency variable. This is of course in complete 
consonance with the previously observed fact that H(jw) can be general­
ized by replacing it by H(s). In that case also, the variable 8 should be 
thought of as the generalized frequency variable, an idea which is implied 
by Eq. (1-34). There is one unfortunate consequence of this termi­
nology; the frequency variable w is the imaginary component of the 
generalized frequency variable. It would be conceptually ~ore satisfying 
if w were the real part of 8. However, as a consequence of certain factors 
which lead to simplifications elsewhere in the theory, the subject has 
developed with thi~ apparently anomalous situation. 

1-8. Stability. Stability is one of the important considerations in all 
problems of system design. This comment applies whether the system 
is linear or nonlinear. In fact, one way to determine whether or not a 
nonlinear system is stable is to consider that initial disturbances are small 
and to consider the system momentarily linear. In that case, there is no 
difference in the consideration of stability between a system that remains 
linear and one that is basically nonlinear. In fact, every unstable, 
physically realizable system must eventually become nonlinear as the 
response continues to build up. 

A detailed analysis of system response, such as is given in Chap. 13, 
shows that the values of 8 at which H(s) becomes infinite car!L the 
essential information as to whether or not the system is staple. Referring 
to Eq. (1-6), th~ system is stable if the real parts of the numbers 81,82, etc., 
are nonpositiye. Thus, the question of stability provides further reason 
to study the various properties of H(s). Two important engineering 
techniques for dealing with the question of stability are taken· up in 
Chap. 6 (the root locus) and in Chap. 7 (the Nyquist criterion). 

These methods of studying stability can be used, purely as techniques, 
with only superficial knowledge; but their justifications are grounded in 
quite subtle properties of functions of a complex variable. Therefore, 
if a satisfying degree of understanding of the question of stability of both 
linear and nonlinear systems is to be acquired, there is no recourse but to 
become acquainted with the theory of functions of a complex variable. 

1-9. Convolution-type Integrals. Integrals of the form 

and 

arise from situations which are essentially divorced from the complex­
function viewpoint of network response or Laplace transform theory. 
For instance, the first of these is the result we get by applying the super­
position principle to obtain the response of a linear system. The second 
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type of integral occurs in the theory of correlation. Similar integrals also 
occur in the theory of the response of nonlinear systems. 

Integrals of this type bear a relationship to Laplace and Fourier 
transforms by virtue of their Laplace and Fourier transforms being 
products of the transforms of the functions appearing in the integrand. 
This property provides a vehicle whereby the Laplace transform can be 
brought into play in situations other than the basic one described in the 
bulk of this chapter. 

One example, given in Chap. 11, makes use of a convolution integral 
in transform functions, showing how La.place transform theory is 
a plicable in the essentiall nonlinear ulation and 
demo ation. 

1-10. Idealized Systems. In many practical situations, linear systems 
of the types considered here are parts of larger systems. In the design 
of these larger systems it is often convenient to idealize the component 
subsystems. When this is done, the component parts are described by 
idealized mag~itude and angle (phase) response functions of real fre­
quency. In this discussion, it is not possible to generalize the aspects of 
all design problems in one sentence. However, it is generally true that an 
idealized response is chosen to give an adequate (and possibly optimum) 
time response to a desired signal, while rejecting unwanted signals, and 
to provide a system that is stable. The following two examples can be 
given: In communication systems filtering is used to provide an intel­
ligible signal in the presence of noise; and in control systems an accurate 
reproduction of a control signal is required. Filters and corrective 
systems (electrical networks, and sometimes mechanical or other systems) 
are encountered in all cases. Because the time response, or an estimate 
thereof, is the usual end result, if we attempt to think in terms of idealized 
frequency-response functions, a link between time- and frequency­
response functions is essential. This link is provided by the Fourier 
integral theorem. 

One then naturally asks why the Fourier integral theorem, which is 
basically a theorem relating real functions of real variables, is not suffi­
cient. As a partial answer to this question we submit the following ideas: 
In the first place, once the idealized characteristics of a system component 
(filter, for example) have been decided upon, the designer is faced with 
the problem of creating a physically realizable device which will approxi­
mate the ideal. This is the synthesis problem. We have seen that 
electric networks, for example, are characterized by functions of a com­
plex variable, and hence a translation of idealized response functions into 
realizable functions inevitably involves functions of a complex variable. 
Also, once a realizable system has been designed, an ana.lysis of its specific 
time-response characteristics requires the solution of integrodiiJerential 
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equations. Then the Laplace integral and transform become important 
and are more closely related to the Fourier integral theorem than the 
various other methods available for solving these same equations. 

1-11. Linear Systems with Time-varying Parameters. The emphasis 
in this chapter on linear equations with constant coefficients should not be 
construed to imply neglect of systeIDS with time-varying parameters. 
Such systeIDS are important, and many of them fall within the realm of 
linear systeIDS. They are omitted from detailed consideration here 
because the treatment of this chapter is basically superficial, and to add 
this further complication would magnify the appearance of superficiality 
while contributing little to the main objective. 

1-12. Other Systems. Systems in which time is the independent 
variable are certainly important and provide the main vehicle for the 
examples in this text. However, they do not exhaust the practical 
applications of the material presented. Many field problems yield linear 
equations, and it is shown in Chap. 3 that the theory of functions of a 
complex variable is directly applicable to certain field problems in two 
dimensions. Also, the linear antenna is another important application. 
When applied to antennas, the Fourier integral plays a role very similar 
to that played in the theory of the time response of linear systems. Thus, 
the material presented in this text is applicable in several areas not 
illustrated in this introductory chapter. 

PROBLEMS 

1-1. Obtain the function H(s) for Fig. P I-I, assuming that displacement x is the 
driving function and II is the response. . 

Sliding 
block 

" 

FIG. P 1-1 

Dashpot 

. (force-.k2~n 

1-1L Referring to Fig. P 1-2, let III be the driving function and III the response. 
Obtain an expression for H(,) for this system. 
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C-l 

FIG. P 1-2 

1-8. An inductor of L has a saw-tooth current flowing, of the form shown in Fig. 
P 1-3. 

(a) Write the Fourier series for this current. 
(b) From this, using H(je.» on each term, obtain the Fourier series for the voltage 

across the inductor. 
(c) From the differential equation" - L di/dt, determine the waveshape of the 

voltage, and find its Fourier series, using the formula for the Fourier coefficients. 
Compare the result with part b. 

'-... ~/ 
~o :~ T~T 

(sec) 

FIG. P 1-3 

1-4. A periodic function can be represented by a Fourier series in either of the fol. 
lowing equivalent forms: 

l A .. cos (nw.t + a .. ) 
n-O 

where A .. and a .. are real and C .. is complex. Obtain a formula for C .. in terms of 
Aft and a". 

R 

FIG. P 1-5 

1-5. Consider the circuit of Fig. P 1-5, for which the excitation is the voltage pulse 

t < -T 
-T < t < T 

T < t 

The capacitor is uncharged at t = - Q(). Voltage 1I.(t) is the output. 
(a) Using any method of solution for transient response known to you, obtain an 

expression for the output 1I,(t), valid for all t. 
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(b) Obtain the function 'U,(jw) from the Fourier integral of 11,(0. 
(c) Obtain the function 'U2(jw) from the Fourier integral of 1I,(t). 
(d) Check whether or not 'U2(jw) = H(jw) 'U,(jw), using the H(jw) you would obtain 

from steady state-circuit analysis. 
1-6. Do Prob. 1-5, but using a driving voltage 

t<O 
0< t < T 
T < t 

1-7. In Fig. P 1-7 the voltage source is of the form 

where b is real and positive and b ~ R/L. The current is zero at t = - 00. 

(a) Using any method you know, obtain a formula for i which is valid for all t. 
(b) Obtain 'U,(jw) from the Fourier integral. 
(c) Obtain l(jw) from the Fourier integral. 
(d) Obtain H(jw) for this circuit, and check the relation l(jw) = H(jw)'U,(jw). 

R 

"«)9 
NV\IV'v 

;L 
-i(t) 

FIG. P 1-7 

1-8. Obtain the Fourier integral for a pulse of sinusoidal waves consisting of an 
even number (N) of cycles, for the following two cases: 

{

sin woe 
(a) 11(0 = 0 

\t\ < Nr 
w. 

Nr < \t\ w. 

(b) .(Q - ! ~ .. t < 0 

0< t < 2Nr w. 

1-9. For which of the following does the Fourier integral exist? Justify your 
answer. 

(a) I(t) = e' (b) 1(1) = e-'I' (c) I(t) = e-tl 

(d) I(t) = sin ",oe (e) I(t) = 1 -t~OS t 

1-10. Let I(t) be a real function of the real variable t, and assume that its Fourier 
integral yields a function 5(jw). Prove the following: 

(a) 5(jw) is real, and 5(jw) = 5( -j",) , if I(t) = I( -t). 
(b) 5(jw) is imaginary, and 5(j",) - -':f( -j",), if I(t) - -J( -t)o 
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1-11. Let I(t) and get) be two given functions for which the integral 

J_ .... /(")g(t - ,,) d" 

17 

exists. Prove that, if I(t) and get) are both identically zero for negative t, then the 
above integral becomes 

1-12. Using the formulas 

(0) Show that (f(j",)S( -j",) is the function obtained from the Fourier integral of 

(b) Show that (f(j"')S(j",) is the function obtained from the Fourier integral of 

HINT:. Write the Fourier integral for the function in question, make appropriate 
changes in the order of integration (a process which will be assumed to be justified), 
and make suitable changes in the variable of integration. Note that a definite 
integral is independent of the variable of integration, 80 that, for example, 

J _ .... I(t)e-;'" dt = J _ .... I(z)e- j .. " tb; 

1-13. Begin with the function 

I(t) = g It I < 1 
1 < It I 

and find the function fl(j",) from the Fourier integral. Next, evaluate the integral 

to establish that this yields I(t) as originally defined. HINT: Use the known integral 

1-14. The functions 

It I > 2 
It I < 2 

It I > 1 
It I < 1 

are given, and let fl(j",) and S(j",) be the corresponding functions obtained from the 
Fourier integral. 
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(a) Find 'J(j ... ) and g(j ... ). 

(b) Find / _ .... /(.,.)g(t - .,.) d.,. and / _ .... g("')/(t - .,.) d.,., showing they are the same 

function. 
(c) Evaluate the Fourier integral for the function obtained in part b, and check 

whether or not this result is identical with 'J(j ... )g(j ... ). 
1-1&. The functions I(t) and g(t) are zero for negative t, and for t ~ 0 are given by 

I(t) = 8-1 g(t) = e' 
Let F(s) and G(s) be the respective functions obtained from the Laplace integral. 

(a) Find F(s) and G(s). 

(b) Find /o'/(.,.)g(t - .,.) d.,. a'ld /0' g(T)/(t - .,.) d.,., showing that they are the same. 

(c) Find the function obtained from the Laplace integral of the function obtained 
in part b, and compare the result with F(s)G(s). 



CHAPTER 2 

INTRODUCTION TO FUNCTION THEORY 

2-1. Introduction. The theory of linear systems, particularly when 
cast in terms of the Laplace transform, relies heavily on the theory of 
functions of a complex variable. A brief insight into this dependence 
was given in Chap. 1. In the next few chapters we shall develop the 
theory of functions of a complex variable to provide the background for 
further study of linear systems and related subjects, particularly the 
Laplace transform and convolution integrals. 

Before continuing, a word about how we shall approach the subject is 
in order. We shall not proceed as would a mathematician, who would 
place emphasis on rigor and generality of the theorems. However, it 
will be the generality more than the rigor that we shall give up. In 
mathematics one of the objectives is always to prove theorems for the 
most general cases possible. For us to do this would be a waste of time, 
looking as we are toward the utilitarian value of the subject, because the 
most general conditions are not needed. By this we mean that you will 
encounter most of the standard theorems, but applied to relatively simple 
cases. There will be no significant loss of rigor, and therefore the work 
should be satisfying to the thoughtful reader. However, because of the 
reduction in generality, you should not regard this work as a mathematics 
course in functions of a complex variable. 

At the beginning we shall assume that you are familiar with algebraic 
manipulation of complex numbers, but the subject will be reviewed. You 
sho,uld understand that a complex number A is an ordered pair of real 
numbers Al and A2 which can be written symbolically 

A = (A I ,A 2) (2-1) 

A second complex number may be designated by 

B = (B I ,B2) 

Using these as examples, the algebraic operations are defined as follows: 
1. Identity 

A=B 

if and only if Al = BI and A, = B 2• 
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(2-2) 
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2. Addition 
(2-3) 

3. Multiplication 

AB = (AlBl - A 2B" AlB, + A 2B l) (2-4) 

It is left as an exercise for you to show from these definitions that 
addition and multiplication obey the commutative, associative, and 
distributive laws of algebra. 

4. Division. In a system consistent with real numbers we cannot 
define division independently. We shall want C, where 

A 
C="B 

to be the number such that when multiplied by B it will give A. It is 
then possible to prove 

~ = (AlBl + A2B! A2Bl - AIB2) (2-5) 
B B~+B~ , B~+B~ 

If a complex number has the special form 

(R,O) 

it is said to be real and we can write 

R = (R,O) 

Thus, we make a distinction between a real number R and a complex 
number which has the real value R. 

Another frequently occurring form is 

(0,1) 
This is said to be an imaginary number, but as yet we have introduced no 
symbol for it. 

As a result of the above terminology, it has become the custom, given 
A = (Al,A!), to call Al the real part (or the real component) and to call 
A2 the imaginary component. Also, the number (O,A!) is called the 
imaginary part of A. 

It is convenient to have a notation to denote real and imaginary 
components. For this we use 

Al = Re A 
A2 = 1m A 

Here are three complex numbers of great importance: 

° = (0,0) 
1 = (1,0) 
j = (0,1) 
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The complex numbers 0 and 1 play the same roles in the operations with 
complex numbers as do their counterparts in real numbers. A number 
added to 0 is unchanged, and a number multiplied by 1 is unchanged. 

The special imaginary number j (written i in mathematics literature) 
has no counterpart in real numbers. From the rule of multiplication note 
that 

jA = (0,1)(AI,A2) = (-A 2,A1) 

Thus, multiplying a complex number by j interchanges its real and 
imaginary components with a subsequent sign change of the new real 
component. In particular note that 

jj = (-1,0) (2-6) 

The number j is important be­
cause it provides a handy way to 
write a complex number. Byapply­
ing the rules of algebra we get 

A = (A 1,A 2) 

= (AI'O) + (0,A2) 

~ 
OJ c 

"lib --------.§ A2 

= (At,O) + (0,1)(A2'0) FIC{. 2-1. Geometric interpretation of a 
= Al + jA2 (2-7) complex number. 

Because a complex number is an ordered pair of real numbers, it can be 
represented pictorially as a point in a plane, as shown in Fig. 2-1. This 
portrayal suggests defining the magnitude and angle of a complex number 
as follows: 

magnitude 

angle 

(2-Sa) 

(2-Sb) * 

It will sometimes be convenient to designate these respectively by the 
notation 

IAI = mag A a = angA 

These two quantities (magnitude and angle) can be interpreted geometri­
cally as the polar coordinates of a point in a plane. 

In writing a complex number it is sometimes convenient to draw on 
this geometrical interpretation and to write 

A = lAlla (2-9) 

However, IAI and a do not have quite the fundamental significance of Al 
and At. It would be inconvenient to use IAI and a to define a complex 

• In much of the literature IAI is called the modulm and a the argument, in which 
case the abbreviations are mod A and srg A. 
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number because of the multivaluedness of aj lAlla = lAlla + 211", for 
example. Thus, for a given complex number, the angle is not a unique 
number. 

It is apparent from the geometrical interpretation that 

At = IAI cos a 
AI = IAI sin a 

Also, it takes only a little trigonometry to show that 

IABI = IAIIBI 
ang AB = ang A + ang B 

and I~l=~ 
A ang B = angA - angB 

(2-10) 

(2-11) 

(2-12) 

In view of these rules for multiplication and division, a consistent 
definition can be given for the root of a complex number. We shall write 
(A)J.i as the symbol for the number which multiplied by itself gives A. 
Thus, if AJ.i = IBI/13, and A = lAlla, it follows that 

and therefore 

IB12/213 = lAlla 
B = ViAl 

However, we note that lAlla = lAlla + 211", and therefore a second value 
of angle -

is possible. Since 

a ' 
13=-+11" 2 

this possibility of adding 11" corresponds to the usual sign ambiguity of the 
square root. A third value corresponding to lAlla = lAlla + 4Jr is not 
obtained, because a/2 + 211" is geometrically the same as a/2. Thus, in 
similarity with real numbers, AJ.i has two roots. Likewise, A14 has three 
roots: 

which correspond to the three geometrically equivalent values 

lAlla = lAlla + 211" = lAlla + 4Jr 
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Finally, for the general case, A 1/ .. has n distinct roots: 
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k = 0, 1, 2, . . . ,n - 1 (2-13) 

We conclude this introduction by mentioning the complex conjugate 
of A, which is written A and defined by 

A = (Al,-A.) 
= Al - jA, (2-14) 

The complex conjugate (or conjugate) of a number is obtained by chang­
ing the sign of the imaginary part. 

From the rules of algebra it follows that 

and also 

A+B=A+B 
AB = AB 

m=! 
IAI2 = AA 

Re A = Re A = ~(A + A) 
- 1 -ImA = -1m A = 2] (A - A} 

(2-15a) 

(2-15b) 

(2-15c) 

(2-16a) 
(2-16b) 

(2-16c) 

Certain inequality relationships are important in the subsequent work. 
From the geometry of Fig. 2-1 it is evident that 

IRe AI ~ IAI 
11m AI ~ IAI 

(2-17a) 
(2-17b) 

Now consider IA + BIZ, which, in accordance with Eqs. (2-15a) and 
(2-16a), can be written 

IA + BIZ = (A + B)(A + B) 
= AA + BB + AB + AB 
= IAII + IBI2 + 2 Re (AB) 

i; In the last line above, Re (AB) may be negative. The right-hand side 
l will be increased or unchanged if we write IRe (AB)I or decreased or 
f unchanged if we write -IRe (AB)I. Therefore, it follows that 

IAI' + IBI2 - 21Re (AB)! ~ IA + BI2 ~ IAI2 + IBlz + 21Re (AB)I 

;Al80, from Eq. (2-17a) 

IRe (AB)I ~ IABI = IAIIBI = IAIIBI 
,and therefore the previous inequality simplifies to 

IAII + IBlz - 21AIIBI ~ IA + BIZ ~ IAI2 + IBlz + 21AIIBI 
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Finally, by taking square roots we get 

IIAI -IBII ~ IA + BI ~ IAI + IBI (2-18) 

This result is an analytical statement of the fact that the length of one 
side of a triangle is less than the sum of the lengths of the other two sides 
but greater than their difierence. 

2-2. Definition of a Function. One of the most important concepts to 
be established is the idea of a complex number being a function of another 
complex number. Let the symbol 

8 = CT + jw (2-19) 

represent a complex number, where CT and w each may have any real value 
between negative and positive infinity. (A complex number designated 

w Analytic·geometry 
plane 

• (u,W) 

CT 

(a) 

w-lmB Complex plane 

• (B-U+jW) 

CT-ReB 

(6) 

FIo. 2-2. Comparison of analytic-geometry plane and complex plane. 

in this way is commonly called a complex variable, although in reality it is 
no more "variable" than any other complex number designated by a 
letter symbol. ) You are familiar with the use of an "analytic-geometry" 
plane for plotting the relationship between two numbers (variables) 
such as CT and w. Such a plane is shown in Fig. 2-2a, in which a representa­
tive point has coordinates (CT,W) and the axes are labeled accordingly. 

The complex number 8, as defined by Eq. (2-19), provides a slightly 
different way to represent a point in the plane. Figure 2-2b shows what 
we shall call the complex 8 plane. Geometrically it is the same as the 
analytic-geometry plane, but philosophically it is quite different. In 
the 8 plane the axes are labeled "real" and "imaginary," and a typical 
point is labeled with a single symbol, namely, 8. As you read this, you 
should begin to acquire a feeling for the idea of using one symbol t.o repre­
sent two real variables. 

In the subsequent developments we shall have much use for the idea of a 
complex plane, but occasionally we shall relate it back to the analytic­
geometry plane for interpretations. Meanwhile, even though the axes 
may be labeled CT and w, these symbols will mean Re 8 and 1m 8. 
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Now we are ready to introduce the notion of a function of a complex 
variable. In addition to the 8 plane, imagine a second complex plane, 
which we shall call the w plane. Let w have the form 

w = u +jv (2-20) 

and suppose that a rule is stated whereby for each point in the 8 plane (or 
portion thereof) a unique point is specified in the w plane. We can say 
that w is a function of 8, and we may indicate that fact symbolically by 
writing 

W = f(8) 

In this definition of a function we understand that for each point in the 
8 plane there is only one point to correspond to it in the w plane. In 
other words, when we say function we shall understand the word to mean a 
single-valued function. At a later time we shall be interested in multi­
valued "functions," but for the present they will be avoided. 

You should understand thoroughly that the w plane is geometrically 
similar to the 8 plane, differing only in the symbol used to designate it. 
By this we mean that the w plane is also a geometric idea for portraying 
a complex variable and that it also is quite similar to the analytic­
geometry plane of the pair of real variables u and v. 

To pursue further the idea of a function of a complex variable, consider 
the particular case 

W = 8' (2-21) 

Note that there is no question about the meaning of this, since 82 has 
the meaning (8)(8), and multiplication has been defined. Thus, for each 
point in the 8 plane 

or 

w = (0- + jw)(o- + jw) 
= 0-2 - w2 + j20-w 

U = 0-2 
- w2 

V = 20-w 

(2-22) 

(2-23) 

The first idea you should get from this example is that a formula such as 
(2-21) does give a rule for determining points in the w plane to correspond 
to points in the 8 plane. Equations (2-23) actually give the rectangular 
coordinates of the w-plane points in terms of the rectangular coordinates 
of the s-plane points. Equation (2-21) is simpler to write than Eqs. 
(2-23), but they are geometrically equivalent. 

Note that Eq. (2-21) is only one of many functions that can be defined 
through nothing more than the rules for' addition, multiplication, and 
division. Additional functions like 

w=I+8 W = 81 1 
W =-

8 
W=8+8' etc. 
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can be constructed. All that we require at this point is that the formula 
tell us how, given a value of s, the corresponding value of w should be 
determined. Several of these functions are illustrated in Fig. 2-3. A 
generalization of functions consisting of linear combinations of powers 
of 8 can be written 

(2-24) 

where the a's are complex constants and n can be any positive integer. 
The notation P(8) implies that the function in this case is a polynomial in 
8. A further generalization of the functions we are prepared to deal with 
now is obtained if we have a second polynomial 

and then let w be the ratio 

P(s) ao + als + a2B2 + ••• + an8" 
w = -Q(-s) = 'bo'---+7----;b--=IS-+--i--cb,.:2'-;;S2:-+-:-.-. -. -+--;---'-b"::'ms-m (2-25) 

You should have no difficulty in understanding that when the a's and b's 
are all known each value of s gives a value of w which can be calculated. 

wplanes . 
w 

III) 

~~w 
\ 1 ........ -
iii 

FIG. 2-3. Some examples of functions of 8. 

We shall seldom actually make such calculationa numerically; in fact one 
of our objectives is to get interpretations and meanings out of such func­
tions without making calculations, or with a minimum of calculations. 

2-3. Limit, Continuity. So far we have reviewed the algebra of com­
plex numbers, and introduced the concepts of a complex variable and 
functions thereof. We found that relatively simple functions could be 
defined wholly on the basis of algebraic operations of addition and multi­
plication. Eventually we shall define many other functions, but at this 
point we have done about all we can without going into the ideas of 
calculus. 
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To continue, we next examine the concepts of limit and continuity. 
Consider a function 

W = f(8) 

and allow 8 to approach a number 80 along a line such as a in Fig. 2-4. In 
the function plane w will in general approach a point labeled w~, along a 
line a'. Now suppose that w always approaches w~, regardless of the 
direction in which 8 approaches 80. If this is the case, we say 

w~ = lim f(8) (2-26) 

In the above we use the symbol w~, rather than wo, because the limit 
can exist even when f(80) does not exist; and we shall reserve Wo as a 
symbol for f(so). 

s plane wplane 

FIG. 2-4. Geometric interpretation of a function approaching a limit. 

B plane wplane 

(a) (b) 

FIG. 2-5. Definition of limit in terms of E and 8 neighborhoods. 

In precise mathematical language, we define the limit w~ as existing if, 
when given a small arbitrary positive number E, it is possible to find a num­
ber 6 such that 

when 
If(s) - w~1 < E 

0< Is - sol < Ii 

The zero on the left of the above inequality is necessary in order to admit 
the cases where f(so) does not exist, or where f(so) ¢ w~. The two neigh­
borhoods specified above are shown in Fig. 2-5, with the shaded area 
being an example of the region actually covered when 8 lies in the 
circular neighborhood specified. It is emphasized that, for the limit to .. 
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exist, it must be possible to find the number a no matter how small we 
choose to make E. 

The concept of a neighborhood introduced in the above paragraph is 
used occasionally throughout the text, and so a definition is in order. 
A neighborhood of a given point consists of the portion of the plane within 
a circle centered at the point in question. The radius of the circle 
(E and a, respectively, in the above examples) is usually arbitrarily small, 
but not necessarily so. Sometimes it is convenient to specify the radius 
(say E) by describing the neighborhood as an E neighborhood. If the 
center point is omitted, as in the neighborhood defined above for 80, the 
result is called a deleted neighborhood. 

With the concept of limit firmly established, it is a simple matter to 
define continuity. The function f(8) is defined as being continuous at a 
point 80 if 

f(80) = lim f(8) (2-27) 
"""0. 

This implies that Wo = f(80) exists, and so, in terms of the earlier discus­
sion of the limit, we see that the function is continuous if Wo = w~. 

In view of the above discussion of limit and the definition of con­
tinuity in terms of a limit, we see that continuity can be defined in terms 
of E and a neighborhoods. Thus as an alternative to Eq. (2-27) we say that 
f(8) is defined as being continuous at 80 if, corresponding to a small arbi­
trary positive number E, there exists a number a such that 

If(8) - f(80)1 < E 

when 18 - 801 < a 
We note that we do not need to exclude point 80 from the a neighborhood 
in this case, because f(80) is the limit. 

As an example of the concept of continuity, consider the function 

W = 82 

which will be checked for continuity at a point 80. We note that Wo = 802 

exists and write 
Iw - wol = 182 

- 8021 = 18 - 80118 + 801 
Now, if 18 - 80 < a 
we also have 

and so 
18 + 801 = 18 - 80 + 2801 < a + 21801 

Iw - wol < at + 2180la 
Accordingly, if we now think of E being given, we find that 

when 
if 
or 

Iw - wol < E 

18 - 801 < a 
a2 + 21sola = E 

a = v'lsol2 + E - Isol (2-28) 
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Thus, with E given, an appropriate value of Ilhas been found, and so con­
tinuity of the function is established. 

In most cases the limit process indicated in Eq. (2-27) can be applied 
directly. Thus, continuity of w = S2 can be checked by writing 

s - So = Irl/8 
Then w = Irl2/28 + 2(lrl/8)(so) + sol 

Clearly, w approaches S02 as IT! approaches zero for all values of 8. The 
definition of continuity is needed for use in some of the analytical proofs 
to follow. 

It is a simple matter to prove that products and sums of two functions 
are continuous at points where each of them is continuous. 

2-4. Derivative of a Function. Let a functionf(s) be continuous at the 
point s, which means that 

lim [f(s') - f(s)] = 0 ........ 
This being the case, it is possible, but not certain, that the quotient 
[f(s') - f(s)1/(8' - s) can approach a limit as s' approaches s. When 
such a limit exists, it is a function of s, designated by 

I'(s) = lim f(s'~ - f(s) 
.'~. 8 - 8 

(2-29) 

The term on the right is called the differential quotient, and the limit is 
called the derivative of f(s). An alternative definition is 

I'(s) = lim f(s + .:\s) - f(s) 
.u-o .:\s 

in which the term s' - s of Eq. (2-29) has been replaced by .:\s. Other 
symbols are used for the derivative, just as with real variables. Thus, if 
w = /(s), the derivative may also be designated by 

dw 
ds 

or 
df(s) 
liB 

It was observed above that continuity is necessary, but not sufficient, 
for existence of the derivative. The function /(s) = lsi serves to illus­
trate that continuity is not sufficient. This function is continuous at the 
origin, but the differential quotient 

Is'l 0 ----i- = / - ang s' 

does not approach a limit when s' approaches 0, as evidenced by its 
dependence on the angle of s'. 
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As an important example we now consider the derivative of the function 

f(s) = s" (2-30) 

where n is a positive integer. An expression for (s + As)" is provided 
by the binomial theorem, as follows: 

n(n - 1) 
(s + As)" = s" + ns,,-l As + s,,-2(As}2 + ... + (As)" 

2 

Note that since the complex numbers obey the rules of algebra we need 
have no qualms about using the binomial theorem. The differential 
quotient is 

s" + ns,,-l As + n(n - 1) S,,-2 (As)! + ... + (As)" - s" 
lim ________ 2 ___ .,..-________ _ 
~o As 

= lim ns,,-l + n(n - 1) S"-2 As + 
4,.....0 2 

Thus, 
ds" - = ns,,-l 
ds 

(2-31) 

which is the same formula as for functions of a real variable. 
Since the differential quotient has the same form for complex variables 

as for real variables, we should expect the rules for differentiating sums, 
products, and quotients to be the same as for real variables. In case you 
do not recall the proofs of these rules for real variables, they are repeated 
here, in the notation of complex variables. Letf(s) and g(s) be two func­
tions of the complex variables s, each of which possesses a derivative 
at a point s. First consider the derivative of the sumf(s) + g(s). Form­
ing the differential quotient gives 

d[f(s) + g(s)] = lim f(s + As) + g(s + As) - f(s) - g(s) 
ds 4 .... 0 As 

1· f(s + As) - f(s) + l' g(s + As) - g(s) = 1m 1m ~~~~~~ 
4,.....0 As 4,.....0 As 

= df + dg (2-32) 
ds ds 

Next consider the derivative of the product f(s)g(s) , obtained as 
follows: 

r f(s + As)g(s + As) - f(s)g(s) 
4~ As 

= lim f(s + As)g(s + As) - f(s + As)g(s) + f(s + As)g(s) - f(s)g(s) 
4 ...... 0 As 

= ~o [f(S + As) g(s + A~! - g(s) + g(s) f(s + A~! - f(S)] 
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Thus, we have the result 

d[J(s)g(s)] = f(s) dg(s) + (s) df(s) 
ds ds g ds (2-33) 

The derivative of the reciprocal of f(s) is formally given by 

1m = 1m 1· l/f(s + ~s) - l/f(s) 1· [ 1 f(s) - f(s + ~S)] 
.u-o ~s .u-o f(s + ~s)f(s) ~s 

In the limit this becomes 

d[l/f(s)] 
ds 

1 df(s) 
- [J(s»)2 ds (2-34) 

This formula suggests that the derivative of l/f(s) becomes infinite at any 
point wheref(s) is zero. However, one may question whether the deriva­
tive may still exist at such a point if f'(s) is also zero, so that Eq. (2-34) 
would then be indeterminate. This is not possible, as we see by recalling 
that, if So is a point wheref(s) is zero, then l/f(s) must be discontinuous at 
So because 1/f(so) is infinite. Therefore, the necessary condition of con­
tinuity is not satisfied, and the differential quotient cannot have a limit. 
Then the sequence of steps leading to Eq. (2-34) is not valid, and l/f(s) 
can in no case have a derivative at a point where f(s) is zero. 

By combining Eqs. (2-33) and (2-34) we get the derivative of a quotient 
of two functions, as follows: 

d[J(s)/g(s)] = f(s) d[l/g(s)] + _1_ d[f(s)] 
ds ds g(s) ds 

= [g(S)]-2 [g(S) df(s) _ f(s) dg(s)] 
ds ds 

(2-35) 

Taking a cue from the previous case, it is expected that this derivative 
does not exist at any point where g(s) is zero. This conclusion is correct 
with the exception of certain degenerate cases in which f(s) is also zero at 
the point where g(s) is zero. 

2-5. Definition of Regularity, Singular Points, and Analyticity. If a 
function possesses a derivative at some point So in the s plane, and if we 
can draw a small circle around the point such that the derivative exists 
at all points in this circle (that is, in a neighborhood of so) then the func­
tion is said to be regular at So and So is said to be a regular point. A point 
at which a function is not regular is said to be a singular point, or merely a 
singularity. 

A point where a function becomes infinite, such as a value of s which 
reduces the denominator of a function like Eq. (2-25) to zero, is always a 
singular point. However, there can be singularities of other types, where 
the function does not become infinite. At a later time these other types 
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of singular points will be introduced, and functions will be classified in 
accordance with the types of singularities they possess. 

As an example, consider the function 

82 8S 

f(8} = 82 _ 1 = (8 + 1)(8 - I) 

The points 8 = 1, -1 are recognized as points where the denominator is 
zero, and therefore they are singular points. At all other points the 

formula for differentiation of a 
quotient gives 

df(8} 28 
(l8 = - (82 - 1)2 

This function is regular throughout 
the shaded region of Fig. 2-6. The 
circles surrounding the singular 
points can be arbitrarily small. 

A regular point is defined in such 
a way that every point in a neigh­

FIG. 2-6. Singular points and region of 
regularity of /(8) == 81/(81 _ 1). borhood of that point is also a 

regular point. As the subject de­
velops you will find that the property of having a point which is regular 
places a powerful restriction on a function. Accordingly, those functions 
which have at least one regular point are put into a special category and 
classified as analytic function8. 

In this definition of analyticity we must exclude "composite" functions 
which have artificially created boundaries. For example, the function 

f(8) = { i81 
181 ~ 1 
181> 1 

is not classed as an analytic function, although it is regular at each point. 
where 181 < 1. An explanation of this comes under the topic of Analytic 
Continuation in Chap. 5. 

Many authors use the word analytic in two ways, as a synonym for 
regular, and also in the sense defined above. In the terminology adopted 
here, regularity implies existence of a derivative at a point and in a neigh­
borhood of the point. It is a point-by-point characteristic of a function. 
On the other hand, an analytic function can have points where it i8 no: 
regular, as in the above example. The function 82/(8' - 1) is an analytic 
function which is singular at 1 and -1 and regular at all other points. 
As defined here, analyticity does not refer to a property at a point j 
rather, it describes certain over-all properties of a function. 
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A simple example can be given of a function which has a derivative at a 
point but which is not an analytic function. This is the function 

/(8) = 181' 

At 8 = 0, this function is differentiable, as can be seen by writing 

lim /(O + .18) - /(O) = lim 1.181 2 

60-0 .18 .u-o .18 

= lim (.18)~ = lim .18 = 0 
.u-0.18 .01 ...... 0 

However, if we check this function at any other point, we find that the 
derivative does not exist, and therefore all points are singular, including 
the origin. Although the function is differentiable at 8 = 0, this point is 
not a regular point because every circle around the origin must enclose 
points at which the function is not differentiable. The function has no 
regular points and is not analytic. 

2-6. The Cauchy-Riemann Equations. We have established the 
definition of the derivative of a function of a complex variable, and some 
examples of analytic and nonanalytic functions have been presented. 
The analytic functions so far considered are the so-called rational /unc­
tion8, consisting of algebraic combinations of powers of 8. Next we 
want to consider the transcendental functions. For this purpose it is 
convenient to have a set of conditions which can be used in place of 
Eq. (2-29) to determine whether or not a derivative exists. 

In this development it is convenient to return to the notation of Eq. 
(2-20), namely, 

/(8) :c W = U + jv 

where u and v are each a function of the two variables 0' and w, implied 
by .the notation 

u = m{O',w) v = n{O',w) (2-36) 

You may refer to Eqs. (2-22) and (2-23) for an example. Now look at 
Eq. (2-29), which can be written 

lim f{8 + .18) - /(8) 
.u-o .18 
= lim m{O' + .10', w + .1w) + jn{O' + .10', w + .1w) - m{O',w) - jn{O',w) 

.o1or-+O .10' + j .1w 
&..-+0 

Now let m{O' + .10', w + .1w) - m{w,O') = .1u 
n{q + .10', w + .1w) - n{w,O') = .1v 

(2-37) 
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80 that Eq. (2-37) becomes 

lim f(s + As) - f(s) = lim Au + ! tlu 
d.-O tls dr-+O tlu + ) tlw 

dc.-+O 

(2-38) 

If the derivative exists, this limit must be independent of the manner 
in which tlu and tlw approach zero. In particular, the limit must be the 
same if tlu == 0 and tlw approaches zero or if tlw == 0 and tlu approaches 
zero. Thus, assuming the derivative exists, it is necessary that 

1· tlu + j tlu 1· tlu + j tlu 1m = 1m --~.~--
dr-+O tlu dc.-+O) tlw 

or au+.au_ .au+au 
au J au - -) aw aw 

which yields the pair of equations 

au au 
au = aw 
au au 
aw = - au 

(2-39) 

Thus, we see that these equations, which are called the Cauchy-Riemann 
differential equations, are necessarily satisfied if the derivative exists. 

Now we shall check whether or not Eqs. (2-39) are sufficient to ensure 
existence of the derivative of f(s). Let us assume that all the partial 
derivatives in Eq. (2-39) are continuous. In this case, from real-variable 
theory, it is known that 

Under these conditions Eq. (2-38) becomes 

r tlu + j tlv _ r tlu/tlu + j(tlv/tlu) 
~ tlu + j tlw - d~ 1 + j(tlw/tlu) 

du/du + j(dv/du) 
1 + j(dw/du) 

Equations (2-40) can be substituted in this last result, giving 

( am + . an) + (am + .an)dw 
lim tlu + ~ tlv = au ) au aw) aw dO' 

da-+O tlu + ) tlw 1 + j dw 
du 

(2-40) 

(2-41) 
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If Eqs. (2-39) are satisfied, the above quantities in parentheses are 
related by 

. (am + . an) = (am + . an) 
J au J au ow J ow 

and so under the assumed conditions the factor 

l+jdw 
du 

cancels in the numerator and the denominator. Referring to Fig. 2-7, 
it is evident that dw/du is the slope of the line along which Ils approaches 
zero, and since dw/du has been eliminated from the expression for the 
limit of the differential quotient, this limit is independent of the direction 
of approach and can be called the 
derivative. It is now evident that 
Eq. (2-41) yields a limit which can 
be written in either of the following 
ways: 

df_ ou +. oV 
ds-oU J ou 

(2-42a) 

df oV .Ou 
ds = ow - J ow (2-42b) 

To summarize: first, we proved 
that, if the derivative exists, the real FIG. 2-7. Interpretation of dr.J/du in reIa­
and imaginary parts of a function tion to the increment .::\8. 

must satisfy the Cauchy-Riemann 
equations; second, we proved that, if the Cauchy-Riemann equations 
are satisfied by two functions whose partial derivatives are continuous, 
then these functions are the real and imaginary parts of a function which 
has a derivative. 

We have arrived at the point of knowing how to test for the existence 
of the derivative, and also how to get the derivative, while dealing only 
with the real and imaginary parts of the function. This is in contrast 
with Sec. 2-4, where no consideration was given to the real and imaginary 
parts. The usefulness of this new development is brought out in the 
next section. 

2-7. Transcendental Functions. In Sec. 2-2 the functions which can 
be specified by algebraic combinations were defined. They comprise 
the so-called rational algebraic functions. They were convenient for 
introducing the idea of a function, because the operations of addition, 
multiplication, and division are relatively simple. It is easy to under­
stand how, in a function like f (s) = 8 + 82, one would proceed to find f( 8) 

when 8 is given. 
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From real variables you recognize that the exponential and trigono­
metric functions are among the most frequently encountered transcen­
dental functions. For this reason we shall begin by defining similar 
functions of a complex variable. However, a new problem arises. 
Whereas we know from the definition of multiplication what is meant by 
8', we have no idea what is meant by sin 8 or cos 8. 

This state of affairs leads us to do something which you may regard as 
being slightly mysterious, if not illogical. We pick two functions, in 
what seems to be an arbitrary fashion, which will serve as the real and 
imaginary parts of a function f(8). Continuing to use the notation 

the two functions are 
f(8) = U + jv 

u=e"cosCIJ 
v=e"sinCIJ 

(2-43) 

The mystery in this is in the question: Why were these two functions 
picked? To answer, we simply admit that we are drawing on mathe­
matical experience not yet revealed to you. 

There is no doubt that Eq. (2-43) defines a function f(s), because 
u + jv can be calculated when given any s = u + jCIJ. Is it regular at 
any or all values of s? To answer, apply the Cauchy-Riemann equations: 

au 
- = e"cosCIJ 
au 

av 
-=e"cosCIJ 
aCIJ 

au . 
- = -e" SIn CIJ 
aCIJ 

av . 
-=e"SInCIJ 
au 

These derivatives are obviously continuous, and they satisfy the Cauchy­
Riemann equations for all values of s. Therefore, the function 

f(s) = ev(cos CIJ + j sin CIJ) (2-44) 

has a derivative at every point in the s plane. It is an analytic function. 
Furthermore, by Eqs. (2-42), its derivative is 

df_ au +. iJv 
dB - au :J au 

= e"(cos CIJ + j sin CIJ) = f(s) (2-45) 

The fact that this function has a derivative equal to itself is reminiscent of 
the exponential function in real variables. Accordingly, it is appropriate 
to adopt a similar notation and to write e'. In summary: by definition 

e' = e·(cos CIJ + j sin CIJ) (2-46) 

and, by the proof given above, this function has a derivative equal to 
itself at every value of 8. It is called the ezponential function and is a 
transcendental function. 



INTRODUCTION TO FUNCTION THEORY 37 

Note that if 8 is real (8 = u) Eq. (2-46) reduces to 6". There is con­
sistency in using e" for the new function; it reduces to the standard nota­
tion for real variables when 8 becomes real. 

An important special case occurs when u = 0, giving 

ei" = cos",+jsin", 

= 1 /tan-l sin '" 
_ cos", 

= II", (2-47) 

In addition to the two methods already given for writing a complex 
number, namely, 

A = Al + jA t 

A = lAlla 

a third is now possible. Since A1 = IAI cos a and As = IAI sin a, it 
follows from Eq. (2-47) that we can also write 

A = IAleia (2-48) 

This is called the exponential form. 
The exponential form can also be used in writing the nth root of a 

complex number, as follows: 

k = 0, 1,2, ... ,n - 1 (2-49) 

Now return to the original stream of thought. It has been shown that 
the function e' obeys the usual law for differentiation. This fact is 
enough to warrant calling it an exponential function; but it is instructive 
to observe that it also obeys the usual law of multiplication. Observe 
that a combination of Eqs. (2-46) and (2-47) gives 

but since 8 = u + j"" the above becomes 

Thus, for the special case of the sum u + j", we find that the law of 
exponentials holds. If 81 = U1 + j"'1 and 82 = U2 + j"'2 are two specific 
values of 8, the above equation gives 

From the known law of real exponents, 
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and from Eq. (2-47) 

&"< .. ,+0>.) = cos ("'1 + "'2) + j sin ("'1 + ",,) 
= (cos "'1 + j sin "'1)(COS "'2 + j sin "'tl 
= eiw'eiw• 

Therefore, ~,+" = e"'e"'eiw'eiw. = e",+iW'e".+iw, 

Having established the validity of the usual law of exponents, it is 
interesting to observe that, since IAI = eloolAI, Eq. (2-48) can be written 

A = el •• IAleiCl 
= elo.IAI+ia 

In other words, a complex number A can be written 

A = eC 

where C = log IA I + jO! 

In Chap. 5 we shall find that we can also write C = log A, after the 
logarithm of a complex number has been defined. 

With the exponential function in hand, the way is open to many other 
transcendental functions. The four basic trigonometric and hyperbolic 
functions will be defined. For the complex variable s, we define the 
following by the expressions given: 

sinh 8 = 
e' - e-' 

hyperbolic sine of 8 (2-50a) 
2 

cosh 8 = 
e' + e-' hyperbolic cosine of 8 (2-50b) 

2 

t h sinh 8 
an 8 = cosh 8 hyperbolic tangent of 8 (2-50c) 

cosh 8 
hyperbolic cotangent of 8 (2-50d) coth 8 = -.--

smh 8 

sin 8 = 
e/' - e-i • 

sine of 8 (2-50e) 
2j 

ei • + e-j
• cosine of 8 (2-50f) cos 8 = 

2 
t sin 8 tangent of 8 (2-50g) an 8 =--

cos 8 

cot 8 = C?S 8 cotangent of 8 (2-50h) 
sm 8 

The names are tabulated to emphasize that we use the same words as for 
real variables, but the meanings are different. The geometrical inter­
pretations are lost. However, in each case, if 8 becomes real (8 = u), 
these definitions reduce to the customary ones for a real variable. An 
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illustration for cos 8 should be sufficient. From Eq. (2-50f) 

&" + e-;" 
cosO' = 2 

39 

But each exponent here is complex (imaginary), and we must go to Eq. 
(2-46) to get 

&" = cos 0' + i sin 0' 

e-;" = cos 0' - i sin 0' 

and thus the previous equation leads to an identity. Again referring to 
Eqs. (2-50) we get the important set of identities 

sin 8 = - j sinh i8 
cos 8 = cosh i8 
tan 8 = - i tanh i8 
cot 8 = i coth i8 

sinh 8 = -i sin j8 
cosh 8 = cosi8 
tanh 8 = -i tan i8 
coth 8 = i cot i8 

(2-51a) 
(2-51b) 
(2-51c) 
(2-51d) 

Differentiation of the trigonometric and hyperbolic functions can be 
accomplished with the theorems of Sec. 2-4. Thus 

d(sinh 8) = ! (de. _ de-,) 
d8 2d8 d8 

= ~(e' + c,) = cosh 8 

and similarly d(cosh 8) . h 
d8 =sm 8 

d(sin 8) --a;s- = cos 8 

d(cos 8) . --a:s- = - sm 8 

(2-52a) 

(2-52b) 

(2-52c) 

(2-52d) 

Also, using the procedure given in Sec. 2-4 for differentiating a quotient, 

d(tan 8) = _1_ 
d8 COS2 8 

(2-53a) 

d(cot 8) 1 
d8 = - sin! 8 (2-53b) 

d(tanh 8) 1 
d8 = cosh2 8 

(2-53c) 

d(coth 8) 1 
d8 = - sinh2 8 (2-53d) 

Formulas (2-52) and (2-53) provide information about points of regular­
. ityand singularity. We see that sin, cos, sinh, and cosh are regular at all 
,points. However, tan, cot, tanh, and coth are each singular at points 
'where the derivative (and also the function) becomes infinite. Thus, 
,each point at which cos2 8 is zero is a singular point of tan 8, and each point 
:where cosh2 8 is zero is a singular point of tanh 8. Let us find these points. 
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Consider the zeros of cos2 8, which are also the zeros of cos 8. We have 

. ei' + C i , 
cos 8 = 2 

and 

Thus 

ei' = e-+i" = e-(cos u + j sin u) 
ci' = e-i" = e"(cos u - j sin u) 
e-(cos u + j sin u) + e"(cos u - j sin u) 

cos 8 = 2 

e" + e-" .. e" - e-" 
=coSU 2 -jSInU 2 

For this to be zero, each term must be zero: 

e" + e-
cOSU 2 =0 (2-54a) 

. e"-e-
SInu 2 =0 (2-54b) 

The function e" + e- can never be zero (with the understanding that w is 
always real), and hence one condition is 

cosu=O 

Also, when cos u = 0, Isin ul = 1, and hence for Eq. (2-54b) to be satisfied 
we need 

e" - e-
2 = 0 (2-55) 

which is true only if 
w = 0 (2-56) 

Equations (2-55) and (2-56) together give the zero points of cos 8, namely, 

u = ± (2n + 1) ~ n = 0, 1,2, 

w=O 
or, expressed as values of 8, 

8 = ± (2n + 1) ~ + jO (2-57) 

3" 
2" 

FIG. 2-8. Singular points of /(8) ... tan 8. 

occur at points where cosh 8 = O. 

Thus we see that the function tan 8 

has an infinite number of singular 
points distributed at uniform inter­
vals along the real axis, as suggested 
in Fig. 2-8. 

As a second example let us find 
the singular points of tanh 8. 

Equation (2-53c) shows that they 
Referring to Eq. (2-51b) we see that 
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these are points where 
COSj8 = 0 

and from the previous case this means 

j8 = ±(2n + 1)~ n = 0,1,2, 

Therefore, 8 = ±j(2n + 1) ~ 

41 

(2-58) 

are the singular points of tanh 8. Some of these are shown in Fig. 2-9. 
We could pursue this sort of development further, considering many 

more of the transcendental functions such as coth 8, 

l/cos 8, etc. As a matter of fact, it should be recog-
nized that there are many transcendental functions 
other than those given here. Most of the functions 
we meet in real variables have counterparts in func­
tions of a complex variable, as was the case with the 
exponential and trigonometric functions. The exam­
ples mentioned here are sufficient to present the ideas 
involved when defining a function, and to help to 
clarify the similarities and differences between the 
real-variable and complex-variable cases. Of course, 
there are many possibilities with the few functions given 
here, because they themselves can be combined alge-
braically to give still more transcendental functions. 

Note that the transcendental functions considered 
here have points at which they are regular. There­
fore, they are analytic functions. 

3,. 
"2 

" "2 

FIG. 2-9. Singular 
points of /(8) = 
tanh 3. 

2-8. Harmonic Functions. A function of two real variables (such as 
u and Ill) satisfying the two-dimensional Laplace equation 

iJ2u iJ2u 
iJu2 + iJ",2 = 0 (2-59) 

throughout ·some region of the (I'" plane is said to be a harmonic function. 
We shall show that the real and imaginary components of an analytic 
function are harmonic functions, satisfying Eq. (2-59) in the region of the 
(I", plane corresponding to the region of the 8 plane where the function is 
regular. 

To prove this, we need merely assume that f(8) is analytic and employ 
the usual notation 

8 = (I + jIll 
f(8) = W = U + jv 
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At each regular point the Cauchy-Riemann equations are satisfied, and so 

au av 
au = a", 
au av 
a", = - au 

H we differentiate the first of these with respect to u and the second with 
respect to "', we get * 

a2u a2v 
au2 = au a", 
a2u a2v 
a",2 = - a", au 

The right-hand sides of these two equations differ only in the order of 
differentiation, but the order of taking two partial derivatives is imma­
terial, and hence 

a2u a2u 
au2 = - a",2 

which is equivalent to Eq. (2-59). A similar proof shows also that 

a2
v + a2v = 0 

au2 a",2 
Thus, the real and imaginary components of an analytic function are 
harmonic functions. 

The fact that an analytic function of 8 has real and imaginary com­
ponents satisfying the two-dimensional Laplace equation is of far-reaching 
importance. It provides the bridge whereby the theory of functions of a 
complex variable yields techniques for solving two-dimensional-field 
problems. This relationship is also used in some methods of network 
design. 

PROBLEMS 

2-1. Prove that Eq. (2-5) is consistent with the rule for multiplication. 
2-2. Define the two complex numbers 

p= (~, ~) 

Q = (- ~, ~2) 
and write 

A =xP+IIQ 

where z and 11 are real. Obtain formulas for z and 11 in terms of Al and AI. 

• Some question could be raised as to whether these second derivatives exist. A 
proof can be given that they do, but this proof depends on theory not yet presented. 
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2-3. Assume that C is a positive real number and that the numbers A and B are 
complex. Prove that if 

IA -BI <C 
then 
and 

IBI - C < IAI < IBI + C 
IAI - C < IBI < IAI + C 

Also, show that to have either of the last two relations satisfied is not sufficient to 
ensure that IA - BI < C. 

2-4. Using the formulas which define multiplication and division, prove the validity 
of Eqs. (2-11) and (2-12). 

2-6. Prove relations (2-15) and (2-16). 
2-6. For the function 

let s take on the eight values specified by s = 2/n ... /4, where n - 0, 1, ... , 7, and 
calculate and plot the corresponding values of w.--

2-'1. For the function given in Prob. 2-6 show that the same set of w points would be 
obtained if 8 = U,/ -11 ... /4, where 11 ~ 0, 1, ... ,7. Prove this analytically, with­
out making the actual calculations. 

2-8. If /(s) is a polynomial in s, with real coefficients, prove that /(1) = /(s). 
2-9. You are given the function 

/(a) = { ! s on the unit circle 
s not on the unit circle 

Show that this function is continuous at a = 1, but not continuous at other points 
on the unit circle, by calculating lim (p + .)ei• and lim (p - .)ei •. 

0-+0 ...... 0 
2-10. Do Prob. 2-9 for the function 

/(s) = { ial 

2-11. Show that the function 

is continuous at all finite points. 
2-12. Show that the function 

/(s) -! 
/I 

is continuous at all points except 8 = 0. 
2-13. Prove that the function 

lsi;;:;; 1 
lal > 1 

8+1 
/(3) = 8" + 33 + 2 

approaches a limit as 8 approaches -1. 
2-14. Prove that the function 

" +. 1· /(8) = CT - CT '" + .,....:... _~--..,..~ 
(CT - 1)1 + ",' (CT - I)' + ",' 

is continuous at all finite points except 8 .. 1. 
2-16. If !(8) is continuous at Bo and !(so) ;4 0, prove that 1/!(3) is continuoua at _0. 
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1-18. Show that the following functions are continuous at all finite points: 

(a) 1(8) ... 8i (b) 1(') = 8 + • 
1-17. Prove that 1(8) + g(8) and 1(.)g(3) are continuous at any point where 1(') 

and g(8) are continuous. 
1-18. If 

and 

Z-8'+_+1 
Zl 

1O- z + 1 

obtain a formula for dw/dB, and indicate what values of • are the singular points of 
w ~ 1(_). 

1-19. Find the singular points of 

1 
(a) 1(8) = .' + 33 + 2 

1 
(b) 1(') .... _ 1 

1-10. Prove that 1(') .... " satisfies the Cauchy-Riemann differential equations. 
1-11. Prove that 1(') .. 1/. satisfies the Cauchy-Riemann differential equations 

at all points except at the origin. 
I-II. Show that the function 1(') = ,." has a derivative only at the origin. 
1-13. Show that f(8) .. sisl has a derivative only at the origin. 
1-14. Consider the three functions, all of which are defined to be zero at 8 = 0: 

(a) 1(8) = 8" sin ~ .r!0 

(b) 1(') .... sin & 8r!0 

(c) 1(') ... ' sin! 
. . 

Show that (a) and (b) are continuous at the origin, that (c) is not continuous at the 
origin, and that (a) has a derivative at the origin, but that (b) and (c) do not have 
derivatives at the origin. 

I-IG. Find formulas for the real and imaginary parts of .ft, where n is any positive 
integer. (HINT: Use the binomial theorem.) Apply the Cauchy-Riemann differ­
ential equations to establish that 1(8) ... " is an analytic function. 

lI-lI6. Consider the function 1(8) ... u + jv, where 

U ... e"(f7 cos ... - ... sin ... ) 
v ~ e"( ... cos ... + 17 sin ... ) 

(a) Establish that 1(') is an analytic function. 
(b) Write 1(8) explicitly in terms of the single variable •. 
lI-lI7. Do Prob. 2-26 for the pair of functions 

u - eOiD" ... b .. cos (cos <T sinh ... ) 
v ... eOID " ooob .. sin (cos 17 sinh ... ) 

lI-lI8. Do Prob. 2-26 for the pair of functions 

sin 17 cosh ... 
U = sin" <T + sinh I ... 

cos 17 sinh ... 
v - sin' <T + sinh' .. 
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2-29. Show that the singular points of /(B) ~ I/(A + B") are equally spaced on a 

circle, and obtain a general formula for specifying the positions of the singular points. 
2-30. For each of the following functions find the limit indicated, and evaluate the 

derivative at the point being approached: 

(a) lim sinh 8' 

.-0 /I 

(b) lim 8' - ".8 + ".'/4 
.-,,/2 cos 28 + I 

2-31. Show that 
1 

/(8) ., cosh 8 + (J' 

is singular at 8 - log v'% + i[(2n + 1)/2)"., n - 0, 1, 2, 
2-32. Prove the identities: 

(a) cos 8 = cos tr cosh", - i sin tr sinh '" 
(b) cosh B = cosh tr cos", + i sinh tr sin '" 

2-33. Prove the identities: 

( ) 2 cosh' 8 + cosh 28 - 1 .. 4 coth 2B 
a sinh B cosh 8 

(b) sinh e' + sinh e-' - 2 sinh (cosh 8) cosh (sinh 8) 

(c) tanh, = sinh 2tr + i sin 2t.> 
cos 2", + cosh 2tr 

2-34. Obtain the polar-coordinate equivalent of the Cauchy-Riemann differential 
equations. 



CHAPTER 3 

CONFORMAL MAPPING 

3-1. Introduction. It is customary to use graphical aids in considering 
functions of a real variable. Graphs of the functions serve to give helpful 
pictorial representations. You may have noted in Chap. 2 that such 
graphical interpretations were absent, although the idea of a functional 
relationship between pairs of points in two planes was introduced. This 
is an inherent difficulty in the study of functions of a complex variable. 
It is impossible to plot a function of a complex variable in the sense that 
we can plot a function of a real variable, because there are four varying 
quantities: the real and imaginary parts of both the independent variable 
and of the function of that variable. 

Something can be done by way of graphical interpretation, however, by 
plotting the function as the independent variable moves along some pre­
scribed path in the 8 plane. Some of the more important ideas related to 
this method of interpretation are presented in this chapter. 

3-2. Some Simple Examples of Transformations. Linear Function. 
We shall begin with the simplest nontrivial case, the function 

f(8) = A + B8 (3-1) 

where A and B are complex. An example with numerical coefficients 
is chosen so that numerical scales can be used. Accordingly, take 

A = 1 +j 
B = 2 +i 

and write 1(8) = u + jv and 8 = rr + jw. We get 

u + jv = 1 + j + (2 + j)(rr + jw) 
= 1 + 2rr - w + j(1 + rr + 2w) 

and equating real and imaginary parts yields 

u-=I+2rr-w 
v = 1 + rr + 2w 

which give the explicit functional dependence of u and v on the independ­
ent variables rr and w. 

46 
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The existence of such pairs of functions as analytical equivalents of a 
single function of a complex variable was illustrated in Chap. 2. We seek 
two relationships between u and v: one with w appearing as a parameter, 
and the other with CT as a parameter. Routine algebra, eliminating first CT 

and then w from the above equations, yields, respectively, 

v = ~u + ~(1 + 5w) 
v = - 2u + (3 + 5CT) 

(3-2a) 
(3-2b) 

Equation (3-2a) represents the line in the w plane corresponding to 
points along a horizontal line (w = constant) in the 8 plane. The solid 
lines in Fig. 3-1 illustrate the case w = 1. Equation (3-2b) is the equation 
for the line in the w plane traced out in the w plane as a point moves along 

II 

6 

5 

I 
\ 
\ 

I \ 
I \(T-2 
I s plane w plane \ 
I \ 
I \ 
I \ 
I 
12 
I 

3 4 iT 2 3 4 5 6 u 

Ca) (b) 

FIG. 3-1. Development of the transformation due to the function w = (1 + j) + 
(2 + j)8. 

a vertical line (0" = constant) in the 8 plane. The dashed lines in Fig. 3-1 
are examples for CT = 2. The points of intersection in the two planes are 
corresponding points, as related by Eq. (3-1). 

Note that this graphical interpretation, which is only partially com­
pleted in Fig. 3-1, gives some information about the point-transforming 
properties of the function. A straight line in the 8 plane is translated and 
rotated. 

Now imagine a coordinate "grid" in the 8 plane, as shown in Fig. 3-2a. 
Each straight line of the 8 plane transforms to a corresponding line in the 
w plane; and Eqs. (3-2) describe these lines. It may be said that the 
grid of lines in the w plane is a map of the grid of lines in the 8 plane. By 
allowing this grid structure to become finer and finer, an increasingly 
more accurate picture of the function can be obtained. 

The mapping idea can be extended to recognize that any arbitrary 
geometrical figure in the 8 plane, such as the curvilinear triangle shown, 
goes into a corresponding figure in the w plane. The grid development 
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of Fig. 3-2 adds the idea of change of size. The grid spacing is greater 
in the w plane than in the s plane, and a geometrical figure is magnified. 

The process whereby a set of points in one plane is converted into a 
set of points in another plane is called a transformation. The law of a 
transformation can be expressed either by a pair of functions in real 
variables or by a single function of a complex variable. 

This example illustrates the transformation properties of the compara­
tively simple linear function._ Geometrical shapes are affected in the 
manner noted above, but they are undistorted. Other functions cannot 
be described so simply, because they introduce distortions. 

\ 

W 

I I 3 I 1 I I 2 1 1 

I I 1 1..4:: 

I I I 1 
CT I 

-21 -11 11 :2 3 

I 1-1 I 1 

1 1-2 1 1 
1 1-3 1 I 

(a) 
s plane 

\ (b) 

FIG. 3-2. Portrayal of a transformation by the use of coordinate grids. 

The linear function is the simplest one we could employ to emphasize 
the necessity of using two planes to represent a function graphically 
and to describe the utility of considering the map in the w plane of a 
coordinate grid in the s plane. In some cases it is more convenient to use 
the coordinate lines of polar coordinates. 

Quadratic Function. The next function to be considered is 

(3-3) 

We shall consider this case twice, first using polar coordinates and then 
using rectangular coordinates. 

Let the polar coordinates be p = lsi and cp = ang s, giving 

(3-4) 

From the right side of the above it is apparent that a coordinate circle 
in the 8 plane goes into a coordinate circle in the w plane, of radius equal 
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to the square of the radius in the 8 plane. A radial line coordinate in the 
8 plane goes into a radial line in the w plane, but making twice the angle 
with the real axis. 

These relationships are shown in Fig. 3-3. If 8 is restricted to the right 
half of the 8 plane, the whole w plane will be covered by the transforma­
tion. A similar conclusion follows if 8 is restricted to the left half plane, as 

8 plane 

(a) 

~ 
" I 

I 
I 
I 
I 

-;+E 
" -4 (b) 

FIG. 3-3. Transformation of the right-half 8 plane by w = 8 1 • 

.. !! ~I .,.z4 I 
I 
I 

~"" 
I I 

If I 

s plane 

(a) 

FIG. 3-4. Transformation of the left-half 8 plane by w = Sl. 

illustrated in Fig. 3-4. This behavior, whereby each half of the 8 plane 
maps onto the entire w plane, arises because 82 = (-8)2. This is the first 
of several functions to be considered in which only part of the 8 plane is 
needed to cover the entire w plane. 

The wedge-shaped "cut" along the negative real axis in each of the 
portrayals of the U1 plane needs explaining. If the whole jw axis had been 
kept in each case, it would then have been used twice. To avoid using 
it twice, while using the remainder of the 8 plane only once, the negative 
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imaginary axis is deleted in Fig. 3-3a, and the positive imaginary axis is 
omitted from Fig. 3-4a. (This choice was arbitrary; it could have 
been the other way.) To make the picture as complete as possible, a 
radial line is shown just to the right of the negative imaginary axis in the 
8 plane of Fig. 3-3a. This line, taken with the positive jw axis, forms the 
wedge in the w plane. Figure 3-4 is treated in a similar fashion. 

If we look at a small area of the 8 plane, as shown shaded and labeled 
A in Fig. 3-3a, we see that it is transformed into a somewhat similar 
area A' in the w plane. It would appear from this that the function 
W = 82 transforms geometric figures in the same way as does the linear 
transform, with magnification but without distortion. However, this is 
not true, and the similarity of areas A and A' is misleading. We can 
see this to be true by supposing A to increase in angle to become a semi­
circular segment. Then A' will be a closed annular area, which is 
certainly different. As a final point, note that area B in Fig. 3-4 goes 
into the same area in the w plane (labeled B') as does area A. 

Further consideration of this transformation is accomplished by using 
rectangular coordinates in the 8 plane. This leads to a more complicated 
situation. Parenthetically, you may wonder why polar coordinates were 
not used in the linear case. They could have been, but not much more 
would have been learned, because the transformation is so simple. For 
the present case we shall consider both and in other cases we shall use only 
the coordinate system which is most appropriate. 

or 

Equation (3-3) is now written in rectangular coordinates: 

u + jv = (q + jW)2 
= q2 _ w2 + j2qw 

u = q2 - w2 

V = 2qw 
(3-5a) 
(3-5b) 

Again we seek two sets of equations between u and v in which, successively, 
wand q are parameters. The two equations are obtained by squaring 
Eq. (3-5b) to give 

and substituting for either q2 or w2, as obtaiped from Eq. (3-5a). The 
results are 

(3-6a) 

(3-6b) 

Equation (3-6a) is a family of parabolas with vertices at point -Wi. 

They are the maps in the w plane of the coordinate lines w = constant of 
the 8 plane. The solid-line parabolas in Fig. 3-5b show this graphically, 



CONFORMAL MAPPING 51 

being the w-plane transformations of the horizontal solid coordinate lines 
of Fig. 3-5a. Referring to Eq. (3-6a), you will note that the parabola 
is a function of w2, but not of w. Therefore, there is no distinction in 
the w plane between coordinate lines for positive and negative values of 
w. This is related to the fact that we got two w planes when considering 
polar coordinates. Thus, by taking the top half of the 8 plane we could 
cover the w plane with lines and would again cover it with the same set 
of lines by taking the bottom half of the 8 plane. 

(b) 

FIG. 3-5. Study of the transformation w = 32, using rectangular coordinates in the 
a.plane. (Areas marked Band B' are referred to in Sec. 3-11.) 

Next we consider the transformation of lines of constant CT. According 
to Eq. (3-6b) these lines go into parabolas with vertices at point +CT 2, as 
shown by the dashed lines of Fig. 3-5b. Again we find the parameter 
appearing only as a square, and therefore each dashed parabola is the 
transformation of two vertical lines in the 8 plane. If we take the 
right half of the 8 plane, it would cover the w plane with lines, and similarly 
for the left half. With rectangular coordinates, it is more difficult to 
relate the whole 8 plane to two w planes, because for one set of coordinate 
lines we would use the top and bottom and for the other the right and 
left halves of the 8 plane. The polar-coordinate system shows the rela­
tionship so well that it would be unreasonable to undertake it again for 
this more difficult portrayal. 
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Note that the real axis of the w plane is in two parts. The right half is a 
degenerate case of the system of solid-line parabolas, for Cal = OJ and the 
left half is a degenerate case of the dashed-line parabolas, for fT = o. 

This transformation treats the coordinate grid more violently than did 
the linear function. The simple idea of a translation, rotation, and 
change of scale no longer applies. A somew:hat satisfying description of 
what happens is possible, however. Suppose that the right-half 8 plane in 
Fig. 3-3a is made of a rubber membrane which can be "fanned out" by 
drawing the two halves of the jw axis together as if they were hinged at the 
origin. Figure 3-3b would be the result. This picture provides an insight 
into the kind of distortion produced. The result of this stretching can 
also be seen in Fig. 3-5, where the vertical coordinate lines in the 8 plane 
become bent to form the dashed lines in the w plane. 

It is a bit more difficult to picture the distortion of the left-half 8 plane 
to form the w plane. To attempt such a description would not add 
materially to the concept we wish to describe. 

The rectangular-coordinate portrayal serves to emphasize the distortion 
of geometrical shapes when transformed by the function w = 82• An 
inspection of the labels on the transformed coordinates shows that the 
square area A in Fig. 3-5a will transform to the curvilinear square labeled 
A' in Fig. 3-5b. The important conclusion is that with this transforma­
tion some straight lines can go into curved lines and geometrical shapes 
are not preserved exactly. 

3-3. Practical Applications. The transformation properties of a num­
ber of additional functions will be considered later in this chapter. But 

before going on, a few practical 
R r-----' R examples taken from the field of 
~ ~ network theory will be presented, "c..L: I Isolation; C..L 

T \ stage I T showing why these functions, and 
a _ I ! _ 0 their graphical portrayals, are L _____ -' 

FIG. 3-6. Example of a network for which useful. 
the response function is w = 211. The first example is an application 

of the function treated in the previ­
ous section. Consider two RC networks connected in cascade by an 
isolating stage, such as an amplifier with negligible input admittance, as 
shown in Fig. 3-6. The output/input function for each network, as a 
function of real angular frequency w, is 

l/jwC 1 
Z = R + l/jwC = -=-l-:+-J-:-·w=R=C (3-7) 

and for the combined network the transfer function, assuming unity gain, 
is 

w = Z2 
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As w increases from zero to infinity, we find that z traces out the semicircle 
shown in Fig. 3-7a (proof of this is given in the following section). The 
transformation properties of the function w = Z2 can then be used to 
determine the locus of the response function of the two networks in cas­
cade. Figure 3-7b shows the transformation of polar coordinates of the 
z plane and also the transformation of the curve traced out by w as w 
varies. 

A graph paper with a grid on it like Fig. 3-7b can in this way be used to 
find loci of steady-state response functions for two identical isolated 
cascaded amplifiers, when the locus for one stage is known. Other func­
tions (Z3, z', etc.) could be plotted to take care of more than two sections in 
cascade. 

(a) (b) 

FIG. 3-7. Graphical interpretation of the response function of Fig. 3-6. 

Steady-state network theory provides other examples of functions 
whose transformation properties are worth investigating. In the previous 
example the transfer function z can also be written 

1 1 
z = RC I/RC +jw 

If we interpret 8 as I/RC + jw, the locus of z with variable w can be 
obtained frou. a study of the map of the rectangular coordinates of the 8 

plane due to the function z = 1/8. Thus, the reciprocal function is a 
useful aid in the analysis of a commonly used coupling network. The gen­
eral problem of determining an admittance locus from an impedance locus, 
or vice versa, is a more general application of the reciprocal function. 

The function 

(3-8) 
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provides another practical example. This function gives the impedance 
(or admittance) of the series (or parallel) connection of two reciprocally 
related impedances (i.e., impedances having a product which is a real 
constant). Two examples are shown in Fig. 3-8, where w is an impedance 

~ ::::t-r C-kL Y..o-_G_l-=:::jt:::=~_II-.J 
(a) (b) C2=iL

1 

FIG. 3-8. Two network applications of the function w = lIZ + l/bz: 

in case a and an admittance in case b. When the locus of z is known, the 
transformation properties of Eq. (3-8) will provide the corresponding 
immittance locus for the combined network. 

This same transformation arises in filter theory, often being described 
as the "low-pass to bandpass transformation," although it is really more 

general than this name would imply. 
Figure 3-9a represents a general 

E2 filter network, which will have a 
transfer function 

Ca) 

Cn o_-u--.., Zn 

(b) Case 1 

~ 
Rp 

(e) Case 2 

FIG. 3-9. Network application of the 
function w = az + l/bz, relating band­
frequency properties of one network with 
low-frequency properties of another net­
work having a similar structure. 

where the function F is a rational 
function of the Z's. Now suppose 
that each Z of this network has one 
of the forms shown at (b) in the 
figure, which we shall call case 1; 
and then let corresponding branches 
have the forms shown at (c), which 
will be called case 2. Note that 
there is a systematic transition from 
case 1 to case 2; each R is un­
changed, each L is replaced by L 

and C in series, and each C is replaced by Land C in parallel, with specific 
value relationships as indicated in the figure. The respective impedances 
are readily shown to be as follows: 

Case 1 Zm = Lms 

Z =_1 
.. C"s 

Zp = RlI 



Case 2 

where 
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Z", = Lmw 

Z = _1_ 
" C"w 

Zp = Rp 

w=~+~ 
"'0 S 
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and "'0 is an arbitrary design constant. This last equation is a special 
form of Eq. (3-8). 

The above tabulation places in evidence the fact that the functional 
dependence of each Z on s in case 1 and on W in case 2 is the same. Also, 
since the structure is the same in both cases, the response function is given 
by the same function of the Z's, namely, F(ZI, ... ,ZN) defined above. 
Therefore, if we define 

for case 1, it follows that 

E2 = TI(W) 
EI 

for case 2. This response function for case 2 is also a function of s, which 
may be designated T2(S). Therefore, for case 2 we have 

T2(S) = TI(W) 

This information can be useful if a solution is available for case 1. 
From this the transformation properties of the function TI(W) would be 
known, giving a map of a coordinate grid in the w plane on the E2/EI 
plane. Then, with the known mapping properties of Eq. (3-8), the 
coordinate grid of the s plane can be mapped onto the W plane and thence 
onto the E2/EI plane. 

We see riow why the "low-pass to bandpass" designation is not an 
adequate description. If T1(s) is a low-pass function, T2(S) will be a 
bandpass function. However, TI(S) is not necessarily low-pass; it could 
eliminate low frequencies, and then T 2(s) would be a bandstop function. 

Earlier in this section it waf pointed out that z raised to an integral 
power arises as the function which describes certain cases of networks 
in cascade. In many applications it is preferable to write the transmis­
sion function of each of the cascaded sections as an exponential, so that 
multiplication of functions is replaced by addition. Accordingly, in net­
work theory we are sometimes interested in the function 

w=e" (3-9) 

and so part of this chapter is devoted to an investigation of its transforma­
tion properties. This function and its related hyperbolic functions also 
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arise in the solution of the wave equations, and so we also consider the 
function 

w=coshs 

in detail; and from it we deduce the transformation properties of the other 
circular and hyperbolic functions. 

Finally, we shall consider the bilinear function 

2 - 1 
w=--

2 + 1 
(3-10) 

which is of interest partly because, if 2 is replaced by 1/2, w merely 
changes sign. Therefore, a graphical interpretation of Eq. (3-10) is use­
ful for finding reciprocals of complex numbers. This function is also 
the reflection coefficient which appears in the scattering matrix formula­
tion of the theory of multiport networks. Specifically, the reflection 
coefficient of an impedance Z in series with an impedance Zo is 

Z - Zo Z/Zo - 1 
Z + Zo = Z/Zo + 1 

which is identical with Eq. (3-10) if we let 2 = Z/Zo. Thisfunctionalso 
plays an important role in the graphical analysis of transmission lines; it is 
the function which leads to the "circular" (or Smith) transmission-line 
chart. 

In presenting the functions to be analyzed, 2 was used as the independ­
ent variable, as a reminder that the independent variable will not always 
be the generalized frequency variable s. However, with this understand­
ing, in the following sections we shall revert to s as the independent 
variable, recognizing that in the presentation 8 is an abstract variable 
which can represent any complex variable derived from a physical 
situation. 

3-4. The Function w = 1/8. It would be easy to get the polar-coordi­
nate map of the function 

1 
w=-

8 
(3-11) 

but little would be learned by so doing. Accordingly, rectangular coordi­
nates will be used, giving 

(u + jV)(CT + jw) = 1 

from which we get, by equating real and imaginary parts, 

UCT - Vw = 1 
VCT+UW=O 

(3-12) 
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By a purely algebraic elimination of first u and then w, we get the two 
families of circles 

( 1)2 1 v +- + u2 =-2w 4w2 

( 1)2 1 v2 + u-- =-
2u 4u2 

(3-13~ 

The degenerate cases u = 0 and w = 0 cannot be handled by Eqs. (3-13), 
but from Eq. (3-11) we find that they, respectively, give the two axes 
'II = 0 and v = O. 

The transformation is shown in Fig. 3-10. Notice that this justifies 
using the circle in the previous section in dealing with Eq. (3-7), which is 
covered by the present example if s = 1 + jwRC. 
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FIG. 3-10. Map of the function w = 1/8. 
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The reciprocal function treats the plane more violently than the other 
cases so far considered. The "edge of the plane at infinity" is pulled in to 
the center, while the center is stretched out in all directions to infinity. 
It is perhaps not too difficult to visualize this process and thus to get some 
perception as to the reasonableness of the families of curves shown in 
Fig. 3-10. 

3-5. The Function w = ~(s + l/s). We turn to the case of Eq. (3-8), 
which is now written in the slightly different form 

(3-14) 

where the factor ~ is introduced for later convenience in treating the 
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hyperbolic functions. This case is analyzed by using polar coordinates, 

8 = p/4> (3-15) 

(3-16) 

(3-17a) 

(3-17b) 

The required pair of equations relating u and v, with p or </> as parameters, 
is obtained by squaring both of Eqs. (3-17) and writing them as either of 
the following pairs: 

or 

( 
1)2 = cos

2 
</> 

p+-
P 

4v2 
_. 2 

( 
1)2 - sm </> 

p-­
p 

u
2 1 ( 1) -- = - p2+2+-

cos2 </> 4 p2 

-. - = - p2 - 2 + -v
2 1 ( 1) 

sm2 </> 4 p2 

(3-1S) 

(3-19) 

Respectively adding Eqs. (3-1S) and subtracting Eqs. (3-19) gives 

(3-20a) 

(3-20b) 

Equation (3-20a) describes a symmetrically located ellipse of major axis 
p + 1/ p along the u axis and minor axis p - 1/ p along the v axis. Equa­
tion (3-20b) represents a pair of symmetrically located hyperbolas with 
intercepts on the real axis at u = ±cos </>. Notice that Eq. (3-20a) is 
unchanged if p is replaced by 1/ p and that Eq. (3-20b) is unchanged if </> 

is replaced by - </>. This, of course, is due to the squaring operation used 
in arriving at Eqs. (3-1S). We can see from Eqs. (3-17) thatthisambi­
guity in p and </> is spurious. Replacing p by 1/ p or replacing </> by - </> 

(not both) changes the sign of v, a fact which is not indicated by Eqs. 
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(3-20). We shall use Eqs. (3-20) to give the shapes of the curves but 
shall need Eqs. (3-17) to help in the process of labeling. 

First note from Eqs. (3-17) that if p is replaced by 1/ p and the sign 
of q, is changed there is no change in u and v. Thus, if we keep p ~ 1 and 
let q, vary from -7r to 7r, then u and v will each take on all values from 
- 00 to 00 and w will cover the w plane. (We could also cover the w plane 
by restricting q, to the range from 0 to 7r and letting p have all values 
from 0 to 00.) The former alternative is chosen arbitrarily; and this 
means restricting 8 to points on and outside the unit circle. Clearly to 
designate this, let 

p = 1 
p> 1 

O~q,~7r 
-7r < q, ~ 7r 

Figure 3-11a shows the portion of the 8 plane being considered and several 
curves of the families for p = constant and q, = constant. We must, how­
ever, remove the ambiguity due to the fact that the latter family is 
unchanged if q, is replaced by - q,. This is easily done by looking at Eq. 
(3-17b), which shows that v is positive when p ~ 1 and 0 < q, ~ 7r and 
negative when -7r < q, ~ o. Thus, each branch of a hyperbola carries 
different labels on the upper and lower halves. 

The real axis of the 8 plane (p > 1 still being retained) is a degenerate 
case because sin q, = sin 1f' = 0 in Eq. (3-20b). For the equation to be 
satisfied, v must be zero; but this leaves us with an indeterminate form; 
and so we look to Eqs. (3-17). When q, = 0 or 1f' and p > 1, 

q,=0 

q,=7r (3-22) 

The function p + 1/ p has a minimum value of 2 at p = 1. Thus, the real 
axis of the 8 plane, outside the unit circle, goes into two sections of the 
u axis, omitting the space between -1 and + 1. 

Mapping onto the remainder of the real axis of the w plane is described 
by the conditions 

p = 1 

It is obvious from Eq. (3-17b) that 

and 
v=O 
u=cosq, 
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is obtained from Eq. (3-17a). If q, had been permitted the range 

-11" ~ q, ~ 11" 

each value of u between -1 and + 1 would have been covered twice. 
This is undesirable; we wish to use just enough of the 8 plane to cover the 
w plane once. Therefore, for the one value p = 1, q, is restricted to the 
range 0 ~ q, ~ 7r. The dashed part of the unit circle is not used, and so 
the line -1 ~ u ~ 1 is the map of the top half of the unit circle of the 8 

plane. A semicircle in the lower-half 8 plane just outside the unit circle 
goes into half an ellipse just below the -1 ~ u ~ 1 segment, as shown in 

(a) 
8 plane 

(b) 

FIG. 3-11. Map of outside unit circle of ID -= ~(8 + lis). 

Fig. 3-lIb. Deleting part of the unit circle is analogous to deleting part 
of the jw axis in Figs. 3-3 and 3-4. 

Up to this point we have shown how the portion of the 8 plane of Fig. 
3-lIa maps into the entire w plane. We observe that at points 8 = ± 1 
two curves which intersect at right angles in the s plane transform into a 
straight line, the u axis of the w plane. 

Finally, we need to know what happens to points inside the unit circle. 
The answer was implied when it was noted that u and v are unchanged if p 

is replaced by l/p and q, by -q, (that is, if 8 is replaced by l/s). It is 
necessary only to take Fig. 3-lIb and change the labels, changing sign on 
all q, labels and replacing p labels by their reciprocals. The result is 
shown in Fig. 3-12. Note that now the top half of the unit circle is 
omitted, and accordingly observe that the two portions of the s plane in 
Figs. 3-11 and 3-12 are complementary. 
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To complete the description, imagine the portion of the 8 plane of Fig. 
3-11a to be made of rubber. If the top and bottom halves of the unit 
circle are drawn together, the w plane is produced. Circles in the 8 plane 
go into ellipses and radial lines into hyperbolas. The distortion of the 
inside of the unit circle is harder to visualize because as the two halves of 
the unit circle are drawn together the center must be picked up and put at 
infinity. The best visualization for Fig. 3-12a is to take reciprocals of 
points within the unit circle, which reverts back to Fig. 3-11a. 

00 8~~ ~. 
,. "8 

(6) 2 w plane 
FIG. 3-12. Map of inside unit circle of ID = ~(s + l/s). 

3-6. The Exponential Function. The function 

w = e8 (3-23) 

is of particular interest because it takes rectangular coordinates in the 
8 plane into polar coordinates in the w plane. Referring to Chap. 2, we 
write . 

or 

w = e,,+j .. 

= e"e j
" 

w = e"/CIJ 

(3-24) 

and then make the important observation that when CIJ goes through a 
range 211" (say from -11" to 11") the entire w plane will be covered. Thus, the 
strip shown in Fig. 3-13a goes into the entire w plane, and the rectangular­
coordinate lines in the 8 plane go into the polar-coordinate lines shown in 
Fig. 3-13b. This is another case where less than the entire 8 plane is 
needed to cover the whole w plane. The line CIJ = -11" is deleted from the 
strip in the 8 plane in order to avoid double coverage of the negative real 
axis of the w plane. 

Of course, the function will transform 8 points outside the strip shown. 
A point such as B at 8 = 2 + j31l" /2 goes into the same point in the w 
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FIG. 3-13. Transformation of a strip of the 8 plane onto the entire to plane, by the trans­
formation to = eo. 

plane as does point C (8 = 2 - j7r/2). Thus there are an infinite number 
of strips in the 8 plane each of width 27r; and each of them maps onto the 

-3n 
FIG. 3-14. Additional s-plane strips 
which map onto the entire w = eo plane. 

entire w plane. Two more such 
strips are shown in Fig. 3-14. It is 
to be emphasized that each strip has 
an open boundary at the bottom. 
The decision to close the strip at the 
top and leave it open at the bottom 
was arbitrary. 

Two interesting points may be 
noted about Fig. 3-13a. First thejw 
axis transforms to the unit circle in 
the w plane, and second circles hav­
ing radii reciprocally related in the w 
plane correspond to vertical lines 
equal distances to the right and left 
of the jw axis. 

3-7. Hyperbolic and Trigonomet­
ric Functions. In this section the 

functions cosh 8, sinh 8, cos 8, and sin 8 will be dealt with as a group, by 
relating them to Eq. (3-14), which is now written 

(3-25) 
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The change in notation is merely a convenience so that 8 can be retained 
as the independent variable. Accordingly, four cases will be considered, 
as follows: 

Casea z = e' w=coshs 
Case b z = eO+i ,,/2 w = j sinh 8 (3-26) 
Case c z = ei • w=coss 
Cased z = ei (.-r/2) w=sin8 

The correctness of the above formulas for w can be checked by using Eq. 
(3-25) and referring to Eqs. (2-50) for definitions of these functions. 

-~ 
(b) 

zplane 

o 

_lr 
2 

(e) 

FIG. 3-15. Plots used to describe the function w = cosh 8. 

wplane 

Case a will be considered in some detail, with simple modifications 
taking care of the other cases. The graphical interpretations of Fig. 3-11 
and 3-13 provide the needed clues. However, the 8 plane in Fig. 3-11 and 
the w plane in Fig. 3-13 will both be called the z plane. In the interest of 
clarity both figures are combined in Fig. 3-15, with appropriate changes 
in notation. Part of the jw axis is omitted in order to make Fig. 3-15b 
look like Fig. 3-11a. The transformation from Fig. 3-15b to 3-15c has 
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already been treated in Fig. 3-11. Thus, we see that the function 

w = cosh 8 

maps the 8emi-injinite strip of the 8 plane at (a) in Fig. 3-15 on the whole 
w plane. This strip is open along the dashed edges, thereby avoiding 
multiple coverage of points in the w plane. Other similar strips in the 
right-half 8 plane again cover the w plane. Similar strips in the left-half 
8 plane go into the inside of the unit circle of the z plane, and from Fig. 3-12 
we therefore see that each of these strips also covers the w plane. Most of 
what we want to portray at present about this function is provided by 
Fig. 3-15. Further information relevant to the multiple covering of the 
w plane is given in Chap. 6. 

w 
-.! 1< 

2 -£2 2 r=;=--"'-"':';=---
I I I I I I I 

i I -1 I 

:1 I 
I I I I I I 

I 1-2 I I I I 
',\ I I I I I I I 

-tr +EI 

(a) 8 plane 

-i 
(b) wplane 

FIG. 3-16. Plot of the function w == cos 8. 

The other cases are easily handled by successively replacing 8 by the 
modifications indicated by Eqs. (3-26). The plot of sinh 8 can be obtained 
from Fig. 3-15 by rotating the w plane 90° clockwise and also subtracting 
7r/2 from the label on each curve for constant w. 

For cos 8, a 7r/2 clockwise rotation of the s-plane strip of Fig. 3-15 gives 
the new strip, with the results shown in Fig. 3-16. Finally, Fig. 3-16b 
can be used for sin 8 by adding 1(/2 to each label on the curves for 
IT = constant. Actual plots are not shown for sinh 8 and sin 8, because 
they differ only slightly from cosh 8 and cos 8, as noted above. 

3-8. The Point at Infinity; The Riemann Sphere. In Chap. 2, reference 
was made to infinity not being a unique point. In a strict sense this is 
correct. However, in considering the transformation properties of a 
function, it is sometimes convenient to use the words point at infinity, as if 
infinity were a geometrical point. Then it is possible, for example, to say 
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transforms the point 8 = 0 into the point at infinity in the w plane. How­
ever, in this usage, the point at infinity is an abstraction; it cannot be 
regarded as a geometrical point. All points on the circumference of an 
expanding circle would have to approach the point at infinity, and this is 
absurd from a geometrical viewpoint. 

The point at infinity is no more a geometrical point than is co a symbol 
for a number. Nevertheless, both these vaguely inaccurate concepts, the 
"point at infinity" and the "number infinity," find limited usage in the 

N 

FIG. 3-17. The Riemann sphere. 

language of mathematics. The inability to identify infinity as a geo­
metrical point is related to the fact that operations like 00 - 00 and 00 I 00 

liave no meaning. Therefore, the concept of a point at infinity is limited 
to nonprecise descriptions of mapping operations. 

There is an artifice whereby the point at infinity can be interpreted as 
a finite point. This is accomplished by mapping the infinite plane onto 
the finite area of a sphere. Such a sphere is called the Riemann sphere 
an{i is constructed by establishing a one-to-one correspondence between 
points on the plane and the sphere, in the manner shown in Fig. 3-17. A 
sphere sits on the complex plane at the origin, and a ray is drawn from 
point N to the point 8 in the plane. The point q where this ray pierces the 
sphere corresponds to the point 8. As point 8 goes to infinity in any direc­
tion, point q moves toward the unique point N on the sphere, which there­
fore is the "projection" on the sphere of the point at infinity. Note that 
the real and imaginary axes go into great circles on the sphere. 
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All the maps so far presented could be placed on a spherical surface, 
and then the point at infinity would become unique. Of course, the 
faInilies of curves would become distorted, and the equations describing 
the loci would be changed. Thus, the Riemann sphere is not very helpful 
quantitatively, but occasionally it has pictorial and conceptual value. 

3-9. Further Properties of the Reciprocal Function. In Sec. 3-4 you 
were given an introductory analysis of the function w = l/s. Now we 
shall consider the more general case 

1 
W=---

s+1 
(3-27) 

Study of this function yields further insight into properties of l/s, and 
Eq. (3-27) has the further value that it can be used to construct other 
functions, like 

2 s-l 
l- s +l=s+l 

Turning to Eq. (3-27), if we use rectangular coordinates in the s plane, 
the analysis is readily obtained by writing s + 1 = s', thereby reverting 
to the earlier case. Then, the s plane of Fig. 3-10 becomes the s' plane, 
and the transformation for Eq. (3-27) is obtained by repeating Fig. 3-10, 
but with the label reduced by I on each locus of constant u. The result is 
shown in Fig. 3-18. This simple shift of origin has an interesting effect on 
the transformation. Whereas Eq. (3-11) transforms the right-half s plane 
into the right-half w plane, Eq. (3-27) transforms the right-half s plane 
into the interior of the shaded circle in Fig. 3-18. 

All loci in the w plane are circles, if a straight line is regarded as a 
degenerate circle. Equations for these circles can be obtained readily 
by calculating the intercepts from the original equation or from Eqs. 
(3-13) by replacing u by u + 1. The new equations are 

(
V + ~)2 + u2 = _1_ 

2w 4",2 

v2 + (u - 2u ~ 2Y = 4(u ~ 1)2 

(3-28) 

The situation becomes more challenging when we go to polar coordi­
nates in the s plane. In the usual notation for polar coordinates, Eq. 
(3-27) is conveniently written 

(u + jv)(1 + p cos I/> + jp sin 1/» = 1 

When the multiplication is carried out and real and imaginary parts are 
equated, we get 

pUcosl/>-pvsinl/> = l-u 
pv cos I/> + pu sin I/> = -v 

(3-29) 
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cr 

w-plane 

FIG. 3-18. Transformation w = 1/(8 + 1) for rectangular coordinates in the 8 plane. 

Squaring each of these equations and adding the results gives 

(u2 + v2)(1 - p2) - 2u + 1 = 0 

and completing the square in u gives 

(3-30) 

This equation describes the family of loci in the w plane for circles of con­
stant p in the 8 plane, for all but the degenerate case p = 1. For that 
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case the original equation shows that the locus is the vertical straight line 

Examples of these loci are shown by the solid lines of Fig. 3-19. 

• plane 

wplane 
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FIG. 3-19. Map of the function w - 1/(8 + 1), using polar coordinates in the 8 plane. 

Loci in the w plane corresponding to radial lines of constant c/J in the 8 

plane are obtained by dividing the first of Eqs. (3-29) by the second, giving 

u cot c/J - v = u_-_l 
v cot c/J + u v 

and this in turn becomes 

u2 
- u + v' - v cot c/J = 0 

Completing the square in both u and v then gives 

(u - ~r + (v - co~ ~r = (2 Si~ c/Jr (3-31) 

Thus it is found that the radial straight lines (c/J = constant) in the 8 

plane go into circles in the w plane. When sin c/J = 0, we get a degenerate 
case; but this is the real axis in the 8 plane, and it has been shown that 
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this goes into the real axis of the w plane. Thus, when sin ,p = 0, the 
locus is 

11=0 

Loci for constant tP are shown by the dashed circles in Fig. 3-19. Here 
we make the interesting observation that each of these circles is inter­
preted in two parts, an upper part and a lower part, for which the angle 
designations differ by 180°. This is a natural consequence of the fact that 
each circle is the trace of a radial line passing through the origin of the 8 

plane; and of course the angular designation for such a line changes as the 
origin is passed. 

In the w plane we again find the circle into which is Inapped the right 
half of the 8 plane. This is the circle carrying the designation ± 90°, 
which of course is the same as labeling it (J' = 0, as in Fig. 3-18. 

This treatment of Eq. (3-27) leads to an interesting general conclusion 
about the function 

1 
W=-

8 

Let 8 describe a circle defined by 

8=A+Re;' 

where the complex A and real R are constants and 8 is variable. Then we 
can write 

1 
w = A + Re;' 

1 1 
= it 1 + (RIIA J)e;('-a) 

where a = ang A. This is of the form 

where 

1 1 
W=A8'+1 

8' - ~ e;('-a) -IAI 

(3-32) 

We recognize Eq. (3-32) as being similar to Eq. (3-27), and it is recalled 
from the analysis of the latter equation that circles centered at the origin 
in the 8 plane go into circles in the w plane. Therefore, Eq. (3-32) yields 
a circle in the w plane when 8' describes a circle centered at the origin. 
Furthermore, we have defined at in such a way that it is centered at the 
origin when 8 describes the prescribed circle. It is concluded that w = 1/ B 

traces out a circle whenever 8 follows a circular path. 
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3-10. The Bilinear Transformation. In Sec. 3-3 it is mentioned that 
the function 

8 - 1 
10=--

8+1 
(3-33) 

has important applications in the analysis of linear systems. Because of 
this importance, we now give it a brief consideration. Equation (3-33) is 
a special case of the general bilinear function 

as + b 
W=cs+d 

It is preferable to study Eq. (3-33), and from it we can learn all we need 
to know about the general case. The treatment of the previous section 
serves as the point of departure because, as was pointed out there, Eq. 
(3-33) can be written 

10 = 1- _2_ 
s+1 

We shall consider the map of rectangular coordinates in the right half 
of the 8 plane. Figure 3-18 shows the transformation of the right half 
plane by the function 1/(s + 1). We merely take the mirror image of 
this transformation, scaled by a factor 2, and translate it one unit to the 
right. The result is shown in Fig. 3-20a. From Eqs. (3-28) we get the 
equations of the loci by changing sign on u and v and multiplying them 
by the factor ~ and by subtracting 1 from u to perform the required 
translation to the right. The results are 

(v - ~r + (u - 1)2 = ar 
v2 + (u __ u )2 = (_1 )2 

u+l u+l 

(3-34) 

A particularly important portrayal of this transformation is obtained 
by using polar coordinates in the 10 plane. In order to obtain the cor­
responding foci in the 8 plane, write Eq. (3-33) in the inverse form 

1+10 2 
s=--= -1 

1 - 10 1 + (-10) 
The term 

2 
1 + (-10) 

is like Eq. (3-27), but with -10 in place of 8. Thus, to get the loci of the 
present s plane, we take the loci of the 10 plane of Fig. 3-19, with a scale 
factor of 2, and with all angle labels changed by ±r (to account for s 
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FIG. 3-20. Transformation due to the bilinear function w = (8 - 1)/(8 + 1). 
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being replaced by -w). Then the pattern is shifted to the left a unit 
distance, with the result .shown in Fig. 3-20b. This map is given for 
Iwl ~ 1. 

The above manipUlations of change of scale and shifting can be applied 
to Eqs. (3-30) and (3-31) to get the s-plane loci in Fig. 3-20b. In so 
doing we replace u by (0" + 1)/2, v by ",/2, p by r, and q, by 8, where we 
are now using the polar coordinates 

w = rei' 

in the w plane. The results, obtained from Eqs. (3-30) and (3-31), are, 
respectively, 

( 
1 + r2)2 ( 2r )2 0"--- +",2= --
I - r2 1 - r2 

0"2 + ('" _ cot 8)2 = (_._1_)2 
sm 8 

(3-35) 

Apparently this transformation also takes circles into circles, as indeed 
we can see by recalling that it has basically the same transformation 
properties as l/s. 

We conclude this section with a brief discussion of the general case 

as + b 
w=cs+d 

which can be written 

_1( +be-ad) w - - a 
e cs + d 

Certainly, if s describes a circle, so does es + d. From previous discus­
sions, we also know that 

be - ad 
es + d 

describes a circle, and consequently the w-plane locus will be a circle. 
Thus, the general bilinear transformation carries circles into circles. 

We can also cast the general case in a form related to Eq. (3-33) by 
writing 

w = 2~ [(ad + be) + (ad - be) ~~j~~: ~ ~] 
The second term is a constant multiplied by (s' - l)/(s' + 1), where 
s' = (e/d)s, and this transformation has been treated. The other term 
in the above equation is merely a constant. Thus we see how with suit­
able change of variable the general case can be obtained from the specific 
one. 
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3-11. Conformal Mapping. In all the foregoing examples it is observed 
that in most cases mutually perpendicular lines in the 8 plane transform 
into mutually perpendicular lines in the w plane. However, we find there 
are some points in these illustrations where this is not true, the point 8 = 0 
for the function w = 82 being one example. Here the mutually perpen­
dicular real and imaginary axes in the s plane transform into lines in the w 
plane intersecting at 1800

, as shown in Figs. 3-3 and 3-4. 
Another property exhibited in most instances is that a small geometric 

figure, like a curvilinear rectangle formed by four coordinate lines, trans­
forms into a similar figure in the w plane. The corresponding areas 
labeled A and A' in Figs. 3-3 and 3-5 are illustrations. However, again 
using w = S2 as the example, we find that this preservation of general 
shape is not true at the origin. This can be seen by referring to Fig. 3-5 
and observing that the rectangle B formed around the origin by the lines 
u = ± 0.5, w = ± 0.5 transforms into a figure B' which has no resem­
blance to a rectangle. 

Thus, experience gained from these examples implies a certain geo­
metrical regularity of the transformations, as embodied in preservation of 
angles of intersection and approximate geometrical shapes, in going from 
one plane to the other. However, we also find certain exceptions. In the 
present section we shall explain this behavior of transformation maps, 
showing why the indicated relationships are usually found and under 
what conditions exceptions are to be expected. 

The derivative serves as the point of departure. Recall that the 
derivative of w = f(8) at a point 81 is defined as 

lim AA
w = 1'(81) 

.1 ...... 0 8 

where As is an increment from point SI and Aw is the corresponding incre­
ment in the w plane. Existence of this limit implies that corresponding 
to an arbitrary small E > 0 there can be found a 6 such that 

I ~: - I'(S1) I < E 

when IAsl < 6 
and therefore lAw - I'(S1) Asl < EIAsl 

This inequality is portrayed in Fig. 3-21, at (a) for II'(s1) I ~ 0 and at 
(b) for I'(S1) = O. If we use the notationl'(s1) = Aeia, it is apparent from 
the geometry of Fig. 3-21a that 

and 

ilAwl - AIAsli < EIAsl 

lang Aw - a - ang Asl < sin-1 i 
(3-36a) 

(3-36b) 
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It is emphasized that relation (3-36b) is true only if 

1/'(81)1 = A > E 

This can be understood by referring to Fig. 3-21b. In this case it is 
certain that ~W lies within the circle shown, but no estimate of the 
angle of ~W is possible merely from knowing the radius and location of 
the circle because WI is at the center of the circle. 

We now allow E to approach zero, while recognizing that E determines 
6 and that 1~81 < 6. Clearly, we are dealing with increments which 
may be required in certain cases to be quite small, depending on the size 
of A. However, so long as 1'(81) is not zero, as E approaches zero the 

(a) r'(sIJ+O 

WI 

~ o 
FIG. 3-21. TraIl8formation of an increment, at a point where the derivative exists. 

condition E < A will ultimately be attained and finally the right-hand 
sides of relations (3-36) will be considered substantially zero, giving the 
pair of approximate equalities 

l~wl == AI~81 
ang ~W == a + ang ~8 

(3-37) 
(3-38) 

In words, these equations say that if an increment ~8 is formed at a point 
81, where W = 1(8) has a nonzero derivative, then the corresponding 
increment ~W is obtained from ~8 by scaling its magnitude by the factor 
If' (81) I and by increasing it.s angle by the amount ang f' (81). 

Equations (3-37) and (3-38) lead to two important conclusions about 
the properties of transformation maps in small regions. In Fig. 3-22a 
two curves are shown intersecting at point 81, where cp' is the angle of 
intersection. Each of these curves is considered to be generated by 
increment ~81 or ~S2 as it approaches zero. Two corresponding incre­
ments ~Wl and ~W2 trace out a pair of intersecting curves in the W plane, 
as indicated in Fig. 3-22b. These curves intersect at an angle ft. From 
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Eq. (3-38) we have two approximate equations 

and therefore ang dWI - ang dW2 == ang dSI - ang dS2 

This approximate inequality becomes increasingly accurate as each 
increment approaches zero. Furthermore, in the limit, as the increments 
approach zero, 

tfJ' = ang dSI - ang dS2 

Thus, we conclude that 

cp' = (J' 

Emphasis is placed on the fact that this equation is exact. We have 
shown that, if two curves intersect in the S plane at a point where a func­
tion has a nonzero derivative, the traces of these curves in the function 
plane will intersect at the same angle. 

ang (As1)-ang (As2) 

Ca) Cb) 

FIG. 3-22. Preservation of angles at points where /'(8) ¢ o. 

Now consider a small geometrical figure in the s plane, such as the 
curvilinear triangle T in Fig. 3-23a, surrounding a point SI where the deriv­
ative exists and is not zero. Assume that the triangle is small enough to 
allow Eqs. (3-37) and (3-38) to apply with reasonable accuracy for any 
increment dS drawn from SI to a point on the periphery of T. Equations 
(3-37) and (3-38) tell us that each corresponding dW increment is obtained 
from the dS increment by scaling its magnitude by the same mUltiplying 
factor and by rotation through the same angle a. Therefore, the figure 
T' generated in the W plane will be similar, but with changed size and 
orientation. However, Eq. (3-37) is only approximate, and so there is a 
certain indefiniteness for each dW, which depends upon the size of T, 
and therefore we draw a double line in the 10' plane in such a way that the 
true boundary of T' is known only to lie between this pair of lines. 

This development is based only on the fact that !'(SI) exists and is not 
zero. As a result, we get no conclusion as to the behavior of the boundary 
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of T' as it wavers between the two bounding lines shown in Fig. 3-23b. 
For example, we have no assurance that the boundary of T' will have 
the same angles as T at corresponding vertices, nor are we sure whether or 
not the boundary of T' will be as smooth as the boundary of T. We can 
say nothing more about the boundary of T' without placing greater 
restriction on f(8), which we now do by stipulating that f(8) shall have a 
nonzero derivative at every point in a neighborhood large enough to 
include figure T. Now we can say that angles are preserved at every 
point on T, and therefore angles at the vertices of T' will be the same as for 
corresponding vertices of T. Furthermore, if we take some point b, not 
at a vertex, we can interpret this as the intersection of two curves at 180°. 
It follows that the curves must intersect at 1800 at the transformed point b' 

(a) 

(b) (e) 

FIG. 3-23. Transformation of a small geometrical figure. (a) The 8-plane figure; (b) 
the w-plane figure when f'(81) ~ 0, but f(8) is not necessarily regular at 81; (e) the 
w-plane figure when f(8) is regular at 81. 

and therefore that T' must be smooth where T is smooth. The result will 
be as shown in Fig. 3-23c. However, it is emphasized that T' is not an 
exact scaled and rotated replica of T and that preservation of angles at the 
vertices is dependent upon f(8) having a nonzero derivative in a neigh­
borhood of °81 large enough to include T. 

Transformations which have the property of preserving angles of 
intersection and of approximately preserving small shapes are said to 
be conformal. An analytic function is thus .seen to provide a conformal 
transformation at any point where the function is regular and has a non­
zero derivative. 

In conclusion, your attention is drawn to a comparison of the statements 
about angles and shapes. Angles of intersection are preserved exactly; 
but shapes are preserved only approximately. This difference arises 
because the angle between .i81 and .i82 retains its meaning down to zero 
size for the increments, but, in order to have figures with describable 
shapes, the increments must remain finite. 
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In the case of w = 8 2 we find that angles are doubled at point 8 = 0, 

and for w = 83 it is found that angles are tripled. Furthermore, we note 
that w = 82 has a zero first derivative at 8 = 0, and w = 8a has first and 
second derivatives which are zero at 8 = o. These observations seem to 
indicate a general relation between the behavior of angles at a point of 
zero derivative and the number of derivatives which are zero. If we 
can take w = 8" as typical, it has n - 1 derivatives which are zero at 
8 = 0, and the angle is increased by the factor n (one greater than the 
number of zero derivatives). A more general discussion of this topic is 
found in Chap. 6. 

3-12. Solution of Two-dimensional-field Problems. The conformal 
transformation property of analytic functions is related to their usefulness 

.' ~ C' 
z plane z'plane 

(a) (b) 

FIG. 3-24. General transformation z' co f(z) for use in solving two-dimensional bound­
ary-value problems. 

in arriving at solutions of the two-dimensional Laplace equation 

a2u a2u 
ax2 + ay2 = 0 (3-39) 

subject to certain types of boundary conditions. In this equation u 
stands for a scalar potential function, like electric potential or temperature. 

Referring to Fig. 3-24, suppose that an analytic function 

w = g(z'} 

is prescribed. Its real component 

u = Re [g(z'}] 
will be a solution of 

(3-40) 

(3-41) 

(3-42) 

and will have a unique set of values at points on curve C'. The imaginary 
component v will also be a solution of the Laplace equation. Lines of 
constant u and lines of constant v form a curvilinear grid of mutually 
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perpendicular lines in the z' plane. If u is the potential, then lines of 
constant v are flow lines of the field. Now suppose that there is a second 
analytic function 

z' = f(z) (3-43) 

which carries curve C of the z plane into curve C', with the interior of 
C going into the interior of C'. It is assumed that C and C' are both 
simple closed curves. The function 

w = g[f(z)] (3-44) 

is an analytic function of an analytic function. It can easily be shown 
that this in turn is an analytic function. Thus, again using u to designate 
the real component of w, we conclude that u is a solution of 

02U 02U 

ox2 + oy2 = 0 

Also, in similarity with the z' plane, lines of constant v (the imaginary 
component of w) will be flow lines in the z plane and will be normal to lines 
of constant u. 

Let point P in the z plane be carried by the transformation z' = f(z) 
into point P' in the z' plane. At these corresponding points the argu­
ments of Eqs. (3-40) and (3-44) are identical. Therefore, u will have 
values on C which are uniquely related to its values on C'. The gist 
of these comments is that u is simultaneously the solution of two differ­
ent boundary-value problems, depending on whether z' or z is considered 
to be the independent variable. 

This is a useful idea, because the two boundaries are different, making 
it possible by using analytic functions to get additional solutions from 
one known solution. In the practical application of this principle, 
the right half of the z' plane is usually taken for the region "inside" 
C', so that C' becomes the imaginary axis.· (In this case C' is not a 
simple closed curve, but this fact is normally unimportant.) It is 
also possible to use the unit circle as C'. The significant point is that 
C' is chosen to have a simple geometrical shape. The appropriate pair of 
planes for this case is shown in Fig. 3-25. 

Now assume that we are to solve Laplace's equation for the region 
inside C, in the z plane. It is assumed that u is the electric potential, 
subject to the conditions that u is identically zero on C, and that there is a 
line charge of q electrostatic units (esu) per unit length piercing the z plane 

* In much of the literature it is the top half of the z' plane that is used. The right 
half plane is used here because electrical applications frequently involve analysis of 
functions in the right half plane. 
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at point Po. The transformation 

z' = f(z) 

which carries the interior of C into the right half of the z' plane is assumed 
to be known at this time. Point Po will be carried into P~, and in the z' 
plane the imaginary axis will be at zero potential. The geometry of the 
z' plane is simple, and the problem of finding u as a function of x' and y' is 
an elementary one in field theory. The potential is equivalent to the 
free-space potential of a line charge q at P~ and a line charge - q located 

z'plane 

(a) (b) 

FIG. 3-25. Special case of Fig. 3-24, in which curve C' is the imaginary axis. 

at the image in the j axis of point P~. For the moment, by use of real 
variables, this potential is known to be 

q (X' - X' )2 + (y' _ y')2 .... = -log. 0 0 
2 (x' + X~)2 + (y' _ y~)2 

(3-45) 

In order to cast this into the notation of complex variables, it is neces­
sary to use the logarithmic function, which is defined in the next chapter. 
However, we shall use this function, with the suggestion that you look 
ahead to Eq. (4-21) for information about its fundamental properties. 
From this we find that 

1 I _ I 

log (Zl - z~) = 2 log [(x' - X~)2 + (y' - y~)2] + j tan-1 !, _ !r 
It is shown in Chap. 4 that this can be considered an analytic function, 
provided that we make the restriction 

-11' < tan-1 y' - Uo ~ 11' 
x' - x~ 

(3-46) 
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Thus, Eq. (3-45) can be written in the equiYalent form 

u = q Re (lOg:: ~ ;D 
or u = q log I:: ~ ;t I (3-47) 

In the above, the symbol -z~ has been used for the image of~. Note 
that when z' = jy' the quantity between the absolute-value signs in 
Eq. (3-47) becomes unity, correctly giving zero u on the imaginary axis. 

Continuing to assume thatf(z) is a known analytic function, Eq. (3-47) 
provides 

u = q log I ~~:~ ~ ;~ I (3-48) 

as the formal solution to the original problem. A simple extension of 
this treatment would cover the case of any finite number of line charges 
inside C. 

Now suppose that the original problem is changed by stipulating that u 
is not zero on C but has a prescribed functional variation along C, while 
continuing to assume a line charge at Po. The solution given by Eq. 
(3-48) ensures proper behavior near Po and is zero on C. We now desig­
nate this solution by the symbol Ul and seek a second solution U2 which 
has no singular point (does not become infinite) inside C and which has the 
prescribed values on C. Then, by superposition, 

(3-49) 

is the required solution. 
The next objective is to determine U2. Continuing to assume that the 

transformation z' = fez) is available, it is possible to determine how 
U2 varies with y', on the jy' axis. Thus, U2(O,y') can be considered a 
known function. It is shown in Chap. 7 that, if U2(O,y') has continuous 
derivatives with respect to y', it is possible to determine an analytic 
function which is regular in the right half plane and such that U2(0,y') 
is the real component of this function on the j axis. This function is 
expressed in terms of the Poisson integrals for the real and imaginary 
components. In its entirety, this function would be written 

W2 = g2(Z') 
= U2(X',y') + jIJ2(X',y') (3-50) 

but we are presently interested only in the real component. 
Equation (7-48a) is pertinent, and in the present notation it yields 

, , - x' f" U2(0,y") " 
U2(X ,y) - -; _ '" (x')! + (y' _ y")2 dy (3-51) 
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This is a solution in the z' plane. To get it into the z plane, we recall that 

x' = Re [fez)] 
y' = 1m- [fez)] 

which converts Eq. (3-51) into a function of x and y. In claiming 
that U2 is a function of Laplace's equation in the z plane we are relying 
on theory presented in Chap. 7 to the effect that Eq. (3-51) is the real 
component of the analytic function designated by Eq. (3-50). 

By the process just described, two-dimensional boundary-value prob­
:ems can be solved for a region inside a simple closed curve C when the 
scalar function is prescribed, and not necessarily constant, on C. How­
ever, it has been assumed that the analytic function z' = fez) is known. 
We now briefly address our attention to methods of finding this function 
for specific problems. You will recognize that certain of the functions 
described in this chapter transform a simple closed curve into a coordinate 
axis. An extension of this catalogue of such functions would theref0i'e be 
of help. However, there is a general function, known as the Schwarz­
Christoffel transformation, which will transform the inside of a polygon 
into the right half plane. * This function can be used in the general case 
to get an approximate solution, by choosing a polygon which will approxi­
mate the given curve C. 

This section is concluded with the observation that we have provided 
here only a glimpse of an extensive branch of applied mathematics. For 
further information you are referred to the literature. 

PROBLEMS 

3-1. For the transformation shown in Fig. 3-2 determine the locus in the w plane 
of the curve Col = .,.'. 

3-2. Show a set of plots like Fig. 3-3 for the function w = s', but let the range of 
angle of w be from 0 to 2".. 

3-3. Make sketches of Fig. 3-5, labeling w-plane loci with appropriate values of u 
and Col such that the w plane is the transformation of 

(a) The top half of the 8 plane 
(b) The bottom half of the 8 plane 
(c) The right half of the 8 plane 
(d) The left half of the 8 plane 

* See, for example, Z. Nehari, "Conformal Mapping," p. 189, McGraw-Hill Book 
Company, Inc., New York, 1952; P. Morse and .H. Feshbach, "Methods of Theo­
retical Physics," vol. 1, p. 445, McGraw-Hill Book Company, Inc., New York, 1953; 
and E. A. Guillemin, 'The Mathematics of Circuit Analysis," p. 380, John Wiley & 
Sons, Inc., New York, 1949; R. V. Churchill, "Complex Variables and Applications," 
McGraw-Hill Book Company, Inc., New York, 196u. 
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3-4. In the notation B = IT + j", and to = U + jv, determine the equations in IT 

and '" for curves of constant u and constant v, for the function 

W = 8 1 

Draw a sketch of the. plane, showing two areas and their boundaries into which are 
transformed the to-plane square with sides u = 0, 1; v = 0, 1. 

3-6. Derive Eqs. (3-13) of the text. 
3-6. Obtain a function to = f(8) that will transform the half plane 1m 8 > 2 into 

the interior of the unit circle in the to plane. Sketch and label orthogonal curves in 
the 8 and w planes showing properties of the transformation. 

3-7. In the notation of Sec. 3-3 analyze each of the circuits of Fig. P 3-7 for T = 
E./E

" 
and determine values for the unlabeled elements such that T(s) in Fig. P 3-7a 

will be the same as T(to) for Fig. P 3-7b. 

FIG. P 3-7 

3-8. Sketch plots of the function 

W=~(8+n 
similar to those given in the text, but for the following conditions: 

(a) O;:ii <I> < 7t' 

(b) -r;:ii <I> < 0 
p~l 
pr!l 

p = 1 
p = 1 

3-9. Use the known properties of w = ~~(8 + 1/8), as described in the text, to 
obtain the transformation properties of 

to=~(s-n 
3-10. Use the known properties of to = %(s + 1/8), as described in the text, to 

obtain information about the transformation properties of 

(8 + 1), 
w=~ 

In this problem it is not necessary to use either of the standard coordinate systems in 
the 8 plane. 

3-11. From the results given in the text, obtain the lines in the w plane which are 
the traces of the polar-coordinate lines in the 8 plane for the function 

8 4 + 1 to = ---
8' 

3-12. Obtain a function to = 1(') that will transform a general ellipse of major 
axis a and minor axis b of the to plane (with axes coinciding with the u and v axes) 
into a circle centered at the origin in the 8 plane. 
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8-13. Derive Eqs. (3-28). 
8-14. Obtain a function w = 1(8) which will transform the B = plane strip 11' ~ I, 

o ;;; '" ;;; I, into the right half u ~ 0 of the w plane. Obtain equations in u and II 

of lines of constant 11' and of constant "'. Use the notation B = 11' + j"" w "" u + jv. 
8-16. For the function 

specify the region in the 8 plane that maps into the inside of the unit circle of the w 
plane. Specify the equation between tT and", (where B - 11' + j",) for a circle Iwl 
R<l. 

8-16. Investigate the mapping properties of 

(a) w - sin, (b) w "" sinh 8" 

8-17. Obtain the mapping properties of the function 

w=tanh8 

8-18. Derive Eqs. (3-35) directly from the function 

8 - 1 
W = 8 + 1 

8-19. Determine how rectangular coordinates in the left half of the 8 plane are 
transformed by the function 

8 - 1 
w = 8 + 1 

8-20. Determine how polar coordinates in the 8 plane are transformed by the 
function 

8 - 1 
W=--

8+1 

8-21. In the 8 plane let a circle C, have intercepts at points 5 and 20 on the j axis, 
and let a circle C. have intercepts at points 6 and 12 on the j axis. Circles C, and C, 
have centers on the j axis. Find a function w = 1(8) that will transform C, into a 
circle C; of radius 2, centered at the origin in the w plane, and such that C. is trans­
formed to a circle C; which is concentric with C; and of radius less than 2. Find this 
radius. 

,-22. Referring to the data given in Prob. 3-21 for circles C, and C, in the 8 plane, 
obtain a transformation that will transform C, into a circle with intercepts 1 and 5 
and C. into a circle with intercepts 2 and 3, all intercepts being on the real axis. 
These transformed circles have centers on the real axis. 

8-28. The function 
8 - 1 

w=8+1 

transforms the right-half 8 plane inside the unit circle in the w plane. Find a function 

z = g(8) 

such that the top half of the 8 plane goes into a circle of radius unity with center at 
z "" 1 + j. 

8-24. For the general function 

where a, b, c are real 
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show that there is a circle of radius R centered at A in the 8 plane, BUch that the inside 
of this circle and the outside each map onto the entire w plane. 

(a) Find A and R. 
(b) Show that, if at + c > 00, the j axis of the 8 plane maps twice on to the j axis 

of the w plane and that, if at + c < 00, the real axis of the 8 plane maps twice onto 
the real axis of the w plane. 

3-SlII. A polynomial function W -/(8) is to have the following properties: Point 
8 = 1 shall transform to w = -1, and 8 = -1 shall transform to 10 = 7; and lines 
radiating from point 8 =- -1 shall have their angles tripled in the transformation, 
and angles radiating from 8 = 1 shall have their angles doubled. 

(a) Determine the coefficients of the polynomial. 
(b) Determine how a small figure near 8 = 0 will be transformed. 
(c) Sketch w-plane traces of the following 8-plane lines: the real axis, the imagi­

nary axis, and the unit circle. 
3-Sl6. Investigate the preservation of angles and small shapes for the function 

10 = 8 + 181' 
(a) At 3 = 0 (b) At 3 = 1 (c) At 3 = i 
3-Sl7. Investigate the mapping properties of the function 

28 + 3 
10=48+2 

3-SlB. Obtain the solution for the potential due to an infinite line charge of q units 
charge per unit length parallel to the axis of a zero-potential infinite circular cylinder 
of radius R. The distance from the center to the line charge is b < R. Show that 
the potential inside the cylinder is the same as the potential in free space due to the 
given charge plus an image line charge -q located at a distance R2/b from the center, 
along a radial line through the given line charge. 



CHAPTER 4 

INTEGRATION 

4-1. Introduction. In the usual undergraduate course in calculus the 
student often falls into the practice of relating the definite integral most 
closely to differentiation, frequently losing sight of the real meaning of the 
definite integral. In functions of a complex variable it is necessary 
to be more careful about this; and in the following treatment we shall 
therefore go back to first principles in defining the definite integral. 
Because of the two-dimensional character of complex variables we shall 
find some interesting extensions of the concepts of integration which 
make it imperative that the definition of the definite integral be thor­
oughly understood. There are significant differences between real and 
complex variables as far as theorems on integration are concerned. 

4-2. Some Definitions. The primary purpose of Chaps. 2 and 3 is to 
introduce the concept of a complex variable and a function thereof. Now 
we are ready to start some relatively precise mathematics, and for that 
purpose several definitions will be 
needed. You will recognize that 
some of the words to be defined 
here have already been used, with 
their meanings left to your in­
tuitive interpretation. With the 

(b) Not simple arcs background of Chaps. 2 and 3 (a) Simple arc 

YOU should now be ready for more FIG. 4-1. Example of simple and nOIlBim­
pIe arcs. 

precise definitions. 
Simple Arc, Differentiable Arc, Simple Closed Curve. Imagine a con­

tinuous path in the complex plane starting at a point Pi and ending at a 
point P2• If there are no multiple points in the path (points through 
which the path goes more than once), such a path is called a simple arc. 
A simple arc is to be distinguished from paths in general in that the simple 
arc has no mUltiple points. If a simple arc has a tangent at every point it 
is said to be a differentiable arc. Figure 4-1 illustrates the concept of a 
simple arc. 

Consider the definition of a simple arc, and then allow points Pi and 
Pi to coincide. The result is called a simple closed curve (often called 

85 
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a simple clo8ed Jordan curve). Figure 4-2 gives an example of two closed 
paths, one of which is a simple closed curve. At (b) in that figure each 
loop can be identified as a simple closed curve, but the complete path is 
not a simple closed curve. The point at infinity will not be admitted as 
a possible point on a simple closed curve. 

o 
(a) Simple closed (b) Not a simple closed 

curve curve 
FIG. 4-2. Simple and nonsimple closed curves. 

Point Set. A point 8et (or 8et) is a collection of complex numbers. For 
example, all the integers from 1 to 10 form a point set. Another example 
would be all the points on the unit circle. 

Connected Set. A connected 8et is a set for which any two points in the set 
can be joined by a line such that each point in the line will belong to the set. 
The set of integers from 1 to 10 is not connected, whereas the set of points 

(a) Open region 

Boundary 
excluded 

(b) Closed region 

Every point has Points on boundary 
neighborhood in region have no neighborhood 

wholly in region 

FIG. 4-3. Open and closed regions. 

on the unit circle and the set of points inside the unit circle are both con­
nected sets. 

Region. Let us imagine a connected set having the property that for 
each point in the set there is a neighborhood such that each point of the 
neighborhood is also a member of the set. Such a set is called an open 
region (or, more briefly, a region). The set of points inside, but not on the 
perimeter of, a unit circle is an example of an open region. 

The significance of requiring that every point shall have a neighborhood 
in the set is illustrated in Fig. 4-3. As long as a point is inside the circle, 
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a neighborhood can be found which also is inside the circle. This is not 
true of a point on the circle itself, as can be seen in Fig. 4-3b. 

If the point set used to define a region includes points on the boundary 
curve as well as points inside, the result is called a closed region. A closed 
region is more complicated than an open region because there are two 
kinds of points in the closed region, points" inside," 
which have neighborhoods in the region, and points 
on the boundary, having neighborhoods not wholly 
in the region. 

Order of Connectivity. Regions are classified in 
still another way, according to their connectivity. 
A simply connected region is shown in Fig. 4-4. 
Take any two points P1 and P 2 lying in the region 

FIG. 4-4. Test for sim­
and two arbitrarily chosen simple arcs joining the pIe connectivity. 
points, as indicated by C 1 and C 2. If it is possible 
to distort one of these arcs to coincide with the other one; without having 
it pass out of the region at any time, then the region is simply connected. 
Emphasis is placed on the fact that this must be possible for any two 
points and any pair of arcs joining them. The full significance of this 
definition is perhaps best understood by considering the doubly connected 
region of Fig. 4-5a. In this case arcs C1 and C2 cannot be distorted, one 
into the other, without passing over the area in the center, which is not 
part of the region. 

(a) (6) (e} 

FIG. 4-5. Reducing a doubly connected region to a simply connected one. 

A doubly connected region can be converted to a simply connected 
region by excluding from the region a set of points which forms a barrier 
line, such as BB in Fig. 4-5b. When this is done, an arc such as C1 in 
Fig. 4-5a is inadmissible, because it will have one point not in the modified 
region. Thus, any two arcs between a pair of points in the modified 
region can be brought into coalescence, showing that the modified region 
is simply connected. Figure 4-5c shows an alternative viewpoint. 

Regions can have higher orders of connectivity. For example, Fig. 4-6 
shows a triply connected region, which can be reduced to a simply con-
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nected region by introducing two barrier lines. These can be any two 
of the three dashed lines shown. The order of connectivity is one greater 

than the number of barrier lines 
required to make the region simply 
connected. 

Finite Plane, Infinite Plane. In 
Chap. 3 the point at infinity was 
presented as a concept worth us­
ing occasionally. The finite plane 

FIG. 4-6. A triply connected region. (sometimes called the entire finite 
plane) is the set of all the points of 

the complex plane except the point at infinity. When the point at 
infinity is included, the result is called the extended plane. 

Bounded Region. If a region satisfies the condition 

lsi <M 

for all points in the region, where M is any fixed number, then the region 
is said to be bounded. 

Jordan-curve Theorem. We shall now state an important theorem 
without proof. For a text at this level the proof is scarcely needed, 
because the truth of the theorem seems quite obvious. The Jordan-curve 
theorem states that every simple closed curve divides the complex plane 
into two regions having the curve as their common boundary and that 
one of these regions is bounded. The bounded region is called the interior 
of the simple closed curve. 

Recall that in defining a simple closed curve the point at infinity was 
specifically omitted as a possible point on the curve. This makes it 
possible always to designate an inside and an outside. If the point at 
infinity were admissible, a line such as the real axis would be a simple 
closed curve and, although it would divide the plane into two regions, an 
inside could not be identified. 

4-3. Integration. We recall from the study of the derivative that the 
limit of the differential quotient might depend on the direction from 
which the increment of the variable approaches zero. We run up against 
a similar situation in defining the definite integral of a function of a 
complex variable. In real integration, the variable of integration has a 
range on the real axis between the limits of integration. For complex 
variables the integration limits are replaced by two points in the complex 
plane, and a path of integration * is specified between these points. How-

• A path (or contour) of integration is an oricnted continuous line, which is not 
necessarily a simple arc or a simple closed curve. By continuous we mean that the 
points of the line form a connected set. 
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ever, an infinite number of paths lead from one point to the other, and 
it is possible that the value of the integral may depend on the path. 

You are expected to recall the following rudiments of the process of 
defining a real definite integral: The interval between the limits is broken 
up into a number of small incre­
ments, the length of each increment 
is multiplied by the value of the 
function at some point within that 
interval, and a summation of these 
products is taken. Then the length 
of each interval is allowed to ap­
proach zero, while their number 
approaches infinity. If the sum 
approaches a limit, this limit is 
defined as the definite integral. If 
the limit does not exist, the integral 
does not exist. The real definite 
integral can be interpreted geo­
metrically as an area. 

FIG. 4-7. Approximation of an integral 
In the case of complex integra- along an arc C. 

tion DO such simple geometrical 
interpretation is possible. Figure 4-7 shows a contour C connecting 
two points Sa and 86. The contour integral of f(s) between the two points 
S4 and 86 in the direction indicated along C is defined as 

n 

fe f(8) ds = !~ 2: f(s~) A3k 
maxld •• I~O k = 1 

(4-1) 

where max IAskl is the maximum value of all the numbers IAskl and 
s~ is a value of S on the path somewhere between Sk_l and Sk. Here 
IAskl = ISk - Sk-ll is the length of the chord joining two adjacent points 
of subdivision on the path. Now write 

f(~~) = u~ + jv~ 
ASk = AUk + j AWk 

so that 

n n n 

(4-2a) 
(4-2b) 

2: f(s~) ASk = 2: (u~ AUk - v~ AWk) + j 2: (u~ AWk + v~ AUk) (4-3) 
k-l k-l k-l 

Each of the summations involves only reat quantities. In the limit these 
summations become real line integrals, giving 



H the integrals on the right of Eq. (4-4) exist, then the integral in Eq. 
(4-1) exists. 

In order to understand Eq. (4-4), it is necessary to know the meaning 
of a line integral of a real variable. Consider the first integral on the 
right of Eq. (4-4), 

fe U du 

In general, u is a function of u and CIJ, but the notation C implies that u 
and CIJ are related by path C. With this restriction, u is actually a 
function of u, which might he designated u.(u) , and the integral then 

w 

a IT 

(a) 

w 

a u b c 
(b) 

FIo. 4-8. How multivalued integrands can appear. (a) For integrals with respect to 
foIi (b) for integrals with respect to IT. 

hecomes an ordinary real integral. For example, for the path C in 
Fig. 4-8a we could write 

fe u du = Jab U.(u) du 

A slight complexity arises in a case like Fig. 4-8b, because uc(u) would 
be a double-valued function of u. To avoid this situation, the path C 
is broken into two parts, labeled C1 and C2• Over each part a single­
valued Uc function can be defined, designated, respectively, UC1(U) and 
Ue2(u). Then 

and 

fe u du = fel u du + fe. u du 

fe u du = fa
c 

UC1(U) du + Ie b UC2(U) du 

= lac UC1(U) du - he UC2(U) du 

In evaluating line integrals, paths may need to be split up into more 
than two parts. It is always necessary to reduce the Uc function to a 
sequence of single-valued functions. 

Equation (4-4) contains one other integral with respect to u and two 
integrals with respect to CIJ. These are treated similarly. The only 
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significant difference, when integration is with respect to Cal, is that for a 
curve like Fig. 4-8a the integrand will be multivalued; and for Fig. 4-8b 
it will be single-valued. 

From this development it is seen that if the real integrals like those in 
Eq. (4-4) exist, then the integral of Eq. (4-1) exists. Furthermore, from 
the theory of real integration we know that continuity of the integrand 
over a finite interval of integration is sufficient to ensure existence of a 
real integral over that interval. It is a simple matter to prove that 
ucl(U), uc2(U), etc., are continuous when f(s) is continuous on C. There­
fore we have the following theorem: 

c 

o 
(a) (b) 

FIG. 4-9. Illustrative examples. 

Theorem 4-1. If a function f(s) is continuous at all points on a path C 
of finite length, then the integral 

exists. 

Much of the subsequent work has to do with theorems which simplify 
.the finding of integrals; and eventually the real integrals of Eq. (4-4) 
will rarely occur. However, in preparation for this later work it is very 
important to understand the interpretation of the integral by Eq. (4-4). 
To that end, the following examples are given. 

Illustrative Examples. 1. Find the integral of the function 

f(s) = S2 

over the path shown in Fig. 4-9a. 
Over the vertical part of the path du is zero, and over the horizontal 

part dCal is zero. Furthermore, 
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Then, from Eq. (4-4) 

fel(s) ds = - fo 
1 

20"w dw + j f01 (0"2 - wI) dw 

+ flO (0"2 - w2) dO" + j hO 
20"w dO" 

In the first and second integral, 0" = 1; and in the third and fourth 
integral, w = 1. Thus, 

( 1(8) ds = _ w2 11 + jw 11 _ j w311 + ~ 10 
_ 0" 1

0 + j0"21° 
}e 0 0 3 0 3 1 1 1 

= -1 +j -j'73 -'73 + 1-j = -'73(1 +j) 

2. Find the integral of the same function over the path C of Fig. 4-9b. 
This example is slightly more complicated, beeause on this path 

w=l-o-
SO that now 

U = 0-2 - (1 - 0")2 = 20- - 1 
or U = (1 - W)2 - w2 = -2w + 1 
and v = 20"(1 - u) = _20"2 + 20" 
or v = 2w(1 - w) = -2w2 + 2w 

Now Eq. (4-4) becomes 

!a1(8) ds = fO (20- - 1) do- - 101 
(-2w 2 + 2w) dw 

+i [101 
(-2w + 1) dw + fO (-20-2 + 20-) do-] 

= 0-2 10 _ 0- 1
0 + 2w311 _ W2 11 

1 1 3 0 0 

+ j ( - w2 1: + w I: - 2;31: + 0-2 /:) 

-1 + 1 + % - 1 + j( -1 + 1 + % - 1) = -'73(1 + j) 

Both examples give the same result; apparently the integral of 82 

from s = 1 + jO to 8 = 0 + j is independent of the path. At least the 
integral is the same for the two paths tried. One of the theorems to 
be developed deals with the question of when an integral between two 
fixed points is independent of the path. 

The contour integral is seen to be closely related to a set of line integral8. 
However, 

fe l (8) d8 

is not itself a line integral although a path C is involved in its evaluation. 
To make this distinction in this text, integrals of functions of a complex 
variable are called contour integrals. 
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It has been implied that a direction along a path (or contour) must be 
assigned in designating a contour integral. Thus, whenever a symbol 
such as C is appended to an integral sign, a direction must be stipulated, 
usually on a diagram or by a statement describing C (for example, "C is 
a circle taken clockwise"). If the direction of integration along a given 
path is reversed, the integral changes sign. Proof of this is left to you 
as an exercise. 

Another important, and almost obvious, property of contour integrals 
is that 

fe f(s) ds = f f(s) ds + f f(s) ds lll+e. lei le. (4-5) 

where C1 and C2 are two paths having a point common to the end of one 
path and the beginning of the other, and where C1 + C2 is the path 
consisting of both C1 and C2 and having the same direction as C1 and Ct. 

Another property is stated without proof. By going back to the 
definition, it can be proved that, if f(s) and g(s) are two functions each 
having an integral over a contour C, thenf(s) + g(s) is integrable over C 
and 

fe [f(s) + g(s)] ds = fef(s) ds + fe g(s) ds (4-6) 

The contour iutegral was interpreted in terms of rectangular coordi­
nates. However, in many situations, particularly when integration 
paths are circular arcs, a polar-coordinate interpretation is convenient. 
Since 

we have 

u=pcosq, 
w=psinq, 

du = -p sin q, dq, + cos q, dp 
dw = p cos q, dq, + sin q, dp 

and Eq. (4-4) can then be written 

fef(s) ds = fe (u cos q, - v sin q,) dp - fe p(u sin q, + v cos q,) dq, 

+ j [fe (u sin q, + v cos q,) dp + fe p(u cos q, - v sin q,) dq,] (4-7) 

This looks more complicated than Eq. (4-4), and it is therefore normally 
used only for integration along radial lines or along origin-centered 
circular arcs, in which case dq, or dp is respectively zero and the remain­
ing integrals reduce to ordinary real integrals. Thus, if C is a radial 
path at angle q,o, extending from PI to P2, we get 

fef(s) ds = fp~' (u cos q,o - v sin q,o) dp + j £~. (u sin q,o + v cos q,o) dp 
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Also, if C is a circular arc of radius Po centered at the origin and extending 
from q,I to q,2, the integral is 

( f(s) ds = - po (q,. (usin q, + v cos q,) dq, + jpo ("" (ucos q, - v sin q,) dq, Ja J~ J~ 

4-4. Upper Bound of a Contour Integral. Suppose, over the contour of 
integration, that the function f(s) has the property 

If(s) I ~ M 

where M is a positive constant. By repeated application of inequality 
(2-18) we can write, in the notation of Eq. (4-1) and Fig. 4-7, 

I i f(s~) Llsk I ~ I If(s~)IILlskl ~ M i Ills, I 
.1:-1 "'-I "'-I 

In the limit as n -+ <Xl the left side becomes the absolute value of the 
integral, and the term in the middle becomes the integral of the absolute 
value of f(s) , which we write 

fa If(s)lldsl 

This is a real integral. Furthermore, the sum on the right approaches 
the length of C, which we shall designate Le, giving 

I fa f(s) dsi ~ fa If(s)lldsl ~ MLc (4-8) 

as a generally valid relationship. 
4-6. Cauchy Integral Theorem. * We shall develop the Cauchy inte­

gral theorem by first showing it to be true for two simple functions. In 
doing so we provide illustrations of the theorem and also obtain results 
which are needed in proving the general theorem later on. 

Let R be a simply connected region in which lies a simple closed curve 
C. Figure 4-lOa may be considered typical. Now consider the integral 
of f(s) == 1 around contour C, in a counterclockwise (positive) sense. 
The integral is broken up into two real integrals, as follows: 

However, in similarity with Eq. (4-5), we have 

du= du- du=O J. /. ... /. ... 
C crl crl 

and ( de" = j""de" - /."'·dfIJ = 0 Jc (1)1 WI 

• This theorem is frequently referred to as the Cauchy-Goursat theorem. 
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(a) (b) 

(e) (d) 

FIG. 4-10. Stages in the approximation of a contour integral over a simple closed curve 
by a sum of integrations over a set of triangles. 

Now consider /(8) = 8, for which the integral is 

Ie /(8) d8 = Ie IT du - Ie'" de" + j (Ie'" du + Ie u d", ) 

The first two integrals on the right are treated like the previous case, 
again gIVing zero. Each of the two remaining integrals is nonzero, but 
we are to show that their sum is zero. First look at 

~ /. .. , /.'" /.'" '" du = "'a du - "'b du = - ("'b - "'a) du 
C crl VI cn 

This is clearly the negative of the area enclosed by C. The other integral 
gives 

and this is the area enclosed by C. Therefore, the sum of these two 
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integrals is zero. We now have the two specific results 

• 
leds = 0 and Ie s ds = 0 

where C is·any simple closed curve such as Fig. 4-10a.· 
Now we are ready to consider the general case 

lef(s) ds 

where f(s) is regular in R. From here on, in the interest of being rea­
sonably brief, the proof will be partially intuitive. The first step is to 
recognize from the definition of a contour integral, as a limit of a sum, 
that curve C can be approximated by a contour C' made up of a system 
of contiguous straight segments, in the manner of Fig. 4-lOb, so that t.he 
integrals over C' and C will be as nearly the same as desired. Assuming 
that the integral over C' is now under consideration, we draw a straight 
line from anyone vertex of C' to each of the other vertices, as shown in 
Fig. 4-lOc. The integral over C' will be the sum of the integrals of each 
of the triangles so formed, assuming that all integrations are in the 
counterclockwise sense. Proof of this statement depends upon the fact 
that each internal triangle side will be traversed twice, once in each 
direction, as we sum these integrals. 

On t.he basis of t.he above conclusion, it is sufficient to cont.inue the 
proof for a triangular path. Accordingly, consider the integral over path 
T shown in Fig. 4-lOd. The triangular area is broken up into four sub­
triangles by joining the mid-points of sides of T. If we regard Tal, Ta2, 
Ta3, Ta4 as labels for orient.ed pat.hs of integration around these respective 
subtriangles, then 

and 

Let Tl designate the one of the four paths which gives the largest term 
on the right, or if there is no largest term, because two or more unexceeded 
terms are equal, then TI can be anyone of these paths which yield equal 
integrals. Then we can say 

Now let Tl serve in place of the original triangle, and repeat the process 
to get another triangle T 2 which is a similarly defined subtriangle of T 1. 

• Proof is given for a nonreentrant curve C, one which intersects any straight line 
only twice. However, any reentrant closed curve can be subdivided into a number 
of nonreentrant ones such that the contour over the given curve is the sum of the 
integrals over the others. 
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This process can be repeated n times, thereby yielding a triangle T" 
such that 

1 fT/(s) dsl ~ 4"1 fTo /(s) dsl (4-9) 

where triangle T .. is contained in all previous triangles T .. _1, , T 1, T. 
Now let n become infinite. The area of T .. approaches zero, and so it is 
intuitively to be expected that T .. will shrink down to a single point. * 
Call this point So and recall that f(s) is regular at So. Therefore, cor­
responding to a small E > 0 there exists a 0 such that 

I 
/(s) - /(so) - /'(So) 1 < E 

S - So 

when Is - sol < o. This can also be written 

/(s) - /(so) _ /'(so) = m(s) 
s - So 

where Im(s)1 < E, and then 

/(s) = /(so) + /,(so)(s - so) + m(s)(s - so) 

Now choose n large enough so that p .. (the length of the largest side of 
T,,) is less than o. The above expression can then be used in the integra­
tion over T .. , giving 

I fT/(s) ds! ~ ! fT/(so) ds! 

+ I fT/'(so)(s - so) ds! + 1 fTo m(s)(s - so) dsl 

if each integral on the right exists. We have already proved that a 
closed-path integral of a constant, or of s, is zero; and therefore the first 
two integrals on the right are each zero. Thus, 

1 fT. /(s) ds! ~ ! fTo m(s)(s - so) ds! < E fTo Is - 801ldsl 

But·, from the geometry of T .. , when s is on its boundary, 

Is - sol ~ P .. 
and Perimeter of T .. ~ 3P n 

It is also true that, if P is the maximum side of T, then 

P 
P =-

" 2" 

• For It. proof of this see K. Knopp, "Theory of Functions," vol. 1, p. 9, Dover Pub­
lications, New York, 1945. 
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Thus, by relation (4-8), we arrive at the estimate 

I t. f(s) dsl < 31:2 

and from relation (4-9) 

But f is arbitrarily small, and so we have the conclusion 

!Tf(s) ds = 0 

and, by the earlier argument that any curve can be made up as accurately 
as we like by segments of straight lines, it follows that 

!cf(s) ds = 0 (4-10) 

for all simple closed paths C in the region of regularity R. 
In the proof just completed we were restricted to simple closed curves 

and found that in a simply connected region of regularity of f(s) the 
integral is zero around such a curve. However, since a nonsimple closed 
curve can be made up of a finite number of simple closed curves, with the 
integral being zero for each of them, we conclude that in a simply con­

FIG. 4-11. Independence of path of inte­
gration in a simply connected region of 
regularity. 

nected region of regUlarity of f(s) 
the integral is zero for any closed 
curve. This is a statement of the 
Cauchy integral theorem. 

4-6. Independence of Integration 
Path. Now consider a function 
f(s) having the property 

!cf(s) ds = 0 

for every closed curve C in a region 
R. [This will of course be true if 
f(s) and R meet the conditions of 
the Cauchy integral theorem; but 
these conditions are presently not 
assumed.] 

We take any two paths C1 and C2 joining a pair of points, as shown in 
Fig. 4-11, and let C designate the closed curve formed by C1 and C2 

taken together. The direction of integration associated with C will be 
the same as the direction defined for C1 and therefore is opposite to the 
direction defined for C2• This choice of directions permits us to write 
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and therefore 

fe/(s) ds = fe/(s) ds (4-11) 

When an integral is independent of path, in a certain region R, the 
contour need not be designated. Only the beginning and ending points 
need to be shown, so long as these points are in R. Therefore, for 
integrals such as Eq. (4-11) the notation 

(P, f(s) ds 
jp, 

is commonly used. The lower limit is the starting point. Now you see 
why the two examples of Sec. 4-3 gave the same result. 

(a) (b) (e) 

C1 and C2 are closed. C{ and C2' are open at the cut. 

FIG. 4-12. Consequence of the Cauchy integral theorem in a doubly connected region. 

4-7. Significance of Connectivity. In Sec. 4-5, R was carefully desig­
nated as being simply connected. Suppose that a closed curve C encloses 
an isolated singular point SI in Fig. 4-12a. Note that C lies in a region 
of regularity, between boundaries Bl and B 2 , but that this is a doubly 
connected region. The Cauchy integral theorem does not then apply, 
and there is no reason to believe that the contour integral around C is 
zero. If a barrier is introduced in Fig. 4-12b, to make the region simply 
connected, then a closed path like C' is admissible; but not C, because it 
would go outside the region. 

One of the purposes in defining connectivity of regions was to simplify 
the statement of the Cauchy integral theorem. 

Although the contour integral around a path such as C is not neces­
sarily zero, it can be shown to be independent of path for all paths that 
encircle the inside boundary Bl (that is, for all distortions of C that can 
be made without leaving the region of regularity). Consider two such 
paths, C1 and C2 in Fig. 4-12c, for which the small gaps shown are assumed 
closed. 
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Join C1 and C2 by two auxiliary paths C3 and C., which can be as close 
together as we like, and let C~ and C~ be the same as C1 and C2 but with 
the slight gaps shown in the figure. Also, put a barrier in the region 
between C3 and C. so that the path C~ + C8 - C~ + C. is a closed 
path in a simply connected region of regularity. By the Cauchy integral 
theorem 

fo .f(a) da + f f(a) da - f f(a) da + f f(8) da = 0 
}el }~ }w }~ 

Now let paths C3 and C. come together, and note that they are opposite 

FIG. 4-13. Consequence of Cauchy inte­
gral theorem in a triply connected region. 

in direction. In the limit 

/0/(8) da + /0/(8) da = 0 

because the sum represents two 
integrations over a common path, in 
opposite directions. Also, in this 
limiting process C~ approaches C l , 

and C~ approaches C2, and therefore 

/0/(8) d8 = /0/(8) d8 (4-12) 

This idea can be extended to regions of higher connectivity, as in Fig. 
4-13. By cutting the region in much the same way as in Fig. 4-12 it can 
be shown that 

f f(s) ds = ( f(8) d8 + f f(8) da }o }Ol }o. (4-13) 

The proof is left to you as an exercise. Similar equations can be written 
for a region of any order of connectivity, showing that the integral 
around a closed path surrounding a finite number of isolated singular 
points equals the sum of the integrals around individual singular points, 
with due regard for path orientations. 

4-8. Primitive Function (Antiderivative) 

Theorem 4-2. Let f(8} be a function which is continuous in an open 
region R and which has the property 

/of(8) ds = 0 

for every closed path C in R. Then, the function 

F(s) = t fez} dz 80 and a in R 
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is a single-valued function of 8 and is regular in R with the derivative 

dF(8) = f(3) 
ds 

The proof begins by noting that F(s) is single-valued because, by Sec. 
4-6, the integral is independent of path from 80 to 8. Next refer to Fig. 
4-14, and consider the differential * 

F(8 + .18) - F(8) = I.:H' f(z) dz - I.: f(z) dz = J. .H. fez) dz (4-14) 

If we write 

/. 
.+4. /. .+41 /. .+4. • fez) dz = f(8). dz +. [fez) - f(8)] dz 

= f(8) .18 + J. .H. [fez) - f(8)] dz 

then Eq. (4-14) becomes 

/.
.+41 

F(8 + .18) - F(8) - f(8) .18 =. [fez) - f(8)] dz (4-15) 

Since f(8) is continuous, corresponding to an arbitrary small positive 
number E there is a number a such that 

If(8) - f(z) I < E 

when 18 - zl < a. N ow choose 1.181 < a, 
which will ensure 18 - zl < a for z on the 
path in question. Therefore, we have 

I J. .H. [fez) - f(8)] dz l 
/.

.+4. 
~. If(z) - f(8)lldzl < Ela81 

and Eq. (4-15) can now be written 

I F(8 + a1! - F(8) - f(8) I < E (4-16) 

when 1.181 < a 

s+As 

zplane 

So 
FIG. 4-14. Derivative of an 
integral as function of upper 
limit. 

Since E can be arbitrarily small, we conclude that 

or 

lim F(8 + .18) - F(8) = f(8) 
41-+0 .18 

dF(8) = f(8) 
d8 

(4-17) 

* An increment ~8 can always be found within R because each point in R must 
have a neighborhood also in R, and M can be in that neighborhood. 
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This result is obtained for any point in R, and so F(s} is regular in R. 
The function F(s} is called the primitive (or antiderivative) of f(s}. 

If f(8} is regular in a simply connected region R, we know from the 
Cauchy integral theorem that the integral of f(s} is zero over any closed 
path in R. Therefore, such a function would meet the conditions of 
Theorem 4-2. This fact makes it possible to state a corollary to Theorem 
4-2, namely, that, if f(s} is regular in a simply connected region R, then 
the conclusions of Theorem 4-2 are true. 

4-9. The Logarithm. The last section leads naturally to the definition 
of an important new function and in the process emphasizes the impor­
tance of connectivity. We begin with the function 

1 
f(s} = -

s 

which is regular in the doubly connected region outside a small circle 
centered at the origin. Now consider the integral 

r'~ Jl Z 
which would be a single-valued function of s if the path of integration 
from 1 to s should lie in a simply connected region. However, referring 

(a) (b) 

FIG. 4-15. Definition of unique path of integration for defining log 8. (a) Original 
doubly connected region in the z plane; (b) Riemann surface defined to make Eq. (4-18) 
single-valued, shown in perspective view. 

to Fig. 4-15a, you see that paths C1 and C2 cannot be brought into coales­
cence while continuously remaining in the region. Thus, there is doubt 
whether the above integral is a single-valued function of s. 

This is our first encounter with a multivalued fUllction. Figure 4-15b 
shows a conceptual device for dealing with the doubly connected region. 
The complex plane is expanded into a sequence of overlapping sheets 
connected together in helical fashion (like a circular staircase). Now 
point s becomes two points (or more, if more sheets are included) labeled 
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8 and &'. . Inability to distort C 1 into C, is now unimportant, because 
8 'j'f: 8'. This idea can be extended, so that corresponding to any point 

8 = p/q, 

there is a doubly infinite set of points on other sheets having angles 
differing from q, by integral multiples of ± 211'. 

The surface described above, consisting of a set of connected sheets, is 
called a Riemann aurface. In Chap. 6 additional functions are considered 
for which Riemann surfaces are in-
vented to make them single-valued. 

It is now possible to write 

J"dz F(8) = -
1 Z 

(4-18) 

and F(8) will be single-valued on the 
Riemann surface of Fig. 4-15b. F(8) 
is independent of path from 1 to 8, so z plane 

long as the path remains in the sur-
face (i.e., winds around enough times FIG. 4-16. Specific path of integration 
to get to the sheet in which 8 is for the function log 8. 

located). The path shown in Fig. 
4-16 will be used. C1 is a radial line, and C, is a circular arc. Two 
special cases of Eq. (4-7) are used to evaluate the integral. Along C1 

Z = r dz = dr 
and along C, 

Z = pel' dz = jpe;' d8 

where p is the magnitude of 8 = pe;+. Equation (4-18) now becomes 

F(8) = - = - + j d8 f dz JPdr 10'; 
0.+0. Z 1 r 0 

= log p + jq, 

From Theorem 4-2 we know that F(8) is regular in the Riemann surface 
and that 

dF(8) 1 
([8=8 (4-19) 

Recognizing siInilarity with the logarithm of a real variable, we are 
prompted to use the same notation, defining 

log 8 = -J"dZ 
1 Z 

log 8 = log p + iq, 

(4-20) 

(4-21) 



104 COMPLEX VARIA13LES AND THE LAPLACE TRANSFORM 

The question arises whether or not log 8 is the inverse of e' (that is, 
whether or not e1"". = 8). To check, we write 

(4-22) 

as expected. It follows that the logarithm of a complex number, defined 
by Eq. (4-21), can be used in the same way as logarithms of real numbers. 

By looking at the logarithm of a product, the importance of the 
Riemann surface is appreciated. Thus, if 81 = PI! 4>1 and 82 = pd 4>2, 
then - -

log 8182 = log PIP2 + i(4)1 + 4>2) 

and log 81 + log 82 = log PI + i4>1 + log P2 + i4>2 

which are the same provided that 4>1 + 4>2 is not modified by adding or 
subtracting an integral multiple of 2'11". For example, suppose that 
4>1 = 'II" and 4>2 = '11"/2. We must then use 3'11"/2 (not -'11"/2) for the 
angle of 8182. Otherwise the law of adding logarithms would not be valid. 

As a useful by-product of this development we are now ready to 
consider 

Ic~ 
where C is a simple closed curve encircling the origin in a counterclockwise 
direction. The interpretation given above allows us to write 

{ d8 = {31 ~ = log 81 - log 8~ 
}c 8 }.1' Z 

where 8~ and 81 are two points directly over one another, but on adjacent 
sheets of the Riemann surface. Since C is counterclockwise, the angle of 
81 is 2'11" greater than the angle of 8;. Thus 

Another important case is 
!c d8 '2 - = J 'II" 

C 8 

{ d8 
}c 8" 

(4-23) 

where C is the same curve we have been considering and n is a positive or 
negative integer not equal to 1. There is no loss in generality if C is the 
circle 

8 = pe;. 

Then, if we use the specific values 8; = p/ -'II", 81 = p/'II", we get 

!c d8 J.'1 d8 f" --;; = --;; = i pl-"ej(I-"l. d4> 
c 8 I.' 8 -r 

= jp1-" f~" [cos (1 - n)4> + j sin (1 - n),p] d,p 
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which is zero when n ¢ 1 and confirms Eq. (4-23) when n = 1. Thus, 

( d8 = 0 n ¢ 1 (4-24) 
j08" 

4:-10. Cauchy Integral Formulas. Let a simple closed contour C lie in 
a simply connected region of regularity of a function f(s) , and let 8 be a 
point inside C. Also, let C1 be a 
circle of radius r and center at 8, 

lying wholly within C. 
The function 

fez) 
z - 8 

is a regular function of z, in a 
doubly connected region, with a 
neighborhood of s deleted, as shown 
in Fig. 4-17. Now, by the princi­
ples established in Sec. 4-7, it can 
be said that 

0 c \91 

z plane 
( fez) dz = ( fez) dz (4-25) 
joz-s jo,z-s 

FIG. 4-17. Substitution of path of integra­
tion by a circle approaching zero radius. 

and then 

( fez) dz = ( f(8) + fez) - f(8) dz 
jo. z - s jo. z - s 

= f(s) ( ~ - r f(s) - fez) dz 
j 0, z - s j 0, z - 8 

In the first integral on the right repla(:e z - 8 by 8' and dz by ds' to give 
an integral like Eq. (4-23), and thus 

f(s) ( ~ = j27rf(s) jo,z - 8 

To deal with the second integral, note that the only possible point where 
the integrand might become infinite or discontinuous is at z = s; but 

lim f(8) - fez) = !,(s) 
%-+, 8 - Z 

wbich is noninfinite because fez) is regular at z = 8. Thus we can write 

If(S) - fez) I < I!'(s) I + E = M 
Z-8 
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when z is on C 1, and so 

I j f(8) - fez) dz I < 2rriM 
c. z - 8 

where rl is the radius of C1• Furthermore, the integral is unchanged if 
rl approaches zero. In so doing M remains constant. The conclusion is 
that 

and so, finally, 

j f(8) - fez) dz = 0 
c. z - 8 

f(8) =~. r fez) dz 
21fJ }cz - 8 

(4-26) 

This is the Cauchy integral formula for f(8). Equation (4-26) is not to 
be construed as a formula for calculating f(8). It is useful as a repre8enta­
tion for f(8), to be used in later analytical work. Its usefulness stems 
partly from the fact that it includes an integral and therefore can be used 
to evaluate certain kinds of integrals. 

If we look at Eq. (4-26) and formally differentiate under the integral 
sign, we get 

1'(8) =~. r fez) dz 
21fJ }c(z - 8)2 

1"(8) = ~ j fez) dz 
21fJ c (z - 8)3 

/<")(8) = n!. j fez) dz 
21fJ C (z - 8)"+1 

(4-27a) 

(4-27b) 

(4-27c) 

This process is not justified, since the theorem on differentiating under 
an integral for real integrals cannot be extended to contour integrals. * 
The proof for real integrals depends on the mean-value theorems; and 
there is no such theorem for a contour integral of a function of a complex 
variable. Therefore, the above process is merely suggestive of the forms 
we might expect. The formulas are correct, but for proof we use a 
different approach. 

We shall prove that Eq. (4-27a) is correct by a procedure which can be 
applied repeatedly to verify the formulas for the higher derivatives. 
Since Eq. (4-27a) is the anticipated formula, we compare it with the limit 

• A theorem on differentiating under the integral for contour integrals can be proved, 
but not in the manner of the real-integral case. In fact, the Cauchy integral formulas 
are used in the proof. See P. Franklin, "Treatise on Advanced Calculus," p. 448, 
John Wiley & Sons, Inc., New York, 1940; and also Prob. 4-27. 
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of the differential quotient. In other words, we are to determine whether 

lim [f(S + ~s) - f(s) _~. ( fez) dZ] = 0 
<1 ...... 0 ~s 27rJ }c (z - S)2 

Equation (4-26) provides an integral formulation for the differential 
quotient, namely, 

f(s + ~s) - f(s) = ~ ( [ fez) _ fez) ] dz (4-28) 
~s 27rJ}c ~s(z - s - ~s) ~s(z - s) 

Inserting this in the relation to be checked establishes that we are to deter­
mine whether or not 

lim { ( [~ ( 1 ~) _ ~ (1 ) _ ( 1 )2]f(Z) dZ} = 0 (4-29) 
<10--+0 } C S Z - S - S 8 Z - S Z - s 

Adding the three terms in the brackets reduces this to the simpler question 
of whether or not 

lim [ ( ~sf(z) dZ] - 0 
<1 ...... 0 }c (z - S)2(Z - 8 - ~s) -

But lic (z - S)~:f~Z)s - ~s) dz I < '~slic Iz - sI211;~ls _ ~slldzl 
and sincef(z) is regular on C, we can say that If(z)1 has an upper bound M 
on C. Furthermore, referring to Fig. 4-18, 
it is apparent that 

Iz - sl ~ A 

and that we can choose an increment ~Sl 
such that 

Iz - s - ~31 > B when I~sl < I~Sll 
A and B are, respectively, the shortest 
lines from point s and from the circle of 
radius I~Sll to points on C. Since s must be 
internal to the region enclosed by C, a circle 
of radius I~Sll can always be found which FIG. 4-18. Determination of 
will lie inside C. Thus, by virtue of Eq. lower bounds for Iz - 31 and 
(4-8), we have Iz - 3 - ~81. 

1- If(z) 1 ML 
I~sl 1 121 ~ Ildzl < I~sl A2B cz-s z-s- s 

when I~sl < I~Sll. The right side has tl}.e limit zero as ~s approaches 
zero. Also, the term on the left has been shown to be greater than the 
term on the left of Eq. (4-29). Therefore, the limit given in Eq. (4-29) 
is correct. This completes the proof of Eq. (4-27a). 
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Equation (4-27b) is proved in a similar way, by treating 

lim [/'(S + As) - /'(s) _~. ( f(z) dZ] = 0 
.6.9-->0 As 27rJ }c (z - S)3 

as the limit to be investigated. Equation (4-27a) is used for /'(s + As) 
and f'(s), and then the proof proceeds in exactly the same way as before. 

The formula of Eqs. (4-26) and (4-27) are generally called the Cauchy 
integral formulas. 

4-11. Implications of the Cauchy Integral Formulas. The Cauchy 
integral formulas lead to several general properties of analytic functions 
of far-reaching importance. One important conclusion is that, if f(s) is 
regular at a point so, then each of its derivatives exists and is regular at so. 
To prove this statement, observe that if So is regular it will always have a 
neighborhood in which contour C can be placed. Then Eqs. (4-27) 
establish the existence derivatives of all orders inside C, and thus in a 
neighborhood of so. Therefore, /'(s), /,,(s), etc., are all regular at so. 
This being true for any regular point of f(s) , it follows that each derivative 
is regular throughout the region of regularity of f(s). Thus, in no case 
can differentiation of an analytic function introduce a singularity which 
does not appear in the original function. This blanket appraisal of the 
properties of an analytic function and its derivatives is an example of the 
power of the techniques of analysis we are developing. 

Another important conclusion deals with properties of the partial 
derivatives au/au, au/aw, av/au, and av/aw. Referring to Eq. (2-42a), it is 
recalled that the derivative can be written 

f '( ) - au + . av 
s - au J ~ 

Now we know that if/,(s) exists so also does /,,(s) exist. We can write 
f"(s) in a similar fashion, giving 

f "( ) = a2
u + . a2v 

s au2 J au2 

Since this exists, we conclude that a2u/au2 and a2v/iJu' exist and therefore 
that au/au and av/au are continuous. A similar conclusion follows for 
partial derivatives with respect to w, if we start with 

f '( ) - iJv . au 
s - aw - J aw 

In Sec. 2-8 it was pointed out that we could show that the real and 
imaginary parts of an analytic function satisfy the two-dimensional 
Laplace equation at all regular points. But in a footnote it was pointed 
out that we had no assurance that these second derivatives exist. Now 
we have the proof in a very general way. Given any analytic function, 
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its real and imaginary parts are solutions of the two-dimensional Laplace 
equation at each regular point. 

4-12. Morera's Theorem. The Cauchy integral theorem states that, 
if f(s) is regular in a simply connected region R, the integral of the function 
over any closed curve in R will be zero. We shall now show that the 
converse is true, that if f(s) is continuous in a region R, and if 

!cf(s) ds = 0 (4-30) 

for every closed path C in R, thenf(s) is regular in R. This is a statement 
of Morera's theorem. * 

To prove this theorem, we begin by observing that Theorem 4-2 is 
applicable, and so it is known that 

F(s) = J.: f(z) dz 

is a single-valued function, regular in R, and having the derivative 

dF(s) = f(s) 
ds 

Since F(s) is regular in R, it is known from Sec. 4-11 that its derivativef(s) 
is also regular in R. Thus, the statement of Morera's theorem is proved. 

4-13. Use of Primitive Function to Evaluate a Contour Integral. Let 
F(s) be regular in a si~ply connected region R, having the derivative 

dF(s) = f(s) 
ds 

(4-31) 

From Sec. 4-11 it is known that f(s) is regular in R, and then from the 
Cauchy integral theorem and Theorem 4-2 we know that 

d J.' -d fez) dz = f(s) 
S 'D 

(4-32) 

where So is some point in R. Comparison of Eqs. (4-31) and (4-32) 
establishes that 

I.: f(z) dz = F(s) + K (4-33) 

where K is any constant. Now suppose that we are required to find 

J.:' f(z) dz 

where SI and S2 are both in R. Let So be the number appearing in Eq. 
(4-33). Then we can write 

J. .. f(s) ds = J..' f(s) ds - J.'1 f(s) ds 
'1 '0 a, 

• To be an exact converse of the Cauchy integral theorem, R would be required to be 
simply connected; and Morera's theorem is often stated with this condition included. 
'0' .... _. ______ ': __ 1 _______ ... : __ !.L __ ! ___ .L ___ •• : __ -1 !_ .a.L _ ___ .r ..... .r ... If,.. __ .... '~ ... l..~_ ....... 
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and from Eq. (4-33) it follows that 

J. •. I(s) ds = F(S2) - F(SI) 
II 

(4-34) 

We state the result formally as a theorem, as follows: 

Theorem 4-3. If F(s) is regular in a simply connected region R, and if 81 

and 82 are two points in R, then 

I.,. dF(s) 
-d- ds = F(82) - F(SI) 

" s 
This theorem is the complex-variable counterpart of the fundamental 

theorem of integral calculus of real variables. This theorem applies 
when integration is performed by finding the "antiderivative" and 
sUbstituting limits. Whereas the corresponding real-variable theorem is 
the fundamental device used in real-variable integration, it is not true 
that Theorem 4-3 occupies an equally important position in contour 
integration. Most of the contour integrals of practical importance are 
amenable to evaluation either by the Cauchy integral formulas or through 
principles later to be developed from these formulas. There is no counter­
part of the Cauchy integral formulas in the theory of real variables. This 
is one reason why complex-variable theory is so important. In Chap. 8 
you will see examples of how the powerful methods available for evaluat­
ing contour integrals can be applied to real integrals by first regarding the 
real integral as a special case of a contour integral. 

PROBLEMS 

4-1. Refer to Fig. 4-2b. Let R be the open region enclosed by the nonsimple 
closed curve shown, and let R' be the corresponding closed region. Are Rand R' 
connected regions? Explain. 

4-2. Suppose that 
f(8) = JsI" 

(a) Integrate f(8) over the path shown in Fig. 4-9a. 
(b) Integratef(8) over the path shown in Fig. 4-9b. 
4-3. By converting to real integrals, integrate f(8) = sin 8 along each of the paths 

shown in Fig. P 4-3. 

ft--r---., 

FIG. P 4-3 
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4-4. By converting to real integrals, integrate /(8) os e" along each of the contours 
given in Fig. P 4-3. 

4-6. Using the paths C1 and C. in Fig. P 4-5, evaluate the following integrals: 

(0) ( Re B dB Je. 
(c) ( Re. dB Jel 

(b) ( 1m II dB Je. 
(d) fe, 1m 8 dB 

FIG. P 4-5 

4-6. Using the contour shown in Fig. P 4-6, evaluate the fonowing integrals: 

(0) fe ea" dB (b) fe elm. dB 

(c) fe eia
" dB (d) fe ei 1m. dB 

(e) fe Re ei • dB (f) fe 1m e' dB 

C 

-1 2 

FIG. P 4-6 FIG. P 4-7 

4-'1. Perform each of the following integrations: 

( Re B 
(b) Je 181 d8 

(c) ( 1m 8 dB 
Je 181 

for the path of radius R shown in Fig. P 4-7. 
4-8. Prove that the following upper bounds are correct, using the contour C shown 

in Fig. P 4-8: 

(0) I fe 18'/ dB I < 711"/2 

(c) I f;me-"ds 1< 26-1 

(b) Ilc Isin./ ds I < .... cosh 1 

(d) I fe .-1./' dB I < .... 6-1 
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'-9. Prove the relation 

4-10. Prove Eq. (4-13). 

1 
c 

FIG. P 4-8 

It 
2 

4-11. In the proof of the Cauchy integral theorem, where do we use the condition 
that the function shall be regular on C? 

4-12. By performing the integration over each side of the square in Fig. P 4-12, 
check the validity of the Cauchy integral theorem, using the function /(8) = 8'. 

2r------.., 

o 2 
FIG. P 4-12 

4-13. Let C designate the unit circle and C, the top half of the unit circle. Prove 
that 

10/(8) ds = 10, [j(8) - /( -8») ds 

Furthermore, if /(8) is analytic, with no singular points in or on the unit circle, and 
if /(8) "" -/( -8), prove that 

10/(8) ds = 0 

4-14. Use appropriate principles established in the text to evaluate 

10 C ~ 1 + 8 ~ 1) ds 

where C is a circle of radius 2 centered at the origin and directed counterclockwise. 
4-15. Let C designate a square with sides parallel to the coordinate axes, inter­

secting these axes at u = ± 4 and Cd = ± 4. The direction of integration is counter­
clockwise. Evaluate each of the following: 

(a) ( +e'. ds 
JCB 37r 

(c) ! sinh 28 dB 
J 8· 

(b) ( cos 8 ds 
Jo 8 

( e-' 
(d) )cBi"da 
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4-16. Evaluate each of the following integrals in a counterclockwise sense around a 
simple closed path C consisting of a circle of radius 1, centered at s = j: 

(a) ( s" - 1 ds 
lc 8" + 1 

(e) ( s" + 1 ds 
lcs" - 1 

4-17. The nth-order Legendre polynomial can be given by the formula 

1 dn 

Pn(S) = 2"n! dsn (8" - l)n 

By using an appropriate contour of integration, prove that P n (1) = 1 for all n. 
4-18. The nth-order Laguerre polynomial can be given by the formula 

dn 
Ln(s) = eO ds

n 
(sne-o) 

Use appropriate contour integration to prove that Ln(O) = nL 
4-19. Take the function f(8) = S3, and check the Cauchy integral formulas for 

f(s), 1'(8), I"(s), and I'''(s) by actually performing the indicated integrations, using a 
circular path of integration. 

4-20. Let C be a counterclockwise circular path passing through the origin, with 
center on the positive real axis and diameter.... Use appropriate Cauchy integral 
formulas to evaluate the integrals: 

( cos s 
(a) 1 C (s _ ... /2)" ds Cb) ( ~ds lcs - ... /2 

( cos 8 
Ce) lcs" _ .... /4 ds 

4-21. The paths in the following integrals are described in Fig. P 4-21. Find the 
values of the integrals: 

Ca) ( 8 ds 
lc, (8 - 1)(8 - 3) 

(e) ( ~ ds lc.sm S 

( ( sinh 8 

e) lc,s" + r"/4 ds 

(b) fc. (8 _ 1)8(8 _ 3) ds 

(d) li sin 8 d8 

4 

FIG. P 4-21 
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'-22. Using a unit counterclockwise circle as path C1 or a path C. consisting of a 
square of side 2 with the origin of the coordinate axes at the center and sides parallel to 
the axes, evaluate each of the following integrals, in the simplest possible manner: 

(a) fCI (sin s· +~) ds (b) fCI eo;:. ds 

{ ( ~, 
(c) 1 e. leol ds (d) 1 e. S(28 + 1)(28 _ 1) ds 

'-23. Using the defining formula 

10gB "" {.~ h z 

prove, by appropriate manipulations of the integral, that 

1 
log; = -log8 

'-51'. Use the integral definition of the logarithm to prove that 

logs· = nlogs 

'-516. Use the integral definition of the logarithm to prove that 

log 81S. = log 81 + log 8, 

'-516. Let C be a counterclockwise circular contour of radius A < 1 centered at the 
point 8 = 1. Prove that 

{ log lsi ds = (2 .. sin- I A sin (I dB 
le s - 1 10 vl+2AcosB+A' 

4-517. Let a function G(s,z) be given such that, if 8 is fixed in a region R, the func­
tion is regular in z along a path C (not necessarily closed) and, if z is fixed at any point 
on C, the function is regular in 8, for 8 in R. Define g(s) by the formula 

g(8) = fe F(s,z) dz sinR 

Use the appropriate Cauchy integral formula (assuming that an interchange of order 
of integration is permitted) to prove that 

dg(s) = ( aG(s,z) dz 
ds le as 

4-518. Let C be a circle centered at the origin and of radius R. Show that 

( s+a ds 
le8(s + b) 

is independent of a and b, if Ibl < R. Also, obtain this integral as a function of a 
and b, if Ibl > R. 

4-519. Use Theorem 4-3 to do Prob. 4-3. 
4-30. Use the bilinear transformation to establish the following equality: 

where 0 < a < 1. 

f
; ,,~~: 

.... n-:a 
-1 ~ffi 

--= __ .dB ds J. a+; Vi-a' 1-.· a-;Vl-a' 



INTEGRATION 115 

4-31. Let /(8) be regular and bounded 1/(8)1 < M at all points in the finite plane. 
Prove that /(8) is a constant. (This is Liouville's theorem.) [HINT: Use the Cauchy 
integral formula for /(z) at two points, say 8 = 0 and 8 = 81, using for the contour of 
integration a circular path of radius R which is allowed to increase without limit. 
This will provide the information that I/(Bl) - /(0)/ is zero.) 

4-32. Let a function /(8) be undefined at a point 80 and bounded and regular in a 
deleted neighborhood of this point. Prove that 

lim /(8) ....... 
exists. (HINT: Use two concentric circles centered at Bo, and apply the Cauchy 
integral formula to the simply connected region obtained by joining these circles 
by a barrier. Then let the inner circle shrink to the point.) This result is known as 
Riemann's theorem. 

4-33. Given the function 
8-a 

/(8) =--
8+a 

use the appropriate Cauchy integral formula to prove that the nth derivative at zero is 

pn)(O) = -2n! ( - ~r 

HINT: In the integral, replace the variable of integration by its reciprocal. 



CHAPTER 5 

INFINITE SERIES 

6-1. Introduction. In our quest of tools for determining the properties 
of functions we need a variety of methods for representing a function. 
We have the usual formulas (like sin 8, ~, 82 + 1, etc.), but by employing 
other representations certain properties of the functions are put into 
evidence, and also other representations can lead to new functions. The 
Cauchy integral formula is one such representation, although its power is 
not yet fully brought out. The infinite-series representation is the next 
step. 

As you undertake the study of this chapter, it is important to recognize 
that infinite series are used as exact representations for functions. The 
series form is important because certain properties of a function are placed 
in evidence in the series representation. Series are not used here in the 
sense of approximation, as when they are used for computation. Recogni­
tion of this fact is important. 

6-2. Series of Constants. Consider an infinite sum of complex con­
stants, which can be written in either of the two forms given on the two 
sides of the identity 

... 
L a" = ao + al + a2 + . . . 

1:-0 

In order to study the series, we define a "function" 

n 

A .. = L ak = ao + al + . . . + a .. 
k-O 

(5-1) 

(5-2) 

This is a function of n, having values only when n is an integer. An is 
called a partial 8um. As n increases, An may do one of the two things 
illustrated in Fig. 5-1. If the sequence of values does not approach a 
limit, as at (a), the series is said to diverge. On the other hand, if it 
approaches a limit, as at (b), it is said to converge. 

We are faced with a situation similar to the limit of a function discussed 
in Chap. 2. The only difference is that the function presently being con­
sidered takes on discrete values as a function of the integers represented 

116 
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by n. The definition of the limit of this function is similar to the previous 
one, modified to take care of the fact that now we are dealing with a limit 
as the independent variable n becomes infinite. Let E be a small arbitrary 
positive number. The sequence A .. has a limit A if we can find a number 
N, which depends on E, such that 

when 
IA .. - AI < E 

n>N (5-3) 

A convergent sequence is portrayed in Fig. 5-1b. A similarity with 
Fig. 2-5b will be noted, although in the present case the function yields 
only discrete points. For the E shown, N would be 12. The importance 
of E being arbitrary is to be emphasized. No matter how small E is 
chosen to be, it must always be possible to find a number N. In general, 
N will increase as E gets smaller. 

5 

2 4 6 8 10 
• • • • . 3 • 

etc. 2 . 
• • • • • 
3 5 7 9 11 

(a) Diverging (b) Converging 

FIG. 5-1. Examples of sequences of partial sums for diverging and converging series 
(numbers are subscripts on An). Points are plotted in the complex plane. 

We now come to one of the theorems which will be left unproved. The 
theorem, which states the Cauchy principle of convergence, is as follows: A 
series like Eq. (5-1) converges if and only if, given an arbitrary small 
number E > 0, it is possible to find a number N such that 

IA .. - Ami < E 

n > Nand m> N when 
(5-4) 

You should study these conditions in the light of Fig. 5-1b, so as to appreci­
ate their reasonableness, in the absence of a proof. * 

The Cauchy principle of convergence states necessary and sufficient 
conditions for convergence, and so either the Cauchy principle or the 
definition given earlier can be used interchangeably. The definition, 
conditions (5-3), is convenient because it puts the limit A into evi­
dence. However, it is inconvenient in some cases because A .. - A 
consists of an infinite number of terms. On the other hand, the condi­
tions of the Cauchy principle are convenient when A is not needed 

• E. T. Copson, "An Introduction to the Theory of Functions of a Complex Vari­
able," Oxford University Press, New York. 1935. 



118 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

explicitly and when it is convenient to use the fact that A .. - A .. contains 
only a finite number of terms. 

It is often convenient to consider the auxiliary series 

.. 
L I a", I = laol + lall + . . . 

"'-0 
(5-5) 

which is simpler than series (5-1) because all terms are positive and real. 
If series (5-5) converges, we can write 

and the original series is said to converge absolutely. Conditions for 
absolute convergence are then obtained from relations (5-3) or (5-4), 
where A" is replaced by 

(5-6) 

and A is replaced by B. 
The concept of absolute co~vergence is introduced because tests for 

absolute convergence can be drawn upon from the theory of series of real 
numbers and because, when a series converges absolutely, it also con­
verges. This we shall prove as a theorem: 

Theorem 5-1. A series converges if it converges absolutely. 

PROOF. We are given the series 

and told that the absolute-value series converges, thus: 

(5-7) 

This means that, given a small positive number E > 0, we can find a 
number N such that 

when 
IB .. - Bml < E 

n,m> N 

Let n be the greater of the two numbers m and n, and note that 

(5-8) 
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Also, by the law of inequalities for sums we have 

1a...+1 + /lm+2 + ... + a.1 ~ l/lm+ll + 1a...+21 + ... +1a..1 (5-10) 

But the term on the left above is IA. - Ami. Thus, by inequality (5-10) 
it follows that 

when 
IA. - Ami < e 

n,m>N 

Thus, it is proved that if a series converges absolutely it also converges. 
If the absolute-value series diverges, it is not necessary that the series will 
diverge. That is, the converse of Theorem 5-1 is not true. 

We conclude this section by stating two tests for absolute convergence. 
These are taken from the theory of series of real numbers and their proofs 
can be found in the standard texts on advanced calculus. 

1. Cauchy Root Test. A series 

converges absolutely (and therefore also converges) if 

(5-11) • 

and diverges if 

2. D' Alembert's Ratio Test. The series converges absolutely (and 
therefore also converges) if 

lim I ak+l I < 1 
....... ak 

(5-12) 

and diverges if 

lim I ak+l I > 1 
....... ak 

In either case, if the limit is 1, the test fails and gives no information. 
The root test is usually the more useful in analysis. 

• The symbol Urn denotes the limit superior, which, loosely defined, is the limit 
approached by the leG8t upper bound of the set of numbers ""Iall, where k > n and n 
becomes infinite. The limit superior would enter in the case of a series like 

1 1 1 1 1 
1+ 2 + 41 + 20 +4'4+20+ ... 

In this case lim -¢'a; does not exist, but lim ..:ra;. = ~, and the series converges. 
When the limit exists, it is the same as the limit superior. 
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6-3. Series of Functions. In Sec. 5-2 we were dealing with series of 
constants. We can also consider series of functions of s such as 

.. 
goes) + gl(S) + g2(S) + . . . = .l gk(S) 

1:-0 

(5-13) 

The first observation is that for a fixed s such a series reverts back to 
the previous case; we get a series of constants. Thus, at a fixed value 
of 8, convergence of a series of functions of s is defined and tested in the 
same way as for a series of constants. Thus, at s = Sl, 

.. 
f(sl) = .l gk(Sl) 

1:=0 

(5-14) 

converges to a number f(sl) if, given an arbitrarily small E > 0, there 
exists a positive number N(sl) such that 

when 
and where 

IGn(sl) - f(sl) I < E 

n> N(sl) 
Gn(Sl) = gO(Sl) + gl(Sl) + ... + gn(Sl) 

(5-15) 

(5-16) 

The notation N(Sl) is used to imply that this number might change if S 
is changed to another value. Now suppose that we try other values in a 
region R containing Sl and find that the series converges at each value of 
8 in R: The series is a function of s, and we can write 

.. 
f(s) = .l gk(S) 

1:-0 

sin R (5-17) 

If the series diverges for some value of s, no function is defined by the 
series at that s. Convergence in R implies that, given an arbitrarily 
small E > 0, we can find N(s) such that 

when 
and where 

IGn(s) - f(s) I < E 

n> N(s) 
G,,(s) = go(s) + gl(S) + g2(S) + ... + gn(S) 

N(s) is of course also a function of E. 

(5-18) 

(5-19) 

Relations (5-15) and (5-18) are quite similar, but constants are involved 
in the former and variables in the latter. Note that as s varies over the 
region R there may be a corresponding change in N even though E 

remains fixed. Some series have the property that there can be a region 
R for which one constant N serves in the above capacity for all values 01 
8 in R. That is, N would depend on E but not on s. Such a series is 
said to converge uniformly in R. 
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The idea of absolute convergence applies also to series of functions, 
in similarity with series of constants. Also, the Cauchy principle of 
convergence applies; i.e., given the usual arbitrarily small E > 0, the 
series converges in R if and only if 

IG,,(8) - G ... (s) I < E (5-20) 
when n, m > N(s) 

and converges uniformly in R if N is independent of 8. 

In order to illustrate these relatively abstract ideas, consider the 
following example: From algebra we have a formula for the sum of a 
geometric progression. Also, since complex numbers obey the ordinary 
rules of algebra, the formula can be applied to a geometric progression 
of complex numbers. Consider the special case of a geometric series 
where the ratio between terms is 8. From the formula for the sum of 
n terms we have 

1 - S,,+1 

1 - 8 
1 + s + S2 + . . . + s" 

Now compare this with the infinite series 

00 

1 + s + S2 + ... lsk 
k=O 

(5-21) 

By either the root test or the ratio test this series converges absolutely 
(and therefore also converges) for lsi < 1. Therefore, for this range of 
s we can use the series to define a function, namely, 

00 

/(s) = I sk 
k-O 

lsi < 1 (5-22) 

Equation (5-21) is a partial sum of the series in question, and 

. 1 - 8,,+1 1 
lim =--

n--+oo 1 - s 1 - 8 
lsi < 1 

Thus, we conclude that 

/(s) = 1 ~ s 181 < 1 

Of course, 1/(1 - s) is also a function for 181 ~ 1, but /(s) is defined by 
the series, and so f(s) = 1/(1 - s) only for lsi < 1. 

We already know the series converges, but let us try the definition of 
convergence as an exercise and to provide an opportunity to look at 
uniform convergence. Weare to consider 

1
_1 __ 1 - 8"+11 = 1 p,,+1 1 S p"+1 
1 - 8 1 - 8 1 - 8 - 1 _ p (5-23) 
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where 8 = pel.. The inequality on the right follows because, when 
181 < 1, 

1 - p = 1 - 181 ~ 11 - 81 
H n > N, we have 

p .. +! pN+! 
I-p<l-p 

and so, recognizing that E is given, we shall choose N so that 

or 

pN+l 
--<E 1 - p 

(N + 1) log p < log E(l - p) 

Note that log p is negative, because p < 1, and so dividing by log p 
reverses the inequality, giving 

or 

N + 1 > log E(1 - p) 
log p 

N( ) > log E(l - p) _ 1 
p log p 

Thus, from the given E, a value of N can be found such that 

when n> N(p) 

Now we have established that in the circular region 

181 < 1 

(5-24) 

(5-25) 

the series converges. However, it does not converge uniformly in this 
region, because N(p) approaches infinity as p approaches 1. No value N 
can be found which will do for all values of 8 in the region. The region 
of uniform convergence is 

181 ~ p' < 1 (5-26) 

where p' is a constant. To prove this, note from Eqs. (5-24) that N(p) 
increases with increasing p. Therefore, if 

then 
p ~ p' 

N(p) ~ N(pl) 

The value N = N(p'), which is a constant, can be used in place of the 
variable N(p) in relations (5-25). Therefore, since this ~alue of N is 
satisfactory for all 8 in region (5-26), we can say that this is the region of 
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uniform convergence. Note that the region of uniform convergence is 
closed. 

This section is concluded with another theorem: 

Theorem 5-2. If each of the functions goes), gl(S), etc., is continuous in 
a region R where the series .. 

/(s) = I gk(8) 
k=O 

converges uniformly, then f(s) is continuous in R. 

PROOF. To begin the proof, note that it is quite trivial to prove that, if 
each gk(S) is continuous at some point So in R, then 

G .. (s) = goes) + gl(S) + ... + g .. (s) 

is also continuous at So. The sum of a finite number of continuous func­
tions is also continuous. (If there is any doubt, you should prove this 
as an exercise.) We consider two points, So and a general point s near so. 
Then pick an E > 0, and determine a fixed number n such that we can 
write the three sets of conditions 

If(8) - G .. (s)1 < i 
If(so} - G .. (So) I < i 

IG .. (s) - G .. (so)1 < i Is - sol < a 

(5-27a) 

(5-27b) 

(5-27c) 

We know that the number n can be found because So and slie in the region 
of uniform convergence. Also, we know a a can be found for condition 
(5-27c) because G,,(s) is continuous. In general a would be a function or 
n, but n is fixed in this analysis. We are to investigate If(s) - /(so)l, 
which we write as 

If(s) - f(so) I = I[f(s) - G,,(s)] - [f(so) - G .. (so)] + [G .. (s) - G .. (So)] I 

By the usual rule for inequalities, the right-hand side is less than the sum 
of the absolute values of the three terms in brackets. But each of these 
is represented by one of the parts of relations (5-27) and is less than E/3. 
Therefore, we have shown that 

when 
1/(8) - /(80)1 < E 

18 - 801 < 8 

which constitutes a proof that f(8) is continuous in R. 
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6-4. Integration of Series. The idea of uniform convergence was 
needed mainly to permit consideration of term-by-term integration of 
infinite series. If the series of continuous functions 

.. 
feB) = I g,,(8) 

"-0 
converges, we have shown that it is a continuous function in the region 
R of uniform convergence. We also know that continuity of a function 
is sufficient to ensure integrability. Thus, the integral 

lef(8) dB 

exists for all paths in R. (Nothing needs to be said about regularity to 
ensure integrability.) We shall now prove the following theorem: 

Theorem 5-3. If the given series converges uniformly to feB) on a 
path C of finite length, then 

.. 
lef(s) ds = I Ie g,,(s) d8 

k=O 

(5-28) 

PROOF. The proof begins by observing that for a finite number of 
terms it is permissible to interchange integration and summation, as 
follows: 

(5-29) 

Therefore we can write 

n ft 

lef(s) ds - I Ie g,.(8) dB = Ie [f(s) - I g,.(8)] ds (5-30) 
k-O k-O 

The series is uniformly convergent, and therefore,. given an arbitrarily 
small E > 0, there can be found a number N such that 

n 

If(s) - I g,,(s) I < E 

k-O 

when n > N for all s on C. Also, the above quantity is the absolute 
value of the integrand on the right of Eq. (5-30). We can therefore use 
the upper bound of an integral, established in Sec. 4-4, to give 

n 

I Ie [f(s) - 2: g,.(s)] dsl < El-
k-O 
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where L is the length of integration path. In view of Eq. (5-30), then 
also 

n 

I fef(s) ds - I fe gk(S) dsl < fL 
k=O 

when n > N. Since E is arbitrarily small, EL is also an arbitrarily small 
number and so conditions are established whereby the right side of 
Eq. (5-28) converges to the left side. 

It is almost trivial to point out that, if a series is uniformly convergent 
in a region R, it is also uniformly convergent on any curve C lying in R. 
Thus, a series may be integrated term by term in any region of uniform 
convergence. 

Applications of integration of series will appear in the following section. 
5-5. Convergence of Power Series. Series of the form 

,. 
f(s) = I ak(S - So)k (5-31) 

10=0 

are of great importance in the theory of functions of a complex variable. 
From the root and ratio tests we find that the series converges (in fact, 
converges absolutely) if, respectively, 

Is - sol lim ~Iakl < 1 
k-+,. 

Thus, if we define a number Ro by 
either of the following: 

or 

(5-32) 

then the series converges when 

Is - sol < Ro 

This is a circular region, as illus­
trated in Fig. 5-2. Since the above 

or Is - sol lim I ak+l I < 1 
k-+,. ak 

analysis is based on absolute con- FIG. 5-2. Regions of convergence and di-
vergence of a power series. vergence, we are interested in know-

ing whether there is some point outside the circle where the series con­
verges in the ordinary sense. Assume that SI is any point such that 
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converges. From the Cauchy formulation 

.. 
I L al:(s! - So)k I < E 

J:-m+l 

n,m>N 

where N is a number depending on the small arbitrary positive E. This 
relation is true for the particular case n = m + 1 = k, giving 

k > N 

Each number of the set lak(sl - so)"I, k = 1, 2, ... , N, is finite, and 
therefore in view of the previous relation there is a number K such that 
for all k 

la,,(sl - so)"1 < K 

Now choose a general point s, where Is - sol < lSI - sol, and consider 

The last series on the right converges, since Is - sol/lsl - sol < 1, and so 
the series converges absolutely at point s if it wnverges at SI, where 

Is - sol < lSI - sol 

Now suppose that SI is outside the previously defined circle of radius Ro, 
and assume that the series converges at this point. A point s can be 
found such that 

Ro < Is - sol < lSI - sol 

leading to the contradiction that the series would have to converge 
absolutely outside the circle. Thus, ordinary convergence is not possible 
at any point outside the circle. However, ordinary convergence at some 
points on the circle is a possibility, since no contradiction ensues if SI is 
on the circle. Ro is called the radius of convergence of the series. The 
series converges absolutely inside the circle and diverges outside the 
circle, and mayor may not converge on the circle. These conclusions 
are summarized in Fig. 5-2. 

Next we consider uniform convergence of power series and for that 
purpose shall need the following theorem: 

Theorem 5-4. If in a region R there is a sequence of positive constants 
M" such that 

and if 

(5-33) 

(5-34) 
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converges, then .. 
l gle(s) 

1:-0 

(5-35) 

converges uniformly in R. 

PROOF. Since series (5-34) converges, from the Cauchy principle of 
convergence we know that corresponding to E > 0 there exists a number 
N such that 

when n ~ m > N. However, in view of the inequality rule for absolute 
values of sums and relation (5-33), it follows that 

" " " II gle(S) I ~ I Igle(s) I ~ I Mle < E 

1:-... 1:-... 1:- ... 

when n, m > N, for all s in R. However, this is the same as 

which is the Cauchy principle of convergence. Convergence is uniform 
because N is independent of s when s is in R. Theorem 5-4 provides the 
Weierstrass M test for uniform convergence. 

Now return to the series of Eq. (5-31), having a known radius of 
convergence Ro. We write 

Is - sol ~ R~ < Ro 

and define Mle = lalel(R~)1e 

.. .. 
giving I Mle = Ilalel(R~)" 

.1:-0 1:-0 

Note that the series on the right is known to converge because R~ < Ro• 
Also, if 

and so, by Theorem 5-4, 

Is - sol ~ R~ 
lalells - solle ~ lIfk 

.. 
l alc(s - So)le 

1:-0 

converges uniformly in the region 

\s - sol ~ R~ < Ro (5-36) 



128 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

5-6. Properties of Power Series. As an immediate consequence of the 
uniform convergence in region (5-36) we can say from Theorem 5-3 that 

.. 
/ef(s) ds = l /e a.\;(s - so).\; ds (5-37) 

,\;=0 

where C is any curve of finite length inside region (5-36). Furthermore, 
if C is a closed curve, each integral 

/e ak(s - SO)k ds = 0 (5-38) 

and so /ef(s) ds = 0 

and from Morera's theorem it is concluded 
that f(s) is regular in region (5-36). 

Now let s be a point in region (5-36) and 
C a circle also lying in the region, as shown 
in Fig. 5-3. From the Cauchy integral 
formula for the derivative, 

df(s) = -.!.. ( f(z) dz (5-39) 
ds 27f'j Je (z - S)2 

and the integrand can be written 
.. 

FIG. 5-3. Region of uniform con­
vergence of series (5-40). 

fez) = ~ ak(z - SO)k (5-40) 
(z - S)2 (z - S)2 

k-

The series in Eq. (5-40) converges uniformly in the doubly connected 
closed region shown shaded in Fig. 5-3. This is true because 

I ak(z - so)k I ~ lakl(R~)k 
(z - s)2 - T02 .. 

and ~ ~ lakl (R~).\; 
To ~ 

k-O 

converges. Therefore, we can use Theorem 5-3 (note that the theorem 
does not require C to be in a simply connected region) to obtain 

.. 
_1_ ( fez) dz = ~ ~ {akeZ - so).\; dz 
27f'j Jc (z - S)2 ~ 27f'j Jc (z - s)2 

k-O 

Each term under the summation is the derivative of ak(s - so)\ by the 
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Cauchy integral formulas, and so 

(5-41) 

where 8 is in the open region 

18 - 801 < R~ 
Note that this region cannot be closed with an equality sign, because if 8 

were to be on the boundary circle 

18 - 801 = R~ 

it would be impossible for C to be in the shaded region. Of course, R~ can 
be arbitrarily close to Ro, the radius of convergence, and so we can state 
the following theorem: 

Theorem 5-5. A function represented by a power series expanded 
about a point So, with radius of convergence Ro, is regular for Is - sol < Ro 
and therefore possesses all derivatives for Is - sol < Ro. Furthermore, 
the nth derivative of f(s) is given by the series obtained by term-by-term 
differentiation of the original series n times; and the radius of convergence 
of the series for the derivative is also Ro. 

6-7. Taylor Series. In the previous section it was established that, 
within its circle of convergence, a power series defines a function which is 
regular at each point where it is defined. We also emphasized that the 
series is specified first and that the 
series defines the function. Now we 
approach the converse situation, 
where f(s) is specified in some form 
other than the series 

We are to determine whether this 
form can be an expression for the 
function over any part of the com­
plex plane. The way to proceed is 
to see whether the coefficients a" can 

c 

8 plane 
and 

z plane 

FIG. 5-4. Contour of integration used to 
develop the Taylor series, and region of 
convergence of that series. 

be determined from the givenf(s) and whether the series converges tof(s). 
Assume that f(s) is analytic, select any point where the function is 

regular, and designate this point as 80. In general, f(s) will have some 
singular points SI, S2, etc., but, in view of the definition of regularity, 
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there must be a neighborhood of 80 in which there are no singular points. 
Let Ro be the distance from 80 to its nearest singular point. Referring 
to Fig. 5-4, let C be a circle centered at 80, with radius R < Ro. Then, 
in the region 

18 - 801 < R 

the Cauchy integral formula 

f(8) = -.!. ( fez) dz 
211".1 Jez - 8 

is a valid representation for f(8). The next step is to write 

1 1 1 1 
1,---8 = 1, - 80 + 80 - 8 - 1, - 801 - (8 - 80)/(1, - 80) 

(5-42) 

Although we have stipulated 18 - 801 < R as the range of 8, now choose 
a number R' < R and restrict 8 to the region 

18 - 801 ~ R' < R 

In the integral of Eq. (5-42) 1, is confined to the circle 11, - 801 = R, 
and so 

/
8 - 80 I ~ R' < 1 
1, - 80 R 

In Sec. 5-3 it is shown that 

1 -- = 1 +8+82 + 
1 - 8 

181 < 1 

and therefore in this series we can replace 8 by (8 - 80)/(1, - 80) to give 

1 = 1 + 8 - 80 + (8 - 80)2 + . . . 
1 - (8 - 80)/(1, - 80) 1, - 80 1, - 80 

when 1(8 - 80)/(1, - 80)1 < 1. Furthermore, since R' /R < 1, we know 
that 

R' (R')2 1+][+][ + ... 

converges and thus (R' /R)" can serve as Mlc in the Weierstrass M test, 
proving that the above series converges uniformly for 

I ~I~R' 1, - 80 R 
and therefore for 

18 - 801 ~ R' 
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when Iz - sol = R. This latter condition is satisfied for the integral in 
Eq. (5-42), and so we can replace the integrand of Eq. (5-42) by the series 

.. 
fez) = f(z) ~ (s - SO)k 

Z - S ~ (z - SO)k+l 
k-O 

and then perform a term-by-term integration, with the result 

.. 
- 1 2: - k f fez) f(s) - 2-' (s so) ( )k+l dz 7rJ C Z - So 

Is - sol ~ R' 
1:-0 

This is a series in powers of (s - so)\ where the integral factors are 
constants. R' can be as close as we like to R o, and so the radius of con­
vergence of this series is Ro. Finally, this result is conveniently written 

co 

f(s) = I ak(S - so).\: 18 - 801 < Ro 
,\;=0 

(5-43) 

where 1 j fez) d 
ak = 27rj C (z _ SO)k+l Z (5-44) 

Certainly these coefficients exist, since the integrand is regular on the 
path of integration. 

It is to be observed that Eq. (5-44) is very similar to the Cauchy 
integral formula for the kth derivative, differing only in the absence of 
the factor k!. Accordingly, we can write 

(5-45) 

which is identical in form to the usual formula for the coefficients of a 
Taylor series in real variables. Accordingly, the series expansion 
given in Eq. (5-43) is called the Taylor-series expansion of f(s) about 
point so. 

In the derivation leading to Eq. (5-44) we designated C as a circle of 
radius R. However, Eq. (5-44) is invariant if C is distorted into any 
simple closed curve inside the circle of radius R but still enclosing so. 
Thus, in Eq. (5-44) we arrive at the final interpretation of C as any simple 
closed curve enclosing point So but not large enough to enclose any points 
where f(s) is singular. 

By virtue of this proof we have shown that the series in Eq. (5-43) 
converges in the region Is - sol < Ro and, furthermore, that it converges 
to the original function f(s). The series now becomes a new representa­
tion for f(s), valid in the circle of convergence. This development is 
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important because it shows that for any analytic function a power-series 
expansion is possible about any point where the function is regular. 

The information provided about the radius of convergence is especially 
important. In the process of arriving at Eq. (5-43) it was established 
that Ro, the radius of convergence of the series, is the distance from Bo to 
the singular point closest to Bo. Thus, if the locations of singular points 
of /(B) are known, it is immediately known from simple geometry in the 
complex plane what will be the radius of convergence for a Taylor 
expansion about any point; there is no need to carry out a convergence 
test. 

As you develop an understanding of the implications of Eqs. (5-43) and 
(5-44), it is especially important to understand that Eq. (5-43) is a new 
representation of /(B), differing from the original representation which is 
used for /(z) in Eq. (5-44). The original representation can be a "closed­
form" representation [like sin B, B/(B + 1), etc.], or it can be a series in 
powers of B - B~, where B~ is some point other than Bo. However, in the 
latter case Bo must lie in the region of convergence of the given series. 
Since the region of validity of Eq. (5-43) is generally different from the 
region of validity of the original representation, it is very important that 
the region of validity shall always be stipulated as part of the formula, 
as shown in Eq. (5-43). 

In the above statement of possible original representations, the 
possibility ,that /(B) may originally be represented by a series in powers of 
B - Bo was omitted, in anticipation of a special consideration of this case. 
Suppose that /(B) is defined by a convergent series 

... 
J(B) = I a~(B - Bo)$ 

1:-0 

having a finite radius of convergence. This function is a candidate for 
representation by Eq. (5-43), and accordingly we seek the ak coefficients, 

... 
a", = ~ r J(z) dz = ~ \' a~ r (z - Bo)" dz (5-46) 

27rj } C (z - Bo)k+l 27rj ~ ) c (z - Bo)k+l 
n,:,O 

where C is a small circle centered at Bo within the region of convergence. 
The interchange of integration and summation operations is justified by 
Theorem 5-3. Furthermore, from Eq. (4-24) it is known that 

!c (z - ~:)k ,,+I { ~7rj : : ~ 
Therefore, Eq. (5-46) yields 



INFINITE SERIES 133 

This result may seem obvious and trivial, but it expresses the important 
principle that there is only one power-series expansion about a given 
point which converges to a given function, and this is the Taylor series. 
This fact is important because Eqs. (5-44) and (5-45) do not, in most 
practical cases, offer the simplest procedure for finding the coefficients. 
If some other procedure can be found to give a series which converges to 
the required function, this series must be identical with Eq. (5-43). In 
this statement there is no deprecation of Eqs. (5-44) and (5-45). On 
many occasions they are indispensable because of their generality, 
particularly in the subsequent proofs of general theorems. 

As an illustration of the convenience of using alternative methods of 
obtaining a Taylor series, consider the function 

1 1 
f(8) = (8 - 1)(8 - 2) 82 - 38 + 2 

expanded about the point 80 = O. We can perform a division algorithm 
as follows: 

~ + %8+ %82 
2 - 38 + 82 11 

1 - %8 + ~82 
%8 - ~82 

%8 - %82 + %83 
%82 - %83 
%82 - 2H83 + %84 

1%83 
- %84 

For the finite number of steps shown, 

f(8) = ~ + %8 + %82 + (~33~ ~:24) 
where the quantity in parentheses is the remainder term. Without 
carrying out the details, it is apparent that for small 181 the remainder 
approaches zero as the algorithm is continued; the series 

~ + %8 + %82 + lX683 + ... 
converges to f(8) for 181 < 1, and therefore it is the Taylor expansion 
about the origin. Since f(8) is singular at 8 = 1 it is known that the 
radius of convergence is 1. From an inspection of the above series, 
it is apparent that, in the notation of Eq. (5-43), 

2k+l - 1 
a. = 2k+l 

The same formula for a. would be obtained from Eqs. (5-44) and (5-45), 
but with considerably greater difficulty. 
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6-8. Laurent Series. We begin this section in much the same way as 
the last. It is assumed that an analytic functionf(s) is given. However, 

------
-----~-~, 

2 " , , , 
\ 
\ 
\ 
\ 
\ 
I 
I 

I / 
I / 
\ I 
\ I 
\ , 
\ I 
\ I , / , / ... / 

'" ~// 
........... _ .... 

------- splane 
and 

z plane 

FIG. 5-5. Integration contours used in de­
veloping the Laurent series, and region of 
convergence of that ,series. 

in this case the function is assumed 
to be regular in a doubly connected 
region bounded by two concentric 
circles, such as the dashed circles 
in Fig. 5-5. There are singular 
points outside this region, desig­
nated by SI, ••• ,s,. In this exam­
ple Rl and Rz are respectively the 
distances from So to S2 and Sa. The 
point at the center, So, mayor may 
not be singular. The region is 
made simply connected by the 
barrier shown at the left in the 
figure. The Cauchy integral form­
ula can now be applied to represent 
f(s) at point s. The closed path of 
integration can be a closed curve 
such as C' enclosing s, in the simply 

connected region. Thus, f(s) can be represented by 

f(s) = ~ r fez) dz 
27rJ je' z - s 

(5-47) 

The two portions of this path parallel to the barrier can be brought 
arbitrarily close together, and they ultimately cancel out. Therefore, 
the above can be rewritten 

f(s) = ~ r fez) dz _ ~ r fez) dz 
'21rJ je. z - s 27rJ jel z - s 

(5-48) 

The development given for the integral of Eq. (5-42) applies to the 
above integral around C2• Accordingly, we can immediately write 

.. 
~ r fez) dz = ~ \' (s _ SO)k r fez) dz 
27rj j e. z - s 27rj Lt jet (z - 80)k+l 

k-O 
(5-49) 

A similar treatment can be applied to the integral around C1• In this 
case we write 

1 1 1 [ 1 ] 
- z - 8 = 8 - 80 - Z + So = s - 80 1 - (z - 80)/(8 - 80) 
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and, by arguments similar to those of the previous section, the quantity in 
brackets can be expressed by the series 

1 1 + z - 80 + (z - SO)2 + . . . 
1 - (Z - SO)/(8 - 80) - 8 - So S - So 

which converges uniformly for* 

18 - 801 ~ R' > R > Rl 

when Iz - sol = R, the radius of C1• Therefore, term-by-term integra­
tion is permitted, giving 

.. 
- 1. ( fez) dz = 1." 1 - { (z - So)k-l fez) dz (5-50) 

27rj le. z - S 27r} ~ (s - SO)k 1 e. 
10-1 

Equations (5-49) and (5-50) define two functions 

where 

.. 
fo(8) = 2: ak(S - SO)k 

1:-0 

Is - sol < R2 

.. 
!b(S) = "bk (_1_)'" Is - sol > Rl 

~ s- So 
10-1 

ak =...!.... ( fez) dz 
27rj lei (z - SO)1+1 

bk = 1. { (z - SO)k-1 fez) dz 
27r} le. 

and from Eq. (5-48) we see that 

f(s) = I,.(s) + /b(s) Rl < Is - sol < R2 

(5-51,' 

(5-52) 

(5-53) 

Note thatfo(s) has no singularities inside circle R2 andlb(s) has no singu­
larities outside circle R1• Equation (5-53) can also be written 

.. 
f(s) = L b-J:(s - so)'" + L ak(s - SO)k 

1:--1 1:=0 

when Rl < Is - sol < R2 

This form is of interest because it leads to further simplification, as we 
shall now see. Let C be any simple closed path lying between circles C1 

and C2, as shown in Fig. 5-5. Each of these circles can be distorted into C 

* (R / R')k serves as M", in the Weierstrass M test, in similarity with the development 
following Eq. (1H2). 
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without passing over any singularities of fez). Therefore, from Eqs. 
(5-52), 

at = _1 ( fez) dz = ~ ( fez) dz 
27Tj }e. (z - SO)k+l 27Tj }e (z - SO)k+l 

b-J: = --.!. ( fez) dz = ~ ( fez) dz 
27Tj }e. (z - SO)k+l 27Tj }e (z - so)k+l 

Thus, it is seen that at and b_t are given by the same formula, and so f(s) 
can be written 

f(s) (5-54) 

where at = _1_ ( fez) dz 
27Tj }e (z - SO)k+l 

(5-55) 

The series expansion in Eq. (5-54) is called a Laurent expansion of the 
function. In a sense it is a generalization of the Taylor series; if f(s) has 
no singularities inside circle R2, then Eq. (5-55) gives zero for each at when 
k < 0, showing that in such a case the Laurent series reduces to the 
Taylor series. 

Equations (5-44) and (5-55) are similar in appearance, but in the latter 
case no formula like Eq. (5-45) giving ak as a derivative of f(s) can be 
given. This is because, whenf(z) has singular points inside C, Eq. (5-55) 
is not a Cauchy integral formula. 

By a proof exactly similar to the one given for the Taylor series, it can 
be shown that any series like Eq. (5-54) which converges to f(s) must be 
the Laurent series, with coefficients given by Eq. (5-55). For a given 
annular region, the Laurent series is therefore the only expansion in 
positive and negative powers of s - so. Most frequently the coefficients 
of a Laurent series are obtained for a specific function by some process 
other than Eq. (5-55), by an algorithm division, for example. Other tech­
niques of obtaining the coefficients are illustrated in Sec. 5-9. 

6-9. Comparison of Taylor and Laurent Series. In general, an analytic 
function has a variety of representations in various regions in the s plane. 
Three specific representations have now been developed, the Cauchy 
integral formula, the Taylor series, and the Laurent series. From the 
viewpoint of developments in this chapter, the Cauchy integral formula 
representation is important because it leads directly to the Taylor and 
Laurent series. Therefore, continuing with emphasis on series, it is 
helpful to make a comparison between the two types. 

We have seen that an analytic function has many series expansions. 
Particular circumstances determine which series is obtained in a given 
situation. These circumstances are specifically: 
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1. The choice of 80 

2. The required region of convergence of the series, in relation to loca­
tions of singular points 

If 80 is not a singular point, we can have both a Laurent and a Taylor 
expansion, but they are valid in different regions. 

As an example consider 
1 

f(8) = 1 - 8 

From previous treatment of this function we know that 

1 --=1+8+82 + 1 - 8 

_1_ = _ (~ + ..! + ... ) 
1-8 882 

181 < 1 

181> 1 

(5-56a) 

(5-56b) 

Equation (5-56a) is a Taylor expansion with 80 = O. Its region of con­
vergence is shown in Fig. 5-6a, showing a radius of 1 to the closest singular­
ity. Equation (5-56b) is the Laurent series for the same function about 
the same point (80 = 0). It converges outside a circle passing through 
the singularity at 8 = 1, as shown in Fig. 5-6b. 

(a) Taylor (b) Laurent 
FIG. 5-6. Regions of convergence of Taylor and Laurent expansions of 1/(1 - 8). 

Now consider the general case of a function having more than one 
singular point in the finite plane. For each 80 there can be at most one 
Taylor expansion; but more than one Laurent expansion is possible. 
The- number of Laurent expansions depends on the number of singular 
points. 

To illustrate this, consider 

1 
f(8) = (8 - 1)(8 - 2) 

having the singular points shown by crosses in Fig. 5-7. Expansions 
are to be about the point 80 = O. There is one Taylor expansion, con-
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vergent in region 1, and there are two Laurent expansions, convergent, 

2 

(3) 

respectively, in regions 2 and 3. 
This is the function for which the 
Taylor expansion is obtained in Sec. 
5-7 by the method of long division. 
Here we shall use a different method, 
starting with the recognition that 
the given function can be written 

1 Y2 
f(8} = 1 _ 8 - 1 _ 8/2 (5-57) 

FIG. 5-7. Regions of convergence of expan­
sions of 1/(8 - 1)(8 - 2) about the non­
singular point 80 = o. each of which can be expanded 

independently. In the manner of 
Eqs. (5-56), we have two series for each part, as follows: 

1 r+·+r+ ... 181 < 1 

1-8= ell .. -) 181> 1 
(5-58) - -+-+-+ 8 82 8a ! c ' " r -) 181 < 2 -Y2 - 2 + 4 + 8" + 16 + . 

and 
1 - 8/2 !+~+±+~+ ... 

(5-59) 
181> 2 8 82 83 84 

For the Taylor series (region 1) we need 181 < 1 and therefore we add 
the first series of each of these sets to get 

181 < 1 (5-60) 

which is identical with f(8) for the region specified. The fact that this 
is actually the series representation of f(8} is summarized by writing 

f(8} = /1(8} 181 < 1 

In Sec. 5-7 a special subscript was not used to designate the series repre­
sentation. In fact, the special designation is not ordinarily used; but 
in the present instance it is simpler to use this notation in order to stress 
the concept of having many representations for a single function. 

For region 2 we have 1 < 181 < 2, and so the appropriate series are 
picked from Eqs. (5-58) and (5-59) to obtain 

!t(8) = - ( ... !. + !. + ! + ! + .! + ~ + . . .) 
88 82 8 2 4 8 

1 < 181 < 2 (5-61) 

This function is defined only for the region specified, but in that region 
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it is identical with f(s). Thus, 

f(s) = h(s) 1 < lsi < 2 

139 

Finally, for region 3 the condition lsi> 2 is met by picking the second 
series in Eqs. (5-58) and (5-59) to get 

1 3 7 15 
f3(s) = - + - + - + - + . . . 

S2 S3 S4 S" 
lsi> 2 (5-62) 

and therefore 
f(s) = Ia(s) lsi> 2 

In summary, we have obtained a set of three series representations 
which, taken together, define f(s) throughout the s plane, except on the 
two circles separating the regions. We can now writef(s) in two alter­
native forms: 

1 
f(s) = (s - l)(s - 2) (5-63) 

I fl(s) lsi < 1 
f(s) = h(s) 1 < lsi < 2 

f3(s) lsi> 2 
or (5-64) 

Later on we shall see how the second representation also establishes values 
of f(s) at nonsingular points on the boundary circles. 

5-10. Laurent Expansions about a Singular Point. In recalling the 
steps that went into deriving the Laurent expansion you will note that 
So could coincide with one of the singular points without invalidating the 
derivation. If So should be a singular point, then a Laurent series is the 
only possible expansion; there is no Taylor series. 

As an illustration consider the function of Eq. (5-63) again, but this 
time taking So = 1, a singular point. In this case expansion will be in 
positive and negative powers of s - 1. Accordingly, it is convenient to 
write 

1 1 [ 1 J 
(s - 1)(s - 2) = - s - 1 1 - (8 - 1) 

and then to expand the bracketed term in the series which we know, from 
Eq. (5-56a), as follows: 

1- 1 
(8 - 1)(8 _ 2) = - s _ 1 [1 + (s - 1) + (s - 1)2 + ... J 

Thus, if we define 

!4(8) = - [_1_ + 1 + (8 - 1) + (8 - 1)2 + ... J 
8 - 1 

0< 18 - 11 < 1 

o < 18 - 11 < 1 (5-65) 
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it is concluded that 

f(s) = /4(s) 0< 18 - 11 < 1 (5-66) 

In a similar way we get a series for Is - 11 > 1 by writing 

1 _1_ [_1_ + 1 + 1 + J 
(s - l)(s - 2) S - 1 8 - 1 (s - 1)2 (s - 1)3 . 

Is - 11 > 1 
or 

!a(s) = (s ~ 1)2 + (s ~ 1)' + (8 ~ I). + 
and 

18 - 11 > 1 (5-67) 

f(s) = !a(s) Is - 11 > 1 (5-68) 

Thus, in addition to Eqs. (5-63) and (5-64), we have a third way to 
specify f(8) , namely, 

f(s) = {/4(s) 
f6(s) 

0< Is - 11 < 1 
Is - 11 > 1 

(5-69) 

where f.(s) and !a(s) are specified by the above series. Compare the 
regions of convergence of /4(s) and !a(s) as shown in Fig. 5-8 with the 
regions of Fig: 5-7. From these two sets of expansions of the same 
function you should get some feeling for the variations possible with 
different choices of so. Another set corresponding to /4 and !a could be 
obtained using So = 2. You can work this case out for yourself. 

(5(a) 

o 2 

FIG. 5-8. Regions of convergence of ex- FIG. 5-9. Two regions of convergence for 
pansions of 1/(8 - 1)(8 - 2) about the Laurent expansion of l/sin 8. 
singular point 8. = 1. 

These examples have been relatively simple rational functions having 
a finite number of singularities. The singularities have been points 
where the functions become infinite. We shall now consider two 
examples of transcendental functions. 

First look at 
1 

f(s) = sin 8 (5-70) 

which is singular at ± integral multiples of 11', as shown in Fig. 5-9. 
There is an infinite number of Laurent expansions of this function, two 
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of which will be obtained, for regions Rl and R i . First consider region 
R I • 

The integral formulas for the coefficients are difficult to evaluate, and 
so we shall take the reciprocal of the Taylor series for sin 8. Thus, 

1 
/t(8) = 1 1 1 

8 - - 8 3 + - 86 - - 87 + . . . 
3! 5! 7! 

= ~ + fr 8 + (3~! - ~) 83 + (3!;!31 - 3~! + fr) S6 + 
(5-71) 

converges if 0 < 181 < 7. For region R2 we use the fact that, except 
for change in sign, the Taylor series about s = 11" has the same coefficients 
as the Taylor series about s = o. Therefore, we can immediately write 

f2(s) = -- - - (s - 7) - - - - (s - 11-)1 -1 1 (1 1) 
S - 11" 3! 3!3! 5! 

( 1 2 1) 
- 3!3!3! - 3!5! + 71 (s - 11")6 (5-72) 

which converges for 0 < Is - 11"1 < 7. This can be done for an infinite 
number of regions. For the two regions considered 

1 { fl(s) 
sin s = f2(s) 

0< lsi < 11" 

o < Is - 71 < 7 
As another example take 

f(s) = sin! 
s 

(5-73) 

(5-74) 

which is singular only at s = O. The Laurent series is easily obtained 
by writing the Taylor series in l/s, giving 

.1 1 11 11 SlD-=----+--+·· . s s 3! S8 5! s6 lsi> 0 (5-75) 

In each of the cases presented so far, there was only one singular point 
encircled by the ring of convergence. The singular points in these 
examples are isolated. Now consider the function 

1 
f(s) = sin (l/s) 

which is singular at each point for which 

1 s= ~ 
n7 

n integer 
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The point 8 = 0 is not an isolated singularity, as evidenced by the fact 
that any neighborhood of 8 = 0 must contain an infinite number of 
singular points. A Laurent expansion of this function about 8 = 0 is 
possible in any region described by 

(n ~ 1)11" < lsi < n~ 
but there is no region extending down to the singular point 8 = 0 in 
which a Laurent expansion exists. 

6-11. Poles and Essential Singularities; Residues. In the previous 
section you were shown various examples of Laurent expansions about 
singular points. In general, if there is more than one singular point 
encircled by the ring of convergence, there are always an infinite number of 
negative-power terms. All cases are the same in this respect. Rowever, 
if we confine our attention to isolated singularities and consider the 
specific Laurent expansion for which the singularity in question is the 
only one encircled by the ring of convergence, we find a significant 
difference between examples like Eqs. (5-65), (5-71), and (5-72), on the 
one hand, and Eq. (5-75). Examples of the first type have a finite num­
ber of negative-power terms (one, in these cases), whereas in the last 
example there are an infinite number of negative-power terms. 

In order to discuss this more precisely, let us write a general case, 

where 

f(s) = fa(s) + Ms) 0 < Is - sol < Rl (5-76) 
'" 

fa(s) = L ak(s - so)k 
k-O 

'" 
M8) = ~ ( a-k )k 

~ 8 - 80 
k-l 

18 - 801 < Rl 

0< 18 - 801 (5-77) 

Keep in mind that this is the expansion for which 80 is the only singular 
point encircled by the ring of convergence. The difference between the 
various examples described in the previous paragraph is in terms of the 
function fb(8). Because of its importance in characterizing a function, 
fb(8) is called the principal part of f(8) at the singularity 80. A function 
will have a different principal part at each of its isolated singular points. 

We can now define two classes of isolated singular points, as follows: 
1. If the principal part has a finite number of terms, of highest negative 

power n, then 80 is said to be a pole of order n. 
2. If the principal part has an infinite number of terms, then 80 is said 

to be an e88ential singularity of the first kind. 
Careful attention should be given to the fact that the" principal-part" 

designation is used only for the particular Laurent expansion which is 
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about a singular point and for which there is only one singular point 
encircled by the convergence ring. Other Laurent expansions have parts 
which look like fb(s), but they are not principal parts, and they do not 
yield information about the nature of the singular points. 

If a singularity is not isolated, the above comments do not apply. 
Such a point is called an essential singularity of the second kind. It 
cannot be recognized by looking at the character of a principal part of a 
Laurent expansion, because such an expansion does not exist. An 
essential singularity of the second kind is recognized by showing that 
any neighborhood of the point must include other singular points. 

The point at infinity can be a singular point of a function. Further­
more, such a singUlarity can be classified in the same way. In order to 
tell whether or not a function is singular at infinity, and to identify the 
nature of such a singularity, we consider the properties of f(l/s) at 
s = O. f(s) is regular or singular at infinity in accordance with whether 
f(l/s) is regular or singular at zero. If f(l/s) has a pole of order n (or 
essential singularity) at s = 0, then f(s) has, respectively, a pole of 
order n (or essential singUlarity) at infinity. 

These remarks all apply only to functions which are single-valued in 
the neighborhood of the singular point in question. This fact was 
implied in Chap. 2 by the statement that the word function would imply 
a single-valued function. However, it is well to stress the importance of 
single-valuedness in considering classifications of singularities. The 
above classification exhausts the possibilities for single-valued functions; 
but when the concept of a function is extended to include the multivalued 
functions, we find a new class of singular points. 

If f(s) has a pole of order n, in its closest ring of convergence 

f( ) a_" + a-"+l +... 
s = (s - so)" (s - so)" I 

+ ~ + ao + al(s - so) + 
s - so 

and (s - so)"f(s) = a_" + a_"+l(s - so) + ... 
+ a_l(s - SO)"-I + ao(s - so)" + (5-78) 

Thus, (s - so)"f(s) is described by a Taylor series and has no singularity 
at so. An essential singUlarity cannot be dealt with in this way, a fact 
which lends meaning to the word essential. Multiplying f(s) by (s - so)" 
is a useful way to check whether a singular point is a pole or an essential 
singUlarity. The lowest integer n, such that (s - so)"f(s) has a limit as 
s approaches So, is the order of the pole; and if no such value of n exists, 
the point So is an essential singularity. 

Turning to the examples of the preceding section, 1/(8 - 1)(8 - 2) is 
seen to have a pole of order 1 at 8 = 1 because there is only one term to 
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the principal part of Eq. (5-65). Also, if the function is multiplied by 
8 - 1, the pole is removed. When a function has a rational algebraic 
factor in the denominator, we see that the resulting singularity is a 
pole; the factor can be canceled by putting a like factor in the numerator. 
However, transcendental functions can have poles too, as in the case of 
l/sin s. Its Laurent series about the origin is given by Eq. (5-71) and 
shows a principal part consisting of one term. The singularity is a pole 
of order 1. We can confirm this by recalling that s/sin s approaches 1 as 
8 approaches zero. Equation (5-75) provides an example of an essential 
singularity; the principal part has an infinite number of terms. 

Now consider the formulas for the coefficients given by Eq. (5-55), 

ak = _1_ r f(s) ds 
27rj }c (s - SO)k+l 

where C encircles So (and no other singularity) in a counterclockwise 
direction. If k = - 1, we get 

a_I = -2
1

• r f(s) ds 
7rJ }c (5-79) 

which places particular emphasis on a_I, showing that, if we integrate 
around one singular point, the result is 27rja_l. The important idea here 
is that no other coefficient in the series contributes to this integral. 
For this reason a_I is called the residue at singularity so. 

Others of the negative-order coefficients can be described in the guise 
of residues. For example: 

a_2 is the residue of (s - so)f(s) 
a-3 is the residue of (s - so)2f(s) 

as may be seen by looking at the expansion or at the integral formula 
for ak. 

Usually we wish to find the integral like Eq. (5-79) by knowing the 
residue; this is the essential idea of the" calculus of residues." Thus, we 
are interested in means independent of the integral formula to find a-I. 
We have seen some methods in the last section for finding the Laurent 
series without using the integral formulas for the coefficients. Equation 
(5-78) provides a method which will always work for finding the residue 
at a pole of order n. As a Taylor series, its coefficients are given by the 
customary derivative formulas. Thus, a_I is the coefficient of the n - 1 
degree term in the expansion of (s - 80)"f(s), and therefore, at an nth-



INFINITE SERIES 145 

order pole, 

(5-80)* 

In a like manner, for the general coefficient ak, we get 

1 d
n
+

k I 
ak = (n + k)! dsn+k (s - so)nf(s) '-Bo (5-81) 

Formulas (5-80) and (5-81) are valid only at a pole; they do not apply if 
So is an essential singularity. 

5-12. Residue Theorem. A fundamental problem in the analysis of 
linear systems involves the evaluation of a contour integral over a closed 
path. We have already found some 
ways to do this for particular cases. 
Equation (5-79) provides a general 
procedure. 

Let f(s) be an analytic function 
having isolated singular points. 
Also, let C be a simple closed curve 
inside of which there are n singular 
points, as shown in Fig. 5-10. Ac­
cording to Sec. 4-7, the integral of 

FIG. 5-10. Contour around a finite num­
ber of singular points replaced by con­
tours around the individual singularities. 

f(s) around C can be written as the sum of n integrals, as follows: 

!cf(s) ds = !c/(s) ds + !c'!(s) ds + ... + !c/(s) ds (5-82) 

Equation (5-79) applies at each singUlarity. In order to simplify nota­
tion, let the symbol dk denote the residue at the kth singularity. Then, 
from Eq. (5-79) 

and Eq. (5-82) becomes 

f, f(s) ds = 2rjd" c. 

n 

!cf(s) ds = 27rj L d" 
/;=1 

(5-83) 

* In the case of a simple pole, ifj(s) can be written as a ratio p(s)/q(s), this equation 
can be written in an alternative form. We note that q(s) has a simple zero and there­
fore can be written as the series 

[ 
q"(s) 

q(s) = (s - 80) q'(so) + 2~ (s - SO) + ... J 
When this is substituted into Eq. (5-80), we get 

peso) 
a_I '"' q'(so) 
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This result is known as the residue theorem. It is an important theorem 
because of the ease with which residues can be found at poles. Residues 
at essential singularities are not so easily found, but often the Laurent 
series can be obtained by the method used to get Eq. (5-75). 

As an application of the residue theorem, we shall find the integral 

r l/s d 
}c cos 1I"(s _~) 8 

where C is a counterclockwise simple closed curve enclosing the singular 
points -~, 0, %. The residue at the singularity at 0 is obtained from 
Eq. (5-78) as 

Residue = V2 
At8 = -~ 

Residue = lim! 8 + ~ 
o-+-~ 8 cos 11"(8 - ~) = -11" sin 11"(8 - ~) • __ ~ = 

1/8 I 4 

and at 8 = % 
. . 1 8 - % 1/8 I 4 

ReSIdue = hm - ( V) = . ( ~) = --3 
o-+~ 8 cos 11" 8 - 74 -11" SID 11" 8 - 4 ._~ 11" 

For the last two cases we have used the Lhopital rule to evaluate an 
indeterminl\te form (see Prob. 5-48 for justification). The residue 
theorem gives the result 

r t/8 ~) d8 = j(1I" V8 - 8 - %) }c cos 11" S - 4 

If a function has a finite number of singular points and is singular at 
infinity, it is sometimes convenient to define a "residue at infinity." 
This residue is defined in such a way that the residue theorem can be 
generalized to apply to the Riemann sphere. On the Riemann sphere 
(see Fig. 3-17) a closed curve C has no outside; it has two "insides," one 
of which includes the point at infinity. If integration around C is in a 
positive sense with respect to one or more finite-plane poles which would 
be enclosed by C in the plane, then this inte~ration encircles the point at 
infinity, on the Riemann sphere, in the negative sense. If the point at 
infinity is the only singular point so encircled, an extension of the residue 
theorem to this case would therefore yield 

Icl(s) ds = -211"j[residue at infinity] 

However, the abovE' integral is 211"j times the sum of the finite-plane 
residues, leading to the definition 

Residue at infinity = - [sum of finite-plane residues] 
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We have seen that the integral around a circular path enclosing a pole 
is independent of the radius of the path. If the path is a nonclosed arc of 
a circle, the integral along such an arc is in general a function of the radius. 
However, if a pole is simple, as the radius approaches zero, the integral 
approaches the product of the angle subtended by the arc multiplied by 
the residue (see Prob. 5-33). 

6-13. Analytic Continuation. In the discussion of power series you 
were shown that a series like 

may have a region of convergence; and when it does, this region is a circle 
centered at 81. Let the coefficients be such that there is a region of 
convergence of finite radius R 1• (The sym­
bol R1 will also be used to denote the 
region.) The series represents a function 
within its region of convergence; thus, we 
can define 

.. 
!t(s) = l au(s - Sl)k 

k-O 

This specific function is not defined on the 
circle Is - 811 = R1 or in the region external 
to R1• 

FIG. 5-11. Overlapping regions 
of convergence of two Taylor 
expansions. 

Now look at!t(s) at some point such as 82, inside but near the periphery 
of the circle of convergence. From Sec. 5-6 we know that !t(s) possesses 
all derivatives at S2, and so we can write the new series 

which will converge at least in a circle lying entirely within R 1• How­
ever, at the moment we have no reason to believe that the second series 
may not converge in a larger circle R2 as shown in Fig. 5-11. The radius 
R2 is· controlled by coefficients which can be found, and so we see that 
R2 is determined by the given function!t(8). We proceed, assuming that 
R2 is known and large enough to carry region R2 outside of region Rio 

In the second circle we have a second function 
.. 

/2(s) = L a2k(s - 82)k 
10-0 
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Since the above is the Taylor expansion of 11(8), it must converge to /1(8) 
wherever /1(8) is defined and so in the shaded region 

/1(8) = h(8) 

Thus, for the case assumed, /1(8) completely determines a function 
which is identical to it in the original region but which extends into a new 
region. Now suppose that this is done again, to obtain a succession of 
circles of convergence of a sequence of functions: /1(8), 12(8),/3(8), etc. 
In all but very exceptional cases an infinite sequence of such functions 
is possible, so that ultimately the finite plane is covered by overlapping 
circles. 

Supposing this to be the case, we now define a function 1(8), where 8 

covers the finite plane, by the sequence of formulas 

! 
/1(8) 18 - 811 < R1 

1(8) = h(8) 18 - 821 < R2 
13(8) 18 - 8al < Ra 
............. 

(5-84) 

Each of the functions /1 (8), h( 8), etc., is called an element of the analytic 
function 1(8). The sequence of elements which defines a function by 
analytic continuation is not unique. For example, h(8) depends on the 
choice of S2, which is arbitrary within the circle of convergence of /1(8), 
and so on. 

We now envision the possibility that, starting with the same function 
/1(s), we !night proceed in the same manner as above, but choosing a new 
set of points ~, s~, etc., for the centers of circular regions of convergence 
of a sequence of elements g2(S) , g3 (8) , etc. Then we would obtain an 
analytic function g(s) defined by 

(5-85) 

Now suppose that there is a region G which is common to the two 
regions throughout which/(s) and g(s) are defined by the two processes of 
continuation just described. Certainly RI is part of G, and furthermore, 
since 1(8) = /1(s) and g(8) = /1(s) for sin R 1, it follows that 

I(s) = g(s) (5-86) 

We proceed to show that 1{8) and g(8) must be identical throughout G. 
Since I(s) and g(8) are regular in G, each can be expanded in a Taylor 

series about some point Sa in R 1• Explicit expressions for these series 
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can be written as follows: .. 
fo(8) = L a/le(8 - 80 )/0; 

1:-0 (5-87) .. 
Yo(8) = L agle(8 - 80 )le 

i:-O 

Observe that these two series are elements, respectively, of f(8) and y(8), 
and not continuations of iI(8). This fact enables us to say that each 
aeries in Eq. (5-87) has a circle of convergence Ro extending to the 

FIG. 5-12. Construction for proof of uniqueness of analytic continuation. 

boundary of G, as shown in Fig. 5-12. Equation (5-45) provides the 
formulas for the coefficients in these series, giving 

1 j f(s) 1 j y(s) 
ali: = 2--- ( )Hl ds ag/o; = <>-. ( )Hl ds 

1r) C S-So UK) c S-So 

where C is a small circle centered at So and lying wholly in R tJ, as shown 
in Fig. 5-12. Path C can always be designated, because 8tJ is not per­
mitted to lie on the boundary of RtJ• By choosing C to lie in RI we can 
now use Eq. (5-86) to establish that the above two integrals are equal 
and hence that a/Ie = agi:o Therefore, 

ftJ(8) = YtJ(s) 8 in RtJ 

Also, each of the series f,,(s) and gtJ(s) must be identical, within its circle 
of convergence, with the function from which it is derived. Therefore, 
we conclude that 

f(s) = y(s) sin Ra 

But Ra extends outside of R 1, and thus it is seen that f(s) and Y(8) are 
equal at least in part of G. This process can be repeated, each time 
getting a new circle which includes more of G than the previous one. All 
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of G can be covered in this way, and thus we conclude that 

f(s) = g(a) a in G 

This is an important result, for it shows that if a function is defined and 
regular at a point it is then uniquely determined in any region into which 
it can be analytically continued. 

This brief treatment leaves many questions unanswered. In par­
ticular, in this proof we have shown that f(a) = g(s) in G only if such a 
region G exists; and we did not prove the stronger property that continua­
tion of fI(s) by either of the routes leading to f(s) or g(s) must yield the 
same region in each case. In other words, it is true, but not proved here, 
that region G includes all of each of the individual regions over which f(s) 
and g(s) are independently defined. 

In the treatment up to this point it has been implied that a region G, 
larger than R 1, can always be found. However, this is not true. For 
example, the function .. 

fI(s) = l skI (5-88) 
.1:-0 

converges within the unit circle but cannot be continued beyond. The 
unit circle is said to be a natural boundary of this function. Such examples 

FIG. 5-13. Boundaries of convergence 
circles of elements of f(8) passing 
through a singular point 8,.. 

as this are a curiosity so far as we are 
concerned. 

When the radius of convergence of 
fI(s) is finite, there will always be at 
least one point on its circle of con­
vergence which cannot be covered by 
any circle. Such an exceptional point 
will be on the boundaries of other 
circles, but never inside a circle. In 
Fig. 5-13 s .. is such a point. In 
attempting to approach S'" the bound­
ary of each region of convergence will 
pass through s... For the function 

f(s) to be defined at a point, that point must lie inside the region of con­
vergence of at least one of the elements. Since s .. lies in no such region, 
the function is not defined there and so s .. is a singular point. 

You may have wondered, in the process of developing the sequence of 
elements, what would determine each radius of convergence. We now 
have the answer: each circle extends to a singular point of f(s). Note 
that this is a singularity of f(s) , not of the element. This must be said 
because an element is not defined anywhere on the boundary of its region 
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of convergence, and therefore no particular point on the boundary can be 
singled out as a singularity of the element. 

To summarize these ideas, we now view an analytic function in a 
slightly different light from the original one, and, in fact, we extend the 
definition to include a new concept. Originally, in Chap. 2, an analytic 
function is defined as a function having at least one regular point. Now 
we see that regularity at one point is sufficient to give a Taylor expansion 
at that point and from that an analytic continuation to the finite plane, or 
to a natural boundary. We see that an analytic function can be defined 
as the collection of all its elements. Only in some cases can it be written 
as a single formula. 

For a specific example let us consider the analytic continuation of 

lsi < 1 

From previous discussions we suspect that the continuation can be 
written 

1 
f(s) = 1 - s 

which is singular at s = 1. However, from the viewpoint of analytic 
continuation the location of this singularity would not be known. We 
use knowledge of it only to save the very considerable trouble of finding 
a sequence of elements and their respective radii of convergence. In a 
true analytic continuation process we would start only with the fact that 
the radius of convergence of !I(s) is 1. The start of one set of elements is 
shown in Fig. 5-14. There is at least an intuitive feeling that this system 
of circles can be continued to cover the finite s plane and that the point 
s = 1 is the only finite point excluded. 

We can then write f(s) in either of the forms 

{,,(') lsi < Rl = 1 

f(s) = ~2~S~ Is - s21 < R2 (5-89a) 
. . . . . ...... 

1 (5-89b) or f(s) =-
1 - s 

Both representations express identical functional relationships. A 
formula like Eq. (5-89b) is called the global definition. 

In this single example of analytic continuation we did not actually 
find a sequence of elements, intimating that to do so would be too much 
of a chore. The implication is that it would always be too difficult to 
accomplish, but this does not detract from the usefulness of the concept. 
Later on, particularly in Chap. 10, this will be an important conceptual 
tooL 
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Throughout the discussion of analytic continuation, we dealt only with 
the finite plane. In the Riemann-sphere interpretation this excludes only 
the point at infinity. The idea of analytic continuation would be some­
what more complete if the point at infinity could be included. This can 
easily be done by looking at l(l/s) at the origin. If l(l/s) can be con­
tinued to include the origin, then we say that I(s) can be analytically 
continued to infinity. 

FIG. 5-14. Regions of convergence of a possible sequence of elements of the function 
/(8) = 1/(1 - 8). 

5-14. Classification of Single-valued Functions. Weare gradually 
developing the idea that singularities are important characteristics of a 
function. This can be carried a bit further by introducing some termi­
nology whereby functions are classified according to kinds, numbers, and 
locations of singularities, as follows: 

1. Analytic. An analytic function can now be defined more completely 
than in Chap. 2, as ttn element plus its analytic continuation. Now we 
see that a function like/(s) = s for lsi < 1 and 0 for 1 < lsi is not analytic 
although it is regular everywhere except on the unit circle. Analytic, 
centinuations of this function are possible across the unit circle, but they 
do not yield the function specified. 

2. M eronwrphic. A meromorphic function is an analytic function 
which has no essential singularities in the finite plane. It can have an 
essential singularity at infinity. The number of finite-plane poles can 
be infinite. An example is tan s. 
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3. Rational. A rational function belongs to a subclass of the mero­
morphic functions in which there are a finite number of finite-plane poles 
and at most a pole at infinity. A rational function can be expressed as a 
ratio of polynOInials. 

4. Entire. A function having no singularities in the finite plane is 
called an entire function. Unless it is a constant, it will have at least a 
pole at infinity, or it may have an essential singularity at infinity. 
Examples are: for a pole at infinity, a polynOInial; for an essential singu­
larity at infinity, sin 8. 

This classification can be tabulated as follows: 

Analytic Meromorphic Rational Entire 
(1) (2) (3) (4) 

Finite-plane singularities .. Any number, Any number, Finite number, None 
poles or es- poles only poles only 
sential 

Singularity at infinity ..... Pole or essen- Pole or essen- Pole only Pole or 
tial tial essential 

6-16. Partial-fraction Expansion. Suppose that a function f(8) has n 
singular points at 81, 82, • . • ,8". The point at infinity may also be 
singular. We use the same starting point as in Sec. 5-8, namely, the 
Cauchy integral formula in the form 

n 

f(8) = ~. [[ M dz - '\' [ iJ& dZ] 
2r} } C Z - 8 ~ } Co' Z - 8 

(5-90) .-1 
where 8 is in the region shown in Fig. 5-15, which is made simply connected 
by the barriers shown. Circle C is centered at the origin and has a radius 
large enough to enclose all singular points. 

The integral 

~. r f(z) dz 
27rJ}c Z - 8 

is treated by the same process used in Sec. 5-8 to arrive at Eq. (5-49). 
In the present case the former 80 and C2 are replaced, respectively, by 
o and C, giving 
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Circle C can have an arbitrarily large radius, since all singularities except 
infinity are inside it, and so the power series for r(8) has an infinite radius 
of convergence. Thus, r(8) is an entire function. 

FIG. 5-15. Integration contours used in derivlI.tion of partial-fraction expansion. 

Now consider the sum of integrals in the last term on the right of 
Eq. (5-90).' The integral around C~ is a typical case. Comparing with 
Eqs. (5-50) and (5-77), and recognizing that 81 is singular, shows that 

N 

_..l ( fez) dz = \' a_A: 
21rj lCt' z - 8 Lt (8 - 81)k 

k~l 

(5-92) 

is the principal part of the Laurent expansion. N is the order of the pole; 
and if 81 is an essential singularity, N becomes infinite. This term is 
defined for all values of 8 for which 

0<18 - 811 

because it is a series in negative powers of 8 - 81. The principal part 
just described will be called gl(8). A simila.r result is obtained at each of 
the singular points, giving 

-.J..., ( fez) dz = gl(8) 
21rJ lCt' z - 8 

-.J..., ( fez) dz = g2(8) 
21rJ lc.' z - 8 (5-93) 

1 J fez) - -. -- dz = gn(8) 
21rJ c.' Z - 8 
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It is important to understand that each principal part arises from an 
expansion about a different point. The results are summarized by sub­
stituting Eqs. (5-91) and (5-93) in Eq. (5-90) to give 

f(s) = gl(S) + g2(S) + ... + gn(S) + r(s) (5-94) 

This is anot.her representation for f(s), called the partial-fraction expan­
sion. It is valid throughout the plane, and if any of the terms are series, 
the right-hand side of Eq. (5-94) converges everywhere except at the 
singular points. 

If f(s) is a rational function (ratio of two polynomials), all singularities 
are poles. Then each principal part consists of a finite number of terms. 
Also, a rational function has at most a pole at infinity, and the last term 
on the right of Eq. (5-94) will reduce to a polynomial, or to a constant if 
there is no pole at infinity. 

The partial-fraction representation is particularly important in Laplace 
transform theory. It is important to know the actual coefficients in the 
expansion, and so methods of finding them are important. Equation 
(5-81) can be used to find the coefficients of all the principal parts at poles. 
For the function r(s), Eq. (5-91) would be the general form. However, 
it is better to recognize r(s) as a Taylor series for f(s) - [sum of principal 
parts]. Thus, the principal parts should be found first, so that the 
entire function r(s) can be obtained by applying the usual derivative 
formulas for coefficients of a Taylor series. In the case of a rational 
function, r(s) can be found by using a division algorithm until the 
remainder is a rational function with numerator lower in degree than the 
denominator. This process yields r(s) directly. 

These two cases are illustrated by the following examples: 

Example 1. Expand 

in partial fractions. 

f(s) 
S3 + S2 - S - 1 
S4 + 4s3 + 4s2 

(s - 1)(s + 1)2 

Performing two steps of division gives 

2S2 + 4s + 3 
f(s) = s + 3 + (s _ l)(s + 1)2 

The resulting rational function has no entire function in its expansion, 
because the function approaches zero as s becomes infinite. We need the 
principal parts of its Laurent expansions at -1 and + 1. The required 
coefficients are easily found from Eq. (5-81). At +1 there is only one 
coefficient: 

2S
2 +48+3\ =~ 
(3 + 1)2 .-1 4 
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and 80 at this pole the principal part is 

% 
8-1 

At -1 there are two terms in the principal part, 

a-2 + a-I 
(8 + 1)2 8 + 1 

and the coefficients are 

a_I = 28
1 + 48 + 31 = - ! 

8 - 1 .-1 2 

a_I = !! (28
2 + 48 + 3) 1 

d8 8-1 .--1 
= (8 - 1)(48 + 4) - (282 + 48 + 3) 1 = _ ! 

(8 - 1)2 .--1 4 

The partial-fraction expansion of the function is therefore 

8' + 481 + 482 % 72 % 
81 + 82 - 8 - 1 = 8 - 1 - (8 + 1)2 - 8 + 1 + 3 + 8 

Example 2. Expand 

e' e' 
f(8) = 8' + 82 - 8 - 1 (8 - 1)(8 + 1)2 

in partial fractions. 
The principal parts will be obtained first. At pole 8 = 1 the principal 

part is 

e' 1 e 
(8 + 1)2 .-1 = 4 

At pole 8 = -1 there are two terms having coefficients 

a_2 = ~ I = - e-
l 

8 - 1 .--1 2 

a_I = .!! ~ I = (8 - 2)e' I = - %e-l 
da8 - 1 .--1 (8 - 1)2 ,--1 

The sum of the two principal parts is 

e/4 3/4e 1/2e 
8 - 1 - 8 + 1 - (8 + 1)2 

(e2 
- 3)82 + 2(e2 

- 1)8 + (e2 + 5) 
4e(8 - 1)(8 + 1)2 

Subtracting from f(8) gives the entire function 

r(8) _ 4eri-l - (e l - 3)82 - 2(el - 1)8 - (e l + 5) 
- 4e(8 - 1)(8 + 1)2 
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The numerator of the above expression has zeros of appropriate orders 
at s = 1 and -1, and so res) has no poles, in the finite plane. The 
Taylor series for res) is not required. Thus 

eo 1 [e 2 3 2 
(s - 1)(s + 1)2 = 4e 8 - 1 - 8 + 1 - (8 + 1)2 

4eri-l - (e2 - 3)s2 - 2(e2 - 1)8 - (el + 5)] 
+ (8 - 1)(s + 1)2 

is the required partial-fraction expansion. Of course, the last term could 
be expanded in a Taylor series about 8 = O. 

x p------------- -------------, 

x 

L. ___________ _ 

x 
I 
I 
I 
I 
I 
I 
I _____________ 4 

en 
FIG. 5-16. Sequence of contours for derivation of partial-fraction expansion of mero­
morphic functions. 

6-16. Partial-fraction Expansion of Meromorphic Functions (Mittag­
LefDer Theorem). The development of Sec. 5-15 does not apply to the 
general meromorphic functions, because meromorphic functions have an 
infinite number of poles. However, these poles are isolated, and this fact 
makes it possible in some cases to get a partial-fraction type of expansion 
which takes the form of an infinite series. 

As a result of being infinite in number and isolated, the sequence of 
singularities extends to infinity. (This conclusion is based on the 
Boltzano-Weierstrass theorem, not proved in this text. *) As shown in 
Fig. 5-16, let there be a sequence of square closed contours C1, C2, ••• , 

• E. T. Copson, "An Introduction to the Theory of Functions of a Complex Vari­
able," p. 17, Oxford University Press, New York, 1935. 
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each one enclosing more singular points than the previous one, and with 
no singular points on the contours. Also, let Gn(s) denote the sum of the 
principal parts for all poles between Cn_ 1 and Cn. Thus, the sum of 
principal parts for all poles inside Cn is 

n 

~ G.(s) .-1 
It is also assumed thatf(s) is regular at s = 0 and that there is a constant 
M such that 

If(s) I < M 

for s on all of the square paths CI , C2, •• 

Choose 11 typical curve such as Cn, and write an equation like Eq. (5-90). 
Here the summation will be over all poles inside Cn, and the integrals in 
the summation may be replaced by principal parts, as in the previous case. 
Thus, for s inside Cn and not at a pole, in similarity with Eq. (5-90), 

n 

f(s) = -21 . r fez) dz + ~ G.(s) 
7rJ leA z - s ~ .-1 

Since f(s) is regular at the origin, we can also write 
n , 

f(O) = -.!. r fez) dz + ~ G.(O) 
27rJ leA z ~ 

v=1 

and therefore 
n 

(5-95) 

(5-96) 

f(s) - f(O) = 21. r ~ fez) dz + ~ [G.(s) - G.(O)] (5-97) 
7rJ 1 e. z z - s ~ .-1 

Now allow n to increase. The summation becomes an infinite series, 
and we are interested to know whether or not it converges. Convergence 
is investigated by looking at 

1 
~ [G.(s) - G.(O») - [f(s) - f(O») 1 = 21 I r '! f~) dz I (5-98) 
~ ;r i len Z Z 8 .-1 

Let s be inside the curve designated by C N', and let n be greater than some 
number N > N'. Also, let Ak be half the side of square Ck• From the 
geometry of Fig. 5-16 it is found that for n > N 

I ~I < y'2AN' 
Z An 

1 1 
-Iz---sl < 'A-N---A'-N, 
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and we also know that on C" 

11(s) I < M 
Thus, if n > N 

Now note that, if an arbitrary small number E is given, then 

8MAN , 
-=-----'''---- < E 

if 

y2 'II"(AN - AN') 
8MA N , 

AN> AN'+ --­
y2'11"E 

By way of the numbering on the sequence of curves C1, C2, 

will establish the number N such that 

.!.I ( ~Mdzl <E 
2'11" }c.zz - s 

when n>N 

Thus, we have convergence and 
.. 

l(s) = 1(0) + l [G.(s) - G.(O)] .-1 
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(5-100) 

. , this 

(5-101) 

Furthermore, by relation (5-100), N is a function of N' and E. If s 
remains within square CN', then one value of N will serve. We conclude 
that convergence is uniform for s within any square (and consequently 
within a circle also). 

In this development each G function consists of one or more principal 
parts. Therefore, in the infinite sum there will be no change if we go 
back to the notation g.(s) for a single principal part. This is desirable 
because the groupings to form G. were arbitrary and necessary only to 
account for the possibility that we might not always be able to increase 
the size of the square by an amount to include only one additional pole. 
It is more appropriate in the final result to revert to the previous nota­
tion, giving the Mittag-Leifler theorem, which states that l(s) can be 
represented by .. 

l(s) = 1(0) + I [g.(s) - g.(O)] (5-102) .-1 
if l(s) is uniformly bounded on a set of curves such as shown in Fig. 5-16. 
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If the series .. .. 
L g.(S) and L g.(O) 
v-I .-1 

converge, then 
.. .. .. 
L [g.(S) - g.(O)] = L g.(S) - L g.(O) 

.-1 v-I v-I 

and we get the simpler form .. 
f(s) = L g.(s) (5-103) .-1 

by equating constant terms and terms which vary with s. 
Equation (5-102) is not valid if f(s) has a pole at s = O. Now suppose 

that f(s) has such a pole, with principal part goes). Then 

!t(s) = f(s) - goes) (5-104) 

has no pole at the origin and can be expanded in accordance with Eq. 
(5-102) to give .. 

!t(s) = !teO) + L [g.(s) - g.(O)] (5-105) 
.-1 .. 

and f(s) = !teO) + goes) + L [g.(s) - g.(O)] (5-106) .-1 
We note here that g.(s) is the same for !t(s) as for f(s) because subtracting 
a principal part at s = 0 has no effect on principal parts at other poles. 
Now,if .. .. 

L g.(s) and L g.(O) 
.~1 .-1 

converge, Eq. (5-105) can be replaced by 
.. 

!t(s) = L g.(s) .-1 
and then, referring to Eq. (5-104), 

.. 
f(s) = L g.(s) 

.-0 
(5-107) 

Thus, for the case where the series of principal parts converges, the 
restriction that there shall be no pole at the origin can be dropped. 
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Example 3. Find the partial-fraction expansion of 

1 
I(s) = sin s 

161 

This function has first-order poles at s = ±n'll" for integral values of n. 
The square contours may then be as shown in Fig. 5-17, and we need to 

C3 

Cz 

c1 

-31t -2n -n 0 It 21t 31t 

FIG. 5-17. Contours used in obtaining the partial-fraction expansion of l/sin 8. 

check whether or not/(s) is uniformly bounded on these contours. This 
is checked by looking at 

Isin sl2 = Isin u cosh Cal + j cos u sinh Call 2 = sin2 u + sinh2 Cal 

On·a vertical side u = ±(2n + 1)'11"/2, and on a horizontal side Cal = 
± (2n + 1)'11"/2. Therefore, respectively, 

Isin sl ~ l' sin (2n + 1)'11" ,= 1 

, . h (2n

2 

+ 1)"1/" I > . h ~ > 1 sm 2 sm 2 

vertical side 

horizontal side 

Thus, on each contour shown in Fig. 5-17, 

I/(s) I ~ 1 

which establishes that the conditions of the Mittag-Leffler theorem are 
satisfied. 



162 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

At each pole the residue is 

. 8-n1r 1 
hm -.- = -- = (-I)" 

...... n.. SIn 8 COS nr 

It can be shown that 

.. 
L ( 1 1) -1" --+-­( ) 8 - nr 8 + nr 
.. -I 

converges, and so the following representation is valid: 

f(8) = ! + '\' (-1)"(28) 
8 ~ 8 2 - n2r2 

.. -I 

PROBLEMS 

11-1. Given the series 

% + (1 - ~)" + (1 + ~)BI + (1 - 316)'" + 
(0) Write this as a summation of a general term. 
(b) Determine its radius of convergence. 
6-2. Investigate the convergence properties of: 

.. .. 
(0) L ns" (b) L 2n 8" 

n=1 n=O .. ~ 

(c) L n!s" (d) L nvns" 
.. -0 n ~O 

6-3. Investigate the convergence properties of: 

.. .. 
(a) L s" (b) L nl 

n l - 1 2n (8 - 3)" 
.. =2 .. -1 .. .. 

(c) L 8" (d) L !!.!a" (log n)n 2" 
.. =2 .. -0 .. 

(e) L !!.!8" n" 
.. -1 

(5-108) 

6-4. Determine the regions of convergence and uniform convergence of the series: 

.. .. 
(0) l eN 

.. -0 
(b) L e ~ ~r 

,,=0 
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6-6. If each of the series of constants 

converges, and if Clc = ale + blc, prove that 

6-6. Referring to the notation in Prob. 5-5, assume that 

converges. Show, by a counterexample, that it is not necessarily true that 

and 

converge. 
6-7. Show that the series in Eq. (5-88) converges for lsi < 1. 
6-8. Prove that, if two series 

and 

converge uniformly in respective regions Rl and R., then the series 

163 

converges uniformly in the region common to R, and R. (the intersection of Rl and R.). 
6-9. Given the real series 

prove that this series converges for -1 < z ~ 1 and converges uniformly for -1 < 
z'~z~z"<1. 

6-10. Starting with the power series for 1/(1 + 8), obtain the binomial expansion 

.. 
(1 + 8)-" = " (n + k - I)! (-a)lc 

"" (n - 1)!k! 
k-O 

(HINT: Consider term-by-term differentiation.) 

integer n > 0 
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1-11. By following the pattern 

(. (1 + z) dz =- (1 + 8)2 _ ! 
Jo 2 2 

ate., derive the binomial formula (for integer n > 0) 

.. 
(1 + .)w - l kl(n ~ k)I'· 

1:-0 

1-12. Starting with the power series for 1/(1 + 8), obtain a series for log (1 + 8). 
Justify your steps, and state the region of convergence of the new series, explaining 
how this region of convergence was determined. 

1-18. Given the series 

218 1 2'8' 
c082,-1- 2f + 4f + 

obtain series expansions for 

(a) Sinl 8 (b) COSl8 

(HINT: Consider term-by-term differentiation.) 
1-14. Given the power series 

. 8' 8' 
SIn 8 "*8-3i+5i 

81 8' 
COS8=-1- 2i + 4i ... 

(c) sin 8 cos 8 

(a) Determine the radius of convergence of each series. 
(b) Starting with these series, and without squaring the cosine series or without 

using the derivative f6rmulas for the Taylor coefficients, obtain three terms of the 
power series in 8 for 

1 

and find its radius of convergence by any justifiable method. 
1-11. Do Prob. 5-14 by evaluating the first three coefficients of the Taylor series. 
1-16. By any method obtain series expansions, in powers of If + 1, for the following: 

1 
(b) 1 + ,. 

1 
(d) 41f - Ifl 

In each case specify the radius of convergence. . 
1-17. Use the Cauchy integral formula for the nth derivative of a function 1(8) to 

prove that for a Taylor series 
Of 

I(a) = l aw(, - 8,)w 
.. -0 

the coefficients obey the inequality 

where Mr =- max 1/(8)1 on 18 - 8,1 - T < [radius of convergence). 



6-18. Given a polynomial 

INFINITE SERIES 

N 

/(3) = l a,.3" 
o 

Use appropriate ideas relating to series to show that it can be written 

N 

where 

6-19. Given a Laurent series 

/(8) = L A.{s - 1)· 
1:-0 

N 

A " nla3 

• = ~ kl{n - k)! 
.. -I: 
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which converges for R, < \8\ < Rt • Determine its region of uniform convergence. 
6-20. For the function 

8 2 + 8 + 3 
8· + 28' + 8 + 2 

obtain the following expansions, and in each case establish the region of convergence: 

(a) Taylor expansion about 8 = 0 
(b) Taylor expansion about s = -1 
(c) Laurent expansions (two of them) about 8 = 0 
(d) Laurent expansion about each singular point 

6-21. Carry out the tasks specified in Prob. 5-20, but for the reciprocal of the func­
tion specified in that problem. 

6-22. You are given the function 

1 
/(8) = {28 + 1)(8 _ l)t 

For each of the following cases specify the region (or regions, if more than one series 
is possible) of Taylor and/or Laurent expansions. The cases are for expanSIOns 
about the following points: 

(a) 8 = 0 
(c) 8 = -~ 

6-23. The function 

(b) 8 = 1 
(d) 8 = -2 

1 
sin (1/8) 

is singular at the origin. Show that the Laurent expansion about the origin for this 
function has zero radius of convergence (i.e., such an expansion does not exist). 

6-24. Obtain the appropriate series expansion for 

(a) Expanded about 8 = 0 
(c) Expanded about If = 2 

/(8) 
. ,.. 

z:sm,_l 

(b) Expanded about 8 = 1 
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1i-21i. For each of the following functions, locate the singular points, and identify 
whether they are poles (and of what order) or essential singularities (and of what 
kind): 

(a) ~ 
8 

(b) ell' 

(c) 6-11, 
82 

(d) (82 + 1)2 

(e) sin 8 
1 

(f) sinh II 

1i-26. For each of the following specify whether the function is regular or singular 
at infinity, and if it is singular, specify whether it is a pole or an essential singularity 
and, if the latter, what kind: 

6' 
(a) 1 - sin 8 

(c) 6" - 6' 

8 3 - 282 + 8 

(e) 88 + 38" 

8 8 - 2 
(b) s" + 2 

(d) tan 8 

(f) sin 8 , 
1i-27. Find the residues at the indicated singular points for the following: 

(a) sin 8 
8' 

1 - e-2I 

(c) -8-'-
e21 

(e) (8 - 1)2 

at 8 = 0 

at 8 = 0 

at 8 = 1 

6-28. Given the function 

1 
(b) 81 _ 8" 

(d) cos II 

sin2 8 

tan II 
(f) (1 - 6')2 

1 
/(8) = II sin II 

(a) Locate and classify its singularities. 
(b) Evaluate the residues at these singular points. 

at 8 = 1 

at II=-,.. 

at 8 = 0 

(c) Evaluate the integral of /(8) in a counterclockwise direction around a circle of 
radius 5, centered at the origin. 

1i-29. (a) Use the method of residues to evaluate the integral 

( 8 dB 
Jc 1 - e' 

where C is the rectangular path shown in Fig. P 5-29. 
(b) Let 10 designate the answer to part a. In terms of 10, what is the above integral 

if the contour is changed (1) to C1 and (2) to C.? 

8 8 
C 

-8 8 -8 8 -4 4 

-8 -8 

FIG. P 5-29 
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6-30. Evaluate the integral 

( 8' + 1 
Je (8 - 1)(8" + 4) d8 

where C is a counterclockwise circle centered at 2 and of (a) radius 2; (b) radius 4. 
6-31. Let C be the unit circle, with counterclockwise sense of integration. Evalu­

ate each of the following: 

(b) fe 8 s': 8 

6-32. Evaluate the integral 

over each of the following counterclockwise paths: 

(a) CA , a unit circle 'centered at 8 = 0 
(b) Cb, a unit circle centered at 8 = i 
(c) C., a circle of radius 2 centered at 8 ... 0 

6-33. Let C designate a semicircular arc of radius R, centered at a simple pole 80 

and subtending an angle Bo. Let Ao be the residue at the pole. Prove that 

lim ( /(8) d8 = jBoA. R_oJe 
6-34. You are p;iven the series 

Determine its radius of convergence, and obtain a "global" representation. Also, 
obtain a series for the element of this function expended about point 8 = _ %. 

6-36. Obtain a global formula for the function defined by the series 

6-36. Show that the two series 

.. 
~ 2Hl-3 

/1(8) = ~ (-2)~ (8 - l)t 
.1:-0 .. 

and /.(8) = L [( -~r -2 ( - ~r] (8 - 2)k 
.1:-0 

are elements of the same analytic function. (For a hint, see Prob. 5-10.) 
6-31. Obtain the partial-fraction expansion of the function given in Prob. 5-22. 
6-38. Obtain the partial-fraction expansion of the function given in Prob. 5-20. 
6-39. Obtain the partial-fraction expansion of the reciprocal of the function given 

in Prob. 5-20. 
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6-40. Obtain two terms of the Taylor expansion for res), in powers of s, for Example 
2 in Sec. 5-15. 

1-41. Obtain the partial-fraction expansion of 

sin s 
8(8 - 1)(8 - 2)2(8 - 3)1 

including two terms in the Taylor expansion of res), in powers of s. 
5-42. Obtain the partial-fraction expansion of 

/(s) = cos a 
(8 - 1f'/2)(s - ,..)(s - 2 ... ) 

including two terms of the Taylor expansion of res), in powers of 8. 

5-43. Derive the formula .. 
tan s = I n~2 ~1-_----,(8B~2S=--I'n-r")" 

n-! 
(odd) 

1-44. Derive the formula .. 
cots =! 

s 
"\' 1 2s 
~ nOr" 1 - (slnr)" 

n-! 

1-45. Obtain the Mittag-Leffler expansion for 

sin s 
/(s) = cos 2s 

6-46. From the formula given in Prob. 5-44 derive the infinite-product representa­
tion .. 

sins=s n (1 s" ) 
- nOr' 

n=1 

[HINT: Observe that cot 8 = d(log sin s)lds.] 
5-47. From the formula given in Prob. 5-43 derive the infinite-product representa­

tion 

coss= n (1 
n=l 
(odd) 

[HINT: Observe that tan s = -d(log cos s)lds.) 

6-48. Suppose an analytic function /(s) = p(s)lq(s) has a removable singularity 
at a point 80 due to pCs) and q(s), each having a zero of order n at 80. Prove that /(s) 
approaches the limit 

p(ft)(s) I lim/(s) =--
'-" q(ft)(s) 1_', 

Note that this has the appearance of Lhopital's rule applied to a function of a complex 
varia.ble. 



CHAPTER 6 

MULTIV ALUED FUNCTIONS 

6-1. Introduction. Having established the concept of a single-valued 
function, W = f(8), we now naturally ask whether such a function can 
always have an inverse whereby 8 can be specified as a function of w. In 
those cases where several values of 8 yield identical values of w we are in 
trouble, for then the inverse cannot be single-valued, and in the true 
sense of the word an inverse function does not exist. The main task of 
this chapter is to develop a method of analysis which will permit" multi­
valued functions" to be treated at least partially like single-valued 
functions. 

We can draw some examples from the realm of real variables. The 
function 

y=sinx 

is single-valued, but the inverse 

x = sin-1 y 

is multivalued, as illustrated in Fig. 6-1a. The same comments can be 
made about 

y = x 2 

and its inverse 
x = yy, 

which is shown in Fig. 6-1b. Probably your experiences with the square­
root .function, and the problem of choosing signs in the case of real 
variables, has pointed up the need for isolating these cases. 

In each of the above two examples a given function is single-valued, 
and its in'Terse is multivalued. There are other cases which are multi­
valued "both ways." An example is 

y2 -= x 2 -1 

which is shown graphically in Fig. 6-1c. 
When dealing with complex variables we sometimes find multi­

valuednesr- which does not appear in the real-variable counterpart. For 
example, ill Chap. 4 we met the multivalued function log 8. However, 

169 
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log x (where x > 0 and real) is not multivalued. Thus it is apparent that 
graphical illustrations like those of Fig. 6-1 are inadequate for the general 
case of a function of a complex variable. It is hoped that ultimately you 
will conclude that multivalued functions are simpler to understand when 
the variable is complex than when it is real. This simplification comes 
about through the concept of a Riemann surface. You met this briefly in 
the discussion of log 8 in Chap. 4 and will see much more of it in this 
chapter. 

---=oo!-""'+---y -~-+-~~------y -----1-~----y 

FIG. 6-1. Examples of multivalued functions of a real variable. 

6-2. Examples of Inverse Functions Which Are Multivalued. Perhaps 
the simplest multivalued function is the inverse of 

W = 82 (6-1) 
which will be written 

8 = w~ 

The exponent % in the above equation is defined as a notation which 
implies the inverse of Eq. (6-1). 

The necessary ideas for studying the inverse of Eq. (6-1) were antici­
pated in Figs. 3-3 and 3-4. If the two w planes of those figures are 
regarded as being identical, areas A' and B' are identical and the above 
functional relationship would carry this area into area A or area B of 
the 8 plane. From the formula alone there would be no way to differ­
entiate between areas A and B. 

We could continue to regard w as the independent variable when 
analyzing the inverse of those functions which have previously been 
considered. There would be some advantage in doing this, particularly 
in considering mapping properties, because then labels on the planes 
would remain unchanged. However, there are advantages in always 
using 8 as the independent variable; and since we shall be considering 
functions other than the inverses of previously treated single-valued 
functions, we shall continue to use 8 as the independent variable. 
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Accordingly, the inverse of Eq. (6-1) is now written with 8 and w 
interchanged, as follows: 

w = 8~ (6-2) • 

This function is described by Figs. 3-3 and 3-4 if the w- and s-plane label8 
are interchanged, so that now there will be two s planes which map onto a 
single w plane. 

We shall now exploit the idea of having two 8 planes. If somehow a 
distinction can be made between these two s planes, we could then regard 
overlying points in the two planes as being different, and the function 
w = s~ would appear to be single-valued. To do this necessitates over­
coming an obstacle introduced by the wedge-shaped cuts along the 
negative real axis. The difficulty is surmounted by the ingenious device 
of imagining the two planes to be attached along the cut edges. Referring 
to Fig. 6-2, for each pair of edges consisting of one edge from each plane, 
one solid line and one dashed line fit together. Then curves such as 0 
and 0' do not cross a cut but pass continuously from one plane to the 
other. When the two s planes are joined in this way, they form a 
Riemann surface. Each of the s planes is called a sheet of the Riemann 
surface; and the cut in each sheet is called a branch cut. A point like S6 

in Fig. 6-2 is called a branch point. That portion of the function described 
when s is in one sheet is called a branch of the function. 

Suppose that there are two points S1 and s~ similarly located in the two 
sheets of Fig. 6-2. The Riemann-surface interpretation allows them to 
be regarded as different points. In this way W1 = f(s1) and w~ = f(sD 
are clearly distinct because ang s~ = 211" + ang S1. With this interpreta­
tion f(s) becomes single-valued. Many theorems originally proved for 
single-valued functions now become applicable in the multivalued case. 

Since it is important to be able to identify a point with a particular 
sheet, it is necessary to have a method of keeping track of this. We do 
so by considering the angular position of a line drawn from the branch 
point to the point in question. t In the case of Fig. 6-2 this is merely 
the angle of the variable s. In sheet 1 this angle (q,) lies in the range 
-11" < q, ;;;! 11", and in sheet 2 the range is 11" < q, ;;;! 311". 

In order further to explain these concepts, consider neighborhoods of 
points sand s', where the unprimed value is always in sheet 1 and the 

• The notation w = Va is purposely avoided. In this chapter the V symbol 
will be reserved for use with positive real numbers, and when the symbol is used, a 
positive sign will be understood. In Chap. 10 the symbol V8 is used, but with a 
specific meaning defined there. 

t Polar coordinates centered at the origin can be used to identify which sheet a 
point is in only when there is a branch point at the origin. When a branch point is 
at some other point, as in some of the later examples, an auxiliary polar-coordinate sys­
tem is centered at the branch point in order to accomplish this task. 
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primed one is in sheet 2. Each of these neighborhoods will be trans­
formed into neighborhoods of corresponding points in the w plane. A 
few particular cases are considered, beginning with points 81 and 8~. 
There is no possibility of the neighborhood of 8~ becoming confused with 
the neighborhood of 81. This permits us to use the definition of con­
tinuity without being bothered by multivaluedness. 

if: II 

Area of map Area of map 
- of sheet 2 of sheet 1 

FIG. 6-2. Riemann-surface interpretation of the function w ... B~. 

A point like 82 on a "solid-line" edge of a branch cut cannot have a 
neighborhood wholly in one sheet. Its neighborhood must be in two 
sheets, as indicated by the two shaded areas in Fig. 6-2. This neighbor­
hood goes into a neighborhood of W2 in the w plane. The corresponding 
point 8~ has a neighborhood consisting of the two nonshaded circular 
segments, which transforms into a neighborhood of w;. Although the 
neighborhoods of 82 and 8~ are each in two sheets, the function is single­
valued in each neighborhood. * 

We now come to the unique feature of a branch point. If we try to 
put a small circle around s" in sheet 1, we find that points a and b cannot 

• Later on it is shown that choice of the branch cut is arbitrary. For a different 
choice, say along the positive real axis, Bl and B; would each have a neighborhood in 
a single sheet. 
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be connected; from point a we must proceed into sheet 2. If points a and 
b are allowed to approach each other, the corresponding points in the 
w plane approach a' and b', which are at the ends of a semicircle, as shown 
in Fig. 6-2c. A small circle which encircles a branch point only once 
cannot transform into a closed figure in the function plane. Two or 
more circuits (two in this example) around a branch point are required to 
give a closed figure in the function plane. Branch points are designated 
by an order number. The order is one le88 than the number of circuits 
around it required to give a closed figure in the function plane. 

The above description brings to light other distinctive features of a 
branch point. Unlike points such as 81 and 8z, a branch point cannot be 
assigned to anyone sheet of the Riemann surface, and therefore it cannot 
have a neighborhood lying in only one sheet. That is, it is impossible 
to define a. neighborhood of a branch point in which the function is 
single-valued. 

The fact that encircling a branch point only once does not close the 
figure traced in the function plane can be used to test whether or not a 
given point is a branch point. As an example, we shall test whether 
8 = 0 and 8 = 1 are branch points of the function 

At 8 = 0 we write 

giving 

and 

w = 8j.S 

8 = pi'; w = rei' 

r = VP 

If tP is increased by 211", so that point 8 = 0 is encircled once, 8 will increase 
by 11", which will carry w only halfway around the origin. Thus, 8 = 0 is 
a branch point. Now look at the pair of points 8 = 1 and w = 1. In 
their neighborhoods we write 

8 = 1 + pei '; w = 1 + rei9 

and 1 + 2rei ' + rZei26 = 1 + pei '; 

As r is made very small, the rZ term approaches zero faster than rand 80 

the above approaches 

showing tha.t point w = 1 is encircled only once when 8 = 1 is encircled 
once by a small circle. Thus, 8 = 1 is not a branch point. 

We have seen that the function described by Eq. (6-2) has a branch 
point at 8 = O. If the Riemann-sphere interpretation is introduced, we 
can also identify a branch point at the point infinity. A small circular 
path enclosing the point at infinity on the Riemann sphere becomes a 
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large circle in the flat plane. Thus, to test whether the point at infinity 
is a branch point, we look at the figure traced in the function plane as we 
follow one circuit around a large circle (approaching infinite radius) in the 
8 plane. If the function-plane figure does not close, the point at infinity 
is a branch point. The point at infinity can also be investigated by 
exaIniningf(I/8) at the origin. 

Thus it is concluded that the function w = 8J.i has branch points of 
order 1, at 8 = 0 and at infinity. They are located at ends of the branch 
cut. Every multivalued function has a branch point at each end of a 
branch cut. As we shall see later, some functions have branch cuts 
extending between pairs of finite branch points. 

We can learn a bit more about inverse functions by considering the 
inverse of 

8 = w· (6-3) 

which is conventionally written 
(6-4) 

where the exponent % is defined to mean the inverse of Eq. (6-3). In 
this case the Riemann surface has three sheets, each of which maps onto 
one-third of the w plane. With a little thought you will see that it is 
necessary to encircle the point 8 = 0 three times in order to get a closed 
figure in the w plane. Also, it is evident that infinity is a branch point 
and that both branch points are of order 2. The interconnection of edges 
of branch cuts is illustrated in Fig. 6-3 by curves C, C' , and C" and by 
the sequence of numbers. Points 2 and 3, 4 and 5, and 6 and 1 are, 
respectively, connected together. 

As a final example in this section consider a multivalued function 
having an inverse which is also multivalued. The case in point is 

(6-5) 

which can be written w2 = (8 - 1)(8 + 1) in order to show that, if either 
point 8 = 1 or 8 = -1 is encircled twice, then point w = 0 is encircled 
once. Thus, points -1 and + 1 are first-order branch points in the 
8 plane. These are the branch points of w as a function of 8. To get 
the branch points in the w plane, for 8 as a function of w, we write 

82 = (w + j) (w - j) 

which shows that in the w plane there are branch points at j and -j. 
The complete representation of this function requires Riemann surfaces 

of two sheets for each variable, as shown in Fig. 6-4. Branch cuts are 
indicated by the double lines. This situation is too complicated to adInit 
a complete graphical picture. We shall consider only the transformation 
from B to w. Branch points at B = + 1 and -1 are enclosed by four 
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circles, which go into the four semicircles with similar labels in the w plane. 
A few rectangular-coordinate lines in the 8 plane and their traces in the 
w plane are also shown. 

The distortion of the 8 plane in going to the w plane can be visualized 
by thinking of the two sides of the branch cut being pulled apart in the 
direction of the arrows, while the branch points move together. Further 
interpretation of the mapping of this function is obtained by considering 

w-plane 

Range for 
sheet 1 

FIG. 6-3. Riemann-surface interpretation of the function w = B~. 

what happens in going from one sheet to the other at the branch cut. 
For example, when going from A to A' in the 8 plane the corresponding 
w point goes along the line with similar labels in the w plane. At A I the 
branch cut is encountered in the 8 plane, and a continuation of this line 
must be B'B in the other sheet. The corresponding line is also shown in 
the w plane. Thus, in going along a vertical line in the 8 plane which 
"crosses" a branch cut (not actually crossing, but transferring to the 
other plane) we find that we go to the w-plane branch point at w = j and 
transfer there to the other surface in the w plane. This is consistent 
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with the interpretation of w = +j and -j as branch points in the 
w plane. Lines ee' and D'D show what happens in a more general case. 

6-S. The Logarithmic Function. The function 

w = log 8 (6-6) 

was introduced in Sec. 4-9. An introductory discussion of the reason 
for defining the Riemann surface, and a perspective portrayal of the 
Riemann surface for the logarithmic function, is given in Fig. 4-15. 

o 
o 
o 
o 

----t-
o 
o 
o 

A 

Sheet 1 

s-plane surfaces 

I 
I 
o 
o 
I 
o 
o 

.--t-. 

-'[t" I 
B D"1" I Sheet 2 

B D I 

A 

-.- "--"-

" Sheet 1 

" " " " w-plane surfaces 

B 

FIG. 6-4. Riemann surfaces in the w a.nd 8 pla.nes for the function WI = 8 1 - 1. 

Also, the function w = e' is treated graphically in Chap. 3; and if we 
write 8 = eW instead, we have w = log 8 as its inverse. Thus, Fig. 3-13 
describes the logarithmic function if the 8 and w labels are interchanged. 
The graphical interpretation of Eq. (6-6) is shown in Fig. 6-5, which may 
profitably be compared with Figs. 3-13 and 3-14. 

I t is to be emphasized that there are an infinity of sheets in this Riemann 
surface. Each sheet maps onto an infinite strip of the w plane. If the 
branch cut is along the negative real axis, the w-plane strips have edges at 
odd mUltiples of 11", as shown. 
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A path encircling the origin in the Riemann surface of the s plane 
produces a vertical line in the w plane. Thus, for a finite number of 
encirclements the path in the w plane does not close. But by admitting 
the point at infinity in the w plane this vertical line may be said to close 
at infinity, after an infinite number of encirclements. Thus, it is reason­
able to designate the s-plane points at zero and infinity as branch points 
of infinite order. 

Range of 
sheet 2 

'II~ Range of" 1 sheet! 

I w-plane 

Range of 
sheet 3 

FIG. 6-5. Riemann-surface interpretation of the function w = log 8. 

6-4. Differentiability of Multivalued Functions. We recall that if a 
function is to have a derivative it is necessary that ~he limit 

1
· f(s) - f(so) 1m '--'---'-----'-"'---'-

........ s - So 

shall exist. In general, this limit cannot exist if f(s) is not a single­
valued function of s, because the choice of f(s) would not be unique. 
However, let So be defined to be in one sheet of a Riemann surface, like 
Sl in Fig. 6-2, and let s be in its neighborhood in that sheet. Under these 
conditions, f(s) - f(so) is a unique function of s, and the limit of the 
differential quotient can exist. When it does exist, it is called the 
derivative of the function. Now suppose that So coincides with a branch 
point. As previously shown, at a branch point it is impossible to define 
a neighborhood in which the function is single-valued. Therefore, the 
differential quotient has no unique value, and no limit can be taken. On 
the basis of the above arguments it is concluded that no derivative can 
exist at a branch point. Thus, in addition to poles and essential singu­
larities we have a third class of singularities, the branch points. 

In considering the question of differentiability at a branch point it is 
necessary to mention that a certain point may be a branch point with 
respect to several sheets of the Riemann surface but may be a regular 
point in other sheets. You will find an example of this phenomenon in 
Sec. 6-8. 
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As we discuss the general case, let an n-valued function have a branch 
point of order m at so. From the known properties of a branch point we 
can say that So must lie in m + 1 sheets. However, it is possible, as in 
Fig. 6-6, for n to be greater than m + 1, in which case there will be 
n - m - 1 other sheets in which the corresponding point is not a branch 
point. The function may have a derivative at these other points. Thus, 
we need to include the above qualification when stating that a function 
has no derivative at a branch point. The statement is true without 
qualification only if the order of the branch point is exactly one less than 
the multiplicity of the function. 

It is important to observe, referring to Fig. 6-6, for example, that there 
must be two or more branch points in sheet 3, because that sheet must 
share a branch cut with at least one other sheet. 

\" Branch point 

~ 
80 

Sheet 1 

jBranCh point 

~ I Sheet 2 

Not a 
~branCh point 

~ -·1 Sheet3 

FIG. 6-6. Example of a first-order branch point for a three-valued function. No 
derivative caq exist at 110 in sheets 1 and 2, but it can exist at 80 in sheet 3. 

Two important conclusions are derived from the above discussion, one 
being that at points other than branch points the derivative of a multi­
valued function might possibly be multivalued, and the other that there 
can be no derivative at a branch point. 

Although we keep in mind the definition of the derivative as a limit 
process in the various sheets, we can use already existing knowledge of 
the derivative to obtain the derivative in the various sheets. All cases 
of interest can be written in the implicit form 

g(s) = hew) (6-7) 

where g(s) and hew) are analytic functions of sand w, respectively. At 
corresponding points sand w satisfying Eq. '(6-7), and where the deriva­
tives g'(s) and h'(w) exist, it follows from the theory of derivatives that 

giving 

The function 

dw 
g'(s) = h'(w) ds 

dw g'(s) 
ds = h'(w) (6-8) 
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is an example of Eq. (6-7), and from it we get the derivative of w = s!oS by 
using Eq. (6-8), as follows: 

dw 1 1 
ds = 2w = 2s~ 

or 
d(s~) 1 
(f8 = 2sli 

This result is in agreement with the usual rules for differentiation. Note 
that the derivative is multivalued. Let tP be in the range -'I/' < tP ~ 'I/' so 
that in sheets 1 and 2 s is designated, respectively, by pei+ and peM +2r ). 

Then the derivative is, respectively, 

1 
2 ypei+'2 

and 
1 1 

2 V p ei<+'2+1J') 

in these two sheets. In these formulas yp is always interpreted as 
positive. 

Another example is 
s = e'" 

from which we get 

The general point s is given by 

where n is an integer depending on the sheet in question. In a philosophi­
cal sense the derivative 

is different in each sheet. However, the above formula shows that the 
same numerical value is obtained. All values" differ" only by an integral 
multiple of 2'1/' in the angle. 

Finally, let us consider the derivative dw/ds for the multivalued func­
tion defined implicitly by Eq. (6-5). We get 

dw s 8 

ds - to = (s - 1)~(s + 1)~ 
which is double-valued. In each of these cases we observe that the for­
mula indicates nonexistence of the derivative at a branch point. 
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6-6. Integration around a Branch Point. As a further illustration of 
the usefulness of a Riemann surface, consider the integrals 

and 

where 0 is a counterclockwise closed curve encircling the origin once 

FIG. 6-7. Separation of paths of integration in the sheets of a Riemann surface. 

and 0' encircles the origin twice. For simplicity, take each curve as a 
circle of radius P, as shown in Fig. 6-7. For the first case, taking s = pei ., 

r sJi d8 = fT vP ei .p/2 (jpe;.) dtjJ Jc -T 

= % y''Pi ei~/21~T = -j% y''Pi 

For the second case, 

r , sJi ds = % y''Pi ei3./2 1
3r 

= 0 Jc -r 

Two tentative conclusions are reached from this example. First, the 
integral once around a branch point is dependent on the radius of the 

path. This was not the case for integration 
around poles or essential singularities, where 
path dimensions are unimportant. The second 
point of interest is that in going around a second 
time the integral is the negative of the first, 
giving a total of zero. With other types of 
singularities, the same value is obtained for each 
of any number of encirclements. Of course, 
the difference arises because the two sheets of 

FIG. 6-8. Effect of radius of the Riemann surface are not equivalent; and 
integration path. 

this is precisely the point being stressed. 
As a final comparison of a branch point with a pole (or essential 

singularity) let us investigate how it is that one integral is independent 
of the path radius and the other is not. Refer to Fig. 6-8, which shows 
two closed curves 0 1 and O2 (closed except for the small gap) enclosing 
an isolated singular point in a region where the function is otherwise 
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regular. There possibly is a branch cut between Caand Ct. TheCauchy 
integral theorem gives 

/o/(s) ds - /o,l(s) ds + /o/(s) ds + /o/(s) ds = 0 (6-9) 

Furthermore, if f(s) is single-valued, we can let Ca a.nd C, approach each 
other and, in the limit, 

/o,l(s) ds = - /o/(s) ds 

Then Eq. (6-9) becomes 

/o/(s) ds = /0/(3) ds 

(6-10) 

(6-11) 

showing the integral to be independent of radius of the path. However 
if the paths enclose a branch point, there must be a branch cut, which we 
shall put between the paths Ca and C,. 
Now Ca and C, are on opposite sides of 
the branch cut, and therefore they 
cannot be brought together. Thus, 
although Eq. (6-9) is still true for the 
multivalued function, Eq. (6-10) is not 

CBranch cut 

-c;-
FIG. 6-9. Integration paths on two 
sides of a branch cut. 

necessarily true, and consequently Eq. (6-11) is also not true, in general. 
It is suggested that you perform the integrations along all these paths for 
w = s~ to confirm these statements. 

One of the essential ideas to be gained from this discussion is the fact 
that integrations in opposite directions along opposite sides of a branch 
cut do not cancel. Thus, if there are two arcs such as C1 and C2 in Fig. 
6-9, in the general case we must expect that 

( f(8) d8 + ( f(8) d8 ~ 0 l01 lOt 

in contrast to the situation if there were no branch cut between the two 
paths. Here we are assuming that the integration paths are actually on 
the edges of the branch cut, and, in fact, one of them must be in a dif­
ferent sheet of the Riemann surface, since each sheet has only one edge at 
the branch cut. That is, the two arcs form the same line when the two 
sheets are superimposed. 

As another example of integration around a branch point, consider the 
integral 

!c (82 ~ 1)~ 
where C is the path shown in Fig. 6-10. The sheet shown in this figure 
will be regarded as sheet 1 of Fig. 6-4. Pertinent parts of Fig. 6-4 are 
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redrawn in Fig. 6-10. The integrand is multivalued, being the reciprocal 
of w as given by Eq. (6-5). Branch points and the branch cut are shown 
in Fig. 6-10. No singularities will be passed over if the path is distorted 
to C', and so the integral around C' will be the same as around C. C' con­
sists of two segments of opposite edges of the branch cut and circles of 
radius p around each branch point. Let C1 be the circle around point 

s-plane w-plane 

FIG. 6-10. Integration around branch points of the function w = (81 - 1) ~. 

8 = 1, and introduce the notation s - 1 = pei., ds = jpei • dl/>. Since C1 

is in sheet 1 of Fig. 6-4, it follows that -'II" < I/> ~ '11", and 

The condition p < 1 ensures that (82 - 1)~ will have a positive real part. 
The absolute value of the above expression is greater than Vp(2 - p), 
and so if the small gaps in the circles are negligible, the following upper 
bound is obtained; 

III (S2 ~s 1)~ 1< :;2V}P 
In an exactly similar way it can be shown that 

Ii. (S2 ~s l)~ \ < :;2 V}p 
These estimates will suffice for the integrals around C1 and C2• 

Now consider paths Ca and C., on which we shall write s = r, where r 
varies from 1 - p to -1 + p. On C3 we then have 

since Ca is in sheet 1. On C., which moves into sheet 2 upon being 
brought into coincidence with Ca, we have 
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It follows that· 

f ds 
( S2 - I)~ = C.+C. 

.1- 1+P dr . jl-P dr -} +} 
I-p yr::T2 -1+p VI - r2 . jl-P dr =}2 

-l+p yr::T2 
= j2[sin-1 (1 - p) - sin-1 (-1 + p)] 

Finally, we conclude from the equivalence of paths C and C' (= C1 + 
C2 + Ca + Ce) that 

1 

r ds - j2[sin-1 (1 - p) - sin-1 (-1 + p)ll Jc (S2 - l)~ 

= 11.+c. (S2 ~s l)~ I < ~ 
Now let p approach zero. The right-hand side approaches zero, and 
therefore 

Ic (8 2 ~s I)~ = j27r 

If C had been in sheet 2, the sign would have been negative. Note that, 
although the integrand becomes infinite at the branch points, these are not 
poles. We see that the integral around these branch points approaches 
zero as the radius approaches zero. This would not be true for integra­
tion around a pole. 

As another example of integration around a branch point, consider 

fc log s ds 

where C is a small counterclockwise circular path around the origin. We 
again designate a point on this circle by 

s = pei • log s = log p + jt/! 
giving fc log s ds = jp log p fo2r ei• dq, - p fo2r q,ei'; dt/! 

For finite p the first integral on the right is zero, and the second one is not 
zero, showing that again in this case an integral around a circular path 
centered at a branch point depends on the radius and that the integral 
approaches zero as the radius approaches zero. 

Sometimes integration is wanted over a portion of a small circle around 
a branch point, particularly a semicircle. Consider each of the integrals 

fc s" ds fc s" log s ds 

• In evaluating this integral by substituting limits we must use the same branch of 
sin-I r for each limit. 
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where C is a circular arc, as shown in Fig. 6-11a, and where n is a real 
number (not necessarily an integer) in the range -1 < n. With the 
same notation as before, it is evident that 

Ie s" ds = jp,,+I 10<1>· ei(n+I)<I> dcp (6-12a) 

Ie sn log s ds = jp,,+I log p Irt ej(,,+l). dcp - p"+I 10<1>1 cpeiC,,+Il. dcp 

(6-12b) 

Since -1 < n, the factor p"+l in Eq. (6-12a) approaches zero as p 

~ 
-A -p 0 P A 

(a) (b) 

approaches zero. The first integral 
on the right of Eq. (6-12b) is not 
necessarily zero. However, the 
factor pk log p approaches zero as p 

FIG. 6-11. Integration contours consist- approaches zero when k > O. This 
ing of circular arcs. can be established by applying the 
Lhopital rule. Thus, in each case the following is true, 

lim r sn ds = 0 ! p-+O Je 
lim r s" log s ds = 0 
p-+O J e 

-1 < n 
(6-13a) 

(6-13b) 

for any circular arc of radius p centered at the branch point at s = o. 
For Eq. (6-13a) the origin is a branch point only if n is not an integer. 
We note that these branch points do not need to be at the origin. The 
same conclusion is reached if s is replaced by s - So, where So is a branch 
point. 

Now suppose that F(s) is an analytic function which is regular at So, 

and let n be restricted to the range -1 < n < o. Each of the functions 

f(s) = (s - so)"F(s) and f(s) = log (s - so)F(s) (6-14) 

will have a branch point at So and an integral, over any circular arc 
centered at so, which approaches zero as the radius approaches zero. 
This can be seen by expanding F(s) in a Taylor series about So, integrating 
term by term, and then applying the above result to each term. 

By allowing F(s) in Eqs. (6-14) to be singular at So, we note that a 
branch point can also be a pole or an essential singularity. The functions 

(log s)e ll' 

are two examples. If F(s) should be singular at So, it would expand in a 
Laurent series with one or more negative-power terms. Then the condi­
tion - 1 < n stipulated in Eqs. (6-13) will not necessarily be satisfied for 
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every term, and we cannot conclude that the integral over the path 
stipulated will approach zero. 

If a function can be written in either of the forms in Eq. (6-14), and 
if 80 is a regular point of F(8), then the branch point 80 is also called 
an algebraic singularity or a logarithmic singularity in the two cases, 
respectively. 

A particularly interesting result is obtained if 80 is an algebraic or 
logarithmic singUlarity and the arc is part of a more extensive contour. 
Since the integral approaches zero as the radius of the arc approaches 
zero, this means that we can integrate "through" such a singular point 
without need to consider the circular arc at all. For example, referring 
to Fig. 6-11b, suppose that 80 is at the origin, and let Cl be the complete 
contour. In view of the above results it follows that 

lim ( f(s) ds = - lim [/ -P feu) du + J. A feu) du] 
p-+O J c. p-+o -A p 

In this chapter we are not in a position to give practical examples lead­
ing to integrations of this type. However, such integrals do arise in the 
solution of partial differential equations by the Laplace transform method 
and also in some of the theorems presented in Chap. 7. 

6-6. Position of Branch Cut. In the examples so far given the branch 
cuts were taken as straight lines between branch points. However, a 
branch cut can be any simple arc connecting two branch points; branch 
points are unique, but branch cuts are not. It is always best to choose 
the simplest branch cuts possible, as we have done in the examples. 

6-7. The Function w = s + (S2 - 1)~. A particularly interesting 
multivalued function arises from the inverse of 

which reduces to 

or 
Wi - 2ws + 1 = 0 
w = s + (S2 - 1)~ (6-15) 

This expression indicates that there are branch points at 8 = + 1 and 
-1, since there the function is single-valued. There is no branch point 
at infinity because w goes either to zero or to infinity as 8 approaches 
infinity. 

It is suggested that you now look at Figs. 3-11 and 3-12. Taking into 
account the interchange of symbols wand 8, it is seen that the branch 
points and branch cut joining them (between -1 and + 1 on the real 
axis) were anticipated in those figures. The important features are 
redrawn in the present notation in Fig. 6-12a, where the branch cut goes 
from 8 = -1 to 8 = + 1 by the most direct route. Another viewpoint 
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is shown in Fig. 6-12b, where the branch cut goes via the point at infinity. 
Although this particular branch cut goes to infinity, it does not terminate 
there; it comes back on the other side, confirming that the point at infinity 
is not a branch point. 

, _____ ~J Sheet 1 ______ 1 

L ______ l Sheet 2 ______ 1 

(a) (b) 

'----r 
* 'r-----

FIG. 6-12. Two positions of branch cuts for the function of Eq. (6-15). 

6-8. Locating Branch Points. By now presumably you appreciate 
that branch points are important in the appraisal and analysis of multi­
valued functions. So far we have considered relatively simple functions, 
for which the branch points are easily located. 

In Sec. 6-7 we used the characteristic that the function has fewer values 
at a branch point than at other points. In that case, the function was 
single-valued at the branch point. However, the function 

W = [s + (S2 - l)~l~ 

is four-valued, in general, and double-valued at 82 = 1. Thus, the points 
s = ± 1 are branch points at which this particular function is not single­
valued. 

In many cases an explicit expression is not available from which branch 
points can be recognized in the above manner. For example, it is often 
known only that a multivalued function 

W = g(s) 

is the inverse of a single-valued function 

8 = f(w) 

When this is the case, it is possible to find branch points of g(s) from the 
properties of few). 

Let Wo be a regular point off(w) at which the first n derivatives are zero. 
Such a point in the w plane is called a saddle point of order n. * Since Wo is 
a regular point, a Taylor-series expansion is possible, 

(6-16) 

• For a discussion of saddle points see E. A. Guillemin, "The Mathematics of 
Circuit Analysis," pp. 298-302, John Wiley & Sons, Inc., New York, 1949. 
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When W is near Wo, this can be reduced to the approximate equality 

s - ao == an+1(w - wo)n+1 
or W - Wo == (an+1)-l/(n+1)(s - ao)1/(n+1) 

This relationship indicates the presence of a branch point of the inverse 
function at s = ao. The branch point is seen to be of order n, because 
point s = ao must be encircled n + 1 times for point Wo to be encircled 
once, this being accurately true only 
as W is a vanishing distance from woo I 

If at least the first derivative of Sheet 1 =: __ =-=_:::_:::_-=_-= __ :::JJ""):--t--t-...... , ;---, .... , -
f(w) is zero at a point Wo, we con-
clude that this is sufficient for point Branch pOint) Regular point 

Sheet 2 , , 
ao = f(wo) in the s plane to be a I 
branch point of the inverse function --------- /-----
g(s). Since this condition is merely ( 
sufficient, it will not necessarily find Regular p\oint I BrznCh point 

all the branch points of g(s). Sheet 3 , ~L ___ _ 

It has been observed that the order ' 
I ~~M (n) of a branch point may be sma ler 

than one less than the number of 
sheets in the Riemann surface. In 

FIG. 6-13. Possible arrangement of 
branch cuts for the inverse of 8 = w' -
3w + 1. 

that case, point s = ao will be a 
regular point in some sheets. As a pertinent case, take 

and 

s = w3 
- 3w + 1 

ds - = 3w2 - 3 = 0 when w = ± 1 dw 

d
2
s = +6 

dw2 -
when w = ±1 

Thus, since the second derivative is not zero, it is seen that s = -1 and 
s = 3 are first-order branch points, each at the end of a branch cut 
between two sheets only. However, since this is a cubic equation, the 
inverse is triple-valued and there must be three sheets in the s plane. 
These three sheets, and one appropriate set of branch cuts, are shown in 
Fig. 6-13. Points s = 3 and s = -1 are regular points, respectively, in 
sheets 1 and 3. This is a specific numerical example of the principle 
originally illustrated in Fig. 6-6. 

To find another sufficient condition for a branch point, suppose that 
f(w) has a pole of order n + 1 at woo The Laurent series about Wo is 

s = f(w) = bn+1(w - wo)-(n+1) + bn(w - wo)-n + . .. (6-17) 

When w is near Wo, this can be reduced to the approximate equality 

s == bn+1(w - wo)-(n+l) 

or W - Wo == (bn+1)l/(n+1)(s)-1f(n+1) (6-18) 
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Equation (6-18) implies a branch point of order n at the point infinity in 
the s plane. No branch point occurs if the pole is simple. This gives 
another sufficient condition for a function g(s) to have a branch point, 
namely, if few) has a pole of order greater than 1. The order of the 
branch point is one less than the order of the pole. 

This condition can be extended to include poles of few) at infinity, but 
Eq. (6-18) does not handle that case. When few) has a pole of order 
n + 1 at infinity, for large Iwl the approximation 

s = few) == Awn+! 

can be used. A is a constant. Solving for w gives 

w == (A)-lf(n+!)(s)l/( .. +!) (6-19) 

which implies a branch point of order n at the point infinity in the s plane. 
When n = 0 [a first-order pole of few) at infinity], there is no branch point 
of its inverse at infinity. 

Finally, when few) has an essential singularity at some point Wo, we 
should expect its inverse to have an infinite-order branch point, because 
then the Laurent series about a finite point has an infinite number of 
negative-power terms like Eq. (6-17). If there is an essential singularity 
at infinity, the Taylor series has an infinite number of positive-power 
terms in wand this also indicates the presence of an infinite-order branch 
point. Although it is true that the inverse function will have branch 
points related to essential singularities of few), the function few) is of no 
aid in finding the branch points, becausef(w) approaches no unique point 
on the Riemann sphere at an essential singularity. (A function is not 
infinite at an essential singularity, except when approached from a 
certain direction.) The function s = e'" is a pertinent case. Its inverse, 
log s, has infinite-order branch points at zero and infinity, but these 
values are not derivable from the essential singularity of e"', which is at 
the point infinity in the w plane. 

According to these briefly outlined ideas, we can find branch points of 
a function g(s) in many cases by looking at the functionf(w) of which g(s) 
is the inverse. However, this will not find all the branch points, if few) 
has an essential singularity; but it does suffice in many cases. The pro­
cedure is particularly useful for the important case wheref(w) is a rational 
function. 

6-90 Expansion of Multivalued Functions in Serieso An expansion of 
g(s) in a Taylor series about a point So is possible if So is in one sheet of the 
Riemann surface. Of course, g{s) must be regular at So and the expan­
sion, which is single-valued, will represent the function only in the sheet 
in which So is located. Branch points are singular, and so radii of con-
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vergence will be limited by branch points in the same way as by other 
singularities. 

As an example, we shall expand 

g(s) = S~ (6-20) 

about the point s = 1 (for sheet 1) and s = eib (for sheet 2). The 
derivatives are 

g'(s) = Y2s-~ 
g"(s) = -Xs-% 

g"'(s) = %s-% 

giving the following values for the two sheets: 

Sheet 1 Sheet 2 

80 ei2'" 
g(so) 1 -1 
g'(so) }2 -}2 
g"(so) -% % 
g'" (80) % -% 

The following two series are obtained: 

g(s) = 1 + ~(s - 1) - %(s - 1)2 + 71'6(S - 1)3 

(6-21) 

+ . .. about So = 1 (6-22a) 
g(s) = -1 - ~(s - 1) + %(s - 1)2 - 71'6(S - 1)3 

+ . .. about s~ = &2r (6-22b) 

The radius of convergence is 1, because of the branch point at 8 = O. 
The function 

g(s) = log s (6-23) 

provides another example. Points on all the infinite number of sheets 
corresponding to point 8 = 1 on sheet 1 can be written &2rn, where n is a. 
positive or negative integer. The derivatives are 

and at So = eibn 

g'(s) = S-1 

g"(s) = -S-2 

9"'(s) = 2s-3 

g(So) = j27r1t 
g'(so) = e-i2rn = 1 

g"(so) = _e-i4rn = -1 
g'''(so) = 2e-ibn = 2 
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and the series for the various sheets are represented by the one formula 

g(s) = j27r1t + (s - 1) - %(s - 1)2 + 73'(s - 1)3 + . .. (6-24) 

As we should expect, on the various sheets the function differs only in the 
imaginary part. The radius of convergence is 1, as determined by the 
branch point at s = 0, and as can also be seen by looking at the coefficients. 

These two examples show how the Riemann-surface concept serves to 
clarify the writing of series for multivalued functions. Without the 
Riemann surface a Taylor series would be impossible. 

6-10. Application to Root Locus. The theory of multivalued inverse 
functions is of practical value in predicting stability as a function of gain 

in a single-loop feedback system. 
In the system portrayed in Fig. 6-14 

E2 the output/input function is 

E2 kA(s) 
F(s) = El = 1 _ kA(s)H(s) (6-25) 

FIG. 6-14. A single-loop feedback sys- where kA(s) is the transmission 
tern. 

function of the amplifier and H(s) is 
the transmission function of the feedback path. The real number k is 
introduced to represent a gain adjustment. 

The roots of the equation 

1 - kA(s)H(s) = 0 (6-26) 

are the characteristic values which determine the form of the natural 
response. Roots having positive real parts indicate instability. We are 
interested in determining the locus of roots of Eq. (6-26) as k varies. 
This is one type of problem in the category of root-locus problems wherein 
loci of roots are plotted as functions of some variable parameter. 

Now define the functional relationship 

w = A(s)H(s) (6-27) 

and consider the multivalued inverse function 

s = few) (6-28) 

In general A (s)H(s) is a ratio of polynomials. Roots of Eq. (6-26) are all 
those values of s determined from Eq. (6-28) when w = l/k. As k varies, 
w ranges over the real axis in the w plane. Therefore, we shall learn 
much about the roots by finding the lines in the s plane which transform 
into the real axis of the w plane. These lines are the root loci. Knowl­
edge of properties of multivalued functions, and particularly an under­
standing of behavior near branch points, helps materially in finding the 
root loci. 
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Branch points of f(w) on the real axis and at infinity are significant. 
From previous discussions we know that the portion of the real axis in 
the neighborhood of a branch point Wo on the real axis transforms into a 
system of radial" spokes, " as shown in Fig. 6-15, for the case where the 
corresponding point 80 is finite. The number of spokes is 2(n + 1), 
where n is the order of the branch point. Alternate spokes correspond 
to portions of the real axis to the right and left of Wo if Wo is finite, and to 
portions of the real axis extending to + <Xl and - <Xl if Wo is at infinity. 
Thus, at any finite point 80 corresponding to a branch point Wo the root­
loci curves will intersect in the manner of Fig. 6-15. 

_______ (,BranCh point 

Wo 

w-plane 

------~ 
(a) 

-----~~'*-/,' , , 
" , , , 

B·plane ' , 
(b) 

FIG. 6-15. Mapping of the real axis in the neighborhood of a real branch point in the 
8 plane. (a) Second-order branch point; (b) third-order branch points. 

Now suppose that A(8)H(8) has a pole of order n at infinite 8. Then 
infinity in the w plane is a branch point of order n - 1. Consider a 
Laurent expansion of A(8)H(8) about the origin, in the region outside all 
singularities, 

w = ... + a_2 + a_l + ao + alS + . . . + a,,_ls"-l + a,,8" (6-29) 
S2 S 

Behavior at infinity can be roughly estimated by keeping only the last 
term, 

w == a"s" (6-30) 

and taking w = rein, where v is any integer, which ensures that w will be 
real. Corresponding values of 8 are 

(6-31) 

This shows that loci approach infinity along the equally spaced radial lines 
specified by Eq. (6-31) for successive values of v. Alternate lines corre­
spond to positive and negative parts of the real axis, corresponding, 
respectively, to even and odd values of v. This analysis does not locate 
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the center of this star of radiating lines. To get this, look at the two-term 
approximation 

and try 
W == a,,_lS,,-l + ans" 
s=peN'+B 

(6-32) 

which, for constant q, and variable p, represents a line radiating from 
point s = B. SUbstituting in Eq. (6-32) gives 

rei"r = a,,(p"ein40 + nBpn-1ei(n-ll40 + ... ) + an_l(pn-lei(n-ll40 + ... ) 
= anP"ein40 + (na"B + a n _l)p,,-lei (n-ll40 + . . . (6-33) 

With increasing p we see that the angle of the right-hand side approaches 
an integral mUltiple of 11' most rapidly if the second term is zero. Thus, 
the asymptotes are given by 

where 

s = B + (:"Y'" r1'''ei''r'" 

B = _ an_l 
na" 

(6-34) 

The point s = 00 can correspond to a branch point in the finite w plane, 
say woo In such a case the above analysis can be applied to the function 
1/(w - wo) in order to locate the asymptotes of the root loci. The above 
treatment applies only if Wo is real. 

These ideas may be reinforced by considering some examples. First 
consider 

s(s + 2) 
w = A(s)H(s) = (8 + 1)3 

By inspection it is seen that there are a third-order pole at s = -1 and 
therefore a second-order branch point at w = 00. 

Other branch points are obtained by setting the derivative equal to 
zero, 

dw = (s + 1)2[(s + 1)(2s + 2) - 3(S2 + 2s)] = 0 
ds (s + 1)6 

giving 82 + 28 - 2 = 0 

8 = -1 + 0, -1 - 0 
Corresponding values of w, the branch points, are, respectively, 

w = 0.385, -0.385 

A test will show that these are first-order branch points. 
The Riemann surface in the w plane has three sheets, and therefore we 

expect to find three lines in the 8 plane, corresponding to the real axis in 
each of the three sheets. It is perhaps preferable to think about the posi­
tive and negative parts of the real axis separately. We start at the origin 
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in the W plane and move along the positive real axis, assuming simultane­
ous motion in all three sheets. Corresponding points will move from 
zeros of A(s)H(s) in the s plane (the points s = 00, -2, and 0). Arrows 
in Fig. 6-16 indicate this progress of 8-plane points as they trace out the 
locus, while w moves toward infinity along the positive real axis. Note 
the behavior at the branch point, showing a right-angle turn in each of the 
s-plane loci. Without precisely defining the correspondence of s-plane 
points with points in the three surfaces, it is impossible to specify which 
locus turns upward at 8 = 0.732. The one coming from 8 = 00 was 
chosen arbitrarily. A similar analysis applies for the negative real axis, 
yielding the loci shown dashed. 

The system would be unstable for all values of w = 11k corresponding 
to loci points in the right-half s plane. Suppose that k starts at + 00 and 
moves toward zero. Then w moves in the direction described above, 

-< ___ ~l::-~POims 
-1 1 

w-plane 

-1 

FIG. 6-16. Root loci for 8(S + 2)/(8 + 1)1. 

s·plane 

w-zero 
at 8=00 

branches at point s = 0.732, and at some value of w = WI (where 
8 = jWl, -jWl) crosses over into the left half plane. The corresponding 
value kl = 1/wJ is the upper limit of gain for stable operation. 

In this case kl can be found rather easily, although a similar computa­
tion will often involve the solution of a high-degree equation. At point 
8 = jWl we know that w is a real number 11k. From the original equation 
11: and ware obtained as solutions of 

1 jw(2 + jw) 
k = (1 + jW)8 

which gives the two equations 

kw 2 = -(1 - 3(2) 

2kw = (3w - ( 3) 

when real and imaginary parts are equated. Eliminating k yields the 
equation 

w4 + 3w2 - 2 = 0 

having the positive solution 

",2 = 0.561 
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The negative solution is of no value because W must be real. Thus, we 
have found WI = .y0.561 = 0.749. The corresponding value of k is 

k = 3 - w
2 = 2.44 = 1 22 
22' 

With the aid of the root-locus diagram we see that the system is stable if 

k < 1.22 

As you appraise this development, you may wonder why this solution for 
limiting value of k could not proceed without help of the root-locus dia­
gram. It is certainly true that the critical value of k is found by a purely 
algebraic process. However, this algebraic process would merely give 

__ L~~~~I-p--toi...,ntsf---+-_ 6 

-0.2 -0.1 0_1 0.2 

w-plane 

FIG. 6-17. Root loci for 8(8 - 2)/(8 + 1)1. 

the value of k when s is purely imaginary. It would not tell in which 
direction s is moving as k varies. In other words, the root locus tells us 
which way to place the above inequality sign. It also provides assurance 
that there will be no other critical value of k. The root-locus plot is a 
kind of picture of the function which provides certain key information at 
a glance. Cases which are complicated bring advantages of the root 
locus into sharper focus. 

Before going to a significantly more complicated case, consider what 
(lhanges ensue when the previous case is replaced by the nonminimum 
phase function 

s(s - 2) 
w = A(s)H(s) = (s + 1)3 

An analysis exactly paralleling the previous one shows that the inverse 
function has branch points at w = -0.236 and +0.070, for which the 
corresponding critical points in the s plane are, respectively, 0.355 and 
5.65. The locus is shown in Fig. 6-17. In this case there are two values 
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of k for which there is a transition across the jCJJ axis. To find them, we 
set 

1 jCJJ( -2 + jCJJ) 
k = (1 + jCJJ)8 

and proceed as before to solve for k and CJJ. With the stipulation that 
each shall be real, we get 

CJJ4 - 9CJJ2 + 2 = 0 

which has roots CJJ2 = 8.77 and 0.225. Both of these are positive, and so 
we get 

CJJI = 2.96 

with corresponding values 

kl = 2.89 

CJJ2 = 0.475 

k2 = -1.39 

Negative k of course represents a reversal of connections somewhere in 
the system. Inspection of the direction of motion on the locus shows 
that we move in the direction of stability with decreasing k at both kl and 
kl (decreasing in an algebraic sense). Therefore, the system would be 
stable in the range 

-1.39 < k < 2.89 

As a final example, consider 

w = A(8)H(8) 
8(8 + 1) 
(8 + 2)6 

There is a fourth-order branch point at infinite w, due to the multiple pole 
at 8 = - 2. There is also a second-order branch point at W = 0, due to 
the multiple zero at infinite 8. The other branch points are found as 
before, by setting derivatives of A(8)H(8) equal to zero. By routine 
algebra it is found that the first derivative is zero at 8 = ±0.82, giving 
corresponding branch points at w = 0.00837 and -0.0646. The second 
derivative is not zero at either of the above values of 8, and so it follows 
that these are first-order branch points. 

The branch point at w = 0 is of second order and causes the loci to 
radiate toward infinity asymptotically along 60° radial lines, as shown in 
Fig. 6-18. The point of intersection of these asymptotes is found from 
Eq. (6-34) after suitable manipulation of the given function to cast it in a 
suitable form for recognizing the coefficients an and a..-l. Equation (6-29) 
is written for a function having a pole at infinity, but in the present case 
there is a zero at infinity. Accordingl)t, we look at the reciprocal, in 
expanded form, 

1 86 + 1084 + 4088 + 8082 + 808 + 32 
A (8)H(8) 8 2 + 8 
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By division, the two highest-order terms are 

8 1 +982 + ... 
and so the intercept of the asymptotes is at 

B = -% = -3 

This information is enough to establish the general form for the loci 
shown in the figure. Two critical values of k are found by finding real 

w·plane 

FIG. 6-18. Root loci for 8(8 + 1)/(8 + 2)1. 

values of k and w which are solutions of 

1 jw{1 + jw) 
k = (2 + jw)' 

Routine algebra yields the following pair of equations, 

w' - 40w2 + (80 - k) = 0 

w' - 80 - k w2 + 32 = 0 
10 10 

which combine to give 

Wi - 30w' + 32 = 0 
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having approximate roots w2 = 1.05, 29.7, -1.02. Positive values give 
intercepts on the W axis as follows: 

WI = Y1.05 = 1.025 W2 = Y29.7 = 5.45 

The corresponding values of k are, respectively, 

kl = 29 k2 = -225 

and the system is found to be stable in the range 

-225 < k < 39 

In each of these examples, along with the limiting values of gain, we 
also obtained corresponding values of w. These values of ware the 
imaginary parts of the characteristic values of the system and, in the 
light of information given in Chap. 1, give the frequency at which the sys­
tem would oscillate as it goes into the region of instability. Thus, if k 
moves farther than -225 in the negative direction, the system will begin 
to oscillate at an angular frequency of 1.025. Moving in the other direc­
tion at k = 39 would give oscillations at an angular frequency of 5.45. 

Root locus is one of those areas in which complex-variable theory makes 
a great contribution. Central in this contribution are the properties of 
branch points and the concept of conformal mapping. From the theory 
of mapping we know that the locus curves can cross only at zeros, poles, 
or branch points. In fact, since zero and infinity in the w plane are on 
the real axis, the locus curves are conveniently regarded as curves going 
from zeros to poles (two curves from each zero to each pole, corresponding 
to positive and negative parts of the real w axis) and passing through and 
branching at s-plane traces of the real branch points. Branching takes 
place at equal angles, in the manner already indicated. The knowledge 
that loci can cross only at branch points, zeros, or poles is very helpful in 
estimating the curves qualitatively from a very small amount of data. 
In these examples we have deduced the essential characteristics of the 
curves from the computation of singular points and the critical points 
where they cross the jw axis. These are relatively simple calculations, 
and so by using this viewpoint a relatively large amount of qualitative 
information is obtained economically. 

PROBLEMS 

8-1. Referring to Fig. 6-4, how do rectangular coordinates in the w plane transform 
to the 8 plane? 

8-2. For the function 
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show traces in the 8 plane of smaIl circles around the branch points at ±j in the 10 

plane. 
6-3. Consider the function 

8=10' +10 

and write 10 as an explicit function of 8. Then sketch w-plane loci corresponding to 
the circles 181 - ~, 34, ~. 

6-4. Prove by using the test for encirclements that the function given in Eq. (6-15) 
has no branch point at infinity. 

6-6. The Riemann surface for 

10 = sin-I 8 

has an infinity of sheets. Show three sheets, and indicate how they are joined at 
appropriately chosen branch cuts. Sketch some curves in the 10 plane corresponding 
to rectangular coordinates in two of the 8-plane sheets. 

6-6. Investigate the mapping properties of 

10 = e(')~ 

6-7. Obtain three terms of the Taylor expansion of the inverse of 8 = 10' - 3w + I, 
expanded about 8 = 3 at the point in the sheet in which 8 = 3 is not a branch point. 

6-8. Considering 10 = /(8) to be the inverse of 8 = 103 - 3w + I, obtain three 
terms of each of three Taylor series for /(8), expanded about point 8 = O. In each 
case specify the radius of convergence. Roots of this equation are 10 = -1.8794, 
+0.3473, + 1.5321. 

6-9. Obtain the integral 

by converting to a real integral, where C is a counterclockwise circle of radius unity, 
centered at the origin. Do this for the following cases: 

(a) C begins and ends at point 8 = -1, starting in the sheet for which (-1)~ = j. 
(b) C begins and ends at point 8 = 1, starting in the sheet for which (l)~ = 1. 
(c) Repeat part b, but using the sheet for which (1)~ = -1. 
6-10. Consider the function 

e' 
/(8) = [1 + (8 + 1)~J' 

and let CI and C. be circles, of radius 0.5 centered at the origin, in the sheets which 
correspond, respectively, to (1)~i = 1 and (1)~i = -1. Let C; and C~ be similar 
circles of radius 2, in the same respective sheets as CI and C.. (C; and C. cannot be 
completely closed, because each encounters a branch cut.) Assuming counterclock­
wise integration, find: 

(a) ( /(8) dB lc. 
(c) !C,,!(8) dB 

6-11. Find the integral 

(b) ( /(8) dB lc. 
(d) !C,,!(8) dB 

!C U(II) de 



MULTIVALUED FUNCTIONS 199 

where g(8) is the inverse of 8 = w' - 3w + 1, and where C is a counterclockwise 
circle centered at the branch point at 3 = 3 and of radius 2. Integration starts and 
ends at point 8 ... 1. (HINT: Convert to a real integral, and, by looking at the graphi­
cal interpretation of an integral as an area, convert to an integral which can be 
evaluated.) 

6-12. The function 

• -/(w) - 3w' + 4w' - 6wl - 12w + 9 

has zeros at w - 0.6767, 1.0961, -1.5530 ± j1.2775. The inverse 

w - U(8) 
is multivalued. 

(a) Locate the branch points of U(s). 
(b) In the w plane sketch the loci corresponding to the positive and negative real 

and imaginary axes of the B plane. Along with this, clearly indicate the saddle 
points (traces of the branch points) and the zeros of I(w). Also, show the pertinent 
asymptotes. 

(c) Consider three circles of radii 0.5, 1.0, and 1.2 centered at the origin in the w 
plane. Sketch their traces in the B plane. 

6-13. For the multivalued function 

1 
I(B) = 1 - 8l-S 

(a) Obtain the Laurent expansion about point B = 1, in the sheet for which (1)l-S = 1. 
(b) Obtain the Taylor expansion about pointB = l,inthesheetforwhich(I)l-S = -1. 
6-14. For the multivalued function 

1 
/(8) "" log 8 - 1 

(a) Obtain the Laurent expansion about point 8 ... e, in the sheet for which log /l ... 1. 
(b) Obtain the Taylor expansion about point B = Il, in the sheet for which log /l ... 

1 + j2r. 
6-11i. For the two functions 

(a) MB) ... sin Bl-S (b) 16(8) ... cos 8l-S 

obtain Taylor-series expansions about B - 'JI", and specify the radius of convergence 
of each. Also, consider the possibility of expanding about B .. 0 in each case. Axe 
these functions both of the same kind? 

6-16. One formula for the nth-order TchebyshefI polynomial is 

T (B) ... (-2)"n! (1 _ at) d
ft 

(1 _ Bt)ft-l-S 
• (2n) I daft 

By using the known series 

(1 + B)l-S "" 1 + ~8 - ~'at + ~6Bs + 
obtained from Eqs. (6-22), employ the Cauchy integral formulas to prove that 

neven 
nodd 
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6-17. Sketch the root locus for the following functions: 

( ) S(8 + 1) 
a (8 + 2)1 

(b) 8(S - 1) 
(8 + 2)1 

( ) 8(8 + 1) 
c (8 + 2)< 

and determine the range of gain for stable operation as well as the natural frequencies 
at the points of transition to instability. 

6-18. Let the loop-gain function of a feedback system be 

k 
(8· + 4s + 5)2 - 4 

Sketch the root locus, and determine the range of k for stable operation. 
6-19. The following nonminimum phase system function 

s - 1.5 
A(s)H(s) = (8 + 0.5)(8 + 1.5) 

is used in a feedback loop. Determine the critical points from which the root locus 
can be estimated, and sketch the root locus. Determine the range of k for stability 
and the natural frequency at the point of transition from stability to instability. 

6-20. An open-loop unstable system is described by the function 

8 + 1.5 
A(s)H(s) = (s + 0.5)(s - 1.5) 

Determine the critical points from which the root locus can be estimated, and sketch 
the locus. Determine the range of k for closed-loop stability and the natural fre­
quency at the point of transition from stability to instability. 



CHAPTER 7 

SOME USEFUL THEOREMS 

7-1. Introduction. Much of the theory of linear system performance 
deals with the properties of a certain limited class of functions of a com­
plex variable. In this chapter we shall state and prove a few of the 
theorems which apply to the more important of these classes of functions. 
These theorems therefore are grouped with that part of the book given 
over to the basic theory. Of course, they are only a small part of the 
many theorems which can be proved; but they are theorems of particular 
interest because of their wide applicability. 

7 -2. Properties of Real Functions. A real function of a complex vari­
able s is defined as a function which is real when s is real. As illustrated 
in Chap. 1, polynomials with real coefficients are important in the study 
of linear systems. Such polynomials are real functions. Other examples 
of real functions are e' and cos s. 

Real functions have certain simple but important properties, which 
will now be discussed. Our attention will be confined to functions which 
are real, single-valued, and analytic, henceforth referred to as real analytic 
functions. We begin with the following theorem: 

Theorem 7-1. If f(s) is a real analytic function, then all its derivatives 
are real analytic functions. 

PROOF. Let Uo be a real point at which the derivative exists. The 
differential quotient can be written in two ways, as follows: 

Ii 
f(uo + ~s) - f(uo) l' f(uo + ~u) - f(uo) 

m = 1m 
<1 ..... 0 t::..s <1tr--+0 ~u 

The limit on the left is df(s)/ds, and the limit on the right is df(u)/du. 
Thus, 

df(s) I = df(u) I 
ds ,-cr. do- cr-cr. 

(7-1) 

Butf(u) is real, and so its derivative with respect to the real variable u is 
also real. The process may be continued for all derivatives. 

201 
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The second theorem is as follows: 

Theorem 7-2. If f(8) is single-valued, regular, and real over a segment 
of the real axis, then at all regular points 

f(a) = 1(8) 

and f(8) is a real analytic function. 

(7-2) 

PROOF. Since the function has points of regularity, by definition it is 
analytic. If 0"0 is a real regular point interior to the defined interval of 

FIG. 7-1. Analytic continuation of a real function into symmetrical (mirror-image) 
regions. 

regularity, we can obtain an element of f(8) by expanding as a Taylor 
series about 0"0, 

U8) = f(O"o) + /,(uo) (8 - uo) + f"~o) (8 - uo)2 + ... 

within circle Co in Fig. 7-1. The sUbscript on!t(8) implies an element of 
f(8). By a proof similar to that of Theorem 7-1, each coefficient is real. 
Therefore, for the general term 

f_\"_>(_O"_o) (a _ 0"0)" = f_<"_>(_O"_o) (7"8---U ..... o)..-::" 
nl n! 

It follows that 
!tea) = !t(8) (7-3) 

which may also be written 
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f(s) = l(ij 8inCo 

Now choose a complex point 81 within this circle of convergence, and 
expand in a new Taylor series about 81, to give a second element, 

Also expand about Sl to give a third element, 

h(8) = h(Sl) + f~(Sl)(8 - Sl) +f~'~Sl) (8 - Sl)2 + (7-5) 

These will converge, respectively, inside circles C and C'. At the moment 
we do not know whether R = R'. However, all derivatives of f(8) can 
themselves be expanded in series which converge inside Co. The coeffi­
cients in these series are real, and so Eq. (7-3) applies to each derivative, 
giving 

and so 

f~ (Sl) = fTCiJ 
f~' (Sl) = f~' (81) 

8 in C (7-6) 

Therefore, whenever 8 is in the circle of convergence of h(8), S will be in 
the circle of convergence of f3(8) , showing that R = R'. The two circles 
of convergence are mirror images of one another, reflected in the real axis. 

This process of analytic continuation is repeated indefinitely, to cover 
the whole 8 plane. Always a pair of symmetrically located circles will be 
obtained, showing that for the general case 

f(s) = f(8) (7-7) 

A point 8 = U1, outside the original region wheref(8) is specified as real, 
is a special case of the general point in Eq. (7-7). But it1 = U1, and so 
f(U1) = f(U1), and this is possible only if f(U1) is real. 

There are three important corollaries to this last theorem: 

Corollary 1. At all regular points of a real analytic function, 

f(s) = J(s'5 

Corollary 2. Complex zeros and singular points of a real analytic func­
tion occur in conjugate pairs. 

Corollary 3. Corresponding coefficients in two Laurent expansions 
about a pair of conjugate points of a real analytic function are complex 
conjugates. 
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The part of Corollary 2 relating to zeros follows directly from Eq. (7-2); 
if B" is a zero of f(8) , then S" must also be a zero of f(8). To prove the part 

FIG. 7-2. Integration contours for 
evaluation of coefficients of Laurent 
expansions at a pair of conjugate 
points. 

relating to singular points, observe that 

/,(s) = 1'(8) (7-8) 

and suppose that Bb is singular and that 
!& is not singular. From Eq. (7-8) we 
would get 

/' (Bb) = J'(i;J 

The right-hand side would exist, while 
the left-hand side would not, showing a 
contradiction, which proves that Sb must 
be singular if Bb is singular. 

In order to prove Corollary 3, think of 
the formulas for the coefficients of the 
Laurent expansions about the pair of 
conjugate points 8. and s., using the cir­

cular integration contours shown in Fig. 7-2. The coefficients of the nth 
terms are, respectively, 

-..!.. ( fez) dz 
21rj }a (z - B.),,+1 for point B. 

1 ( fez') d' 
- 27rj }a' (z' - s.),,+1 Z for point s. 

Note the minus sign in the second case, which arises because C' is oriented 
in the negative sense. In these two integrals, respectively, let 

z = B. + rel' 
z' = s. + re-il 

dz = jrel9 d9 
dz' = - jrel9 d9 

and then the above two integrals become, respectively, 

J.. [21r f( B. +. rel9) d9 
2 ... }o r"&'" 

and 

The integrand of the second integral is the conjugate of the integrand of 
the first, and both integrals are with respect to the real variable 9. 
Therefore, the integrals are themselves conjugates, and we write the 
equation 

_ -..!.. ( fez') dz' = -..!.. ( fez) dz 
27rj } a' (z' - 8.),,+1 2rj ) a (z - 8.),,+1 

which shows that the coefficients bear a conjugate relationship. 
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7-3. Gauss Mean-value Theorem (and Related Theorems). In this 
section we shall prove the following theorem: 

Theorem 7-3. Letf(s) be regular inside and on a circle C with center at 
So = Uo + jwo. Then, in the notation f(s) = u(u,w) + jv(u,w), if u" and 
v" are, respectively, the averages (with respect to e) of u and v on C, it is 
true that 

u(uo,wo) = u" 
v(uo,wo) = Va 

PROOF. The conditions stated in the theorem permit us to write the 
Cauchy integral formula for f(so) , 

f(so) = ~ ( f(s) ds 
27rJ}c s - so 

(7-9) 

But C is a circle of radius r, and so we have s - 80 = rei9 and ds = jrei9 de, 
giving 

1 (2 .. 
f(so) = 27r}o f(so + rei9) de 

This is equivalent to the pair of expressions 

u(uo,wo) = 2~ 102 
.. u(uo + r cos 8, "'0 + r sin 8) d8 

1 (2 .. 
v(uo,wo) = 27r}o v(uo + r cos e, "'0 + r sin e) d8 

(7-10) 

(7-11) 

The above integrals are, respectively, the averages u" and v,,, taken with 
respect to (J. 

Another useful theorem can be derived, as follows: 

Theorem 7-4. Let f(s) be regular in and on a circle C with center at 
So = Uo + jwo. Also, let M .. and m.. be, respectively, the maximum and 
minimum of u(u,w) on C (and similarly let M. and m. be the respective 
maximum and minimum of v on C). Then 

m .. ~ u(uo,wo) ~ M .. 
m. ~ v(uo,wo) ~ M. 

(7-12) 

with the equality signs holding simultaneously in both equations (if at all) 
if and only if f(s) is identically constant. 

PROOF. The functions u(u,w) and v(u,w) on C are functions of the single 
variable e. The average of such a function must lie between its minimum 
and maximum; thus the inequality signs are established. Furthermore, 
the average is equal to the maximum (or minimum) if and only if the 



206 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

function is constant, and therefore the equality signs apply simultane­
ously on each side of each equation. We have yet to prove that the 
equality signs apply simultaneously in both equations and that this is true 
if and only if f(s) is identically constant. Now assume that u(O",w) is 
constant on C, and let f(s) be written in a Taylor series, for s on C, as 
follows: 

(7-13) 

from which the real component on C is seen to be 

u(O",w) = u(O"o,wo) + 1f'(so)lr cos (8 + al) + II";so)I r2 cos (28 + a2) + 

where aI, a2, etc., are, respectively, the angles of l'(so), l"(so), etc. 
The above expression is constant if and only if each coefficient of the 
8-dependent terms is zero. Thus, all derivatives must be zero at f(so), 
and so f(s) is identically constant. A similar proof would apply for the 
imaginary component. Thus, the theorem is proved. 

A corresponding theorem can be proved for the function If(s) I, as 
follows: 

Theorem 7-5. If f(s) is regular in and on a circle C with center at So, and 
if M and m are, respectively, the maximum and minimum of If(s) I on C, 
then 

m ~ If(so) I ~ M 

if f(s) has no zero inside C, and 

If(so) I ~ M 

(7-14) 

(7-15) 

if f(s) has a zero inside C, the equality signs holding simultaneously (if at 
all) if and only if f(s) is identically constant. 

PROOF. If M is the maximum of f(s) on C, from Eq. (7-10) we get 

1 (2r 
If(so) I ~ 211"}o If(so + rei6

) I d8 ~ M 

Furthermore, if f(so) has no zero inside C, a similar relation for the func­
tion l/f(s) gives 

1_
1_1 ~..!.. (2" 1. d8 ~ ! 

f(so) - 211"}o If(so + re16) I - m 

Thus, if f(s) has no zero inside C, we have shown that 

(7-16) 
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If f(s) is identically constant, m = M and the equality signs apply on 
both sides of Eq. (7-16). Now suppose f(s) is not identically constant. 
Since there is no zero of f(s) inside C, we know that /(so) cannot be zero, 
and one other term in Eq. (7-13) must be different from zero. This 
equation then shows that If(s) I cannot be constant on C, and therefore 
that it must have an average on C lying between m and M. Thus, we 
have 

If(so)1 ~ ;71' !o2r If(so + rei')1 dB < M 

A similar development establishes that 

m < If(so) I 
if f(s) is not identically constant. We have proved that neither equality 
sign applies in Eq. (7-14) if f(s) is not identically constant, and that both 
equality signs hold if f(s) is identically constant. 

If f(s) has a zero inside C, the Cauchy integral formula does not apply 
to l/f(s) , and so we get Eq. (7-15) instead of Eq. (7-14). If /(s) is 
identically constant (and therefore zero), the equality sign obviously 
holds. Now assume that f(s) is not identically constant. If /(so) F- 0, 
the previous argument yields the information that If(so) I < M. How­
ever, it is now possible to have f(so) = 0, in which case Eq. (7-13) shows 
that If(s) I wil~ be constant on C if all derivatives except the first are 
zero at so. Thus, for this particular case the earlier argument that 
If(s)1 cannot be constant on C does not apply. However, sincef(so) = 0, 
we must have If(so) I < M unless 
M = 0, in whichcasef(s) is identically 
constant, contrary to the original as­
sumption. Thus, the equality sign 
in Eq. (7-15) applies if and only if 
f(s) is identically constant and equal 
to zero. 

7 -4. Principle of the Maximum and 
Minimum. Theorems 7-4 and 7-5 
give estimates of a function at the 
center of a circle, in terms of values on 

FIG. 7-3. A simple closed curve in the 
8 plane lying in a region where !(8) is 
regular. 

the circle. We now extend these two theorems to regions having bounda­
ries which are noncircular simple closed cnrves, like Fig. 7-3. 

Theorem 7-6. Let R be the region consisting of C and its interior, and 
letf(s) be regular and not identically constant in R. Then the maximum 
values of If(s)l, u(O',w) , and v(O',w) in R occur on boundary C; and the 
minimum values of u(O',w) and v(O',w) in R occur on boundary C. If f(s) 
has no zero in R, If(s) I also attains its minimum in R on boundary C. 
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PROOF. The proof is exactly the same for all three functions. Suppose 
that we assume that there is an internal point So at which If(so)I attains 
the maximum of If(s) I for s in R. By Theorem 7-5 there is a point s~ on a 
circle centered at So having the property 

If(so)I < If(s~)1 
But this contradicts the assumption that If(so)I is the maximum in R, and 
so no internal point can be a maximum of If(s) I. If f(s) has no zero in R, 
we assume that If(so) I is a minimum and are again led to a contradiction. 
Similar results are obtained for the functions u(u'''') and v(u,,,,) by using 
Theorem 7-4. 

The principles of the maximum and minimum have very simple geo­
metric interpretations. Think of the contour C in the s plane and its 
trace in thef(s) plane. Two cases are illustrated in Fig. 7-4, at (b), where 

o 
s·plane 

{(s)-plane {(s}plane 

(a) (b) 
(e) 

FIG. 7-4. Geometrical illustration of principle of the maximum and minimum. 

f(s) has no zero inside C, and at (c), where there is such a zero. We are 
using here the fact that the inside of C maps into the inside of its trace, if 
there is no singular point inside C, a property yet to be proved. If you 
accept these pictures, you see that for case c the minimum of If(s) I is zero 

d does not occur on C. 
7-5. An Application to Network Theory. An example of the usefulness 

of the principle of the maximum can be taken from the class of positive 
real functions, the driving-point impedance and admittance functions of 
network theory. From various considerations of the physical properties 
of networks it can be shown that such a function Z(s) is analytic and has 
the following properties: 

Re [Z(s)] ~ 0 
Z(s) is real 

when Re s ~ 0 
when s is real 

(7-17) 

These conditions define a positive real function. We shall now demon­
strate the interesting fact that, if Z(s) is positive real, then 

lang Z(s) I ~ lang sl 

when 
'II" 'II" 

--~angsS-2= -2 
(7-18) 
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The proof depends on the principle of the maximum and on the trans­
formation properties of the function 

z - 1 
W = Z + 1 (7-19) 

which are presented in detail in Chap. 3. We need the following proper­
ties of this function: 

1. The j axis of the z plane becomes the unit circle of the w plane. 
2. The right half of the z plane goes into the inside of the unit circle in 

the w plane. 

z·plane 

4 

FIG. 7-5. Pertinent properties in the z plane of the transformation w = (z - 1)/(z + 1). 

3. A circle Iwl = b in the w plane goes into a circle in the z plane having 
intercepts (1 + b)/(1 - b) and (1 - b)/(1 + b) on the positive real axis 

4. The circle Izl = 1 is orthogonal to all circles of the family described 
in (3). 

Figure 7-5 illustrates these properties. For proofs you should consult 
Chap. 3. A further property of the transformation is evident from the 
figure. This property is: 

5. If we let Zl = ei<l" Z2 = &<1, be two values of z on the unit circle, and if 

IW21 < IWll 
then it is evident from Fig. 7-5 that 

la21 < lall 
This property results from the fact that circle IW21 = constant lies. inside 
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circle IWII = constant and that each of these circles is normal to the circle 
Izl = 1. 

Now use the transformation 

sjR - 1 
p = sjR + 1 (7-20) 

where R is a positive real number, and adopt the notation U(p) = Z(s), 
from which we have U(O) = Z(R) ~ O. Equation (7-20) is of the form 
to = (z - l)j(z + 1), and so 

Res ~ 0 

and therefore, since Z(s) is positive real, 

and 

Re [Z(s)] = Re [U(p)] ~ 0 
U(p) 

Re U(O) ~ 0 

Ipi ~ 1 

Ipi ~ 1 

Ipi ~ 1 

From the above result, and again using the properties of 

z - 1 

we get 

and 

to=z+1 

I 
U(p)jU(O) - 1 I :5 1 
U(p)jU(O) + 1 -

I 
U(p)jU(O) - 111 < 
U(p)jU(O) + 1 Ipi = 1 

Ipi ~ 1 

Ipi = 1 

Thus, on the unit circle in the p plane this magnitude has a maximum of 1, 
and from the principle of the maximum modulus we can say that the 
last relation is true for Ipi ~ 1. Of course, this theorem applies only if 
the function in question is regular for Ipi ~ 1. That this is the case can 
be seen by observing (1) that Re [U(p)] ~ 0, preventing the factor 
U(p)jU(O) + 1 from becoming zero, (2) that any pole of U(p) will not 
be a pole of the bilinear function, and (3) that the pole of Ijp is canceled 
by the numerator. * Thus, we can also write 

I 
U(p)jU(O) - 11 < 
U(p)jU(O) + 1 = Ipi 

Now write this result in terms of s variables, as follows: 

I Z(s)jZ(R) - 11 :::i 18jR - 11 
Z(s)jZ(R) + 1 sjR + 1 

Re 8 ~ 0 

-It ean be shown that U(p) can have poles only on the circle ipi = 1. 

(7-21) 
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In the earlier notation we can let 

Z(8) 
Z2 = Z(R) 

and from property 5 of the function 

Z - 1 
z+l 

lang z21 ~ lang ztl 

but since Rand Z(R) are real, this is the same as 

lang Z(8)1 ~ lang 81 

which is the required result. 

211 

(7-22) 

(7-23) 

7-6. The Index Principle. Let f(8) be an analytic function having a 
zero of order n,. at 8 = 8,.. Then we can write 

(7-24) 

where F(8) is nonzero and regular at 8 = s,.. Observing that the deriva­
tive is 

we get the new function 

f'(8) = ~ + F'(s) 
f(s) s - 8,. F(s) 

(7-25) 

Recalling that F(8,.) is not zero, it is evident from the above that f'(S)/f(8) 
has a simple pole with residue np at 8 = 8,.. 

Now suppose thatf(8) has a pole of order mq at 8 = 8 q• Following the 
same pattern as above, we can write 

1 
f(8) = (8 _ 8

q
) .... G(8) (7-26) 

where G(8) is nonzero and regular at 8 = 8q• In this case the derivative is 

and (7-27) 

Thus, in this case the function f'(8)/f(8) has a simple pole with residue 
-mq at 8 = 8 q• 

With Eqs. (7-25) and (7-27) established, we now consider a posi­
tively oriented contour C in the 8 plane enclosing N zeros of orders 



212 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

nl, n2, .., nN and M poles of orders ml, m2, . . . ,mM. By using 
the calculus of residues, it follows that 

Since 

r f'(s) . (~ f) 
} c f(s) ds = J27f Lt np - Lt mq 

1'-1 q-1 

d[log f(s)] f'(s) 
-~ = f(s) 

(7-28) 

the above integral can also be evaluated in terms of this anti derivative if 
curve C can be interpreted as lying in a simply connected region of regu­

larity of f'(s)/f(s). This we do by 
identifying a starting point SI and 
an ending point s~ which are infini­
tesimally close, but on opposite 
sides of a barrier, as shown in Fig. 
7-6. Thus we can say 

!C~i:j ds = log f(sD - log f(sl) 

= log If(s~)1 - log If(sl) I 
+j[ang f(sD - ang f(sl)] (7-29) FIG. 7-6. Use of a barrier to allow C to 

lie in a simply connected region of regu­
larity of /'(8)//(8). But log If(sDI = log If(sl)l, and the 

imaginary component is the increase 
in angle of f(s) as s moves around C from SI to s~. Therefore, combining 
Eqs. (7-28) and (7-29) gives 

Increase in angle of f(s) in going around a curve C 

= 27f ( I n1' - I m q) (7-30) 
1'-1 q-1 

If both sides of the above equation are divided by 27f, the result is the 
number of times f(s) paSiies around the origin. This result can be stated 
as follows: 

Theorem 7-7. If s travels a simple closed curve C in the s plane, and if 
there are no singular points other than poles inside C, and no singular 
or zero points on C, then the number of timesf(s) passes around the origin 
is equal to the weighted sum of the number of zeros inside C minus the 
weighted sum of the number of poles inside C, where in each case the 
weighting number is the order of the zero or pole. In this statement 
positive encirclement is counterclockwise. 
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This theorem admits of a simple geometrical interpretation. Referring 
to Fig. 7-7, we can see that, if a point ale is inside C, as C is traced in a 
positive sense the angle of a quantity (s - ale)"" will increase by 21rale. 
But if ale is a point outside C, there is no net angle change as C is traced. 
Similarly, if bk is another point inside C, the quantity (s - blc)-fJ. will 
decrease in angle by an amount 21rf3/c but will have no net angle change if 
bk is outside C. Now, if f(s) is a rational function, 

(s - al)""(s - a2)"" •.. (s - an)"" 
I(s) = (s - b1)lh(s - b2)1l • ••• (s - b",){J-

we can apply the above reasoning to each factor of the numerator and 
denominator. If ak or bk is inside C, 
the corresponding term contributes 
+21rale or, respectively, -21rf3k to the 
total angle change of f( s). From this 
observation we are led to the conclu­
sion stated in Theorem 7-7, but the 
above analysis applies only if f(s) is a 
rational function. 

7-7. Applications of the Index Prin­
ciple, Nyquist Criterion. Letf(s) be an 
analytic function, and in the s plane 
choose a point So inside a simple closed 

c 

a. 

ang (s-ak)'" 

changes 2 tr «" 

has zero change 

FIG. 7-7. Effect, on angle of f(8) , of a 
zero or pole being inside or outside a 
simple closed curve C. 

curve C. Furthermore, assume that there are no poles or other singular 
points inside or on C. We form the new function 

w(s) = I(s) - I(so) 

which has a zero at so. There may be some other values SI, S2, ••• , 8 .. 
inside C such that 

Then w(s) has n + 1 zeros inside C, and by Theorem 7-7 we know that the 
w point will encircle the origin n + 1 times as s travels over curve C. The 
correspondingf(8)-plane curve is the same as the w(s)-plane curve, except 
that the origin is shifted an amount f(so). An illustration is shown 
in Fig. 7-8. 

Point 80 is a typical point inside C, and from the above we conclude that 
the inside of C maps into the inside of the trace of C in the f(s) plane. 
Note, however, that this is true only if f(s) is regular inside and on C. 

Another interesting observation shows that, when C is traced with its 
area on the left, the area is also on the left in the f(s) plane. 
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H point/(8o) is encircled more than once, as in the case of Fig. 7-8, the 
inverse function which transforms from the /(8) plane to the 8 plane must 
be multivalued and that part of the area which is enclosed twice must lie 
in two sheets of a Riemann surface. Consequently, a branch cut must be 
crossed twice in the course of a complete traversal of the curve. This is 
possible only if there is a branch point inside the double part of the curve. 
Higher numbers of encirclements would correspondingly indicate more 

{(s)-plane 

FIG. 7-8. Relationship between enclosed areas in the 8 plane and the /(8) plane. 

than one branch point, or a higher-order branch point, inside the curve. 
The principle enunciated above, that in both planes curves are traced 

in the same direction relative to their enclosed areas, is useful in plotting 
of immittance- and response-function loci. These are functions having 
no poles in the 'right half plane. In practical cases these functions are 
finite when 8 is infinite, so that thej", axis of the 8 plane goes into a bounded 
closed curve in the function plane. We can consider the right half plane 
to be "enc~osed" by the j", axis plus a large semicircle to the right, 

{(B)-plane 

w 

FIG. 7-9. Locus of the j", axis for a positive real function. 

as implied by Fig. 7-9. Then the right-half 8 plane maps into the interior 
of the function plane; and, furthermore, the 8-plane area is encompassed 
in a clockwise direction, and therefore the same will be true in the function 
plane. Thus, we have shown that for real frequencies (imaginary 8) the 
loci of immittance functions and response functions of stable systems are 
traced out in such a way that the curve moves in a clockwise direction 
as w increases. This idea comes in handy in plotting experimental data; 
the constraint on direction of encirclement can sometimes help in deter­
mining where the locus goes when the data points are too few to determine 
the curve from the points theInselves. 
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The Nyquist criterion for stability of a feedback system is another exten­
sion of the index principle. In Chap. 6 it is pointed out that the response 
function for a system like Fig. 6-14 is· 

kA(s) 
F(s) = 1 + kA(s)H(s) 

Assume that A(s) and H(s) are the response functions of stable systems. 
Then, the single-loop system is stable if there are no zeros of 1 + kA(s)H(s) 
in the right half plane. AB in the previous example, if A(s)H(s) is finite 
at infinite s, the jw axis may be regarded as enclosing the right-half s plane; 
and we know that this right half plane will map onto the inside of a locus 
in the plane of the function 

w(s) = 1 + kA(s)H(s) 

If this locus does not encircle the origin of the w plane, there are no zeros 
in the right half of the s plane and the system is stable. The process of 
plotting this locus and checking for encirclements of the origin is the 
Nyquist test for stability. 

Note that the origin of the w plane goes into the point -1 in the plane 
of the function kA(s)H(s). Therefore, we can just as well plot the latter 
function, taking s = jw, and check whether or not the resulting locus 
encircles the point -1. This is the usual form in which the Nyquist 
criterion is employed. 

This theory, presented here in only its simplest form, can be extended 
to the case where either A(s) or H(s) is open-loop unstable (see Prob. 
7-18). 

7-8. Poisson's Integrals. Recall the Cauchy integral formula 

J(s) = ~ r J(z) dz 
21rJ}c z - s (7-31) 

where s is a point inside a closed curve C and J(s) is regular in the closed 
region consisting of C and its interior. This formula is interesting because 
it shows that specification off(s) on C also determinesf(s) inside C. Fur­
ther interpretation of this formula can be obtained by specifying C to be a 
circle centered at the origin, with no loss in generality. 

In ·Eq. (7-31) let 

Z = Rei8 

dz = jRei8 dB = jz d8 
s = peR 

(7-32) 

• A + sign appears in the denominator in order to conform to the usual treatments 
of the Nyquist criterion. This change means that a - sign would appear in the circle 
which symbolizes combination of the two signals in Fig. 6-14. 
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as shown in Fig. 7-10. Now write the factor l/(z - 8) appearing in the 
integrand of Eq. (7-31) as follows, 

lIz -- = ---
Z-8 ZZ-8 

and develop it by the following 
sequence of steps: 

1 Z(z - s) 
Z---8 = z-('Z---'-8""') 7:(Z:-'_:"""""8::7) 

zz - Z8 + 88 - S8 
z(z - s)(z - 8) 

_ zz - S8 + 8(S - z) 
- z(z - s)(z - 8) 

FIG. 7-10. Definition of 8 and z for deriva­
tion of Poisson's integrals. 

R2 - p2 1 
= 1 12 + -/-zz-s z-zzs 

If this is substituted in Eq. (7-31), we get 

J(8) =.J.-; ( (R2 - p2)J(Z) dz +~. ( J(z) _ _ dz 
2rJ }c Iz - 81 2 Z 2rJ }c z - ZZ/S 

From Eq. (7-32) it is seen that dz/z = j d8, and so the first integral 
reduces to a single real integral. The second integral is zero because the 
singular point at ZZ/8 = R2/8 lies outside the circle. Thus, we have the 
result 

_ 1 102 .. (R2 - p2)f(Rei ') 
J(8) - 2- IR '9 12 d8 

7f" 0 e' - 8 
(7-33) 

This may appear to be a more complicated formula than Eq. (7-31), but 
it is amenable to a particular interpretation because, as will now be shown, 
it can be written as the sum of two real integrals. In Eq. (7-:-33), z is on 
circle C, and accordingly it is appropriate to adopt the notation 

f(Rei9) = Re [J(Rei9)] + j 1m [J(Rei9)] 

J(8) = u(u,w) + jv(u,w) 

giving the pair of equations 

_ 1 102 .. (R2 - p2) Re [J(Rei ')] 
u(u,w) - 2- IR i9 12 d8 roe -8 

_ 1 102 .. (R2 - p2) 1m [J(Rei ')] 
v(u,w) - 2- IR i' 12 d8 ro e-8 

(7-34a) 

(7-34b) 

Thus it is seen that the real (respectively imaginary) aomponent of f(s) 
can be determined at points inside C in terms of a real integral of the real 
(respectively imaginary) component of the function on C. 
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A second pair of relations is obtained by writing 

1 1 ( 8) --=- 1+--
Z-8 Z Z-8 

which can be modified as follows: 

_1_ = ! + 8(Z - s) 
Z - 8 Z Z(Z - S)(Z - S) 

= ! + SZ - 8S + zs - ZS 
Z Z(Z - S)(Z - 8) 
1 zs - zs - s(z - 8) 

= Z - ----'Z('-Z -------8 )7(Z~-'----s"')--'-

1 . 2 1m (zs) 1 
= Z - J * -812 Z - Zz!s 

When this is substituted in Eq. (7-31), the last term yields zero because 
the pole is not enclosed by the contour. Also, 

and 

~ ( J(z) dz = J(O) 
27rJ}c Z 

1m (zs) = Rp sin (8 - q,) 

Equation (7-31) then gives 

J(8) = J(O) + ~ (2" Rp sin (8 - q,)J(Re;8) d8 
7rJ }o IRel8 

- 81 2 (7-35) 

Again the factor multiplying J(Re;8) in the integrand is real, and so real 
and imaginary components can be separated, as was done in the previous 
case. The following pair of formulas is obtained: 

( ) = (00) + ! 102
" Rp sin (8 - cf» 1m [J(Re;6)] d8 

u CT,'" u, IR i8 12 7r 0 e -s 
(7-36a) 

( ) = (00) _ ! 102
" Rp sin (8 - q,) Re [J(Re;6)] d8 

v CT,'" v, IR ;6 12 7rO e-s 
(7-36b) 

Equations (7-36) have an interpretation similar to Eqs. (7-34), but an 
interchange of real and imaginary components has occurred in the inte­
grand. The integrals in Eqs. (7-34) and (7-36) are called Poisson'8 
integrals. 

Further interpretation is possible. Note that Eq. (7-34a) and Eq. 
(7-36b) together give the real and imaginary components of J(s) in terms 
of only the real part of J(Re;6). Similarly, a combination of Eqs. (7-34b) 
and (7-36a) gives J(8) in terms of the imaginary component of J(Ref·). 
Two more formulas are therefore possible, as follows: 
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f(s) = ·v(O 0) + ~ (2r [(R' - p') - j2Rp s.in (fJ - 1/»] Re [J(Rei ')] dfJ 
J, 2'11" }o IRe" - sl' 

(7-37a) 

J(s) = u(O 0) + ~ (2r [2Rp sin (fJ - 1/» +/(R2 - pI)] 1m [J(Rei
')] dfJ 

, 2'11" }o IRel ' - sl2 
(7-37b) 

These formulas are important because they show that J(s) is completely 
determined inside C by having either the real or imaginary component of 
J(Rei') specified on C. 

The derivation of these formulas is based on the condition that J(s) 
should be regular on the circle lsi = R. Now suppose that a function 
h(fJ) is given, without specifying it to be the real or imaginary component 
of an analytic function, and let this function h(fJ) be used in either one of 
Eqs. (7-37) in place of Re [J(Rei')] or 1m [J(Rei ')]. If h(fJ) has isolated 
singular points (discontinuities, for example) but is integrable, then either 
of Eqs. (7-37) will yield a function which can be shown to be regular for 
lsi < R. However, on the circle lsi = R this function will be singular at 
the points s = Rei', where h(fJ) is singular. Thus, the integral formulas 
in Eqs. (7-37) define functions for lsi < R which were not included in the 
original derivation. 

Further insight into the above question is acquired by considering the 
general function h(8) and looking at its Fourier series . .. 

h(fJ) = L cnein' = Co + L cneinf + L c_ne-1n' 
11.- -co 11.=-1 ft.-I 

which is assumed to exist. Since h(fJ) is real, it is known that Co is real and 
also that 

. . 
Therefore, h(8) = (1 + 1: Cnein,) + (1 + L cne- inB) 

n-l 11.-1 

(7-38) 

is a possible representation, which is useful because the second term is the 
conjugate of the first. 

If the series . 
1 + 1: c"e

inB 

n-1 

converges, 80 also will . 
~+~~ .. 
2 ~R"s 

n-1 
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converge in and on the circle s = Re;8, since if s is on the circle the two 
series are identical and we know that a power series converges inside any 
circle on which it converges. Now we can use this series to define the 
analytic function .. 

J(s) = 2 (~+ L ~: Sft) (7-39) 
n-l 

which will have the property, put into evidence by Eq. (7-38), that 

h(O) = J(Re;8) + J(Reli) = Re [J(Re;8)] 
2 

Note that Eq. (7-39) is an alternative form for Eq. (7-37a). It also gives 
f(s) in terms of its real component on the unit circle, although in this case 
the real component enters by way of the coefficients of the Fourier series. 

The series presentation is useful because it provides a condition on a 
given h(O) function (namely, that the positive-power series shall converge) 
which is sufficient to make it serve as the real component, on a circle, of 
some analytic function which will be regular inside and on the circle. If 
the positive-power series does not converge, the J(s) function will be 
singular at some point on the circle lsi = R. 

In place of Eq. (7-39) we could have written the different function 
.. 

J(s) = j2 (~+ L ~: s") (7-40) 
n-l 

In this case, Eq. (7-38) gives 

h(O) = J(~r) + [J(~r)] 

= J(Re
i8

) ;j J(Reli) = 1m [J(Re;8)] 

and Eq. (7-40) becomes an alternative to Eq. (7-37b) for finding J(s) from 
the imaginary component on a circle. Again convergence of the positive­
power series of Eq. (7-38) is seen to be sufficient for h(O) to serve as the 
imaginary component of J(Rei8), such that J(s) will be regular on the unit 
circle. 

A digression into the subject of Fourier series would be out of place here, 
and so we shall close this discussion by considering the square-wave 
function 

h(O) = { ~ 0<0<11" 
11" < 8 < 211" 
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This is not continuous and possesses no derivative at the points of dis­
continuity at fJ = 0, 7r. The series representation is 

h(fJ) = ~ (sin fJ + U sin 3fJ + Ys sin 5fJ + .. -) 

= ~ (ei6 + Uei36 + Ysei66 + ... - e-i6 - Ue-i36 - Yse-M - ... ) 
J7r 

and it converges. However, the series 

! (ei6 + Ue i36 + Ysei66 + ... ) 
7r 

does not converge for fJ = 0 or fJ = 7r. Likewise, the complex series 

8 + U83 + Ys85 + . . . 
diverges for 8 = ± 1 but converges for 181 < 1. 

If the above h(fJ) is used for Re [!(Rei6)] or 1m [!(Rei6)] in Eqs. (7-37), 
the integrals will still exist and will yield functions which are regular at 

R 

z 

R 

-R 
FIG. 7-11. Closed contour C con­
sisting of arc eland j axis from 
-R to R. 

points inside the circle. However, this 
analytic function cannot be analytically 
continued to all points on the boundary; 
it will be singular at points where h(fJ) is 
singular. 

7 -9. Poisson's Integrals Transformed 
to the Imaginary Axis. * The imaginary 
axis is a degenerate case of a circle, and so 
we might reasonably expect to be able to 
write formulas similar to the Poisson's 
integrals by employing an integration 
along the imaginary (or possibly the real) 
axis. However, we cannot expect the 
formulas to look the same, because R, 
which appears in the formulas, must be 
infinite. Also, since integration will then 
be carried to infinity, it will be necessary 

to restrict 1(8) to being regular at infinity and at all points on or to the 
right of the j axis. 

The easiest way to proceed is to start again, by applying the Cauchy 
integral formula to the path of Fig. 7-11. The integrand can be written 

1 1 z+s Z+S+8-8 
Z - 8 = Z - 8 Z + S = (z - 8)(Z + S) 

• Reference to Chap. 8 may be helpful in dealing with the improper integrals occur­
ring in this and subsequent sections. 
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and by writing s + 8 = 211 and s - 8 = j2w the above becomes 

z - s 
_1_ _ 211 + _1_ 

Z2 - 0'2 - w2 - j2wz z + 8 
(7-41) 

In Fig. 7-11 let C1 be the arc of radius R, and let C be the closed curve 
traced in a clockwise direction. The point z = - 8 is not enclosed by C, 
and so 

(7-42) 

Therefore, writing z = jy on the portion of the integration on the imagi­
nary axis, and noting that the direction of integration is in the negative 
sense, we get 

f(s) = - ~ r j(z) dz = ! IR uf(jy) dy 
211'j } 0 z - S 11' _ R 0'2 + w2 + y2 - 2wy 

-~ h, Z2 _ O':f~z)w~z_ j2wz (7-43) 

Since f(z) is regular at infinity, it must approach a constant there. 
Therefore, as R approaches infinity, the integral over C1 behaves as 
follows, 

hm . = hmJ . =0 .!c O'f(z) dz .. Ir/2 O'f(Rei6)Rei6 dB 
R-... O. Z2 - 0'2 - w2 - J2wz R....... -r/2 R 2e126 

where in the second integral we have used z = Rei6, dz = jRei6 dB and all 
terms except Z2 in the denominator are omitted because they become 
negligible as R approaches infinity. Therefore, in the limit, 

f(s) = ! PV I" I1f(jy) dy 
7r _ .. 0'2 + (w - y)2 

'The principal value occurs here because the integration is always from 
- R to R.· However, since f(jy) approaches a constant at infinity and 
the 'denominator goes to infinity as y2, the integral will converge without 
taking the principal value. Thus, we have the final form 

f(s) = ! I" I1f(jy) dy 
11' _ .. 0'2 + (w - y)2 (7-44) 

By now we have become accustomed to pairs of formulas, and so a sec;. 
ond formulation for f(s) is to be expected. To get this, we write 

1 I Z+8 Z+8+Z-Z+S-s 
z - s = z - s z + 8 = (z - s)(z + 8) 

• See Sec. 8-4. 
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and again use 8 + 8 = 20' and 8 - 8 = j2w to give 

1 2z-j2w 1 
z-=-8 = Z2 - 0'2 - w2 - j2wz - z + 8 (7-45) 

Equation (7-42) applies, showing that the integral of, the last term is zero 
for contour C of Fig. 7-11. Therefore, f(8) is given by 

f(8) = - ~ r fez) dz = .!. fR (w - y)f(jy) dy 
2rj J 0 z - 8 rj _ R 0'2 + w2 + y2 - 2wy 

1 j (z - jw)f(z) dz 
-;J 0, Z2 - 0'2 - w2 - j2wz (7-46) 

As the radius R approaches infinity, the integral over C1 approaches 

. 1 i-1'/ 2 Re;6f(Re;8)jRe;8 '. 1 1-1'/2 . 
hm --: R2 ;28 dO = hm - f(Re,8) dO = - f( 00 ) 

R-+ 00 7rJ 1'/2 e R-+ 00 7r 1'/2 

Therefore, for this case we get 

f(8) = f( 00) + .!, PV foo (w - y)f(jy) dy 
7rJ _00 1T2+(W-y)2 (7-47) 

Here the principal value must be retained, because the integrand 
approaches zero only at the rate l/y and f( 00) is not necessarily zero. 

Equations (7-44) and (7-47) break down into two pairs, using real and 
imaginary components, as follows: 

( ) - 1 foo 0' Re [f(jy)] d 
u O',w - - 2 + ( )2 Y 

7r -001T w-y 
(7-48a) 

( ) - 1 foo 0' 1m [J(jy)] d 
v O',w - - 2 + ( )2 Y 7r _000' w-y 

(7-48b) 

and u(o' w) = u( 00 0) + .!. foo (w - y) 1m [J(jy)] dy 
, , 7r _00 1T2 + (w - y)2 (7-49a) 

v(1T w) = v( 00 0) - .!. f 00 (w - y) Re [f(jy)] dy 
, , 7r _.. 0'2 + (w - y)2 (7-49b) 

Finally, combining a real and imaginary component from each pair, we 
get two more formulas: 

f(8) = jv( 00 0) + .!. f" [IT - jew - y)] Re [f(jy)] dy 
, 7r _00 1T2 + (w - y)2 

(7-50) 

and f(8) = u( 00 0) + .!. f" (w - y + jlT) 1m [f(jy)] dy 
, 7( -00 0'2 + (w - y)2 

(7-51) 

In appraising these results it is necessary to understand that f(8) must 
be regular on and to the right of the j axis and that in these formulas 8 is 
in the right half plane. 
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With these results the utility of this work begins to become apparent. 
If we are dealing with a frequency-domain response function, w is the real 
frequency variable (imaginary component of the generalized frequency s). 
The last two formulas show that, if either the real or the imaginary com­
ponent of a response function is specified along the j axis (i.e., for real 
frequencies), then the response function is completely determined. Of 
course, these formulas give /(s) only in the right half plane. But by 
analytic continuation we know that the function would be completely 
determined. 

'1-10. Relationships between Real and Imaginary Parts, for Real Fre­
quencies. In the previous section u(u,w) and v(u,w) are given in terms of 
Re (f(jy)] = u(O,y) and 1m [/(jy)] = v(O,y). The integrands contain 
functions of the real frequency variable y, but the functions obtained 
from the integrals are functions of the two variables 17 and w. For practi­
cal cases, in which we are interested in functions of real frequency, it is 
important to know whether we can set u = 0, in order to relate u(O,w) to 
v{O,w), or vice versa. 

From Eqs. (7-49), 

u(O,w) - u(O, 00) = lim! PV f" (w - y)v(O,y) dy (7-52a) 
.-.0 'If' _ .. 172 + (w - y)2 

v(O w) - v(O 00) = - lim! PV f" (w - y)u(O,y) dy (7-52b) 
, , .-.0 'If' _ .. 172 + (w - y)2 

where we have written u(O, 00) in place of u( 00 ,0) and similarly for v. 
This is permissible because/(s) has a finite value at infinite s and therefore 
must be the same for s = 00 and s = j 00 • 

There is no doubt about these limits existing under the conditions for 
which the formulas apply; but the limits cannot be found from these 
formulas by setting 17 = 0 in the integrands, because then we get 

! PV f" v(O,y) dy 
'If' _ .. w- Y and 

respectively, for the two cases. These integrals do not exist, because the 
integrands become infinite at y = w. In order to find a satisfactory 
formulation, note that 

f .. w-y 
PV 2 + ( _ )2 dy = ° _ .. u w y 

as can be seen by carrying out the ind,i.cated integration. Therefore, 
from the respective integrals in Eqs. (7-52) we can subtract 

! PV f" (w - y)v(O,w) d 
'If' _ .. u l + (w - y)2 Y and ! PV f" (w - y)u(O,w) d 

'If' - .. 172 + (w - y)2 y 
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without changing the results, and then 

lim PV f- (CAl - y)v(O,y) d = lim PV f- (CAl - y)[v(O,y) - V(O,CAI») d 
.-0 __ 0"2 + (CAl - y)2 y..-.o _ _ 0"2 + (CAl - y)2 y 

lim PV f- (Cj) - y)u(O,y) d = lim PV f" (CAl - y)[u(O,y) - U(O,CAI») d 
.-0 _ .. 0"2 + (CAl - y)2 y ...... o __ 0"2 + (CAl - y)2 Y 

Now we are in a better position because, when 0" = 0, these integrands 
have no pole at y = CAl. The numerator is zero at that point. Thus, if 
weare permitted to take the limit inside the integral sign, an integrable 
function will be obtained. As a result of I( 00) being a constant and the 
fact that 

1 ~ 1 
0"2 + (CAl - y)2 - (CAl - y)2 

it can be shown (see Chap. 8) that the above two integrals are uniformly 
convergent for 0" 5;; O. This being the case, the 0" ~ 0 limit can be taken 
inside the integral, and the results are 

u(O CAl) - u(O 00) = ! PV f" v(O,y) - V(O,CAI) dy (7-53a) 
, , 1r _.. CAl - y 

v(O CAl) - v(O 00) = - ! PV f- u(O,y) - U(O,CAI) dy (7-53b) , , 1r __ CAl - Y 

We shall now develop an equivalent way to write these formulas. Since 
they are similar, only the first one will be treated. The integral in Eq. 
(7-53a) can be written 

PV f" v(O,y) - V(O,CAI) dy = lim f"'-' + ("'+. + fA· 
-.. CAl - Y .-.0 -A j",-. j",+. 

A--+" 

The integrand has a removable singularity at y = CAl, and so the integral 
from CAl - E to CAl + E approaches zero as E approaches zero. For the other 
two integrals we have 

f",-· v(O,y) - V(O,CAI) dy = f"'-' v(O,y~ dy + V(O,CAI) log _E_ 

-A CAl - Y -A CAl - Y A + CAl 

(A v(O,y) - V(O,CAI) dy = (A v(O,y) dy + V(O,CAI) log A - CAl 

j",+. CAl - Y j",+. CAl - Y E 

and therefore 

f",-. (A 
-A + j",+. f"'-· v(O,y) dy + (A v(O,y) dy + V(O,CAI) log A - CAl 

-A CAl - Y j",+. CAl - Y A + CAl 
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AB A approaches infinity, the last term approaches zero and so 

PV foo v(O,y) - v(O,w) dy = lim f"'-' v(O,y) dy + fA v(O,y) dy 
-00 w - y ...... 0 -A W - Y }"'+. w - y 

04-00 

= (PVh fOO v(O,y) dy 
-00 w - y 

The symbol (PVh signifies the principal value in two senses, with respect 
to the infinite limits and also with respect to the pole at y = w. Thus, 
Eqs. (7-53) can be changed to the forms 

u(O,w) - u(O, 00) = - (PVh -- dy 1 f'" v(O,y) 
'If -oow-y 

(7-54a) 

v(O,w) - v(O, 00) = - - (PVh -- dy 1 foo u(O,y) 
'If -oow-y 

(7-54b) 

The functions defined by the above integrals are called Hilbert transforms. 
Interestingly enough, they look almost like what would be obtained by 
putting u = ° in Eqs. (7-52). The only difference is the double principal­
value designation, and it was to arrive at this feature that the extra work 
was required. 

If u and v are the real and imaginary components of a real function 

f(s) = u(u,w) + jv(u,w) 

then, since f(s) = J[i), it follows that 

u(u,w) = u(u,-w) 
v(u,w) = -v(u,-w) 

That is, u is an even function of w, and v is an odd function of w. These 
properties can be used to modify the integrals of Eqs. (7-53), as follows: 

PV foo v(O,y) - v(O,w) dy 
_00 w - y 

lim [fO v(O,y) - v(O,w) dy + [A v(O,y) - v(O,w) d
Y

] 
04-'00 -A w - Y }o w - y 

lim [A [V(O,-y) - v(O,w) + v(O,y) - V(O,w)] dy 
04-00 }o W + y w - y 

= 2 [00 y[v(O,y)] - w[v(O,w)] dy 
}o w2 - y2 

In a similar fashion it can be shown that 

PV foo u(O,y) - u(O,w) dy = 2w [00 u(O,y) - u(O,w) dy 
_ 00 w - y }o w2 - y2 

All these formulas are subject to the condition that f( 00) shall exist. 
Since we have shown that v is an odd function of w if f(s) is real, the only 
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way for v to be finite at Cd = 00 is for it to be zero there. Furthermore, 
since u is an even function, it is not necessarily zero at Cd = 00. Accord­
ingly, we can now write 

(0 ) - (0 ) = ~ 10'"' y[v(O,y)] - Cd[V(O,Cd)] d U,Cd u, 00 2 2 Y 
1/"0 Cd-y 

(0 ) - 2Cd 10'"' u(O,y) - U(O,Cd) d v Cd--- y 
, 1/" 0 Cd2 - y2 

A siInilar procedure applied to the integrals of Eqs. (7-54) yields 

U(O,Cd) - u(O, 00) = ~ PV ('"' yv(O,y) dy 
1/" }o Cd 2 - y2 

V(O,Cd) = - 2Cd PV ('"' u(O,y) dy 
1/" }o Cd2 - y2 

(7-55a) 

(7-55b) 

(7-56a) 

(7-56b) 

It is emphasized that the last two sets of formulas apply only if f(8) is a 
real analytic function. In Eqs. (7-56) the PV designation refers to 
integration through the pole at y = Cd. 

Equation (7-55b) can be changed to still another form by first writing 

v(O Cd) = ~ ('"' u(O,y) - U(O,Cd) dy 
, 1/" }o y/Cd - Cdjy y 

and then making the change of variable a = log (Y/Cd), giving 

V(O,Cd) = ~ f'"' u(O,Cde
a

) - U(O,Cd) da = ! f'"' u(O,Cde~) - U(O,Cd) da 
1/" _.. ea - e-a 1/" -,", sInh a 

H the last integral is written as the sum of two integrals, one from - 00 to 
o and the other from 0 to 00, and if a sign change is made in the variable of 
integration of the first integral, the resulting form is 

v(O Cd) =! ('"' u(O,Cdea
) • - u(O,Cde-a

) da 
, 1/" }o sInh a 

This can be integrated by parts, using the relation 

d[log coth (a/2)] _ 1 
da --sinha 

with the following result: 

V(O,Cd) = ~ {[U(O,Cde-a ) - u(O,Cdea
)] log coth ; r 

A- .. 

+ 1 10" du(O,Cde
a

) I th a d - og co - a 
1/" 0 da 2 

1 10" du(O,Cde-
a

) I th a d -- ogco-a 
1/" 0 da 2 

(7-57) 
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Each of the three terms on the right of Eq. (7-57) will be considered 
separately. The first term approaches zero at the upper limit, as A 
approaches infinity, because u(O, (0) and u(O,O) are both finite and 
log coth 00 = log 1 = 0. At the lower limit it is convenient to replace 
log coth (a/2) by log cosh (a/2) - log sinh (a/2), giving 

[u(O,we-a ) - u(O,wea )] log cosh ~ + [u(O,we-a ) - u(O,wea)] log sinh ~ 

The function u(O,wea ) is a continuous function of wea , because it is the real 
part of an analytic function which is regular on the jy = jwea axis. Since 
ea is a continuous function of a, it follows that u(O,wea ) is a continuous 
function of a. Therefore, each of the above bracketed expressions 
approaches zero. This means that the term containing log cosh (a/2) is 
zero when a goes to zero. The other term is indeterminate, because 
log sinh (a/2) approaches infinity. The limit is found by first multiply­
ing and dividing by sinh (a/2), to give 

[
u(o,we-a

) - u(o,wea
)] [ . h a I . h a] 

sinh (a/2) sm 2 og sm 2 

Mter replacing a by the lower limit E, the left-hand bracketed expression 
can be evaluated by the Lhopital rule as follows, 

du(O,we-<) du(O,we<) -2 du(O,we<) 
dE dE dE lim = lim -----,--.,--=-:--

.-.0 ---c-o'sh""'-(E-/""2"') -- ...... 0 cosh (E/2) 
_ 2 du(O,we<) I 

dE <-0 

which exists. Furthermore, the second factor approaches zero as E 

approaches zero, and so the entire expression approaches zero. Thus, 
under the conditions stipulated on u, the first term in Eq. (7-57) is zero. 
Now look at the last integral in Eq. (7-57), and make appropriate variable 
changes to get 

1 roo du(O,we-a
) I th ad 1 roo du(O,we-a

) I th I-a I d - ;;: }o da og co 2 a = -;;: }o da og co 2 a 

- 1 f 0 du(O,we
a

) I th I a I d 
-;;: _ oo da og co 2 a 

Combining this with the other integral in Eq. (7-57) gives the final result 

v(O,w) = ! f" du(O,we
a

) log coth I ~ I da (7-58) 
71' _.. da 2 

or the equivalent form 

1 f" du(O,y) I a I v(O,w) =;; _oo d(log y) log coth 2 da 
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Although this formula may appear to be more complicated than the 
others, it is useful because it yields readily to interpretation. Let y be the 
usual frequency variable, and think of u plotted as a function of log y, as 
in Fig; 7-12a. The horizontal axis can also be used for the variable 

a = log y - log Col 

by allowing its origin to change with Col. The integration called for in Eq. 
(7-58) is performed for some given value of Col, which would fix the origin 

(a) 

(b) 

logw 
I 
I 
I 
I 

ct -+-

logy-

of the a axis in Fig. 7-12a. The 
integrand consists of two factors, 
the slope of this curve and the 
factor 

log coth I~ I 
which is sketched in Fig. 7-12b, 
with the a origin shown coincident 
with the origin in Fig. 7-12a. The 
nature of Fig. 7-12b is such that the 
integral is predominantly influenced 
by the range of integration near 
a = 0. As Col is allowed to change, 
the point a = ° shifts, carrying the 
curve of Fig. 7-12b with it. Thus, 
we see that the value of v(O,w) is 

FIG. 7-12. Graphical interpretation of Eq. 
(7-58). roughly proportional to the slope of 

the u versus log y curve near the 
point y = w. You may find it instructive to sketch curves for a simple 
case, to confirm this conclusion that v is large in regions where u is rapidly 
changing . 

.At. result similar to Eq. (7-58) can be obtained in which the derivative 
is with respect to the frequency variable, rather than with respect to the 
logarithm. In Eq. (7-58) change the variable back to y, by making the 
substitutions 

du(O,wea
) = du(O,y) dy = du(O,y) 

da dy da y dy 
dy 

da =-
y 

I a I-I ea/2 + e-
a/2

1 -/ e
a + 1 r coth - - - --2 ea/2 - e a/2 ea - 1 = Iy+wl 

y-w 
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The result is 

(0 ) - 1 10"' du(O,y) I I y + Wid v ,w - - --- og -- Y 
11" 0 dy y - w 

(7-59) 

'1-11. Gain and Angle Functions. The formulas developed in the pre­
vious sections are valid for relating real and imaginary components of 
analytic functions which are regular on and to the right of the j axis. If 
y(s) is a network response function, it is often convenient to deal with the 
derived function 

f(s) = log y(s) (7-60) 

whose real and imaginary components are the gain and angle functions, 
respectively. This function raises an interesting question because its 
singularities are relatively mild, being logarithmic singularities (branch 
points of the logarithm) at zeros 
and poles of g(s). As a first obser­
vation, we immediately see that the 
previous formulas do not apply if 
g(s) has zeros in the right half plane. 
This is the genesis of the of ten­
quoted statement that gain and 
angle functions are related only for 
minimum-phase networks. 

Suppose that g(s) has zeros on 
the jw axis or at infinity. This is 
an important practical possibility, 
and therefore the formulas would 
have serious limitations if such 
zeros are not admissible. But since 
the logarithm at a pole behaves 
the same as at a zero, we can also 
simultaneously treat poles on the j 
axis or at infinity. Zeros and poles 
occurring on the imaginary axis can 

R 

-R 
FIG. 7-13. Contour for deriving formulas 
relating real and imaginary parts of func­
tions having logarithmic singularities on 
the j axis. 

conveniently be considered by going back to the original formulation. 
Now suppose that pointsjwl and -jW1 are nth-order zeros or nth-order 

poles of y(s). Each of these points is a branch point of log g(s), and for 
each we can extend the branch cut to the left so that a closed curve C' can 
be formed with indentations into the right half plane, as shown in Fig. 
7-13. C' lies in one sheet of the Riemann surface and is the same as C 
of Fig. 7-11 except for these indentations. The manipulations leading to 
Eqs. (7-43) and (7-46) are still valid if in each case the real integral from 
-R to R is replaced by a contour integral along e", from -jR to JR. 
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This contour includes the indentatione;; and that is why the integral can­
not remain real. 

In Chap. 6 we showed that an integral over a small circle around a 
branch point of the logarithmic function approaches zero as the radius of 
the circle approaches zero. It will also be zero, in the limit, for the semi­
circle of Fig. 7-13. Thus, we can let the radius of these semicircles 
approach zero, and the result will be identical with Eqs. (7-43) and (7-46). 
The integral from - R to R can be taken through the branch point. * 

Since Eqs. (7-43) and (7-46) have now been shown to be valid even when 
there are logarithmic singularities due to zeros or poles of g(s) on the 
j axis, we conclude that all the formulas developed from them are also 
valid. Of course, throughout this discussion proper behavior at infinity 
was assumed. This leads us to the question of whether or not we can 
allow g(s) to have a logarithmic singularity at infinity. We shall find 
that Eq. (7-44) and the formulas derived from it are valid, but not Eq. 
(7-47). One could not expect the latter to be applicable, because it 
includes f( co). 

We look at Eq. (7-43) and consider whether or not the process leading 
to Eq. (7-44) can still be employed. The important consideration is that 
for large Izl 

f(z) ~ ± n log Izl ± jn tan- i ~ 
x 

respectively, for an nth-order pole or zero at infinity. Thus, for large Iyl, 

f(jy) ~ + n log Iyl + .!! ~ 
0-2 + w2 + y2 _ 2wy - y2 - J y2 2 

It is known that (log Iyi)/y approaches zero as y becomes infinite. There­
fore, log lyl/y2 is integrable to infinity. Also, the factor 1/y2 ensures 
that the imaginary term is also integrable to infinity. On the basis of 
these facts, we conclude that R can be allowed to approach infinity and 
the first integral of Eq. (7-43) will converge. For the second integral, 
around Ci , we let z = Rei9, and as R becomes infinite, this integral 
approaches 

[-,,/2 n log R + jnO (jRe;9) dO 
j,,/2 R2eJ29 

which approaches zero, because (log R)/R approaches zero as R becomes 
infinite. Thus, the limit processes leading to Eq. (7-44) are valid. It 
follows that Eqs. (7-48) are valid, but not. Eqs. (7-49). Therefore, the 
formulas developed in Sec. 7-10 do not apply to the logarithm of a response 
function that has a zero or pole at infinity. 

• Refer to Sec. 6-5 for a detailed account of integration through a branch point. 
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PROBLEMS 

'7-1. Check the relation 
1(11) = 1(3) 

for the following: 

(a) 1(8) = 3" (b) 1(8) = sin 8 (c) 1(8) = cosh 3 

'7-2. If 1(8) is a real analytic function, show that Re [jUed)] and 1m [/(jed)] are, 
respectively, even and odd functions of ed. 

7-3. Assuming that I(s) is a rational function with real coefficients, prove that 
1(8) = f(8), without relying on Theorem 7-2. 

7-4. Find the residues at each pair of poles, for the function 

f( ) = 281 + 88' + 30s + 20 
8 (s' + 28 + 5)2 

and observe that the residues are themselves conjugates. 
7-6. Find the residues of 

I(s) = ~os 8 
smh3 

at the conjugate pair of poles nearest the origin, and observe that the residues are 
themselves conjugates. 

'7-6. If I(s) is a real analytic function, prove that 

F(s) = f(s)/( -8) 

is a real analytic function of a complex variable ed (where 8 = jed), and furthermore 
show that 

F(jed) = If(jed)I' 

where", is real. 
7-7. Prove Schwarz's le=a, a statement of which follows: Let I(s) be regular 

inside and on the circle 181 = R, and let it have the property 

If(Re;B) I < M 

and 1(0) = O. Then it is true that 

lsi <R 

7-8. Prove that, if a rational function is positive real, the coefficients of the numer­
ator and denominator polynomial must be real and positive. 

7-9. Prove that, if f(8} is a positive real function, any pole on the j axis must be 
simple and must have a positive real part. 

7-10. If f(8} is given by 

1 a+jb a-jb 
I(s} = s + 1 + 8 + 2 + j + 8 + 2 - j 

where a and b are real, determine the ranges of a and b such that 1(8} will be positive 
real. 
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7-11. Compute and plot loci of 

f(3) ... 4 + 63 + 431 + aI 

for 3 on each of the three circles 181 = 1, lsi = 2, 181 = 3, determining how many 
zeros are inside each circle. 

7-12. Use the index principle to prove the fundamental theorem of algebra, namely, 
the number of zeros of a polynomial is equal to the degree of the polynomial. 

7-18. Use a Nyquist plot to determine the range of k for stable operation for a 
feedback loop having the system function 

8(8 + 2) 
A(s)H(s) = (8 + 1)1 

and compare with the result obtained by the root-locus method in Sec. 6-10. (Note 
the change in sign of k.) 

7-14. Do Prob. 7-13 for the system function 

8(8 + 1) 
A(s)H(s) = (s + 2)5 

and compare the result with Sec. 6-10. 
7-16. Do Prob. 6-17 by making a Nyquist plot. 
7-16. Do Prob. 6-18 by making a Nyquist plot. 
7-17. Do Prob. 6-19 by making a Nyquist plot. 
7-18. Derive and state a modification of the Nyquist criterion where the system is 

open-loop unstable, meaning that A(8)H(s) has right-half-plane poles. In this 
theorem you will use a number N, the sum of the multiplicities of the right-half-plane 
poles of A(s)H(8). 

'1-19. Referring to Prob. 7-18, use the Nyquist plot to solve Prob. 6-20. 
7-20. Let the function 

(

I - ~ /I 
h(lI) = ; 

1 +-11 ,.. 
be given, representing the real part of f(8) on the unit circle. Obtain a power-series 
expansion about the origin, for f(8). Is f(8) regular at all points on the unit circle? 

Let the function 

h(lI) = { ~1 0<11<11' 
-7< < II < 0 

be given, representing the imaginary part of f(8) on the unit circle. Obtain a power­
series expansion about the origin for f(8). Is f(8) re~lar at all points on the unit 
circle? 

7-21. By considering the function f(8) = e', prove that, for 0 < v < 1, 

- U-e" 
1 f 2 .. (1 - vI - i2u sin (1)&0.8 cos (sin II) 

2r 0 l+v2 -2ucosll 

By considering the function f(8) = 8, prove that, for 0 < '" < 1, 

1 /2"[-2", cos II +i(1 - ",I») sin /l
dll 

. - ~1w 2r 0 1 + ",2 - 2", sin II 
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7-22. Check both of Eqs. (7-55) on the function 

1 
1(8) = 1 + 8 

7-23. Check both of Eqs. (7-55) on the function 

1(8) = _8_ 
1 + 8 

7-24. Check both of Eqs. (7-55) on the function 

1(8) = 1 + 8 
2 +8 

7-25. Check both of Eqs. (7-55) on the function 

1 
1(8) = (1 + 8)1 
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CHAPTER 8 

THEOREMS ON REAL INTEGRALS 

8-1. Introduction. The application of the theory of functions of a 
complex variable to the analysis of linear systems is the main subject of 
this text. One of the most fruitful ways to go from the system equations 
to formulations in terms of complex variables is by way of the Laplace and 
Fourier integrals. However, a reasonably complete understanding of 
this process requires a good understanding of the Fourier integral theorem. 
The Fourier integral theorem takes us into some rather subtle mathe­
matical principles because it is stated in terms of improper integrals. 
Therefore, before going on to the study of the Laplace transform, we shall 
turn our attention away from complex variables long enough to present 
some preparatory material on improper reai integrals. 

A modern mathematical treatment of this subject should be given in 
terms of Lebesgue integration. However, for engineering applications a 
satisfying degree of rigor can be attained within the conceptual frame­
work of Riemann integration. This will necessitate restricting the treat­
ment to a limited class of functions and in some cases will result in proofs 
which are partially intuitive. In fact, the proofs (or partial proofs) given 
in this chapter are offered mainly to help illuminate the principles 
involved. An understanding of the concepts in the various theorems is 
more important than the proofs themselves. But this understanding 
caimot be acquired without some sort of proof, even though it may not be 
the most general one possible. 

8-'2. Piecewise Continuous Functions of a Real Variable. In his use of 
the calculus of real variables in engineering problems the applied scientist 
may easily fall into the habit of thinking only of the most "well-behaved" 
functions, functions which are continuous and have continuous deriva­
tives. These are functions like e" and xn , upon which we can operate 
unquestionably with the various- standard processes of the calculus, such 
as the rules for differentiation and integration by parts. 

For certain good reasons it is customary to consider certain discontinu­
ous functions as idealized excitations for linear systems. Two examples 
are the step function and the periodic square wave. These are conceptu­
ally simple (it is easy to draw their graphs and to visualize what they look 

234 
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like). However, the derivative does not exist at points of discontinuity, 
and this fact gives us reason to be careful when using discontinuous func­
tions in the usual processes of the calculus. 

A function g(x) is said to be piecewise continuous in an interval if in that 
interval all points of discontinuity are isolated and if the function 
approaches a finite limit from each side of the point of discontinuity. 
Isolation of the discontinuity means that there is an interval around each 
discontinuous point such that the function is continuous at all other 
points in this interval. If a function is piecewise continuous over the 
interval - 00 < x < 00, we say that it is a piecewise continuous function. 

Let f(x) have an isolated discontinuity at Xo. The single-sided limits 
mentioned in the above paragraph are defined formally by the following 
formulas, 

lim f(xo + E) = f(xo+) 
.-.0 

limf(xo - E) = f(xo-) 
(8-1) 

...... 0 

where E is positive. On the other hand, if f(xo) exists and both limits 
equal f(xo) , the function is continuous at Xo. The symbols written on the 
right of the above two equations 
will occasionally be used to imply 
the limit process shown. Since the 

f(x,,+)~ 
I 
I 
I 

t-f(x,,) 
I 
I 
I 

~f(x,,-) 

XO 

: I I I 
I I I I 
, I I I 

: (¥; pieceWis! continuous i 
, ' I I 

I I I 
, I I 

FIG. 8-1. Definition of a function at a dis- FIG. 8-2. Example of a continuous func­
continuity. tion having a piecewise continuouB de­

rivative. 

limits exist on each side of the discontinuity, and the function is con­
tinuous otherwise, it follows that a piecewise continuous function is 
bounded in any finite interval. 

In many cases it is satisfactory to leave the function undefined at a 
point of discontinuity. However, when Fourier integral formulations 
are used, it is convenient to define a piecewise continuous function at a 
point of discontinuity as the average of the above two limits, as follows: 

f(xo) = f(xo+) + f(xo - ) (8-2) 
2 

These ideas are illustrated graphically in Fig. 8-1. 
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We shall also deal with functions which are continuous but which have 
a piecewise continuous first derivative. An example is shown in Fig. 8-2. 
A continuous function does not necessarily have a piecewise continuous 
derivative. This question is discussed later, and an example is shown in 
Fig. 8-3. 

8-3. Theorems and Definitions for Real Integrals. It is important 
briefly to consider a few fundamental theorems as applied to piecewise 
continuous functions. For the most part these theorems will look famil­
iar, but we emphasize that now we are considering a fairly general class of 
functions. As you study these theorems, you should recognize how it is 
possible for them to be true under the conditions stated. 

Theorem 8-1. * If a functionf(x) is piecewise continuous in the interval 
a ~ x ~ b, then both the integrals 

Jab f(x) dx and Jab If(x)1 dx 

exist and 

IJab 
f(x) dx I ~ Jab If(x) I dx (8-3) 

Theorem 8-2. If, in the interval a ~ x ~ b, hex) is a continuous func­
tion having a piecewise continuous derivative 

then 

f(x) = dh(x) 
dx 

Jab f(x) dx = h(b) - h(a) (8-4) 

Theorem 8-3. Integral as a Function of the Upper Limit. If f(x) is 
piecewise continuous, a ~ x ~ b, and t is a number in this same interval, 
then 

F(t) = f J(x) dx 

is a continuous function of t and 

dF(t) = f(t) 
dt 

at all points where J(t) is continuous in the interval a, b. 

(8-5) 

(8-6) 

Theorem 8-4. Integration by Parts. If two functionsf(x) and g(x) are 
each continuous in an interval a ~ x ~ b, with piecewise continuous 
derivatives, then 

i b 
f(x) dU:) dx = J(b)g(b) - f(a)g(a) - i b 

g(x) d~~) dx (8-7) 

• In this and following theorems, the interval a ;;; x ;;; b can be replaced by a < x 
< b if the pertinent functions approach limits at a and b. 
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Theorem 8-5. Integral over a Set of Measure O. Over the interval 
a ~ x ~ b let there be isolated points Xl, X2, •.. at whichf(x) is nonzero. 
Let f(x) be zero everywhere else in the interval. Then 

Jab f(x) = 0 

This theorem states, in effect, that the integral of any function is inde­
pendent of the definition of the function at one or more isolated points. 
For example, if we integrate over a discontinuity, the integral is independ­
ent of how we define the function at the point of discontinuity. The set 
of points defined in the theorem is an example of a set of measure O. '" 

8-4. Improper Integrals. Improper integrals are of two kinds. In the 
first kind the integrand remains finite, but the interval of integration 
extends to infinity. In the second kind the interval of integration remains 
finite, but within that interval the integrand becomes infinite. 

Improper Integral of the First Kind. Let f(x) be piecewise continuous 
in the interval a ~ X ~ A, where A is as large as we like. If the limit 

II = lim fA f(x) dx 
A-+OD Ja (8-8) 

exists, we define this as the integral 

(8-9) 

Whenever you see an integral written like Eq. (8-9), it should be inter­
preted by the limit appearing in Eq. (8-8). This is an improper integral 
of the first kind. Recalling the definition of a limit, it is evident that an 
improper integral of the first kind converges if, and only if, corresponding 
to an arbitrary E > 0 there exists a number X such that 

when 
I Ja A f(x) dx - III < E 

A >X 

This formulation serves as the precise definition of convergence. Note 
the similarity with convergence of a series. 

In order to illustrate improper integrals of the first kind, consider the 
three casesf(x) = l/x, f(x) = e-", andf(x) = sin x, each integrated from 
1 to 00. In the first case 

i Adx 
- =- log A - log 1 = log A 

1 Z 

'" A set of measure 0 is more general than this, but this is the only case we shall 
encounter. 
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This does not approach a limit, as A becomes infinite, and so the integral 

r'" dz 
Jl X 

does not exist. In the second case 

11 A r'" dz = -e-A + e-1 

As A approaches infinity, the above approaches lie and so we have 

r- e-"'dz =! 
]I e 

This improper integral converges. Finally, for the third example, 

IIA sin x dz = - cos A + cos 1 

which does not approach a liInit as A becomes infinite. Note that the 
first example does not approach a liInit because log A ~ 00. On the 
other hand, in the third case cos A remains finite, but it approaches no 
liInit. 

In the Fourier integral theorem we encounter improper integrals like 

1-.... /(x) dz 

Such an integral is defined by using the above definition twice, once at 
each liInit. Thus, when it exists, 

I '" /(x) dz = lim {A /(x) dx + lim 1° /(x) dx 
-to A-tGO )0 B-tGO -B 

(8-10) 

In some cases this liInit does not exist, except for the special case A = B. 
In other words, integration is then always performed over an interval 
centered at the origin. This is called the principal value of the integral 
and is written 

(8-11) 

If the liInit in Eq. (8-10) exists, it is the sam~ as the principal value. As 
an example, consider /(x) = sin x. The infinite integral does not exist, 
but the principal value does exist (having the value zero), because sin x 
is an odd function, and the integral from -A to A is always zero. 

Improper Integral o/the Second Kind. Let/(x) be piecewise continuous 
in the interval a ~ x :;; c < b, where c is arbitrarily close to b, and where 
/(b) is infinite. If 

12 = lim J.' /(x) dz 
c->b II 

(8-12) 
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exists, we define this as the integral 

12 = labf(x) dx 

239 

(8-13) 

and we say the integral converges. This is an impropcr integral of the 
second kind. Again refcrring to the definition of a limit, wc find that such 
an integral converges if, and only if, corresponding to an arbitrary E > 0 
there exists a positive number 0 such that 

I laC f(x) dx - 121 < E 

when O<b-c<o 

A similar statement would be possible if the integrand were infinite at the 
lower limit. 

Two examples will suffice to illustrate this kind of improper integral, 
namely, f(x) = 11x andf(x) = l/Yx. Integration is from 0 to 1. The 
integrand becomes infinite at 0 in each case. For the first example 

i 1dX 
- = log 1 - log c 

C x 

which approaches infinity as c approachcs zcro, showing that the integral 
diverges. The sccond example gives a converging integral because 

/.1 :;-x = 2(yl - yc) 

approaches 2 as c approaches zero. 
Absolute Convergence of Improper Integrals. For either type of improper 

integral, if 

la" If(x)1 dx (first kind) or lab If(x) 1 dx (second kind) 

exi~ts, then the integral is said to converge absolutely. Absolute conver­
gence is a more stringent property of a function than convergence. For 
exa~ple, 

10" Si~ x dx converges but 10"1 si~ xI dx does not 

The 90ncept of absolute convergence is sometimes useful, particularly as 
it appears in the statement of sufficient conditions for applicability of the 
Fourier integral theorem. The following theorem is useful: 

Theorem 8-6. If a functionf(x) has an absolutely converging improper 
integral, then the corresponding integral of f(x) also converges. 

Cauchy Principle of Convergence. As in the case of infinite series, there 
is an alternative way to state neceBBary and sufficient conditions for con-
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vergence of an integral, in which the limit value is not needed. Using the 
same terminology as for series, this is called the Cauchy principle of con­
vergence. We shall state it for each of the two types of improper integrals, 
in the notation of Eqs. (8-8) and (8-13). 

The integrals in question converge if, and only if, given an arbitrary 
small E > 0 for type 1 there exists a number X' such that 

I JA~ f(x) dx I < E 

when A,A' > X' 

and for type 2 there exists a number 6' such that 

I J.; f(x) dx I < E 

when o < (b - c), (b - c') < 6' 

Recall that in type 1 the upper limit is infinite, and so X' is a large number. 
In the second type the integrand is infinite at the upper liInit b, and 6' is 
small. (The lower limit a is assumed to be less than the upper limit b.) 

8-6. Almost Piecewise Continuous Functions. In defining piecewise 
continuous functions it was stipulated that each discontinuity should be 
finite. Having now considered improper integrals of the second kind, we 
can admit certain cases where the function becomes infinite at isolated 
points. First we observe that, if n < 1, 

exists. 
lo

b Xl-.. Ib b1- .. 
x--dx = -- =-­

o I-no 1-n 

Suppose that XAo is a singular point of f(x) but that in some neighborhood 

Ix - xkl < 6 

the function has the property 

M 
If(x) I < Ix - xAoI" n<l (8-14) 

where M is some constant. Then, since the right-hand side of the 
inequality is an integrable function, it follows that If(x) I and f(x) are 
integrable over XAo. As an example, consider 

f(x) = sin x 
VZ 

where integration is from 0 to 1. For this interval, 

and therefore the integral exists. 
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The objective is to define a class of functions slightly less restricted than 
the piecewise continuous functions, but sufficiently restricted so that 
Theorems 8-1 through 8-4 will still apply. If integration over a finite 
interval encounters a finite number of points like Xk, and if the function is 
otherwise piecewise continuous, it will be integrable over each singular 
point and therefore will be integrable over the interval. 

We now define almost piecewise continuity as follows: A functionf(x) 
is almost piecewise continuous in a finite interval if there are a finite number 
of points Xl, •.. , Xk, ••• , XN such 
that at each of them behavior of the 
function is described by relation 
(8-14) and if the function is piece­
wise continuous in every interval 
not containing these points. If a 
function is almost piecewise con­
tinuous in every finite interval it 
will be called an almost piecewise 
continuous function. 

Reference to these two types of 
functions will be made repeatedly. 
Therefore, in the interest of brevity. 
abbreviations will often be used 
henceforth. We shall designate a 
piecewise continuous function by 
PC and an almost piecewise con­
tinuous function by APC. 

You will note that an APC func­
tion is defined in such a way as to 
ensure integrability over any finite 
interval. Whether or not it is 

I 
I 
I 
I 
I 
I I 

~, almost piecewise 
continuous 

I 
I 

I I 

t---j 
I 
I 

integrable over the infinite interval FIG. 8-3. A continuous function having an 
depends on convergence conditions almost piecewise continuous derivative. 
as previously described for im-
proper integrals of the first kind. By defining the class of APC functions 
we make it possible to eliminate concern about convergence of the second 
kind. 

Further insight into the meaning of the APC property is afforded by 
Fig. 8-3, which is to be compared with Fig. 8-2. Figure 8-2 is an example 
of a continuous function which has a PC derivative. By inventing the 
APC class of functions we admit ca.ses like Fig. 8-3, wheref(x) has one or 
more points Xk where the derivative becomes infinite while the function 
itself remains finite. 

This section is concluded by pointing out that we have indeed defined 
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a.n APe function in such a way that Theorems 8-1 through 8-4 can be read 
with the word almost preceding the words piecewise continuous in each 
instance. Proof of this statement is left to you as an exercise. 

8-6. Iterated Integrals of Functions of Two Variables (Finite Limits). 
In the development of the theory of the Laplace transform there are many 
instances in which a function of two variables is integrated first with 
respect to one variable and then with respect to the other. Adequate 
treatment of the subject sometimes requires inversion of the order of 
integration, a process which is not always justified. Therefore, we shall 
need some theorems stating certain conditions which are sufficient to 
ensure validity of inversion of the order of integration. In most cases at 
least one of the integrals is improper. 

If we are given a function f(x,y) of two real variables which meets cer­
tain conditions of integrability, we can perform the following two 
operations, 

f'dx J:l f(x,y) dy 

which are basically different. The question then arises: Under what 
conditions do these two operations give results which are identical? The 
question can also be formulated for the case where f(x,z) is a function of 
the real variable x and the complex variable z and where integration with 
respect to z is along a contour C. Then we want to know when the two 
operations 

yield identical results. The problem is further complicated by the fact 
that in our applications the real integral can have infinite limits. 

This is a sophisticated mathematical problem; and we shall make no 
attempt to give it a completely general treatment. We begin by recalling 
that in typical semielementary texts it is proved that the order of inte­
gration can be inverted if the limits are fixed and if f(x,y) is simultaneously 
continuous in both variables. But our problems do not fit into this simple 
category: our functions can be discontinuous, and the integrals can be 
improper. 

This is one of the questions anticipated in the introduction for which 
Riemann integration is really inadequate. Accordingly, we shall be 
satisfied with a "proof" which is largely intuitive. In general, we shall 
be satisfied to deal with the question of whether 

Je d dy Jab f(x,y) dx and 
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are equal for those cases where, except at a finite number of points, J(x,y) 
is almost piecewise continuous in each variable when the other is held con­
stant. An example would be 

1 
J(x,y) = -.-v"lx==:=+=y=-=====21'.-v--;;=\x=_===iyj 

which is APe in x and y, with singular points on the loci x = y and 
x = 2 - y. Except when y = 1 or x = 1, the function is APe in x, with 
y held constant, and in y, with x held constant. If we put x = 1, we get 

and when y = 1, 

1 
f(l,y) = Iy - 11 

1 
f(x,l) = Ix - 11 

neither of which is APe. The loci of singular points for this case are 
shown in Fig. 8-4a. 

d -----,---------------~ 

y 

C _____ ~L---------------~ 

a % b 

(a) (b) 

FIG. 8-4. illustrations of how the points where f(x,y) is discontinuous or becomes 
infinite can be described by a locus in the xy plane. (a) The example given in the text; 
(b) a more general case. 

Thus, we intuitively expect that f(x,y) will be characterized by loci of 
singular points as indicated for a more general case in Fig. 8-4b. These 
lines could be loci of points where f(x,y) is discontinuous by finite jumps, 
but this case is trivial, and so we assume that they are loci in the same 
sense as in Fig. 8-4a. An infinite discontinuity of the type permitted by 
the APe condition is experienced as the locus is crossed in a direction 
parallel to either axis. However, we do not expect APe behavior as 
point A is crossed in either direction. Of course, much more complicated 
situations than this might be envisioned in which the loci of singular 
points would form a network of lines covering the rectangle and in which 
more than two lines might intersect at a point. 
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In preparation for the intuitive proof, we need the following lemma: 

Lemma A. H we consider a rectangle R, with sides parallel to the 
coordinate axes, and if this rectangle is subdiVided into a set of sub­
rectangles R", then if the iterated integral of J(x,y) exists over R, it 
equals the sum of the iterated integrals over R... That is, 

I dy I dx = I I dy I dx ____ R. 

R 

I dx I dy = I I dx I dy ____ R. 
and 

R 

PROOF. For a proof, we shall show this to be true for the single sub­
division shown in Fig. 8-5a. It will be quite evident that a similar proof 
holds for Fig. 8-5b and that the proof can be applied repeatedly to take 
care of further subdivisions. 

(a) (6) 

FIG. 8-5. Iterated integral over two con­
tiguous rectangles with sides parallel to 
the coordinate axes. 

d~-------------------r~ 

ca~~--------------------~b 

FIG. 8-6. Isolation of the loci of singular 
points by a set of small rectangles. 

From the definition of an integral, we have 

l d dy lab J dx = i d dy la "I J dx + i d dy £: J dx 

and lab dx led Jdy = la"l dx h'1 Jdy + I,,: dx led Jdy 

Each of the integrals on the right is an iterated integral over one of the 
subrectangles, and hence the lemma is proved. 

Now let the loci of singular points be enclosed by an array of rectangles, 
as shown in Fig. 8-6. These rectangles can be made arbitrarily small. 
Corresponding to this, the rest of the area is divided into strips, as indi­
cated in the figure. The strips can be either horizontal or vertical. Let 
R" represent members of the set of rectangles in which there are no singu-
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lar points, and let Sn represent members of the set of rectangles which do 
contain singular points. According to Lemma A, 

J. d dy Jab f(x,y) dx - l J dy J f(x,y) dx = l J dy J f(x,y) dx 
R. 8. 

and 

Jab dx J. d f(x,y) dy - l J dx J f(x,y) dy = l J dx J f(x,y) dy 
R. 8. 

Each of the summations over the R,. set of rectangles exists, and they 
are equal, because f(x,y) is simultaneously continuous in x and y over 
these rectangles. Therefore, if the right-hand sides of the above equa­
tions can be shown to approach zero, as the rectangles are made smaller 
while becoming infinite in number, we shall have established that 

and Ja b dx Jed f(x,y) dy 

both exist. Furthermore, since it has been pointed out that 

l J dy J f(x,y) dx = l J dx J f(x,y) dy 
R. R. 

we also have 

I Jed dy Jab f(x,y) dx - Jab dx Jed f(x,y) dy I 
~ I L J dy J f(x,y) dx I + Il J dx J f(x,y) dy I (8-15) 

8" SrI 

We shall outline what is involved in proving that each term on the right 
side of Eq. (8-15) approaches zero. Two typical rectangles, labeled 1 and 

C2:} 
(%1"1) Az 

(a) (6) 

FIG. 8-7. Approximation of the locus ·of singular points, within a rectangle, by straight 
lines (/I) where there is a single locus line, (b) where two lines intersect. 

2, are magnified in Fig. 8-7. They are also slightly modified to the extent 
that it is assumed that the rectangles are small enough to allow the loci to 
be approximated by straight lines. In these two rectangles, owing to 
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APe properties, we can use the following estimates: 

M 
I!(x,y) I < Ix - XI - kl(y - YI)I'" over (I) 

N 
I!(x,y) I < Ix - X2 - k 2(y -Y2)1" Ix - X2 - k3(Y - Y2)]P over (2) 

in which M and N are constants and m, n, and p are each between 0 and I. 
The numbers kl' k2, and k3 are reciprocals of the slopes of the lines. Thc 
first of these can be integrated with no difficulty, and an upper bound can 
be found for the second (see Prob. 8-27). We find 

I !II:'+'>II dy !",~'H:Z; !(x,y) dx I < (constant)(~y)2-'" 

I !1I:t+tJ.1I 
dy !",:tH:Z; !(x,y) dx I < (collstant)(~y)2-"-" 

Similar results are obtained for integration in the reverse order. As the 
rectangles are made smaller, their number increases in proportion to 1/ ~y. 
Thus, the contribution of the integrals of type 1 varies as ~yl-"'. But 
1 - m > 0, and so this contribution can approach zero as ~Y approaches 
zero. * The number of rectangles of type 2 remains constant as ~Y goes to 
zero. Thus, their contribution goes to zero, because 2 - n - p > o. 
If the function has finite discontinuities on these loci, there is no difficulty 
in showing that the contribution of the S" rectangles approaches zero. 

In this brief discussion we have omitted many details. In particular, 
we did not take into consideration the special case where the loci may be 
either horizontal or vertical. This eauses no difficulty but does not fit 
into this analysis because it would give k a limiting value of 0 or 00. 

However, to a degree we have established the following: 

Theorem 8-7. If !(x,y) is almost piecewise continuous in x and y in the 
intervals a ~ x ~ band c ~ y ~ d, except at possibly a finite number of 
points, then 

J. d dy !"b !(X,y) dx and 

both exist, and they are equal. 

An example may be helpful. Let 

x 
!(X,y) = vlx _ yl 

• This brief intuitive argument assumes that a single multiplying constant M in the 
above appraisal will suffice at all points. Otherwise, this argument is not valid. In 
view gf the intuitive nature of this proof, it would be inconsistent to pursue this ques­
tion in detail. 
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which is APe, with a singular point at x = y. The locus of the singular 
point is a line at 45°. Let us check whether or not 

(1 (1 xdx 
10 dy 10 vlx - y\ and e e xdy 

10 dx 10 vlx - yl 
are identical. For the first one, 

~=== + =%y% 10
1 x dx loll X dx 11 X dx 

o vlx - yl 0 Vy - X II V X - Y 

+ % (1 + 2y) VI - y 
and, for the second one, 

(1 x dy = ('" x dy + (1 x dy = 2x% + 2x VI _ x 
10 vlx - yl 10 V x - y ) '" V y - x 

by ordinary processes of integration. Integrate the first from 0 to 1, with 
respect to y, giving 

% Jo
1 

y% dy + % Jo
1 

(1 + 2y) .yr-=y dy 

= % Jo
1 

y% dy + % Jo
1 

(3 - 2w) VW dw 

= % Jo
1 

y%dy - % Jo
1 
w~' dw 

+ 2 Jo 1 
VW dw = 2 Jo 1 

VW dw = % 

where w = 1 - Y is used as a variable change. The second one, inte­
grated with respect to x, gives 

2 Jo
1 
x~· dx + 2 Jo

1 
x VI - x dx = 2 Jo

1 
x% dx + 2 Jo

1 
(1 - w) VW dw 

= 2 fol x% dx - 2 fol w% dw 

(1 - (1_;-+ 2 J 0 V w dw = 2 J 0 v w dw = % 

where w = 1 - x. Both results are the same, in agreement with Theorem 
8-7. 

8-7. Iterated Integrals of Functions of Two Variables (Infinite Limits). 
As an extension of the previous section, suppose that 

I(y) = fo" f(x,y) dx (8-16) 

converges for some range of y, say c ~ y ~ d. The question is whether 
or not 

!cd dy 10" f(x,y) dx and fo" dx f d f(x,y) dy 
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!!ore equal if f(x,y) meets the conditions given in Theorem 8-7, for every 
finite rectangle. You may recognize here a resemblance to the term-by­
term integration of series, as discussed in Chap. 5. 

Suppose that, given a small arbitrary positive number fl, it is possible 
to find a number X, which depends only on E, such that 

I IA~ f(x,y) dx I < fl 

when A, A' > X 

for all y in the range c ~ y ~ d. If this is possible, the integral is said to 
be uniformly convergent with respect to y, in the range specified. (This 
is the Cauchy version of the definition of uniform convergence.) 

Now assume that the integral with respect to x is uniformly convergent, 
and observe that the integral can be written as a series 

.. 
10" f(x,y) dx = l B .. (y) 

.. -0 

(8-17) 

where hIJ.+. 
B .. (y) = f(x,y) dx 

IJ. 
(8-18) 

and the sequence 0 = (:Jo < {31 < {32 < (:Ja • • • is any infinite ascending 
sequence of numbers starting from zero. Let such a sequence be chosen, 
and choose a number N such that 

{3N > X 

Then, because the sequence of {3's is ascending, it is true that 

{3.+h (3,. > X 
when U,v > N 

We arbitrarily let v be the larger of the two n4mbers u and v, if they are 
not equal. Note also that 

• It+· f(x,y) dx = l B,,(y) 
n=u 

However, owing to uniform convergence of the integral and the appropri­
ate choice of u and v indicated above, 

I I ~.+. f(x,y) dx I < I! 

when u, v> N 
and consequently 

when u,v > N 
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Thus, it is seen that uniform convergence of the original integral ensures 
uniform convergence of any series constructed from it in accordance with 
Eqs. (8-17) and (8-18). From Theorem 5-3, it is known that a uniformly 
convergent series can be integrated term by term, and so we have 

.. 
fl dy fo" f(x,y) dx = fed dy L B .. (y) 

,,-0 .. 
= L fed B .. (y) dy 

n-O .. 
= l fed dy ftt+1f(x,y) dx 

,,=0 .. 
= L ft-' dx fe d f(x,y) dy 

.. -0 

We now recall that the sequence {jo < (jl ... is arbitrary, and under 
this condition the summation of the last expression yields 

fo 00 dx fed f(x,y) dy 

Thus, we have proved the following theorem: 

Theorem 8-8. If f(x,y) meets the conditions given in Theorem 8-7, for 
every finite rectangle in the xy plane, and if the integral 

fo 00 f(x,y) dx 

converges uniformly with respect to the upper limit, In the range 
c ~ y ~ d, then 

fe d dy fo 00 f(x,y) dx = fo 00 dx J. d f(x,y) dy 

A similar theorem can be proved regarding inversion of the integration 
order of 

fe dz fo 00 f(x,z) dx 

where f(x,z) is a function of a real variable x and complex variable z. 
However, there is a slight difference: almost piecewise continuity has not 
been defined for a function of a complex variable, and so this is avoided 
by requiring f(x,z) to be continuous in z for all values of x for which the 
function is defined. The proof follows by recognizing that a contour 
integral can be written as the sum of four real integrals and then by 
applying Theorem 8-8 to each of the real integrals. The result is stated 
as follows: 
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Theorem 8-9. If fex,z) is APe in x for fixed z and continuous in z for 
each x for which the fuaction is defined, and if 

fo" fex,z) dx 

converges uniformly with respect to the upper limit, for z on a curve 0, 
then 

Ie dz fo" fex,z) dx = fo" dx fe Jex,z) dz 

8-8. Limit under the Integral for Improper Integrals. In dealing with 
the Laplace integral we shall have occasional need to know whether or 
not, given a function of two variables J(x,z), we can write 

lim ( .. fex,z) dx = ('" lim fex,z) dx 
.-20 )0 Jo &'-Zo 

In order to appreciate that this is a question of interest, consider the 
integral 

r" sin y dy 
}o Y 

which is evaluated in Sec. 8-12. Now let z > 0 be rcal, and let y = zx, 
giving 

r'" sin zx d _ r 
}o -x- x - 2 

This is a function of z having the limit 

z>o 

r r'" sin zx dx _ r 
.~}o -x- - 2 

However, if we take the limit before integrating, we get 

10 
.. I· sin zx d - 0 Im-- x-

o .~o x 

showing that different result,R are obtained depending on whether wc take 
the limit fin-it or integrate first. Thcrefore, conditions are wantcd which 
are sufficient to permit an intcrchange of the limit and the integral. 

It is a simple matter to show that theRc limits can be different only at 
points where the integral is a diRcontinuous function of z. In the above 
example, if z approaches zcro from the negative side, the integral 
approaches -7r/2, confirming the above statement for this example. 

The following theorem is adequate: 

Theorem 8-10. Let a function J(x,z) be of the form 

J(x,z) = g(x,z)h(x) 
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where z is complex and g(x,z) is continuous in each variable when the 
other variable is held constant and where h(x) is APO. If the integral 

fo" I(X,2) ck 

converges uniformly with respect to the infinite liInit, in a region R, it is 
true that 

lim (oo I(x,z) ck = ( .. lim I(x,z) ck 
....... ,.)0 }o ,-tIt 

if Zo lies in R, and z lies in R as it approaches zoo 

We shall omit the proof of this theorem with the comment that two 
considerations are necessary. Since the integrand is APe in variable x, 
it is necessary to consider the validity of the result in the light of singular 
points of the integrand at finite values of x, where the integral is improper. 
By restricting behavior at these points to being of the APe type these 
singular points cause no difficulty. Then it is necessary to consider the 
effect of the infinite limit, and in doing this it is found that uniform con­
vergence is sufficient. The proof of this is similar to the proof of con­
tinuity of an infinite series of continuous functions, Theorem 5-2. 

The example given earlier does not meet the conditions of the theorem. 
The integral 

roo sin zx dx 
}o x 

converges uniformly for z ~ Z' > 0, but not for z ~ o. 
8-9. M Test for Uniform Convergence of an Improper Integral of the 

First Kind. Since uniform convergence of an improper integral occa­
sionally arises as a needed condition, it is important to be able to test a 
given integral for this property. The situation is much the same as for 
series, and so for an intuitive understanding you are referred to Theorem 
5-4. 

The case of an improper integral of the first kind is dealt with by the 
following theorem: 

Theorem 8-11. Let M(x) be a function which is positive for all x and 
such that 

If(x,z) 1 ~ M(x) 

for all z in a region R. Then, if 

fa" M(x) ck 

exists, it can be concluded that 

fa" f(x,z) dx 

converges uniformly with respect to the infinite limit, for z in R. 
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8-10. A Theorem for Trigonometric Integrals. The integrals 

IG" f(x) sin yx dz 

IG" f(x) cos yx dx 

are functions of y. In the proof of the Fourier integral theorem we shall 
need to know the limit approached by these functions as y becomes 
infinite. An intuitive preview of the answer can be gleaned from the 
observation that, as y increases, the areas of sin yx and cos yx, over any 
finite interval of x, approach zero because the period approaches zero. 
Ultimately this action becomes dominant, causing the integrals to 
approach zero. 

In proving that these integrals approach zero we are faced with a 
slightly complicated situation because the oscillatory nature of the 
integrand is essential to the behavior of the integral, and so an appraisal 
must be used which does not depend upon the absolute value of the 
integrand. We shall outline the proof, assuming that f(x) is piecewise 
continuous between a and b. It is possible to subdivide the interval of 
integration into N increments with end points Xk and to establish a set of 
constants AI: which will determine the staircase function 

l 
Al 
As 

g(x) = ... 
AN XN_l < x < b 

which will approximate f(x) in the sense that, for any small arbitrary 
positive number E, it will be true that 

[" E }a If(x) - g(x)1 dx < 2 

For all values of y it is true that 

I J.." f(x) sin yx dx I-I J.." g(x) sin yx dx I 
~ 11" [f(x) - g(x)] sin yx dz I ~ 1" If(x) - g(x)1 dz < ~ 

and from thi3 we have 

I J.." f(x) sin yx dx I < ~ + I J.." g(x) sin yx dx I 
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But the integral on the right is subject to the appraisal 

N 

I i b 

g(x) sin yx dx I = I L: At /"","'+' sin yx dx I 
"-1 

N 

253 

= I L: At cos YXt -y cos YXk+l I < 2~f 
"-1 

where M is an upper bound of the set of At numbers. The numbers N 
and M are fixed, and so if 

Iyl > 4NM 
E 

we have 2NM <~ 
Iyl 2 

and therefore I ftJb I(x) sin yx dx I < E 

Since E is arbitrarily small, this shows that the integral approaches zero. 
Obviously the same result would have been obtained if cos yx had been 
used. This completes the proof for the case where I(x) is piecewise con­
tinuous and the limits on the integral are finite. However, the proof can 
readily be extended to include improper integrals if I(x) is APC and if it is 
absolutely integrable to infinity. Suppose that the APC function I(x) 
becomes infinite at Xo and that 

fo" II(x)1 dx 

exists. Then, by virtue of the definition of convergence of an improper 
integral, we can choose numbers XI, X 2, and X a, where 

and such that 

1/:'!(x) SinYXdXI < 1:"I!(X)ldX <i 
I Ix: I(x) sin yx dx I < Ix: II(x) I dx < i 

Then we can use the previous result to show that 

I lox. lex) sin yx dx I < i when y > Yl 

and I fx~' I(x) sin yx dx I < i when Y > Y2 
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U Yo is equal to the larger of the two numbers Yl and Y" then we have 

1/0" f(x) sin yx dxl < e 

for Y > Yo 

and again we have shown that the integral approaches zero as y increases. 
In the most general case, where f(x) is not necessarily APC, this result 

is known as the Riemann-Lebesgue theorem for trigonometric integrals. We 
now state the result for the restricted conditions used here, as follows: 

Theorem 8-12. If f(x) is piecewise continuous, in the interval from a to 
b, then 

lim J. b f(x) sin yx dx = 0 
1111....... a 

lim J. b f(x) cos yx dx = 0 
1111....... a 

Furthermore, if f(x) is APC, and if 

exists, then 

10" If(x) I dx 

lim ( .. f(x) sin yx dx = 0 
1111 ....... }o 

lim ( .. f(x) cos yx dx = 0 
1111 ....... }o 

(8-19a) 

(8-19b) 

8-11. Theorems on Integration over Large Semicircles. In later work 
there are frequent occurrences of improper integrals falling into one or the 
other of the following two categories: 

Case a PV 1-.... H(jy) dy 

Case b PV 1-.... H(jy)eJub dy 

where H(z) is an analytic function of z. It is possible for H(z) to be 
multivalued, but if this is the case, it is important to arrange branch cuts 
so that the jy axis will lie wholly in one sheet of the Riemann surface. 
Branch points and essential singularities, but not poles, can occur on the 
jyaxis. 

The general plan of procedure is to recognize these integrals as limits of 
complex-plane contour integrals, as follows: 

Case a 

Case b 

PV I" H(jy) dy = -j lim ( H(z) dz 
-CIO R~. Jc 

PV J" H(jy)eJub dy = -j lim { H(z)eeb dz 
-. R ..... _ )c 

(8-20) 

(8-21) 
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where b < 0 and C is the contour shown in Fig. 8-8a, extending along the 
j axis from -jR to +jR.* Then the path is closed by a contour C1, as 
shown in Fig. 8-8b, or by C1 + C', as shown in Fig. 8-8c, if H(z) has a 
branch cut extending to infinity. Then we can use the calculus of residues 
to write, for case a, 

-j J. H(z) dz = j J. H(z) dz - 211"[sum of residues inside closed curve] c c. 
(8-22) 

or - j fc H(z) dz = j fc. H(z) dz + j fc' H(z) dz 

- 211"[sum of residues inside closed curve] (8-23) 

A similar expression can be written for case b. In these equations the 
signs are predicated upon the usual convention in which a positive direc­
tion of integration is one in which the enclosed area is on the left. 

jR 

c 

-jR 

(a) 

I 
I 
I , 

/ , 
--",,/ 

-" 
(b) 

-- ..... " 
'"C1 

C \ 
R...-', 
c' , , __ --c. _____ .l 

.. _--_ .. _---, 
I 

I , 
I 

--'" 
;( 

" C1 "," 

(e) 

FIG. 8-8. Various contours used to evaluate an integral with two infinite limits. 

As R is allowed to approach infinity, as required in Eqs. (8-20) and 
(8-21), the right-hand side of Eq. (8-22) reduces to an integral over a 
semicircle of radius approaching infinity, minus 211" times the sum of all 
residues in the right hali plane. In making this statement we assume 
that the number of poles is finite, and so ultimately all right-hali-plane 
poles will lie within the closed curve, as R increases. 

Presently we shall stipulate properties on H(z) which are sufficient to 
ensure that 

lim J. H(z) dz = 0 
R-+oo Cl 

or lim ( H(z)e<b dz = 0 
R-+oo lei 

Then only the sum of residues remains, unless H(z) is multivalued, necessi­
tating additional arcs such as C' as part of the closed path. It was stated 

• The more usual notation, as used in mathematics books, is obtained if z is replaced 
by jz, with a corresponding 90· rotation of the contours. The form used here is more 
natural for practical problems arising from the Fourier integral theorem. 
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that there should be a finite number of poles of H(z) in the right half plane. 
However, if H(z) is meromorphic and can be expanded in a Mittag­
Leffler expansion (see Sec. 5-16), then it can be shown that the present 
theory is applicable by virtue of a term-by-term integration of the series. 

The above discussion sets the stage to show why it is important to 
investigate integrals over large semicircular arcs. We continue to con­
sider the two cases, showing what conditions on H(z) will make the inte­
grals over the semicircular arcs approach zero as the radius approaches 
infinity. 

We now assume that 

lim RH(Rei8) = 0, uniformly - !2 ~ 8 ~ !2 for case a (8-24) 
R_" 

and lim H(Rei8) = 0, uniformly - !2 ~ 8 ~ !2 for case b (8-25) 
R_" 

where in each case zero is approached uniformly with respect to 8. This 
means that corresponding to an arbitrarily small positive E we can in each 
case find a number Ro such that 

RIH(Rei8)I < E for case a (8-26) 

when R > Ro and -11"/2 ~ 8 ~ 11"/2 and 

IH(Rei8) I < E for case b (8-27) 

when R > Ro and -11"/2 ~ 8 ~ 11"/2. Beyond this point the proofs for 
the two cases are different. 

Consider case a; making the variable change 

z = Rei8 dz = jRei8 d8 

we get ( H(z) dz = -j 10:/2 Rei8H(Rei8) d8 1 e. -0:/2 
and so, invoking relation (8-26), 

I ( H(z) dz I ~ 10:/2 RIH(Rd8)1 d8 < 1I"E (8-28) le. -0:/2 
if R > R o, where Ro is the value defined in relation (8-26). Since 1I"E is 
arbitrarily small, it is established that 

lim ( H(z) dz = 0 (8-29) 
R--:,.oo let 

Proceeding in a similar way for case b, we have 

( H(z)eb'dz = _jI0:/2 Re;8H(Re;8)ebRco.8eibRalD8d8 
le, -0:/2 

and I { H(z)eb'dz I ~ 10:/2 RIH(Re;8) lebR co. 8 d8 le, -0:/2 (8-30) 

Now let R be greater than Ro, so that !H(Re;') I < E, by relation (8-27). 
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Also, note tha.t the exponential is an even function of 8, so that for R > Ro 
we can write 

I Ie. H(z)eb
• dz I ;;;;; ZRE 10 .. /2 

ebB
- B dO 

At this point we refer to Fig. 8;.9 for an estimate of cos 0, namely, 

2 cos8;;::1--0;;::0 - 'If'-

o 9- i" 

(8-31) 

FIG. 8-9. Replacing cos 9 by a linear function which is always less than cos 9. 

Therefore, assuming b < 0, 

0~8~; 

This estimate is used on the right side of relation (8-31) to give 

10
,,/2 100:12 'If'EebR 

2RE ebBao.' dO ~ 2REebR e-2bB8/0: dO = -- (e-bB - 1) 
o 0 -b 

_ 'If'E (1 bR) 'If'E -TbT -e <TbT 
Thus it has been shown that, if the arbitrary small positive number 'If'E/ibl 
is chosen, there is a number Ro such tha.t 

Ie. H(z)eb
• dz < I~i 

when R > Ro, and thus it is proved that 

lim 1.. H(z)eb'dz = 0 
R-+co C1 

b<O 

b<O (8-32) 

In appraising these conclusions, we must keep in mind the restrictions 
on H(z) and also the condition b < 0 in case b. Exactly similar pro­
cedures apply, under appropriate conditions, leading to the use of a semi­
circle in the left half plane. It is found that if 

lim RH(Rei8) = 0, uniformly ~2 ~ 0 ~ 3
2
'1f' 

B ....... 
for case a (8-33) 

lim H(Rei ') = 0, uniformly 2~ ~ 0 ~ 3
2
'1f' 

Roo ... 
and for case b (8-34) 
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then, referring to Fig. 8-10 for the definition of CI , we get 

lim (e H(z) dz = 0 
R-+oo }~. 

lim ( H(z)e'J8 dz = 0, b > 0 
s-. Je. 

for case (J 

for case b 

Note that b > 0 when the semicircle is in the left half plane. 

c 

I 
I 
\ 
\ 
\ 

I"~ 
...... '--

p--------
I 
I 
\ 
\ 
\ 
\ ,c2 , ..... "'--

(8-35) 

(8-36) 

FIG. 8-10. Alternative contours to be used. in certain cases for evaluating integrals with 
two infinite limits. 

If there is a branch cut, C1 or C2 refers to the complete semicircular arc, 
excludin~the gaps at the branch cuts and excluding whatever additional 
arcs (such as Cf in Fig. 8-10) may be needed in order to keep the complete 
closed contour in one sheet of the Riemann surface. 

These results are so important that we now state them formally as two 
theorems: 

Theorem 8-13. If H(z) is an analytic function having the property 

lim RH(Rei ') = 0 
R ....... 

or 

!<o<31/' 
2 = = 2 

uniformly with respect to 8, then 

lim ( H(z) dz = 0 
R-+CIO JOI 

or lim ( H(z) dz = 0 
R-+oo Je, 

(8-37) 

(8-38) 

(8-39) 

where C1 and C2 are semicircles in the right and left half planes, respec­
tively, centered at the origin and of radius R. 
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Theorem8-14 (Jordan'sLemma). If H(z) is an analyticfunction having 
the property 

lim H(Rei8) = 0 
R- .. 

or 

~<8<3r 
2 = = 2 

uniformly with respect to 8, then, if b is a nonzero real number, 

or 

lim r H(z)eb'dz = 0 
R-+oo le1 

lim ( H(z)eb'dz = 0 
R-+oo let 

ifb<O 

if b > 0 

(8-40) 

(8-41) 

(8-42) 

where C1 and C2 are semicircles in the right and left half planes, respec­
tively, centered at the origin and of radius R. 

These theorems have been presented in terms of semicircles in the right 
and left half planes. However, by means of a variable change to provide 
a rotation in the complex plane, it is possible to state these theorems for 
semicircles having any arbitrary orientation. In fact, these theorems are 
usually stated for semicircles in the top and bottom half planes. For 
the generalization of Jordan's lemma to any semicircle centered at the 
origin, see Prob. 8-24. Also, it scarcely needs to be pointed out that 
for the conditions stated in Theorems 8-13 and 8-14 the integrals over 
arcs smaller than the semicircles also approach zero. Very often, as in 
Example 3 in the following section, an integral over a quarter circle is 
encountered. 

8-12. Evaluation of Improper Real Integrals by Contour Integration. 
The two theorems presented in the previous section find many applica­
tions in later chapters. However, rather than refer ahead to these 
applications, we present here three arbitrarily chosen examples. 

In each example we start with a real integral in the variable y. Then, 
in order to fit the examples to the theorems, it is convenient to write the 
given integrals with jy as the variable. Doing this yields integrations 
over semicircles in the right and left half planes, in shnilarity with the 
theorems as stated. 

Example 1. Evaluate the integral 

f.. dy 
_ .. a2 +y2 
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The integrand can be converted to a function of jy by writing yl = - (jy)2, 
and therefore we formulate the problem as follows, 

f oo dy . r r dz 
_oo -a2=--_--";-,(j;-y):-::2 = -) B~ } 0 -a2---z-2 

where path C is defined in Fig. 8-8. At infinity the integrand behaves in 
the manner described in Theorem 8-13, for all directions of approach to 
infinity. Thus, integrals over both C1 and C2 approach zero as R 
approaches infinity. C1 is arbitrarily selected, which means that C + C1 

encloses a right-half-plane pole at z = a, with residue 

- a ~ z 1,-0 = - 2~ 
Thus, if H(z) = 1/(a2 - Z2), 

lim r H(z) dz = - lim r H(z) dz - 271-j (- 21 ) 
B-oo }o B-oo }Ol a 

and, using Theorem 8-13 to eliminate the integral over C1, we have 

f oo dy 71" 

_00 at + y2 = a 
The same result would be obtained by integrating over path C2• Then 

integration is in the positive sense, but the residue at the pole at -a is 
1/2a. These two sign changes cancel, giving the same result. Note that 
this integral can be integrated directly, by SUbstituting limits in the 
inverse tangent function. 

Example 2. Evaluate the integral 

roo sin y dy 
}o y 

The function (sin y)/y is an even function, and so 

roo sin y dy = ! f" sin y dy = ! fOO ehl 
-: e-hl dy 

}o y 2 _oo Y 2 -00 )2y 

- li ( ·1 e' - e-· d ) - lim ·1 sinh Zdz - m -) z - -)--
B_oo 0 4z B_oo 0 2z 

This would suggest a separate integration of each term in the integrand, 
but then each integrand would have a pole at the origin, on contour C, and 
so Theorem 8-14 will not apply. However, (sinh z)/z has no pole in the 
finite plane, and so the path C can be distorted to one side of the origin, as 
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~"",,--- --............ , 
/Fd; CO, 

I \ , \ 
I , 
! \ 
, Pole of ~z· \ : , 
, 
I , 
I I 
\ I 
\ I 

\', /' '. / , ' '. ./ ................ _-- --~..,.,.." 

hoo siny 
FIG. 8-11. Contours used in evaluating -- dy. o y 

shown in Fig. 8-11, without changing the integral. Thus, 

h sinhzd - h sinhz d - h e' d h e-' d --z- --z- --z- -z 
C 2z Co 2z c. 4z Co 4z -- --A B 

The quantity b of Theorem 8-14 is + 1 and -1 for integrals A and B, 
respectively. Therefore 

hm -dz=O . f e" 
R-+.. c.4z 

hm -dz=O . f e-' 
R_oo c. 4z 

and so for integrals A and B the path Co is closed, respectively, to the left 
(C2) and right (C1). Path Co + C1 encloses no pole, and so integral ~ 
approaches zero as R becomes infinite. Path Co + C2 encloses the pole at 
z = 0 with residue~. Thus, 

Ii J sinh z dz l' J e" dz . 7r m -- = 1m - =J-
R_oo C 2z R-,. c.4z 2 

and finally 10 
.. sin Y d l' . f sinh Z d 7r -- Y= lID -J -- Z=-

o Y R_oo C 2z 2 

The same result would be obtained by using a path distorted to the left 
of the origin, rather than Co. A double sign change would occur, because 
the direction of integration would be changed, and because of a change in 
sign of the residue. 

Example 3. Evaluate the integral 

f oo cos Y d 
_00 Vy2 + 1 Y 
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Since (sin y)/¥Y2+1 is an odd function of y, we have 

f .. sin y dy = 0 
_00 Vy2 + 1 

This fact allows us to write 

~===dy = dy f oo cos y foo e-hl 

_00 y'Y2TI _ .. Vy2 + 1 

We want the integrand as a function of jy, and so this is changed to 

Now, referring to Fig. 8-12, we have 

But the integral over C1 is zero, by Theorem 8-14, and so we look at 

2 ~ dz = lim 2 dx Ic 
e-Z 14 +1 e-% 

C' (z - 1) a-+O R V x 2 - 1 

C 

+hm dB 
. h2 .. e-1e-a(c.a 6+; aiD 6)jad6 

a-+O 0 va (2d6 + a&6)~ 
--.......... , 

'''C1 , 
\ 

Bra nch poi nt \ 
. \ 

Radius , \ Branch cut 
=a ~- ~_~C:: ___ J./ 

\. 1 r---------, 
'-~ I 

-- ",/ 

I 
R~I 

/ 
/)h 

FIG. 8-12. Contours used in evaluating f-.... IIC:~111 dy. 

The last integral on the right approaches zero because the integrand 
approaches zero as Va. Now we have 

f oo cos y d r r e-" d 
_ .. Vyl + 1 Y = - R~ }c' (ZZ - 1)~ z 

= 2 dx f
.. e-S 

1 Vxl - 1 
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In this example we did not attain a numerical result directly. How­
ever, this integral is a special case of one of the integral representations of 
the Hankel function Ho(l)(jw), which is· 

Thus, we have the resultt 

f" cos Y d = 2 'H (1)( .) 
_ .. yy2 + 1 Y 11') 0 J 

= 21/"(0.268) = 1.685 

Suppose that we had not succeeded in reducing the new integral to a 
known function. Then a numerical approximation could have been used. 
It is instructive to observe that the new form is more amenable to calcula­
tion than the original. The new form is better because the oscillating 
cosine of the original form has been replaced by the rapidly decaying expo­
nential e-%. The algebraic singularity at x = 1 in the new form would 
offer no difficulty, because near x = 0 the integrand can be approximated 
by 

1 
- --;== 
yx-l 

which can be integrated analytically over a small interval. 

PROBLEMS 

8-1. For each of the following, obtain an explicit formula for the function: 

(a) f1(t) = JOI a sin (b - x) dx 

(e) f.Ct) = JOI a sin (b - x) db 

(sin I 
(e),"Ct) =}O asintda 

8-11. Consider the two functions 

fCt) = g _ t 
Evaluate 

directly, and also by Theorem 8-4. 

Cb) !oCt) = Jo
l 
a sin Cb - x) cia 

(d) "Ct) = JOI a sin Cb - t) db 

(J) f.Ct) = J ~z a sin Cb - x) db 

{ 
2 + t 

get) = 4.5 _ 1.5t 

r 2 f(t) dgCt) dt 
}o dt 

* See Courant and Hilbert, "Methods of Mathematical Physics," p. 479, Inter­
science Publishers, Inc., New York, 1953. 

t Numerical values for Ho(J)(jw) are found in Jahnke and Emde, "Tables of 
Functions," Dover Publications, New York, 1945. 
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8-3. Determine which of the following improper integrals exist. It is not neces­
sary to evaluate those which do exist, but you should give logical proofs of existence 
or nonexistence. 

(b) (00 Sin2 X ax 
Jo x 

(d) I~ .. If" dx 

(f) 1_0000 x cos x dx 

8-4. Do Prob. 8-3 for the following integrals: 

(a) (1 ~ 
Jo Vz 

(c) 101 
log x ax 

(e) e log x ax 
Jo Vz 

$-5. Assuming that 

1000 
/(x) d:r; 

both converge, prove that 

(b) [1 ax 
Jo x 

(d) [2 1 ax 
Jo vlx - 11 

(f) I: ell~ dx 

and 1000 
g(x) ax 

1000 
[/(x) + g(x)) ax 

converges and is equal to the sum of the first two integrals. Also, by means of a 
counterexample, show that convergence of the last integral does not imply conver­
gence of the other two. 

8-6. For the following functions, catalogue them according to whether they are 
continuous, piecewise continuous, almost piecewise continuous, or none of these. 
Answer for each of the intervals 0 ;;; x ;;; 10 and 0 < x ;;; lO: 

(a) x sin ~ 
(c) Vlcot xl 

(e) sin ~ 
x 

8-7. Use the fact that 

to show that 

(b) tan x 

(d) log x 

(f) ~ 
x 

is a function of '" which is -1 for", < 0 and + 1 for", > O. 



THEOREMS ON REAL INTEGRALS 265 

8-8. Check whether or not the question marks may be replaced by equality signs 
in the following: 

(a) fo I dy fo I X log Ix - yl dx ? fo I dx fo I X log Iz - 111 dy 

(b) {Idy fI dx ? fIdx {I dy 
10 10 vlx - yl 10 10 vlx - yl 

(C)f02dyf02/(x-y)dx? !o2 dx !o2/(X- y)dy 

where/ex) = 1/v'iXi when 0 < Ixl < I and/(x) - l/~ when I < Ixl < 2. 

(d) [1 dy (2 dx 
10 10 viI - x2y21 

? dx 12 11 dy 
o 0 ViI - x2y21 

In each case determine whether the integrand is APC in each variable, as required 
in Theorem 8-7. 

8-9. Determine whether the integral 

converges, and converges uniformly, in the intervals 

(a) 0 ;;;; y ;;;; I (b) I ;;;; y ;;;; 2 

8-10. Referring to Prob. 8-9, compare the following: 

(a) lim ~ '" ye-o' d:c and ~ '" lim ye-o' dx 
v-> 0 0 o y-+o 

(b) lim ~ '" ye-o' dx y-+I 0 and ~ 00 lim ye-o' dx o v-> 1 

and relate your findings to the convergence properties obtained in Prob. 8-9. 
8-11. Referring to Prob. 8-9, compare the following: 

(a) fo I dy fo'" 1Ie-o' dx 

(b) fl2 dy fo'" ye-o• dx 

and 

and 

and relate your findings to the convergence properties obtained in Prob. 8-9. 
8-12. For each of the following cases check whether or not the question mark can 

be replaced by an equality sign: 

Ca) fol dy fo'" e-' sin xy dx ? fo'" dx fol e-· sin xy dy 

(b) fol dy fo" xe-O' d;J; ? fo'" dx fol xe-O• dy 

Relate your conclusions to convergence propertie!t of the integrals. 
8-13. If fez) has the property that 

fo" lI(x)1 dx 
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converges, prove that 

fo" I(x + y) dz 

converges unifonnly, a ~ y ~ Yo, where a and yo are arbitrary real numbers. 
8-14. For each of the following integrals, use the M test to detennine a range of y 

for which the integral 

fo" I(x,y) dz 

converges unifonnly: 

(a) I(x,y) = einx Xyr 
e"" 

(b) f(x,y) = cos (x" + yZ)e-(s+tl) 

(c) I(x,y) = XZ + y" 

8-15. Let I(x) be APC, and assume that 

fo" I/(x)l" dz 

converges. Use appropriate theorems in the text to prove that 

lim ( .. I(x + y)/(x) dz = (00 I/(x)IO dz 
y-+oJo Jo 

8-16. Use contour integration to evaluate the following integrals: 

f oo siny 
(a) _00 1 +y" dy f 00 e;' 

(b) _ .. 1 + y" dy JOO dy 
(c) _ 00 (1 + yO)" , 

8-17. Prove the identity 

(OOsiny+ycosY d = ( .. ~dz 
Jo l+y" Y Jo l+x 

8-18. Evaluate the integral 
(00 dx 

Jo VZ (1 + XZ) 

by the following two methods. 
(a) Contour integration on the integral as it stands. (HINT: Put a branch cut 

along the positive real axis. After obtaining the answer in this way, decide whether 
a branch cut along the negative real axis could have been used.) 

(b) Let z = 8 2, and obtain a new integral, which is then evaluated by contour 
integration. 

8-19. Evaluate the integral 

(0
00 

.....,=--dz __ 
J( ~x (1 + x) 

where ~ is positive. (HINT: Use a branch cut along the positive real axis, and then 
decide whether or not you could get the same result by using a branch cut along the 
negative real axis.) 

8-20. Use the principle of contour integration in the complex plane to evaluate the 
integral 

roo sin ... y d 
Jo y(l - yO) Y 
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8-111. Verify both of Eqs. (7-54) for the function 

1 
f(8) = 1 + a 
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(HINT: Use the principles established in Sec. 8-12, with a semicircular indentation 
around the pole at y = "'. The PV. integral does not include the integral over this 
semicircle, and so the portion due to it must be subtracted out.) 

8-22. Verify both of Eqs. (7-54) for the function 

1 
f(8) = (1 + s)2 

(See hint in Prob. 8-21.) 
8-23. Let Z(s) be the impedance of a capacitor in parallel with a series RL branch. 

Take each element value as unity. The real component of this impedance (for real 
frequencies) is 

u(",) 
1 

1 - ",' + ",< 

and the imaginary component is 

v(",) 
",' 

- ",' + ",< 

Show that both of Eqs. (7-55) are satisfied in this case. 
8-24. Define a semicircle C' centered at the origin and of radius R, and give con­

ditions on H(z) and specify the orientation of the semicircle such that 

lim ( H(z)e" dz = 0 
R-+oo le' 

where c is the complex number Icleh . 

8-26. As an alternative to the method given in the text for finding 

("'siny d 
}o y y 

show that 

( .. sin y d - lim 1, (J -, e;· dy + f" e;v dy ) 
}o -y- y - ...... 02) _ .. Y • Y 

and then use Jordan's lemma and the results of Prob. 5-33 to evaluate the quantity 
on the right. 

8.,26. Let a rational function F(s) have at least a second-order zero at infinite s. 
This means that the degree of the denominator must be at least 2 greater than the 
degree of the numerator. Use an appropriate theorem to prove that the summation 
of the residues over all the poles is zero. 

8-27. In the discussion leading to Theorem 8-7, the following properties of iterated 
integrals over the rectangles in Fig. 8-7 are stated: 

{IIIH.y dy (: .. +lU I ~x( )1'" < (constant)(.1y)2-" 
) 1/1 J "'I X - XI - I Y - YI 

(~+~ (~+lU ~ 

JII' d
y

}",. Ix - x. - k.(y - y.)lnlx - x. - k.(y- y.)lp 
< (constant) (.1y)2-n- p 

Carry out these integrations, establishing the correctness of the above results. 



CHAPTER 9 

THE FOURmR INTEGRAL 

9-1. Introduction. In this chapter we deal with perhaps one of the 
most important single topics in the theory of the Laplace transform. In 
Chap. 1 you were given a nonrigorous development which formally states 
that under certain conditions, given a function J(t), we can form the 
function 

ff{jw) = f-''''", !(t)e-;..t dt 

and then recover J(t) by the inversion formula 

J(t) = 2: PV J-"' .. ff{jw)e;"t dw 

(9-1) 

(9-2) 

This is a statement of the bare essentials of the Fourier integral theorem. 
In these formulas wand t are real, and so these are real integrals. In 
linear system analysis, t is usually time, but of course this is incidental, 
and t is regarded as merely a real variable in this discussion. 

With the background of the present chapter we are now prepared to 
give a proof which is mathematically more rigorous than the proof given 
in Chap. 1, and also we shall have a precise statement of sufficient condi­
tions on J(t) to ensure validity of the Fourier integral theorem. 

9-2. Derivation of the Fourier Integral Theorem. Sufficient conditions 
will be developed as we progress; and then the results will be collected 
and stated as a theorem at the end. The first condition is that J(t) shall 
be APC and the integral 

J _ .... IJ(t) I dt 

shall exist. Then, by Theorem 8-11, the integral 

J _ .. ", J(t)e-;"t dt 

will converge uniformly with respect to the upper and lower limits, for 
all w. 

The proof of the theorem consists in proving Eq. (9-2) to be true. As 
a first step we substitute ff(jw), as given by Eq. (9-1), into the integral of 

268 
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Eq. (9-2). By omitting the factor 1/27r, the right side of Eq. (9-2) becomes 

PV J" ff(jw)eiw l dw = lim J A eiw' dw f 00 f(r)e-iw~ dr 
-10 .4-+00 -A -110 

The pair of iterated integrations can be inverted, by virtue of Theorem 
8-8, giving 

PV foo ff(jw)eiw ' dw = lim foo fer) dr fA ei .. (I-~) dw 
-co A--+oo -00 -A 

= lim 2 fOO fer) sin A(t - r) dr A_oo -00 t - r 

= lim 2 foo feu + t) sin Au du (9-3) 
.4-+00 -00 U 

The last step is arrived at by changing the variable in accordance with 
u = r - t and regarding t as constant. 

Now assume that t is a value at whichf(t-) andf(t+) exist. We write 
this integral in three parts, as follows: 

f oe sin Au 
2 _00 feu + t) -u- du = I1(A,t) + 12(A,t) + 13(A,t) 

f-
a sin Au 

where I1(A,t) = 2 _00 feu + t) -u- du 

12(A,t) = 2 f~/(u + t) sinuAu du 

13(A,t) = 2 hOO feu + t) sinuAu du 

(9-4) 

(9-5) 

The Riemann theorem for trigonometric integrals (Theorem 8-12) applies 
to I1(A,t) and 13(A,t) because feu + t)/u is absolutely integrable over 
intervals which avoid the origin. Now we have 

lim I1(A,t) = 0 A_oo 
lim I a(A,t) = 0 A_oo 

and so, from Eqs. (9-3) and (9-4), we are left with 

PV fOO ff(jw)eiw' dw = lim 2 f' feu + t) sin Au du (9-6) 
-00 A_oo -. U 

If f(t) is discontinuous at the value of t in question, then f( u + t) is dis­
continuous at u = 0 and this would lead to difficulty in a later step if the 
integral were left in this form. This trouble can be avoided by writing 
it as the sum of two integrals, 
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2 f~ feu + t) sin Au du = 2 fO f(u + t) sin Au du 
_~ u -~ u 

+ 2 r~ feu + t) sin Au du 
}o u 

Ia
~ sin Au 

= 2 [feu + t) + f( - u + t)] -- du 
o u 

(9-7) 

Now change the variable to w = Au, giving 

2 f~/(u + t) sinuAu du = 2 !oM [f(t + X) + f(t - X)] si: W dw 

Let A approach infinity, without justifying the step, to get a clue to the 
answer. Justification will come later. This yields the tentative guess 
that the right-hand side of the above equation is 

2[f(t +) + f(t-)] r" sin W dw = 7r[f(t+) + f(t-)] (9-8) }o w 

Now we shall prove that this is correct. 
The sine integral is the starting point, and we proceed by modifying it 

as follows: 

10
.. . 10..1.& . 10& . A SIn W d l' sm W d l' sm u d --W=Im --W=Im --u 

o W ..1.--.. 0 W ..1.--.. 0 U 

Therefore, the term on the left of Eq. (9-8) can also be written as 
follows: 

lim 2 r~ [f(t+) + f(t-)] sin Au du 
..1.--.. }o U 

A check on the correctness of the tentative answer given by Eq. (9-8) is 
obtained by computing the difference between the above expression and 
the right side of Eq. (9-7). By omitting the factor 2, this difference 
IS 

lim [ r& fCt + u) - f(t+) sin Au du + r~ f(t - u) - f(t-) sin Au dU] 
A--"}O U }o U 

As u approaches zero, each of the quantities f(t + u) - f(t+) and 
f(t - u) - f(t-) approaches zero, because f(t) is piecewise continuous. 
Thus, there is the possibility of the above quantities, when divided by u, 
being integrable over the interval indicated. However, they will be 
integrable only if the numerators approach zero as fast as, or faster than, u. 
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As a sufficient condition assume that we can find numbers K and a such 
that 

when 

IJ(t + u) - J(t+)1 < K 1u"" 
IJ(t - u) - J(t-)I < K 2u'" 

u < 8 

(9-9) 

and where al and a2 are each greater than zero. This will ensure integra­
bility. For example, then, 

Ie J(t + u) - J(t+) du I ~ (8 K 1u",,-1 du = K 18'" 
Jo u Jo al 

and similarly for the other integral. Relations (9-9) are called Lipshitz 
conditions of order a and are a property of J(t) which we now require, in 
addition to the original condition of being APe. 

Assuming that conditions (9-9) are satisfied, Theorem 8-12 can now be 
used to arrive at the results 

lim 
A .... " lo8 J(t + u) - J(t+) . AdO 

'-..:.------'----"---"--'---'--'- SIn u u = 
o u 

eJ(t - u) - J(t-) sin Audu = 0 
Jo u 

lim 
A .... " 

This confirms the earlier guess that the right side of Eq. (9-8) is a cor­
rect evaluation of the right side of Eq. (9-6), and therefore also of the left 
side of Eq. (9-3). In other words, we have proved, for the conditions 
assumed, that 

J(t+) + J(t-) = -.!. PV f" fJ(jw)e;"t dw 
2 211"_" 

(9-10) 

at any point where J(t) satisfies Lipshitz conditions of order a > O. Of 
course, at any point where J(t) is continuous, (f(t+) + J(t- )]/2 = J(t), 
and so Eq. (9-2) is an adequate representation if 

J(t) = J(t+) + J(t-) 
2 

is used for the definition of J{t) at points of finite discontinuity. 
A few words about the physical meaning of the Lipshitz condition may 

be enlightening. Existence of right- and left-hand derivatives at each 
value of t would be sufficient to carry out the concluding steps of the 
proof, without explicitly stating the Lipshitz condition. In fact, existence 
of the single-sided derivative is equivalent to the Lipshitz condition of 
order 1. Most practical functions, like the examples in Fig. 9-1, do have 
right- and left-hand derivatives. However, we would like to be a bit 
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more general and include functions like Fig. 9-2. Here there are points 
where the function remains finite, mayor may not be disconti:ijuous, but 
where the single-sided derivative becomes infinite. These functions 

FIG. 9-1. Examples of functions having finite single-sided derivatives. 

FIG. 9-2. Examples of bounded functions which have derivatives (or single-sided 
derivatives) which become infinite. 

satisfy the Lipshitz condition, and so the Fourier integral theorem is valid 
for them.'" 

We now state the Fourier integral theorem as follows: 

Theorem 9-1. Letf(t) be a function which is almost piecewise continu­
ous, which satisfies the Lipshitz condition of order a > 0 at each point 
where the function is finite, and for which the integral 

f_"'",.lf(t)1 dt 

converges. Then, 

ff(jw) = f _ .. ", f(t)e-iwt dt 

defines the function ff(jw) by an integral which converges uniformly with 

• The function 1/ v' -log It I does not satisfy a Lipshitz condition at the origin. 
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respect to the infinite limits, for all real w. Furthermore, f(t) is related to 
~(jw) by 

f(t+) + f(t-) = ~ PV fOG ~(jW)ei"" dw 
2 2"11"_ .. 

at all points where f(t) is not infinite. The first integral is called the 
Fourier integral, and the second integral is called the inversion integral. 

9-3. Some Properties of the Fourier Transform. For further appraisal 
of the Fourier integral theorem we consider two examples. As the first 
one, take the even function 

for which 

f(t) = e-alll a > 0 

~(jw) = fO e(a-i .. )1 dt + { '" e-(a+iw)l dt 
-00 Jo 

1 1 
= a - jw + a +jw 

2a 
a2 + w2 

As the second example, consider the odd function 

which gives 

{ 
_eal 

f(t) = e-al 
t < 0 
t > 0 

~(jw) = - J 0 e(a-iw)l dt + ( 00 e-(a+iw)l dt 
-00 }o 

1 1 ---+--a - jw a + jw 
. 2w 

- J a2 + w2 

(9-11) 

(9-12) 

(9-13) 

(9-14) 

In each case note that ~(jw) is an analytic function given by a compara­
tively simple formula which has meaning for all values of w, real or com­
plex. On the other hand, if w = x + jy, the Fourier integral becomes· 

J _'"," f(t)e" l e-;:'I dt 

Introduction of the factor e"1 may prevent this integral from converging 
fo~ certain values of y. Thus, although the integral may not converge for 
all complex values of w, we seem to get a function from the integral which 
is defined for all values of w, c~mplex as well as real. At least this is true 
for the examples given. 

The above facts point up the reason for making a distinction in termi­
nology between the Fourier integral and the function ff(jw). The latter 

* Here we are making an exception to the practice otherwise followed in this text, 
that Col shall be real. 
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is called the Fourier transform of f(t). It is a function of w in which no 
integral need appear. The transform is a function which can be repre­
sented by the integral for certain ranges of complex w but which can exist 
for other values of w. 

We shall now briefly consider a few of the universally important proper­
ties of the Fourier transform function ff{jw), as they are related to proper­
ties of f(t). 

1. Properties of Real and Imaginary Parts offf{jw). In the first example 
f(t) == f( -t), and we found that ff{jw) is a real function of w having 
the property ff{jw) == ff( -jw). In the second example f(t) == -f( -t), 
and the corresponding ff{jw) is imaginary and has the property 
ff(jw) == -ff( -jw). These are specific examples of a general property 
which can be derived by writing f(t) as the sum of even and odd parts: 

f(t) = f.(t) + f.(t) 
where f.(t) = f(t) +l( -t) f.(t) = f(t) -l( -t) 

Then the Fourier integral can be written 

J 00 f(t)e-iwt dt = (oo [f( -t)eiwt + f(t)e-iwt] dt 
-00 10 

ff(jw) = 2 fo 00 f.(t) cos wt dt - j2 fo" f.(t) sin wt dt 

(9-15) 

(9-16) 

(9-17) 

Thus, whenf(t) is real, the real part of ff{jw) is always an even function of 
w, and the imagmary part is always an odd function of w. Furthermore, 
if f(t) is even, ff(jw) is real (and also even), and if f(t) is odd, ff(jw) is 
imaginary (and also odd). A good way to summarize these properties is 
to write 

ff(jw) = ff( -jw) w real (9-18) 

In the terminology of Chap. 7, ff{jw) is a real function of jw. 
This general case, for a real functionf(t), can be summarized by defining 

two transform functions, as follows: 

ff{jw) = ffr(jw) + jff,(jw) (9-19) 

where ffr{jw) = 2 fo" f.(t) cos wt dt 

ff,(jw) = - 2 fo" fo(t) sin wt dt 
(9-20) 

2. Differentiability of the Fourier Transform. If f(t) satisfies the condi­
tions of the Fourier integral theorem, as stated by Theorem 9-1, we know 
that 
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converges uniformly for all w. Uniform convergence is sufficient to allow 
us to write 

ff{jw) - ff(jwo) = J_ .... f(t)(e-Jo>. - e-Jo>o') dt 

and to take the limit as w approaches woo This is by virtue of Theorem 
8-10. The integrand approaches zero, and so it follows that the trans­
form is a continuous function of the real variable w. 

Now apply the Fourier integral theorem to the function tf(t), and adopt 
the notation 

ffl{jW) = J _ .... tf(t)e-Jo>' dt 

This function can be integrated under the integral with respect to w, by 
Theorem 8-8, and so we can write 

('" fftUU) dU = j J" f(t)(e-Jo>' - 1) de )0 - .. 
= j[ff{jw) - ff(O)] 

Now differentiate with respect to w, to obtain 

ff (.) . dff(jw) 
1 JW = J ----a;;;- (9-21) 

Since ffl{jW) exists and is continuous, we see that ff(jw) has a continuous 
derivative with respect to the real variable w. A similar result can be 
obtained if t2f(t) satisfies the conditions of the Fourier integral theorem, in 
which case the second derivative of ff{jw) is found to be continuous. We 
summarize by stating that if tnf(t) is absolutely integrable from - 00 to 00 , 

then the nth derivative of ff(jw) with respect to w is continuous and is 
given by 

d"ff{jw) = ~ ff,,(J'w) 
dw" J" 

(9-22) 

In the above, w must be real because uniform convergence is assured 
only for real w. Thus, in Eq. (9-21) we can say that the derivative exists 
for real w but not necessarily for complex w. Consequently, this equation 
does not establish that ff(jw) is analytic. 

To show that ff(jw) is not necessarily analytic, consider the function 

sin bt 
f(t) = t(t2 _ '/r 2jb2) 

By routine integration, the Fourier transform is found to be 

o ~ Iwl ~ b 

Iwl > b 
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For this example, ff(jw) has a continuous first derivative, but the second 
derivative is not continuous, and higher-order derivatives do not exist. 
If we check the absolute integrability of tnf(t), we find that absolute 
integrability is retained when n = 1 but not when n = 2. Hence, it is 
to be expected that the first derivative will be continuous but not neces­
sarily the second. 

The case where f(t) is identically zero for It I greater than some fixed 
value is of particular interest. For such a function the Fourier integral 
has finite limits, and so t"f(t) is absolutely integrable for all n. We con­
clude that in this case its Fourier transform is indefinitely differentiable 
with respect to w. 

Many other properties of the Fourier transform function can be derived, 
but the same information can be obtained more easily from the Laplace 
transform, because the theory of functions of a complex variable is then 
more extensively applicable. 

9-4. Remarks about Uniqueness and Symmetry. For a given f(t), its 
transform ff(jw) is uniquely determined by the Fourier integral of f(t). 
Therefore, each Fourier integrable function has one and only one trans­
form function ff(jw) as its "mate." We now ask whether or not two 
differentf(t) functions could ever produce the same ff(jw) function. Sup­
pose that/1(t) andh(t) are two different functions but that the transform 
of each is the same function ff(jw). Since ff(jw) is the same for each, an 
identical inv~rsion integral is obtained for /1(t) andf2(t). Therefore, from 
Eq. (9-10) it follows that fl(t) and f2(t) must satisfy the equation 

fl(t+) + /1(t-) _ h(t+) + h(t-) (9-23) 
2 - 2 

At any continuous point of a function f(t), 

f(t+) + f(t-) = f(t) 
2 

and therefore Eq. (9-23) tells us that 

/1(t) =: f2(t) 

(9-24) 

except possibly at isolated points where one or the other function might 
be defined arbitrarily. The inversion integI'al can give no information 
about whether or not fl(t) and h(t) are equal at such isolated points. 
This is to be expected, because the set of such isolated points is a set of 
measure O. We recall from Theorem 8-5 that an integral is unaffected 
if the integrand is defined arbitrarily over a set of measure zero. Thus, 
the Fourier integral can yield the same ff(jw) function for two f(t) func­
tions which differ over a set of measure 0, and the inversion integral will 
be insensitive to this difference. This possible difference between two 
functions having the same transform is primarily of academic interest. 
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In fact, if we continue to agree to define a function at a discontinuity as 
the mean of the limits approached from the two sides, thenf(t) is uniquely 
related to ff(jw). 

This property of uniqueness is very important. It means that tables 
of paired functions can be constructed which are solutions of the pair of 
integral equations 

ff{jw) = f-.... f(t)e-;"I dt (9-25a) 

f(t) = 2~ PV f-.... ff(jW)e"'" dw (9-25b) 

where Eq. (9-24) is understood to define f(t) in the second equation. 
Because these relationships occur in pairs, and because we have estab­
lished uniqueness, it follows that if one of these integrals is known the 
other one is automatically known. For example, in Sec. 8-9 we obtained 
the formula 

--- = e-aIl1e-;"1 dt 2a f" 
a2 + w2 

- .. 
(9-26) 

In view of the above property we immediately know the value of an addi­
tional integral, namely, 

e-GIII = - --- ei",t dw 1 f" 2a 
2'IT _ .. a2 + w2 (9-27) 

The usual PV designation is not needed here because the integral con­
verges as it stands. 

In this way we see that the Fourier integral theorem has the effect of 
doubling the size of a given table of integrals like Eq. (9-25a). If we have 
a table of integrals representing integrals like Eq. (9-25a), we also 
implicitly have a table of integrals like Eq. (9-25b). Except where the 
PV designation is needed, these two integrals are essentially the same. 
Let us consider this statement a bit further. Equation (9-27) can be 
made to look like Eq. (9-25a) by replacing w by t and t by -w to give 

!: e-al .. 1 = f" _1_ e-;"I dt (9-28) 
a _ .. a2 + t2 

If Eqs. (9-27) and (9-28) are typical of all cases, it would appear that to 
obtain one pair of functions satisfying Eq. (9-25a) is to obtain a second 
pair. In this case the two pairs are: 

1(1) 1f(i"') 

6-111 
2a 

at + ",I 

1 ~ 6-el .. 1 
a ' + I' a 
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One naturally asks whether this illustrates a generally valid conclusion. 
As was mentioned above, the integral of Eq. (9-25b) cannot be made to 
look like the integral of Eq. (9-25b) unless the PV designation can be 
omitted from the latter. Also, this example is a special case in the sense 
that fJ(jw) is real. Consider the general case of Eq. (9-25b), in which the 
integral converges without taking the principal value. Then, if t is 
replaced by -t, we can write 

f( -t) = ~ f'" fJ(jw)e-j .,/ dw 
2'11" -'" 

and if t and ware now interchanged we get 

2'11"f( -w) = f-"'", fJ(jt)e-j
.,/ dt (9-29) 

If fJ(jt) is real, this last equation looks like Eq. (9-25a), except for inciden­
tal differences in notation. If fJ(jt) is complex,j( -w) is neither even nor 
odd and, in the notation of Eqs. (9-19) and (9-20), the above equation 
reduces to the pair 

'II"[f( -w) + few)] = f-"'", fJ.(jt)e-M dt 

'II"[f( -w) - few)] = j f-"'", fJ;(jt)e-jwt dt 

Each of these is similar to Eq. (9-25a). 

(9-30a) 

(9-30b) 

No condition has been stated whereby we can know when an arbitrarily 
given fJ(jw) function will be the Fourier transform of some f(t). In view 
of the symmetry properties mentioned above, we can at least say that if 

f-"'", IfJ(jw)1 dw 

converges, then fJ(jw) is the Fourier transform of somef(t) function. This 
gives no information about the case where the inversion integral con­
verges only in the principal-value sense. In that case, if 

~ PV f'" fJ(jw)eiw/ dw 
2'11" _'" 

converges to a function f(t) , this function can then be tested to determine 
whether or not it has a Fourier transform. 

These remarks are of more than academic interest, as we can see by 
consideration of the following example. In system analysis we often deal 
with a rectangular pulse defined by 

f(t) = { ~ itl < 1 
Iti > 1 
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Its Fourier transform is readily found to be 

ff(jw) = 2 sin w 
w 

279 

This function is not absolutely integrable. Thus we have an example 
where a function which is not absolutely integrable is a Fourier transform, 
emphasizing the fact that absolute integrability is sufficient but not 
necessary. By invoking the ideas of symmetry, we can also conclude that 

sin t 
t 

has a Fourier transform. This function does not satisfy the sufficiency 
conditions of Theorem 9-1. 

9-6. Parseval's Theorem. Consider two functions f(t) and get) having 
the property that the integrals 

J_ .... lf(t)1 dt and f _ .... Ig(t) I dt 

exist, and let one of these functions be PC and bounded for all t, and the 
other APC. From these we define a third function 

ret) = f-.... f(r)g(r + t) dr (9-31) 

Ultimately we shall want the Fourier integral of ret), but first we investi­
gate convergence of the defining integral. Suppose that get) is the 
bounded PC function. Since it is bounded, for all t and r we can say that 
there is a constant M such that 

and therefore 
Ig(r + t)1 < M 

If(r)g(r + t)1 < Mlf(r) I 

for all t. The term on the right is absolutely integrable, and therefore, by 
Theorem 8-11, it follows that the integral in Eq. (9-31) converges uni­
formly for all t. If f(t) is the function designated as being PC, we replace 
r + t by u in Eq. (9-31) to give 

ret) = f-.... feu - t)g(u) du 

which can be treated by a siInilar argument. 
Since Eq. (9-31) converges uniformly, we can obtain r( co) by allowing 

t to become infinite under the integral. If g( co) exists it must be zero, 
otherwise get) would not be absolutely integrable. In that event 
r( co) = O. It can also be shown that ret) is continuous (see Prob. 9-23). 
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We shall show that ret) has a Fourier transform by investigating the 
integral 

J _ .... r(t)e-;"I dt = l~ J _AB e-;"I dt J _ .... J(T)g(T + t) dT (9-32) 
B-+ .. 

By virtue of uniform convergence of the last integral on the right, the 
order of integration can be changed, giving 

J-.... r(t)e-;"I dt = 1~~ J-.... J(T) dT J_AB geT + t)e-iwI dt 
B-+ .. 

Now change the variable of integration in the integral with respect to t, 
by making the substitution u = T + t, as follows: 

J 
.. r(t)e-;"I dt = lim J" J(T)~T dT J. A+T g(u)e-;"u du (9-33) 

-110 A ...... ao -ao -B+T 
B-+ .. 

The integral of a nonnegative function over finite limits is not more than 
its integral over infinite limits. Therefore, for all values of A, B, and T, 

it is true that 

f A+T f" -B+T Ig(u)1 du ~ _ .. Ig(u) I du 

and with this information we can write the following sequence of inequali­
ties for the absolute value of the integrand of the T integral in Eq. (9-33): 

The integral on the right is constant, and J(T) is absolutely integrable. 
Therefore, by Theorem 8-11 we can say that the integral on the right of 
Eq. (9-33) converges uniformly with respect to either A or B. According 
to Theorem 8-10, it is possible to place the limits shown in Eq. (9-33) inside 
the T integral, giving 

f .. T(t)e-iwt dt = J" J(T)eiw'dT lim f A+T g(u)e-;"u du 
-aD -00 A ...... 00 -B+,.. 

B-+ .. 

= J _ .... J(T)eiw' dT J _ .... g(u)e-;"u du 

If we let !I(j,.,) and g(j,.,) represent the respective Fourier transforms of 
J(t) and get), we see that the two integrals on the right above are, respec­
tively, !I( -j,.,) and g(j,.,). We have now proved the interesting result 

(9-34) 
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The inversion integral can be applied to the right-hand side of Eq. 
(9-34) to give 

f_"'J(r)g(r + t) dr = 2~ PV f-: fJ( -jw)g(jw)eiwl dw (9-35) * 

Since ret) is continuous Eq. (9-35) is valid for all values of t. For the par­
ticular value t = 0, 

f '" 1 f'" _J(r)g(r) dr = 27rPV _'" fJ(-jw)g(jw) dw 

= 2~ I'V f-"'", fJ(jw)g( -jw) dw (9-36) 

This result has a particUlarly significant physical interpretation if f(t) 
and gCt) are identical. This function is necessarily PC and bounded, 
because in the derivation of Eq. (9-36) we established that only one of 
the two functions could be APC. We also note that fJ( -jw)fJ(jw) is an 
even function of w, and therefore an integral of this function cannot 
depend upon odd-function properties to make the principal value exist in 
the absence of ordinary convergence. Accordingly, the principal value 
called for in Eq. (9-36) is not required. Equation (9-36) now becomes 

f '" 1 f" _'" [f(r)]2dr = 27r _'" fJ(jw)fJ(-jw) dw (9-37) 

This can be written in another way by recalling that fJ( -jw) is the conju­
gate of fJ(jw), so that 

fJ(jw)fJ( -jw) = IfJeiw)i2 

and finally f '" 1 f'" _'" [f(r)j2 dr = 27r -00 IfJ(jw)i2 dw (9-38) 

The result just derived is summarized in the following theorem: 

Theorem 9-2. Parseval's Theorem. If f(t) is piecewise continuous, 
absolutely integrable, and bounded, and if its Fourier transform is des­
ignated by fJ(jw), then fCt) and fJ(jw) are related by the formula 

f '" 1 f'" 
_00 [fCt)]2 dt = 27r _'" \fJ(jw) 12 dw 

• Equations (9-34) and (9-35) were derived on the assumption that one of the two 
functions is PC, while the other may be APe. It can be shown that these equations 
are still valid if both of these functions.are APC, if one of them remains bounded as It I 
becomes infinite. However, in that case, r(t) will be APC. In the present discussion 
we want r(t) to be continuous, and so we adhere to the original conditions on f(t) and 
l1(t). This footnote is intended primarily for later reference, which occurs in Chap. 11. 
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A physical interpretation of this theorem is possible. If f(t) represents 
a time-varying physical quantity, under certain conditions the left-hand 
integral is a measure of the energy transfer. The right-hand integral is a 
summation of the energies of the differential components of the Fourier 
spectrum of the function. Engineers are familiar with the Fourier-series 
counterpart of this, that the power associated with a periodic function 
equals the sum of the powers associated with its harmonic components. 

PROBLEMS 

9-1. Determine whether or not the following functions meet the conditions of the 
Fourier integral theorem: 

(o)/(t) - {k 
t l 

(c) I(t) = sin t 
t 

(e) I(t) = si~tl , 

It I < 1 
1 < It I 

9-2. Check the function 

I(t) = {~1 

(b) I(t) - { ~~t 

(d) I(t) = tRe-1I 

(J) f(i) = t!O}; 

It I > 1 
-1<t<O 

0< t < 1 

t > 0 
t < 0 

in the Fourier integral theorem. That is, find ff(j",), and then recover f(t) from the 
inversion integral. 

9-3. Do Prob. 9-2 for the function 

f(t) = {~1 
9-4. Do Prob. 9-2 for the function 

t<0,'>2 
0< t < 1 
1 < t < 2 

f(t) = 10 

cos t 

It I > ~ 

It I < ~ 

9-6. Do Prob. 9-2 for the function 

I(t) = 10 

cos l , 

9-8. Do Prob. 9-2 for the function 

I(t) - {~ +' 

It I >; 
It I <; 

1'1> 1 
It I < 1 
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9-'1. Do Prob. 9-2 for the function 

sin t 
/(t) = t(1 + t') 

9-8. Do Prob. 9-2 for the function 

9-9. For the function 

where a > 0, show that 

t 
/(t) = 1 + ,. 

283 

(HINT: Use the property dfJ/tk discussed in Sec. 9-3, and then integrate by parts. 

Also, observe that 10" e-~' dx = ";7:/2.) 

9-10. For the function 
/(t) = te-I'I 

show that 

( .) • 4<0> 
fJ 3'" = -3 (1 +",')' 

(a) By actually performing the integration indicated by the Fourier integral. 
(b) By using the result stated in Eq. (9-26). 
9-11. For the function 

show that 

and use the inversion integral to recover /(t). 
9-12. Prove that, if /(t) meets the conditions of the Fourier integral theorem, then 

fJ(j",) approaches zero as ", becomes infinite. 
9-13. If /(t) and its first n derivatives are absolutely integrable from minus to plus 

infinity, and if the nth derivative is APC, show that 

1-.... j<n)(t)e-fwt dt = (j",)nfJ(j",) 

where fJ(j",) = 1-.... /(t)e- j .. , dt 

9-14. Consider the function 

1'1 > 1 
-1 ~ t ~ 1 

where n is even. 
(a) Show that this is an even function and that the first n - 1 derivatives are 

continuous. 
(b) Obtain the function fJ(j",) from the Fourier integral. 
(e) Check whether or not (",)"fJ(j",) goes to zero as ", becomes infinite, as would be 

indicated by the result stated in Probs. 9-12 and 9-13. 
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9-111. Using the idea presented in Prob. 9-13, and using the functions given in 
Probs. 9-10 and 9-11, 

(a) Obtain the Fourier transforms of 

!Ct) - (1 - t)e- itl and I(t) - (1 - ItDe-I,1 

(b) Using the j", functions obtained in part a, recover the given I(t) functions, 
through the inversion integral. 

9-16. If I'(t) becomes infinite at t ~ to, but in such a way that I(t) is APe, show 
that I(t) satisfies a Lipshitz condition at to. 

9-17. Show that, if I(t) has a derivative at to, then at this point it satisfies the 
Lipshitz condition of order unity. 

9-18. Show that the function 

I(t) = ~ - 10: It! 
does not satisfy a Lipshitz condition at t = O. 

9-19. Referring to the statement of the Fourier integral theorem, we note that 
(sin t)/t does not meet the condition stated in the theorem. Nevertheless, it is found 
that 'this function satisfies the integral relationship stated in the theorem. Discuss 
whether or not the theorem is stated in such a way as to permit this special case. 

9-20. If I(t) is made up of the finite sum 

.. 
I(t) = L Afte-~ltI 

n-l 

where each bn is real and positive, show that ff(j.,,) is a rational function having simple 
poles at j." = 'b., b" etc. 

9-21. Use the Parseval relation to evaluate the following integrals: 

(a) f-.... e~ x)' dx J.. sin't 
(b) _ .. t'(t" _ ".IP dt 

9-22. Use the principles established in Sec. 9-5 to evaluate the integrals 

J.. sin x 
(a) _ .. x(1 + x") dx f .. e-J"" 

(b) _ .. 1 + x. dx 

9-23. Prove that the function 

ret) = f _ .... /('T)g('T + t) d-r 

is continuous at each value of t under the conditiontl given in the text. 
9-24. Obtain the Fourier transform for 

J(t) = Bin bt 
t 



CHAPTER 10 

THE LAPLACE TRANSFORM 

10-1. Introduction. The Fourier integral theorem occupies a central 
position in the theory of linear integrodifferential equations. This fact is 
brought out in Chap. 1, and the development given there may be con­
sidered motivation for the present chapter. 

Three basic tasks lie before us. As is stated in Chap. 9, the Fourier 
integral theorem is restricted to functions which approach zero at t = ± QO 

fast enough to make the Fourier integral converge. One task is to show 
that this restriction can be removed. The second task is to extend the 
Fourier integral theorem to those cases where we want to investigate the 
response of a linear system to an excitation which commences at t = O. 
The third task is to develop certain properties of the resulting modified 
transforms, which are relabeled Laplace transforms. The properties to 
be investigated are those which make the Laplace transform a useful tool 
in the solution of linear equations. 

Another introductory note is iI' der. In Chap. 8 several theorems on 
real integration are enunciated, uuch as the theorem on integration by 
parts. In Chap. 10 we shall use these theorems, but frequently the inte­
grand will be a complex function of a real variable. A complex function 
g(x) of a real variable x can always be written 

where gl(X) and g2(X) are real. Since these various theorems on real 
integration apply to each of the functions gl(X) and g2(X), the respective 
theorems apply also to g(x). 

10-2. The Two-sided Laplace Transform. In Chap. 9 we saw that for 
certain functions f(t) the Fouri~r integral 

(10-1) 

exists and yields a transform which is a complex function of the real vari­
able w. Now we allow w to be complex, but for later convenience it is 
better to let jw be the general complex number 8. Then, in So purely 

285 
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formal sense we can replace jw by sin Eq. (10-1), giving 

5'(s) = f _-.. f(t)e-" dt (10-2) 

where the function 5'(8) is represented by the integral for any value of 8 for 
which the integral converges. 5'(8) is the two-sided Laplace transform of 
f(t), and the defining integral is the two-sided Laplace integral. A detailed 
consideration of convergence of this integral will take some time to 
develop. Initial insight is gained by writing 8 = u + jw, SO that Eq. 
(10-2) becomes 

5'(s) = 1-.... f{t)e-vle-;"I dt 

which is the Fourier integral of the function 

f{t)e-vi 

(10-3) 

From the Fourier integral theory we can say that at least a sufficient 
condition for the existence of the integral in Eq. (10-3) is that the integral 

f-.... If(t) Ie-vI dt 

shall exist. 
We immediately sense that for a given f(t) this integral can exist for 

certain values of IT and not for others. In particular, it may converge for 
certain f{t) functions which are not themselves absolutely integrable. 
This would be the case for the function 

f{t) = { !, ; ~ g 
for which f _ .... f(t)e-vi dt = f ~ .. e(l-v)1 dt + fo" e-vi dt 

The first integral on the right converges if IT < 1, and the second integral 
converges if IT > O. Therefore, the combination converges if 0 < IT < 1, 
showing that the integral of Eq. (10-2) converges in a vertical strip in the 
8 plane. Later on it will be shown that this is the general situation, that 
in all cases the integral of Eq. (10-2) converges in a vertical strip. How­
ever, this strip may range from the whole plane down to a single vertical 
line, depending on the nature of f(t). The function 

sin bt 
f(t) = t(t2 - r2jb2) 

which appears as an example in Chap. 9, is a case where the strip of con­
vergence is reduced to the imaginary axis. Later on we shall find that, 
if the integral in Eq. (10-2) converges in a strip of finite width, then 5'(8) 
is an analytic function of 8. 
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We could go on to develop a detailed analysis of the two-sided Laplace 
transform. However, a better procedure is to recognize that the defining 
integral can be written in two parts, as follows: 

f _ .... f(t)e-" dt = f ~ .. f(t)e-a, dt + fo" f(t)e-a' dt 

= fo" f( -t)e"' dt + fo" f(t)ra, dt 

Therefore, it will be sufficient to study the single integral 

fo" f(t)e-a' dt 

Having done this, with due regard for sign changes, we can apply the 
results to 

J 0 f(t)e-" dt = ( .. f( -t)ed dt 
-.. Jo 

and in this way we can get the information we want about the two-sided 
Laplace transform from properties of integrals from 0 to 00. 

10-3. Functions of Exponential Order. In a series of steps we shall 
investigate convergence properties of the integral 

F(s) = fo" f(t)e-a' dt (10-4) 

F(s) is called the one-sided Laplace transform of f(t) , or merely the Laplace 
transform. It is represented by the integral in Eq. (10-4), which we shall 
call the Laplace integral, for all values of s for which the integral converges. 

As a first step a new class of functions is defined. Let f(t) be APe, and 
let it have the further property that there is a real number ao such that 

lim f(t)e-a.' = 0 when a> ao (10-5) 
1-+" 

and with the limit not existing when a < ao. A function satisfying this 
condition is said to be of exponential order ao. Note that Eq. (10-5) is not 
necessarily satisfied if a = ao. Henceforth, we shall often abbreviate the 
phrase exponential order ao by the symbol EO,ao. 

Functions occurring in the solution for time response of stable linear 
systems are of exponential order O. Such variables as current and velocity 
always remain finite, which means that f(t) is bounded. The product of 
a bounded function by ra.' approaches zero for all a > O. Thus the ordeJ' 
for such functions is O. Other variables like electrical charge and 
mechanical displacement may increase without limit, but always eventu­
ally in proportion to t. However, such a function is also of exponential 
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order 0, as we see by observing that 

lim te-al = 0 when a > 0 
1-... 

In fact, tn is of exponential order o. In an unstable system a function 
may increase as (3"', and we see that 

lim ea'e-a' = 0 ,-+,. 

if a > a. Thus, the function ea' is of exponential order a. 
The order number ao will be - 00 for all functions which are identically 

zero beyond some finite value of t. Thus, we may expect ao to lie in the 
range 

-oo~ao<OO (10-6) 

10-4. The Laplace Integral for Functions of Exponential Order. We 
now consider convergence of the integral in Eq. (10-4) when f(t) is APe 
and EO,ao. From Theorem 8-6 we know that 

fo" f(t)e-BI dt 

converges if 

fo" If(t)e-"I dt = fo" If(Ole-v'dt u = Res 

converges. Convergence of the integral on the right will be investigated 
for u in the range 

ao < u (10-7) 

For any u in this range we can pick a number a2 such that ao < a2 < u, 
and since f(t) is of exponential order ao, it is known that for any given 
small positive number E there exists a To such that 

If(t) Ie-a" < E when t > To 
Therefore, 

f .. If(t) Ie-v, dt = f" If(t) le-a"e-(v-a,)t dt < E f" e-(v-a,)t dt (10-8) 
~ ~ ~ 

The integral on the right exists, and so we have established absolute and 
ordinary convergence with respect to the infinite limit in the region 
Re s > ao. 

For uniform convergence, an integrable function independent of s (oru) 
is needed for use in the test given in Theorem 8-11. Let al be a number 
greater than ao, and let u be in the range 

(10-9) 

For any choice of al we can find a number a2 such that ao < a2 < al. 
Relation (10-8) is again valid, by use of the presently defined a2; and with 
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the introduction of ai, this inequality can be extended to 

J .. If(t) Ie-' < E f· e-(-'>I dt < E f" e-(at-al>I dt 
T. T. T. 

The integral on the right converges and is independent of u. There­
fore, by Theorem 8-11 the Laplace integral converges uniformly for 
Re 8 ~ al > ao. 

We have proved the following theorem: 

Theorem 1(}'1. * If f(t) is APC and EO,ao, then the integral which 
defines the Laplace transform (the Laplace integral) 

fo" f(t)e-" dt 

converges and converges absolutely for 

ao < Re 8 

and converges uniformly with respect to the infinite limit for 

ao < al ~ Re 8 

10-5. Convergence of the Laplace Integral for the General Case. 
Theorem 1(}.1 tells a great deal about convergence of the Laplace integral 
for practical functions. In the process, we have gained the important 
idea of a half plane of convergence. For functions which are not neces­
sarily of exponential order, the following slightly different theorem is 
possible. Assume that f(t) is APC and that for some complex number 80 

the integral 

fo" f(t)e-·· t dt 

converges. We shall show that it converges for Re 8 > Re 80. The 
proof requires an auxiliary function 

wet) = f," f(T)e-"~ dT (1(}'1O) 

This is a continuous function of t, and its derivative is 

w'(t) = -f(t)e-'" 

and in terms of this the Laplace integral can be written 

* Obviously the APe condition is for t s:;; O. We omit this qualification in this and 
following theorems because it would amount to a trivial redundancy, integration 
being always from 0 to co. 
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where the complex variable 8 has been replaced by 8 = 80 + z. The 
Cauchy principle of convergence will be used to establish conditions for 
convergence of the integral on the right of Eq. (10-11). Thus, we are to 
show that corresponding to an arbitrary small E > 0 we can find a number 
To such that 

I fA~ !(t)e-" dt I = I fA~ w'(t)e-" dt I < E (10-12) 

when A', A> To 

The above integral satisfies the conditions for integration by parts, 
given in Theorem 8-4, subject to the comments given in Sec. 10-1 relative 
to e-al being a complex function of the real variable t. Thus, 

fA~ w'(t)e-" dt = w(t)e-all~, + z fA~ w(t)e-.t dt 

= -w(A')e-aA' + w(A)e-aA + z fA~ w(t)e-" dt (10-13) 

The absolute value of the right-hand side of Eq. (10-13) is less than the 
sum of the absolute values of individual terms. Therefore, 

I fA~ !(t)e-" dt I < Iw(A')le-zA' + Iw(A)le-zA + Izl fA~ Iw(t)r"1 dt (10-14) 

where x = Re z. Since the integral 

fo" !(T)e-'o~ dT 

converges, it follows from the definition of wet) that, given an arbitrary 
small E' > 0, we can find a number To such that 

when 

Thus, if A', A > To, we have 

Iw(t)1 < E' 

t> To 

Iw(A')I, Iw(A)1 < E' 

and if x > 0 and if A is the larger of A and A', then relation (10-14) 
becomes 

I i~ !(t)rd dt I < E' [ e-zA' + e-zA + 1;1 (e-zA' - e-zA) ] 

which in turn is less than 

e' (2 + 1;1) = E (10-15) 

This can be the E of relation (10-12). 
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For any fixed value of z, with x > 0, the above quantity in parentheses 
is finite, and by making e' small enough the whole quantity (E) is arbi­
trarily small. Since E' determines To, we see that 

fo'" f(t)e- d dt 

converges when 
Re s > 0"0 

where 0"0 = Re so. This condition on Re s comes from the condition 
x > 0, since x = Re z = Re (s - so). 

The above discussion provides the range of s for ordinary convergence. 
This is not the range for uniform convergence, because To is dependent 
upon Izl, through Eq. (10-15) and the dependence of To on l. In order to 
get the region of uniform convergence, let 8 be the angle of z, and observe 
that 

1;1 = I co! 8\ 
when x > 0. If 8 is restricted to the range 

181 ~ 8' <; 
we see that 

and 

The quantity on the right is independent of z. Therefore, if E is given, 
we can now find E', and then To. Thus it is established that relationship 
(10-12) can be satisfied, showing that the Laplace integral converges uni­
formly in an angular sector lang (s - So) I ~ 8' < 7(/2. 

The following theorem has been proved: 

Theorem 10-2. Let f(t) be an almost piecewise continuous function for 
which the integral 

fo'" f(t)e-'" dt 

converges. Then the Laplace integral 

fo" f(t)e-d dt 

converges when 
Re s > Re So 

Furthermore, convergence of the Laplace integral is uniform with respect 
to the upper limit when 

'If' 
lang (s - so)1 ~ 8' < 2 
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Note that we do not get convergence when Re 8 = uo. This means 
that, although the integral converges when s = So, it does not necessarily 
converge for some other s having the same real part as So. A simple exam­
ple can be given to illustrate this point. Let 

f(t) ~ {{ 

Then for 80 = 0 + jwo the integral 

O;:;;t<l 

1 ;:;; t 

r- e-iw,t dt = r- cos wat dt _ j roo sin wot dt 
11 t 11 t 11 t 

converges, but it diverges at 80 = O. This one point on thejw axis makes 
it impossible to say that the integral converges for Re s !?; o. 

Theorems 10-1 and 10-2 are similar to the extent of identifying a half 
plane of convergence for the Laplace integral. Theorem 10-2 includes the 
functions of exponential order, which are the sole concern of Theoreml0-1 ; 
but Theorem 10-2 also covers certain functions which are not of exponen­
tial order. Perhaps this remark would seem to imply that Theorem 10-1 
is a special case of Theorem 10-2. There are two reasons why not. In 
the first place, Theorem 10-1 not only tells us that the Laplace integral 
converges in a half plane; it also gives a specific number (ao) for the 
abscissa of a left-hand boundary of such a half plane. Theorem 10-2 
merely states convergence to the right of any point where we happen 
already to know that the integral converges. In fact, some functions of 
exponential order exhibit Laplace integral convergence to the left of 
abscissa ao, in which case Theorem 10-2 would establish a half-plane 
boundary to the left of the one given by Theorem 10-1. For example, 
ao = 0 for cos (e') but there is convergence for Re s > -1. In the 
second place, the regions of uniform convergence are specified differently 
by the two theorems. Even though a function of exponential order 
satisfies Theorem 10-2, this theorem tells us only that the Laplace integral 
converges uniformly in an angular sector of the right half plane. Theo­
rem 10-1 indicates uniform convergence in a less restricted region, namely, 
a half plane. 

Thus we see that the two theorems are essentially different, but are 
similar to the extent of establishing regular convergence in a half plane. 
The smallest coordinate defining such a half-plane of convergence is called 
the abscissa of convergence and designated u.. The numerical value of 
(1. depends on characteristics of f(t) which influence convergence of the 
integral. In terms of u. we now state the region of convergence of the 
Laplace integral as follows: 

Re s > u. 
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If f(t) is EO,ao, Theorem 10-1 provides the additional information 

We observe that ao is obtained directly from the function, through rela­
tion (10-5). In any case, to obtain the abscissa of convergence U c , it is 
necessary to determine the set S of values of Uo for which the integral 
converges. The set S may be open or closed at the lower end (uo > ° and 
Uo ~ ° being respective examples of S sets which are open and closed at 
the lower end). In either case, U c is the greatest lower bound of set S. 
Both the sets specified in the above parenthetical example have U c = 0. 
If the set S is closed at the bottom, the Laplace integral converges at 
least for some points Re 8 = U c ; and if S is open at the lower end, the 
Laplace integral converges for no 
points for which Re 8 = U c• 

In connection with the question 
of convergence for Re 8 = u c, we 
note that neither theorem estab­
blishes whether there will be con­
vergence at points on the vertical 
line Re 8 = u c. The integral must 
be evaluated to determine this. 
Earlier we saw an example where 
the Laplace integral converges for 
Re 8 = 0, except for 8 = 0. The 

FIG. 10-1. Region of convergence of La.­
abscissa of convergence in this case place integral. 
is 0, a fact which could be deter-
mined by inspecting the function and determining that it is EO,O. But 
this would not give information about convergence for Re s = 0. 

It has been mentioned that the numerical value of Uc depends on certain 
characteristics of f(t). A few cases are illustrated in the following table: 

f(t) tr. 

e' 1 
sin t 0 
1 0 
e-' -1 
1 o ~ t < 1 
0 1 < t - ... 

It is often convenient to refer in geometrical terms to the half plane of 
convergence and to the vertical line s = U., which is its left-hand boundary. 
This line is called the axis of convergence. The ideas relevant to regions 
of convergence are illustrated in Fig. 1O-l. 

10-6. Further Ideas about Uniform Convergence. Theorem 10-1 states 
that for a function of EO,ag convergence is uniform for Re 8 ~ al > au. 
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But for such a function u c ~ ao, and so we can obtain a statement of 
the region of uniform convergence in relation to the abscissa of conver­
gence as follows: 

(10-16) 

This is for a function of exponential order. This region is closed on the 
left, in contrast with the region of ordinary convergence, which is open on 
the left. For the case of a function having a convergent Laplace integral 
at some point 80, but not of exponential order, Theorem 10-2 specifies the 
region of uniform convergence in relation to the abscissa of convergence. 
The region is an angular 8ector formed by two lines radiating into the right 
half plane from a point 8' and making an angle 2(J', where (J' < 90°. The 

(a) Function of exponential (b) General case 
order 

FIG. 10-2. Regions of uniform convergence of the Laplace integral. In case b, .' may 
be to the right of the axis of convergence. Case a is shown for (T • ... ae. 

region consists of the points on and to the right of these lines. Two cases 
can occur. If there are any points Re 8 = Uc where the integral con­
verges, 8' can be one of these. If there are no such points, 8' is any point 
for which Re 8' > 11'". Regions of uniform convergence are illustrated in 
Fig. 10-2. 

Up to this point we have been considering convergence with respect to 
the infinite limit. In addition, since f(t) may be APC, it is necessary to 
consider convergence with respect to points where f(t) becomes singular. 
The APC category of functions is defined in such a way that, if t~ is a 
singular point, the integral 

f,:~~~ f(t) dt 

exists, where ch and ch are arbitrary small positive numbers. If 11'1 is any 
real number, we see that 

(bH'lf(t)leIClllt dt ;:a; eICllIO.+',> (t'Hl1f(t)1 dt 
Jh-~ Jb-~ 
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also converges. If Re 8 ~ Ul, 

I f(t) e-otl = If(t) le-R. Ca)t ~ If(t) lel"1lt 

and so by Theorem 8-11 it follows that 
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converges uniformly for Re 8 ~ U1. Since U1 is any number, the Laplace 
integral converges uniformly with respect to finite singular points of 
f(t) for 8 in any right half plane. 

10-7. Convergence of the Two-sided Laplace Integral. In Sec. 10-2 
the two-sided Laplace integral was shown to be the sum of the two 
integrals 

J 00 f(t)c,t = r" f(t)csC d' + r" f~-t)e" dt 
-00 Jo Jo €10-17) 

The two-sided Laplace integral converges if each of the two integrals on 
the right converges. The first of these converges in a right half plane. 
The second integral is similar but has the exponent +8 instead of - 8. 

This makes the second integral converge in a right half of the minu8 
8 plane and thus in a left half of the 8 plane. The given integral will con­
verge if these two half planes overlap. 

To pursue this in more detail, suppose that 

10 ~ f( -t)e-at dt 

has an abscissa of convergence -U.2. It converges for 

Re 8> -U.2 

Then fo" f( - t)e,t dt 

converges for -Re8 = Re (-8) > -Uc2 

or Re 8 < U.2 

Now suppose that the first integral on the right of Eq. (10-17) has an 
abscissa of convergence Ue1. Then the two-sided integral will converge in 
the strip 

Ue1 < Re 8 < U.2 (10-18) 

provided that U.1 < Uc2; otherwise there would be no overlap of the two 
half planes. Equation (10-18) suggests that two abscissas of convergence 
(Ud and U.2) are defined for the two-sided Laplace integral. 

All the discussions of the single-sided Laplace integral given in Sees. 
10-3 through 10-6 apply to the second integral on the right of Eq. (10-17). 
It is necessary only to consider I( - t) and to change the sign of 8. The 
abscissa of convergence U"z can be 'determined by the conditions of either 
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Theorem 10-1 or Theorem 10-2. Theorem 10-1 applies if f( -t) is EO,ao, 
where then CTc 2 equals -ao. Theorem 10-2 applies if 

fo" f( -t)e· .. 1 dt 

exists, and then CTc2 will be the least upper bound of admissible values 
of Re S02. Thus, CTc2 can be found from properties off( -t), and then the 
range of convergence given by relation (10-18) is established. 

Some f(t) functions will yield strips of convergence of finite width, and 
others will not. The function 

{ 

eal 

f(t) = (/'1 
0< t 
t < 0 

has a convergence strip of finite width, if a < b. Recalling a previous 
example, f(t) is EO,a and f( - t) is EO, - b. Thus, 

CTc l = a CTc2 = b 

and the range of convergence of the two-sided integral is 

a<Res<b (10-19) 

Examples of various cases of this function are shown in Fig. 10-3. Note 
that the left-hand and right-hand abscissas of convergence (CTcl and CTc2, 

respectively) are influenced by the behavior of f(t) as t _ + 00 and . \ 
t _ - 00, respectIvely. 

\ \ b <a (no region \ \ '4-
>~\ of convergence) 

(region of O>b>a~k~ 
convergence I 

_____ L...-____ a < Re(s) < b) a<O 

Region of convergence 
a<Re(s)<b 

FIG. 10-3. Examples of exponential functions which do and do not have regions of con­
vergence for the two-sided Laplace integral. 

Uniform convergence of the two-sided Laplace integral occurs in the 
sort of region we should expect to get by superimposing two regions like 
Fig. 10-2, one of them being reversed. Two cases occur, where f(t) and 
f( - t) are both of exponential order, and where the two integrals 

fo" f(t)e-'01t dt and fo" I( -t)e· .. t dt 

converge, where Re SOl < Re S02. Corresponding regions of uniform 
convergence are shown in Fig. 10-4. 
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FIG. 10-4. Examples of regions of uniform convergence of the two-sided Laplace 
transform. 

10-8. The One- and Two-sided Laplace Transforms. In Chap. 9 you 
were introduced to the notion of the Fourier transform as distinct from 
the Fourier integral. Also, in Secs. 10-2 and 10-3 the Laplace transform 
is described as the function of 8 obtained from the Laplace integral. We 
are now prepared to deal with these transform functions in more detail. 

First we summarize the facts known at this point. Under certain 
conditions on f(t) we know that the integrals in the formulas 

5'(8) = f _ .... f(t)e-" dt (10-20) 

F(8) = fo" f(t)e-ol dt (10-21) 

have certain regions of convergence. In those regions of convergence, 
the appropriate integral represents 5'(8) or F(8). However, we are not 
satisfied with Eqs. (10-20) and (10-21), for several reasons. In the first 
place, an integral is not always the most convenient type of formula, par­
ticularly because it does not clearly put into evidence the properties of the 
function it defines. Second, it is valid only in a restricted region. If 
5'(8) or F(8) is analytic, it will exist outside the range of convergence of its 
integral representation and can be uniquely determined by analytic 
continuation. 

Let us consider whether or not 5'(8) and F(8) are analytic functions. 
Assume that each of them has a region of convergence, thereby eliminating 
the special case where the two-sided Laplace integral converges only on a 
vertical line. We have shown for the one- and two-sided cases that there 
is then also a region of uniform convergence in the 8 plane. Perform a 
contour integration with respect to 8 over an arbitrary simple closed curve 
C in the region of uniform convergence. By virtue of Theorem 8-9, the 
order of integration may be inverted, and we get 

fe 5'(8) d8 = f _"'. f(t) (fe e-" d8) dt = 0 

fe F(8) d8 = fo" f{t) (fe e-ol d8) dt = 0 
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Zero is obtained in each case because, by the Cauchy integral theorem, 

fa e-ol ds = 0 

Since path C is arbitrary in the region of uniform convergence, Morera's 
theorem establishes that 5'(s) and F(s) are regular inside the respective 
regions of uniform convergence of their defining integrals. The functions 
can therefore be extended outside these regions by analytic continuation. 
The continuity required for Morera's theorem is established by Theorem 
8-10. 

With the revelation that 5'(s) and F(s) are analytic functions, we can 
now see a reason for making a distinction between the Laplace integral 
and the Laplace transform. Up to this point in the text the words have 
been applied, respectively, to the right and left sides of the equation 

F(s) = fo'" j(t)e-at dt Re 8> U. 

but until we were able to show that F(s) exists outside the region Re 8 > u. 
and can be expressed by formulas other than an integral, there was no 
reason in evidence for making a distinction between the transform and the 
integral. * 

This property of analyticity of 5'(8) provides the necessary vehicle for 
gaining insight as to why the Laplace integral lends power to the Fourier 
integral theorem. We now have a precise statement of a condition suffi­
cient to make 5'(8) analytic: the two-sided Laplace integral of jet) should 
have a strip of convergence of finite width. In Chap. 9 we obtained a 
result related to this. There we found that 5'(jw) is indefinitely differ­
entiable if t"j(t) has a Fourier integral for all values of n. However, the 
new result is a stronger one, because analyticity is more restrictive than 
existence of all derivatives with respect to the real variable w. 

The above discussion has established that 5'(s) and F(8) are regular at 
all points in the region of convergence of the integral representation. 
However, they can have singular points outside the region of conver­
gence. Thus, 5'(s) can have singular points to the right and left of the 
strip of convergence and F(s) can have singular points to the left of the 
half plane of convergence. The region of convergence extends to the 
nearest singular point. 

10-9. Significance of Analytic Continuation in Evaluating the Laplace 
Integral. The Laplace transform is defined by the integration process 

F(8) = fo" j(t)e-'I dt 

• We now see that Eqs. (10-20) and (10-21) are incomplete as written, since 
abscissas of convergence are not stipulated. However, in those cases where the 
specific value of fT. is not required, the designation Re 8 > fT. may be omitted without 
difficulty, so long as its implied existence is recognized. 
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When it comes to a question of finding explicit transforms, we need to 
perform this integration by standard methods of integration. How­
ever, these methods apply to real integrands, whereas e-al is complex. 
One way to proceed would be to use 

e-ol = e-1I1 cos wt - je-III sin wt 

which yields two integrals, each with a real integrand. However, this is 
more complicated than necessary. An easier method, and one which is 
conceptually more satisfying, is to use the fact, which has been proved, 
that F(s) is analytic. This means that if we know F(u) we can get F(s) by 
replacing (f by 8. 

In most cases this formality is not necessary; seemingly it amounts 
merely to a change in symbol. But without analytic continuation we 
could not regard replacing u by s as a mere formality. Therefore, even 
though we might manipulate the defining integral as it stands, with com­
plex s as the parameter, the concept of analytic continuation lurks in the 
background. In particular, those cases leading to multivalued F(s) func­
tions cannot be treated without giving heed in detail to the difference 
between u and s. An example is given in Sec. 10-1I. 

Since it has been shown that the two-sided Laplace transform can be 
written as the sum of two one-sided transforms, these comments auto­
matically apply also to the two-sided case. 

10-10. Linear Combinations of Laplace Transforms. Now that the 
Laplace transform has been identified as an analytic function, we shall be 
interested in its various properties. Notation will be simplified by intro­
ducing a new symbolism to imply the Laplace transform. If 5'(s) and 
F(s) are, respectively, the two- and one-sided transforms of f(t), we shall 
write 

5'(8) = .eM(t)] 
F(s) = .e[f(t)] 

(10-22) 
(10-23) 

The notation using.e and.e 2 is a convenience since it implies the pertinent 
function of t. But you must always regard a symbol like .e[f(t)] as a 
function of s. 

Linear combinations of functions are completely treated if we consider 
two situations, multiplication by a constant, and the sum of two functions. 
Let f(t) have a Laplace transform, and let k be a real constant. From 
the defining integral, 

.e[kf(t)] = fo" kf(t)e-a, dt = k fo" f(t)e-ol dt 

Thus it is obvious that 

.e[kf(t)] = k.e[f(t)] (10-24) 
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Now let get) be a second function, also Laplace transformable. The two 
functionsf(t) and get) will have abscissas of convergence UI and Ug, respec­
tively. If UI ~ u"let Ug be the greater. Then we can write 

.c[f(t) + get)] = 10" [f(t) + g(t)]e-d dt 

= 10" f(t)e-d dt + 10" g(t)e-" dt Re 8> U g 

The condition Re 8 > Ug is important in the sense that this condition can 
always be satisfied. The abscissa of convergence of the Laplace integral 
of the sum of two functions will be the larger of the two abscissas of the 
individual functions. Thus, if .c[f(t)] and .c[g(t)] each exist, then 
.c[f(t) + get)] also exists and is given by 

.c[f(t) + get)] = .c[f(t)] + .c[g(t)] (10-25) 

The situation is somewhat different for two-sided transforms. It is 
merely a detail to show that Eq. (10-24) can be modified for .cM(t)], 
giving 

(10-26) 

but there is no general theorem for addition of two-sided Laplace trans­
forIns. The reason can be found by considering the formal expression 

1-". f(t)e-d dt + 1-.... g(t)e-ot dt = 1-.... [f(t) + g(t)]e-ot dt 

Even though each of the integrals on the left might converge, the integral 
on the right exists (and an equality sign can be used) only if there is an 
overlap of the strips of convergence of the integrals on the left. Thus, if 
the two-sided Laplace integrals of f(t) and get) have overlapping strips of 
convergence, it is true that f(t) + get) has a two-sided Laplace transform 
given by 

.cM(t) + get)] = .cM(t)] + .c2[g(t)] 

If there is no overlapping strip of convergence, the above sum on the 
right ~ exist but the left side will not exist. The right side will be the 
two-sided transform for some function other than f(t) + get). Further 
explanation of this statement is found in Secs. 10-16 and 10-17. 

10-11. Laplace Transforms of Some Typical Functions. Later on we 
shall develop some general properties of Laplace transforms. For the 
present, some feeling for these functions will be obtained by working out a 
few examples. 

1. f(t) = rf". Convergence is for Re 8 > a. We shall follow the plan 
of Sec. 10-9, first integrating the defining integral with 8 real, as follows: 

r" e-(I1-;all dt = _ e-(I1-o>, I" = _1_ 
)0 U - a 0 u - a 
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£(eol ) = _1_ 
8-a 
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(10-27) 

2. f(t) = 1. Convergence is for Re 8 > 0, and this case can be 
obtained from the above by taking a = 0, giving 

1 
£(1) = -

8 
(10-28) 

3. f(t) = sin bt, and cos bt. Convergence is for Re 8 > 0. Again 
using 8 real, we get the following: 

10'"' (sin bt)e-at dt = e-O't( -(I s!~ ~ ~ b cos bt) I: 
b 

= (12 + b2 

10'"' (cos bt)e-at dt = e-O't( -(1 c:: ~ t b sin bt) I: 
(1 

= (12 + b2 

Again replacing (1 by 8, we have the results 

£(sin bt) = 82 ! b2 

8 
£(cos bt) = S2 + b2 

(10-29) 

(10-30) 

4. f(t) = eo' sin bt, and eo' cos bt. This is a special case of a general case 
to be treated later, where a t function, having a known transform F(s), is 
multiplied by an exponential. For the above three functions, conver­
gence is for Re s > a. The required integration is readily performed, 
being basically the same as case 3, but with -(1 replaced by a - (I. Thus, 
referring to that case, we have 

('"' (sin bt)e(G-O')1 dt = e(G-O')I[(a - (1) sin bt - b cos btl I'"' 
Jo «(1 - a)2 + b' 0 

b 
«(I - a)2 + b2 

('"' (cos bt)e(a-a)l dt = e(G-O')I[(a - (1) cos bt + b sin btl / .. 
}o «(I - a)2 + b2 0 

(I-a 

= «(I - a)2 + b2 
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In each case the results are dependent upon the fact that IT > a. Now IT 

is replaced by s, to yield 

.e{e'" sin bt) 
b 

(s - a)2 + b2 

s-a 
.e{e'" cos bt) = (s _ a)2 + b2 

(10-31) 

(10-32) 

5. f{t) = tn, Where n Is an Integer. ConvergenceisforRes> 0. The 
defining formula can be integrated by parts, giving 

10
.. tn ., ,.. 10" t"e--f7' dt = - ~ + ~ tn-1e-·' dt 

o IT 0 IT 0 

The integral on the right exists, and the lower limit can be used in the 
first term, if n ~ 1. Since IT > 0, the exponent in the first term goes 
to zero as t goes to infinity. Thus we have the formula 

.e(tn) = ?!: .e(tn- 1) (10-33) 
s 

Case 2 is the same as the present case, if n = O. Thus, Eq. (10-33) 
leads by induction to the sequence 

.e{tO) = .! 
s 
1 

.e(t) = 82 

.e{t2) = ~ 
Sl 

(10-34) 

6. JCt) = 1/0. This function is APC by virtue of its behavior near 
the singularity at t = 0. However, it is also EO,O, and so its Laplace 
integral converges for Re s > 0. Here we have a case toward which the 
comments of Sec. 10-9 were directed. As we shall see, it is essential that 
s shall be replaced by IT. In the integral 

replace ITt by X2, giving 

(10-35) 
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This integral is well known and can be found in tables of improper inte­
grals. In writing vi and v-;i in the above formulas we understand a 
single branch of the t~ or O"~ functions. That is to say, a minus sign is 
not admitted. Now, when we analytically continue 0, we go into only 
one sheet of the Riemann surface of the function s~, the sheet in which the 
points of vu are located. Let us then use the symbol Vs to imply this 
single-valued branch of the function 8~. Accordingly, the result is 

(10-36) 

By first considering the Laplace integral for the real number 0" we are able 
to arrive at the correct choice of the two possible values of 8~. 

If this case had been treated throughout with the variable 8 retained, 
the formal manipulations of variable change would have led to the factor 
l/Vs. However, we would not then have a clear meaning for VB. 
Notation is merely a symbolism for ideas; symbols which are not properly 
defined have no meaning, a point which is illustrated by this example. 

7. f(t) = Vi!', k ~ 1 and Odd Integer. This function gives conver­
gence for Re s > O. As in case 5, integration by parts yields a general 
recurrence formula, as follows: 

r" Vi!' e-IT1 dt = _ Vi!' e-
IT1

/" + ~ r" ~ e-IT1 dt Jo 0" 0 20" Jo 
If k ~ 1, the lower limit can be used in the first term on the right and the 
integral exists. The result can be stated as 

k ~ 1 and odd (10-37) . 

In similarity with Eqs. (10-34), this yields a sequence of formulas, starting 
with vt-l, which is obtained from case 6. Thus, 
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In this general formula the root of a power of s is always interpreted to 
be on that sheet of the Riemann surface on which are found the values of 
y?+i. 

8. f(t) = Pulse of Unit Height and Duration T. This function is 
defined as 

f(t) = { ~ 
and it has the Laplace transform 

0< t < T 
T < t 

!a
T 1 - e-tfT 

e-tf'dt = ---
o q 

1 - e-·T 
F(s) =-­

s 

9. f(t) = Triangular Pulse of Duration T. The function is 

1 

~ t 

f(t) = T 2 
2 - rt 
o 

The Laplace integral, for real s, is 

0< t < ~ 
~ < t < T 

T<t 

(10-39) 

~ [T/2 te-tl ' dt + [T (2 _ ~ t) e-IT' dt = ~ (1 - 2e-ITT/2 + e-ITT) 
T }o }T/2 T q2T 

and the transform is 

2 1 - 2e-·TI2 + e-·T 
F(s) = T ---S""""2 ----'---

10. f(t) = Sinusoidal Pulse. This is the function 

~ So in bt 
f(t) = ( 

O<t<~ 

The Laplace integral is 

[-rIb. -tl' _ b(l + e--rlb) 
}o sm bte dt - q2 + b2 

and the transform is 
b(l + e-·-r1b) 

F(s) = S2 + b2 

(10-40) 

(10-41) 
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The denominator of this function is zero at s = ±jb, but e-±itr = -1, 
showing that the numerator is zero also. F(s) has no poles and is an 
entire function. In each of the last three cases f(t) is identically zero 
beyond a certain value of t, and in each case F(s) has no finite singular 
points. Later on it will be shown that this is a general property of trans­
forms of functions which eventually become identically zero. 

From these examples we can construct Table 10-1, a short table of 
Laplace transforms. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

TABLE 10-1 
f(t) 

1 

sin bt 

cos bt 

(a) eA' sin bl 

(b) eA' cos bt 

t" n !ii:; 0 

k!ii:; -1, and odd 

1 O<t<T 
o T < t 
~t O<t<:£ 
T 2 

2 
2 - 'it 
o 
sin bt 

o 

~ <t < T 

T < t 

0< t <i 
!: < t 
b 

1 
8 

1 
8-a 

b 
8" + b" 

8 

8· + b" 
b 

F(8} 

(8 - a)1 + b" 
8-a 

(8 - a)1 + b" 
n! 

8,,+1 

(k + I)! ...;; 

2Hl e t I)! y8ill 

1 - e-·T 
---

8 

2 1 - 2e-·T11 + e-·T 

'i 8' 

In conjunction with the combinational properties described in Sec. 
10-1.0, this table provides the transforms for many particular functions. 
These examples show that F(s) is rational if f(t) is a polynomial or a sum 
of exponentials. We conjecture that a product of a polynomial by an 
exponential might also yield a rational F(s). When the square root 
appears, we do not get a rational function. Another observation is that 
in each case F(s) approaches zero as lsi becomes infinite, but at different 
rates. We also note that, if f(t) ultimately becomes identically zero, its 
transform is an entire function. These ideas, based here on only a few 
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examples, are offered in order to awaken your curiosity about possible 
relationships between properties of F(s) and f(t). 

Another interesting question arises. In Table 10-1 we find F(s) func­
tions tabulated for given f(t) functions. The F(s) functions have been 
uniquely determined for these f(t) functions. The question arises: Is each 
of the f(t) functions shown in the table the only t function which will give 
the F(s) function appearing opposite it in the table? This is an important 
question because the solution of a practical problem usually presents a 
known F(s), from whichf(t) must be found. A table such as this is there­
fore more useful if it can be used to findf(t) from F(s). But this is possi­
ble only if there is a uniquef(t) for each F(s). In Sec. 10-17 we show that 
F(s) uniquely detennines f(t) for t > O. Meanwhile, in the following 
four sections we shall answer the above questions about properties of F(s) 
and shall establish some other properties which are not so obviously 
anticipated by Table 10-1. 

10-12. Elementary Properties of F(s). In the previous section we 
obtained some empirical information about the properties of £[f(t)J. 
Now we shall derive an assortment of different general properties of F(s), 
which are valid for a variety of conditions onf(t). The presentation is in 
terms of a sequence of theorems and proofs. 

Theorem 10-3. If f(t) is a real function of t and if F(s) = £[f(t)] is 
single-valued, then F(s) is a real function of s. 

PROOF. It is necessary only to look at the defining integral 

F(s) = 10'" f(t)e- d dt 

In this integral t is real, and so f(t) is real. Also, when s = fT > fTc the 
integrand is real and therefore the integral is real. This establishes that 
F(s) is real on the real axis to the right of point fTc. Also, if F(s) is single­
valued, by virtue of Theorem 7-2 it can be said that F(s) is a real analytic 
function. 

Theorem 10-4. If f(t) is an APe function having a Laplace integral 
which converges at So, and if F(s) is the transform, then 

lim F(s) = 0 
1'1-'" 

uniforInly in the region 
'If' 

lang (s - so) I ~ 8' <"2 

PROOF. From Theorem 10-2 it is known that the Laplace integral 
converges uniforInly in the region specified above. Therefore, if we are 
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given an arbitrary small positive number E, we can find a number A I which 
is independent of 8 such that 

Il~ f(t)e-
II 

dt 1 < i 
when 

11" 
lang (8 - 80) I ~ (J' < 2 

Also, since the function is integrable, another number A 2 < A I can be 
found such that 

IIoAI f(t)e-' I dt 1 < i 
Finally, for the remaining interval of integration we have 

I fA~' f(t)e-d dt I ~ e-~AI fA~' If(t) I dt cr > 0 

The integral on the right is a constant, and therefore, Al and A2 having 
been found, it is possible to find a number cr' such that 

e-crA, (A. If(t) I dt < ~ 
jA, 3 

when cr > cr' > 0 

Now, as 181 approaches infinity in the region 

lang (8 - 80)1 ~ (J' < ~ 

we recognize from Fig. 10-5 that ultimately Re 8 > cr' when 18 - 801 is 

I 
I 
I 
I 
I 
I 
I 
I 
I -,-- ---
I 

FIG. 10-5. A graphical illustration of the fact that a number R' can be found such 
that Re 8 > a' when R > R', in the sector lang (8 - 80)1 ~ 9' < r/2. 

greater than some number R'. Therefore, we can write 

I fo ~ I ~ I fo A'I + I fA~' I + I fA: I < e 
when 18 - 801> R' 
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for all angles in the region 

lang (s - So) I ~ 8' < ~ 

Since R' does not depend on 8', but only on E, it is established that F(s) 
approaches zero uniformly in the angular sector specified. 

This theorem yields some useful information about the behavior of F(s) 
at infinity. However, you will observe that behavior along the j axis is 
not predicted. This omission is necessary because in some cases F(s) will 
have an essential singularity at infinity. 

Theorem 10-5. If F(s) is the Laplace transform of an almost piecewise 
continuous functionf(t), then at all regular points of F(s) its nth derivative 
is 

d"F(s) = [ .. (-t)"f(t)e-" dt 
ds" }o 

Re s > (1'. 

= .c[( -t)"j(t)] (10-42) 

PROOF. From Theorem 10-2 it is known that there is a point So where 
the Laplace integral converges and that convergence is uniform in an 

FIG. 10-6. An integration contour in the region of uniform convergence of the 
Laplace integral. 

angular sector like Fig. 10-6. Choose a closed curve C in this region, and 
use the Cauchy integral formula 

dnF(s) = ~ [ F(z) dz 
dsn 211-j }c (z - s)n+1 

= 2n!. [( dz) +1 [ .. f(t)e-" dt 
7rJ }c z - S 10 }o 

But since C lies in a region of uniform convergence, by Theorem 8-9 we 
can interchange the order of integration, giving 

-- = - f(t)dt dz d"F(s) n! 10" !c e-" 
ds" 27rj 0 C (z - s)"+1 
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In the above expression the contour integral can be evaluated by finding 
the residue of the integrand at the pole z = s, which is obtained from 
Eq. (5-80) as follows: 

Therefore, we get 

n!!c e-zI 

2-· ( )"+1 dz = (-t)"e-d 

1TJ c z-e 

proving the theorem. 

Theorem 10-6. If J(t) is APC and is identically zero for t > To, where 
To is any positive number, then F(s) is an entire function. 

PROOF. In this case the Laplace integral reduces to an integral with 
finite limits, namely, 

( To 
F(s) = 10 J(t)e-BI dt 

Since the limits are finite and the APC condition ensures integrability, 
this integral exists for all finite s and we may say that its abscissa of 
convergence is - ~. From Sec. 10-8 we know that the Laplace integral 
is regular to the right of the axis of convergence, in the finite plane in this 
case. 

If you will refer to Table 10-1, you will find illustrations of Theorems 
10-3 through 10-6. Many more general properties of F(s) can be derived. 
Some of the simpler ones are given in the next section, and others are 
developed in later chapters. The intention here is to present only the 
relatively simple properties that can be proved relatively easily. 

10-13. The Shifting Theorems. Suppose that we have the transform 
F(s) of a transformable function J(t) and then consider the transform 
of the function 

where a is real or complex. If O'c is the abscissa of convergence for J(t), 
then the integral 

converges for Re s > O'c - Re a. However, this integral is an expression 
for F(s + a), showing that, if the Laplace transform is known for any 
function, the transform of that function multiplied by an exponential can 
immediately be obtained by a simple change in variable. There is a 



310 COMPLEX VARIABLES AND THE- LAPLACE TRANSFORM 

"shift," or translation, in the s variable. Thus we have the general 
result 

where 
.£[e-alf(t)] = F(s + a) 

F(s) = .£[f(t)] 
(10-43) 

For the next case again assume that the function f(t) has a transform 
F(s), and consider a shift in the t variable. From f(t) a new function 
is found by changing the variable to t - T, where T is a positive constant, 
while stipulating that the new function shall be zero for t < T. With 
the aid of the notation for the unit step, 

u(t) = { ~ 
this function can be written 

t < 0 
t > 0 

f(t - T)u(t - T) 

(10-44) 

In the graphical interpretation, this transformation shifts the graph 
an amount T in the positive t direction. The transform is represented 
by the integral 

fo 00 f(t - T)u(t - T)e-'! dt = fT" f(t - T)e-&t dt 

The factor u(t - T) is dropped in the second integral because the lower 
limit has been changed to T. Now change the variable of integration 
to t' = t - T, giving 

.£[f(t - T)u(t - T)] = e-·T fo" f(t')e-'" dt' 

= e-.TF(s) 

These results are summarized in the following two theorems: 

(10-45) 

Theorem 10-7. If f(t) has a Laplace transform F(s), then the Laplace 
transform of e-a'f(t) is F(s + a), where a is real or complex. 

Theorem 10-8. If f(t) has a Laplace transform F(s), then the Laplace 
transform of f(t - T)u(t - T) is e-·TF(s), where T is real and positive. 

Examples of applications of these two theorems are found in Table 10-1. 
To cite one, we can find the transform of cos bt by knowing the transform 
of f(t) = 1, which is l/s. Thus, 

efbl + fr/'b' 
cosbt= 2 

1( 1 1) 8 
.£(C08 bt) = 2 8 - jb + 8 + jb = 82 + b2 
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10-14. Laplace Transform of the Derivative of f(t). We shall now 
obtain a relationship between the Laplace transform of the derivative 
of a function and the Laplace transform of the function itself. We 
assume that f(t) is continuous for t > 0 and has a limit at t = 0 and that 
its derivative is APC. We also require/(t) to be of exponential order ao. 
Consider the Laplace integral, written with 8 = U, as follows: 

r" f'(t)e-vl dt = lim ( A !'(t)e-v1 dt Jo A_ .. JO 
The integral on the right meets the conditions for integrating by parts 
(Theorem 8-4), namely, continuity of f(t) and e-V1. Thus, we get 

( A !'(t)e-v1 dt = lim f(t)e-V1I
A + u ( A f(t)e-v1 dt 

Jo .-0' Jo 
= f(A)e-vA - f(O+) + u fo A f(t)e-v1 dt (10-46) 

It is necessary to write 

lim feE) = f(O+) 
.-0 

in order to say precisely what we mean, because quite often f(t) is dis­
continuous at t = 0 and f(O) may be undefined or defined as some value 
other than f(O+), usually f(O+ )/2. This is the only discontinuity 
permitted in the theorem we are developing. A similar theorem, where 
f(t) is allowed other points of discontinuity, is considered in Chap. 12. 

We recall that f(t) is EO,ao. Therefore, by relation (10-5), 

when u > ao. Also, 

lim f(t)e-vA = 0 
A ....... 

lim ( A f(t)e-vl dt 
A--+oo }o 

converges to F(u) , for u > ao, by Theorem 10-1. Thus, for (I> ao, 
Eq> (10-46) yields 

or 

fo" f'(t)e-v1 dt = uF(u) - f(O+) 

£[f'(t)) = sF(8) - f(O+) (10-47) 

This proof shows that the abscissa of convergence for the Laplace 
integral of the derivative function is at most no larger than ao. We also 
note that f(t) must be of exponential order but that!'(t) is not necessarily 
of exponential order. For example, 

f(t) = cos e,l 
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is EO,O, but its derivative 

f'(t) = -2te'l sin e,l 

is not of exponential order. But by the proof just completed we know 
that it has a Laplace integra.l with zero for its abscissa of convergence. 

This proof can be applied repeatedly to successive derivatives, as 
long as the next-to-the-la8t derivative is EO,ao. The result is stated as 
follows: 

Theorem 10-9. Letf(t) and its derivatives of orders up to and including 
order n - 1 be continuous for t > 0, with limits existing at t = 0, and 
of exponential order. Then the Laplace transform of f',,)(t) is 

£[j<,,)(t)] = 8"F(8) - 8,,-lf(0+) - 8,,-2fO) (0+ ) - ... - f(,,-l)(O+) 

(10-48) 

Table 10-1 provides illustrations of this theorem. For example, 

and, from Theorem 10-9, 

1 
£(t) = -

8 2 

1 1 
£(1) = 8 - - 0 = -

8 2 8 

in agreement with the table. As another example, we can get £(sin bt) 
from £(cos bt) as follows: 

8 
£(cos bt) = 82 + b2 

• 82 -b2 

£( - b sm bt) = 82 + b2 - 1 = 82 + b2 

£(sin bt) = 82 ! b2 

10-16. Laplace Transform of the Integral of a Function. Let f(t) be an 
APe function having a Laplace transform and an abscissa of convergence 
lTc. This function is not necessarily of exponential order. Now define 
the function 

g(t) = fo' f(T) dT 

and investigate whether or not it has a Laplace transform G(s). We 
begin by defining another function 

A(T,lT) = JoT e-al 10' f(T) dT dt (10-49) 
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If the limit of the above exists, as T goes to infinity, this limit will be 
G(O"). Routine integration by parts yields 

0" A (T,O") = -e-tTT fo T f(T) dT + !o T e-v'f(t) dt 

From Eq. (10-49) it is apparent that 

aA(T,O") = e-vT ( T f(T) dT 
aT 10 

and so, in combination with the previous equation, we get 

(10-50) 

Observe that the left-hand side of Eq. (10-50) can also be written 

A(T ) + aA(T,O") = J..-~ [vTA(T )] = (a/aT)[e
vT 

A(T,O")] (10-51) 
0" ,0" aT etTT aT e ,0" 0" (a/aT)evT 

and, referring to Eq. (10-50), we see that, if 0" > O"c, 

~~ [O"A(T,O") + aA~~,O")] = F(O") 

is obtained for the limit of the left-hand side of Eq. (10-51). An expres­
sion for the limit of the right-hand side of Eq. (10-51) can be obtained, 
if 0" > 0, by application of the Lhopital rule, giving 

li (ajaT)[evTA(T,O")] = r evT A (T,O") = li A(T) 
m (!I/!lT) vT 1m _T m ,0" T ...... oo {1 (1 e T ...... oo c;. T-+oo 

The condition 0" > 0 is necessary to ensure that evT will approach infinity. 
In order to ensure the existence of limits for both the right and left sides 
of Eq. (10-51), it is necessary to have IT > 0"1, where lTl is 0 or lTc, which­
eyer is greater. Accordingly, we have shown that 

lim A(T,O") = ! F(lT) 
T-+oo U 

IT > lTl 

In the original integral notation, this is 

10 00 10' 110 00 

e-V
' f(r) dT dt = - e-v'f(t) dt 

o 0 0" 0 

By virtue of Theorem 10-2 the same formula can now be written with 0" 

replaced by 8, subject to the restriction Re 8 > lTl. Thus, the function 
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has a Laplace integral which converges for Re 8 > 0"1 and a Laplace 
transform given by 

It is of interest to observe how the abscissa of convergence 0"1 is related 
to O"c, the abscissa of convergence of f(t). We found that if o"c < 0 
then 0"1 = 0, but if o"c > 0 then 0"1 = O"c. To illustrate, consider the 
example 

f(t) = e-bt b>O 

Its abscissa of convergence is -b, but the integral of this function 

(t 1 - e-bt 

}o e-lYr dT = b 

has zero as its abscissa of convergence. We have now proved the follow­
ing theorem: 

Theorem 10-10. If f(t) is APC and has a Laplace transform, then the 

function Jot f(T) dT has a Laplace transform given by 

(10-52) 

As an example of an application of this theorem, we can get .c(sin bt) 
from .c(cos bt) by recognizing that 

(t sin bt 
}o cos bx dx = -b-

From Theorem 10-10 we immediately have 

.c (sin bt) = _1_ 
b 82 + b2 

.c(sin bt) = 82 ! b2 

A theorem similar to Theorem 10-10, but in whichf(t) is of exponential 
order, has a much simpler proof. Its proof is left to you as an exercise. 

10-16. lnitial- and Final-value Theorems. The derivation of the 
formula for the transform of a derivative provides two theorems which are 
sometimes useful in analysis. Let f(t) be continuous for t > 0, with a 
limit at t = 0, of exponential order, and with a derivative f'et) which is 
APC. These are the conditions for Theorem 10-9, and accordingly the 
transform of f'(t) exists, and Eq. (10-47) applies. By Theorem 10-4 

lim .£[f'(t)] = 0 --
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and therefore it follows from Eq. (10-47) that 

lim uF(u} = f(O+) 
"...... .. 

315 

(10-53) 

We shall now see that the value approached by f(t) as t becomes infinite 
can also be determined from F(s). Assume the same conditions as 
before on f(t) and f'(t), with the additional stipulation that the Laplace 
integral 

fo" !'(t)e-" dt 

shall converge for s = O. From Theorem 10-2 it follows that convergence 
of this integral is uniform for s real and nonnegative, and so we can take 
the limit as u -+ 0 inside the integral, as follows: 

lim { .. !'(t)e-ff ' dt = ( .. I'(t) dt = f( co) - f(O+) 
"......010 10 

Now if you will refer to the equation preceding Eq. (10-47) and take the 
limit indicated above, the result is 

f( co) - f(O+) = lim uF(u) - f(O+) 
~O 

or lim uF(u) = f( co) (10-54) 
"......0 

These results are derived here for a restricted class of functions. The 
requirement that f(t) shall be continuous would perhaps seem to provide 
an unreasonable limitation. In Chap. 12 we shall review this topic again 
and shall find that some of the restrictions at present placed on f(t) 
can be removed. However, the results given above are as general as we 
are able to prove with the theory presented up to this point. Pending 
the treatment of the more general conditions, a formal statement of these 
results is omitted here. It should be mentioned, however, that Eqs. 
(10-53) and (10-54) state the results of two theorems which are known, 
respectively, as the initial-value theorem and the final-value theorem. 

10-17. Nonuniqueness of Function Pairs for the Two-sided Laplace 
Transform. In Sec. 10-2 it is shown that the two-sided Laplace trans­
form can be defined as the sum of two one-sided transforms. To reiter­
ate, if 5'(s) = .eM(t»), F1(S) = .e[f(t»), and F 2(s) = .e[f( -t)], then 

(10-55) 

In this way we see that a table of one-sided transforms can also be 
used to obtain two-sided transforms. But the table cannot be used to 
obtain f(t) if 5'(s) is known. In order to determine f(t), knowledge of 
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5'(S) must be supplemented with directions as to how it is to be split up 
into FI(s) and F2 ( -S), or some equivalent mformation. 

In order to clarify these ideas, assume that two functions fo(t) and fIlet) 
are given, with converging single-sided Laplace integrals as follows: 

and 

FuCs) = fo" fo(t)e-d dt 

F,,( -s) = fo" f,,( -t)e" dt 

Re s > iTo 

Res <iT" 

Also, choose a number b in the range (To < b < iTh, and define the two 
additional functions 

and 

t > 0 
t < 0 
t > 0 
t < 0 

We shall show that .cMa(t)] = .cMb(t)]. In addition to Fo(s) and F,,( -s) 

4 .... '"::--:-----:--+----,::--,.---:-_ 
Region of I Region of Region of 

convergence Region of convergence convergence 
of convergence of of of 

jfi-t)e"dt jf/t)e-"dt jeb'eS'dt jeb'e-"dt 
o 0 0 0 

FIG. 10-7. Regions of convergence of various integrals used in defining F,(8) and 
F ,( -8), in the equation ;)'(s) = F,(s) + F.( -s). 

defined above, we also have 

-- = eb'e-d dt 1 la" s - b 0 
Re s > b 

__ 1---;--; = ( .. e-bte&t dt 
-s + b }o Re s < b 

Regions of convergence of the four pertinent defining integrals are shown 
in Fig. 10-7. We then get 
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.cM .. (t)] = [F,(S) + s ~ b] + F,,( -8) 

.c2[fb(t)] = F,(s) + [F,,( -S) - _SI+ b] 

317 

where the quantities in brackets are respectively F 1(s) or F2( -s) in the 
notation of Eq. (10-55). Obviously, .cM .. (t)] = .cMb(t)], although 
f,,(t) ;c fb(t). 

We see that shifting the term ebl from the region of positive t to the 
region of negative t causes the term l/(s - b) in the transform to change 
its association from Fl(S) to F 2 ( -s). The region of convergence for the 
defining integral of this term changes from Re s > b to Re s < b, as 

"it b 

Region of 
convergence of 

~ _1 f,,(t)e- S
' dt 

FIG. 10-8. Regions of convergence of functions having identical two-sided transforms. 

indicated in Fig. 10-7. As a result, the regions of convergence of the two 
defining integrals 

and 

are different, as indicated in Fig. 10-8. 
As a specific example, let 

fo(t) = { 
eo-21 - e-I 

Mt) = 

For f,,(t) we have 

F1(s) = fo'" (e- 21 - e-I ) dt 

1 1 
=s+2-s+1 

and F2( -s) = 0 

t > 0 
t < 0 

t > 0 
t<O 

Re s > -1 
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Similarly, for !b(t), 

and 

FI(a) = fo" e-2
' dt 

1 
=a+2 

F2 ( -a) = fo'" e'e,t dt 

1 
= - a+l 

In each case FI(a) + F 2 ( -a) is the same. 

Re a> -2 

Re a < -1 

The important observation is that Ja(t) and Jb(t) have different regions 
of convergence of the defining integrals; but after analytic continuation 
their transforms are identical. Because the regions of convergence are 
different, we must "Tite 

while we can also write 

The region of convergence needs to be taken into consideration if we 
are to get a unique J(t) if 5'(a) is given. We get more insight into this 
question after we develop a specific process for getting J(t) from F(a) or 
5'(a). 

10-18. The Inversion Formula. As is pointed out in Eq. (10-3), the 
two-sided Laplace transform 

5'(a) = f _"'", J(t)e-'t dt 

is identical with the Fourier transform 

O"el < 0" < U e 2 

if we regard u as fixed. This is a function of w only. Of course, the 
fixed 0" must lie in the strip of convergence for the particular function 
J(t). Since the above is really a Fourier integral, we can use the inver­
sion formula of the Fourier integral theorem 

J(t)e-~' = ~ PV foo 5'(0" + jw)ei"" dw 
211" _00 

(10-56) 

or J(t) = ~ PV fOO 5'(0" + jw)e(a+iw)/ du.· 
211" - '" 

(10-57) 
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The symbol IT + jw which appears in two places in the above integral 
can be replaced by 8, provided that we stipulate that s shall lie on the 
vertical line with abscissa IT. Then the above integral can be described 
as a contour integral along the contour shown in Fig. 10-9. The prin­
cipal-value feature is retained by directing that the contour shall always 
extend from IT - jR to 0' + jR while R approaches infinity. This con­
tour occurs repeatedly and will be called the Bromwich contour (named 
for a mathematician who did much work in this 
field). The Bromwich contour will carry the 
abbreviated designation Br. 

On this contour 

ds = jd", 

and so the real integral of Eq. (10-57) becomes 

f(t) = -2
1

. ( 5'(s)e'l ds (10-58) 
7rJ }Br 

The Br contour must lie in the original strip of 
FIG. 10-9. Definition of 

convergence. One of the reasons for being the Bromwich contour. 
concerned about regions of convergence is to 
establish the location of the Br contour. In Sec. 10-8 it was pointed out 
that 5'(s) has singular points outside the strip of convergence of its defin­
ing integral. Therefore, if Br is moved outside this strip, we should 
expect a change in the integral of Eq. (10-58), because the contour will 
then have passed over one or more singular points. 

This requirement, that the region of convergence of the Laplace 
integral of f(t) must be known before we can locate the Br contour, is a 
point of importance. If only 5'(s) were given, we would not be able to 
locate this region, and therefore f(t) could not be obtained, for lack of 
knowledge of where to put the Br contour. However, if path Br is 
specified, f(t) can be obtained from 5'(s) by Eq. (10-58). As a conse­
quence, we can say that 5'(s) determines f(t) uniquely only if by some 
independent means we know where Br should be located. This informa­
tion is not automatically provided by the properties of 5'(s). The 
ambiguity is the same one described at the end of Sec. 10-17, where it was 
pointed out that Fl(s) and F 2 ( -s) are not uniquely determined by 5'(s). 
A change in Br would correspond to a change in Fl(s) and F2( -8). 

We cannot carry the above discussion to completion until the cor­
responding theory is developed for the single-sided transform, which 
we now do. Then the relation of contour position to Fl(a) and F 2( -s) 
of Eq. (10-55) can be clarified. Therefore, we proceed by considering 
the single-sided case. Let us compare £M(t)] and £[f(t)], where f(t) 
is the same function in both cases and is defined for all t. Upon recalling 
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the defining integrals for the one- and two-sided transforms, it is evident 
that 

F(s) = .e[f(t») = .e2(f(t)U(t») (10-59) 

Having related F(s) to a two-sided transform, we can use the inversion 
integral for the latter, given by Eq. (10-58); and we have 

f(t)u(t) = o~. ( F(s)ed ds (10-60) 
ml"J ]Br 

The functions F(s) and 5'(s) are different, and so the integrations of 
Eqs. (10-58) and (10-60) yield different results, the difference occurring 
when t is negative. The two-sided transform .e2[f(t)u(t») has a "strip" 
of convergence consisting of a right half plane, the half plane of conver­
gence of a one-sided transform. Thus, in Eq. (10-60) the Br contour 

can be any vertical line in the half plane 
of convergence, as indicated in Fig. 10-10. 

With this background we can turn to 
the question of whether or not a single­
sided transform function uniquely deter­
mines a t function. Suppose that F{s) is 
given. Equation (10-60) provides f{t)u{t) 
uniquely. In other words, F{s) deter­
mines f{t) uniquely for t > 0 and gives 
zero for t < O. In appraising these com­
ments we recognize the role played by the 

FIG. 10-10. The Br contour which Br contour. The important fact is that 
yields zero jCt) for nega.tive t. 

from the location of singularities of the 
given F{s) we know Br must be to the right of all singular points, and there­
fore Eq. (1O-60) gives a unique functionf{t)u(t). 

The fact that Fes) does uniquely determine f{t)u{t) means that we 
can adopt a notation to indicate that relationship. The notation 
F{s) = .e[f(t») has been introduced to symbolize that f{t) determines 
F{s) uniquely. Now we are going in the other direction, and so it is 
convenient to use the notation 

f{t)u(t) = .e-1[F{s») (10-61) 

to represent Eq. (10-60). The function .e-1[F(s») is often called the 
inverse transform of F(s). 

In the two-sided transform, 5'(8) is uniquely related to f{t) by the 
formula 

5'(s) = 1-.... f(t)e-" dt 

and this fact is implied when we write 5'(8) = .eM(t»), but, as pointed 
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out earlier, a notation similar to Eq. (10-61) cannot be employed, because 
of lack of uniqueness. 

The numerical example given in Sec. 10-17 provides a case in point. 
There we obtained 

t>O) 1 1 
t<O =s+2-s+1 

where convergence is for Re s > -1, and 

where convergence is for - 2 < Re s < -1. To these we add a third 
case, 

where convergence is for Re s < - 2. You can work out this third 
case for yourself. Each of the s 
functions is the same and can be 
labeled \'t(s). The pole locations 
of \'t(s) , and the various related 
Bromwich contours to give the 
three possible f(t) functions, arc 

-2 -1 

Br .. 

o 

shown in Fig. 10-11. From the 
specified regions of convergence, 
we see that contours Bra, Brb, and 
Bre, respectively, yield fa(t), fb(t), 

FIG. 10-11. Various Br contours which 
yield different f(t) functions for a given 
ff(s) function. 

and fe(t) when used in Eq. (10-58), and where 

1 1 
\'t(s) = -- - -- = 

s+2 s+1 

Thus, indirectly we have shown that 

Case a 
1 [ ell ds 

- 211-j jBr. (s + l)(s + 2) = 
Caseb 

1 [ edds 
- 27rj }art (s + 1)(s + 2) = 

Case c 
1 [ eolds 

- 2;j jBr. (s + l)(s + 2) = 

1 
(s + l)(s + 2) 

{ ~-2t _ e-t ~ ~ ~ 

{ 

e-21 t> 0 
e-l t<O 

{ 
0 t> 0 
e-t - e-21 t < 0 

Now if we adopt the notation of Eq. (10-55) and write 
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where FI(s) = £[!(t)] and F2(S) = £[!( -t)), we see that FI(s) and F,( -s) 
are the following, for the three cases: 

1 1 
FI(a) = a + 2 - s + 1 for case a 

1 
FI(s) = a + 2 for case b 

FI(a) = 0 for case c 

The present discussion is somewhat hampered by a lack of a direct 
means of evaluating the above three integrals. We got the answers 
only by knowing regions of convergence for the various t functions and 
by knowing that to recover anyone of these t functions by Eq. (10-58) 
requires a Br contour in that region. This is not a satisfactory state of 
affairs, and it will be corrected in Sec. 10-19, where a method is developed 
for evaluating these integrals directly. 

Perhaps the main accomplishment of this section has been to confirm 
the expectation stated at the end of Sec. 10-11, that the single-sided 
transform has Ii. unique inverse. We have a formula for it, namely, 
Eq. (10-60), but as yet no means of evaluating it. In obtaining this 
formula a sound basis has been established for the concept of function 
pairs, for which tables can be constructed. 

It is emphasized that the concept of paired functions does not apply 
for the general case of the two-sided Laplace transform, for the reasons 
cited above. However, function pairs for the two-sided case can be 
constructed in a restricted sense, by considering only those f(t) functions 
which have a prescribed strip of convergence. Then we know that the 
Br path of the inversion integral must be in this strip, and Eq. (10-58) 
becomes unique. This is what happens in the case of the Fourier trans­
form, which uniquely determines f(t). The Fourier transform is a special 
case of the two-sided Laplace transform for which the strip of convergence 
spans the imaginary axis and for which the Br contour is actually the 
imaginary axis. Thus, it is possible to construct a table pairing functions 
with their Fourier transforms. 

10-19. Evaluation of the Inversion Formula. We have yet to consider 
in detail what kinds of functions we get for F(s) and 5'(s). The answer 
to this has bearing on methods which will be applicable in evaluating the 
inversion integrals 

2
1. r 5'(s)e·t d.~ 
1rJ jBr and 

2
1. r F(a)e· t da 
1rJ jBr 

which appear in Eqs. (10-58) and (10-60), respectively. 
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The form of these integrands suggests the possibility of using Jordan's 
lemma. However, one adjustment is needed. Jordan's lemma is stated 
with reference to an integration along the jw axis, rather than a Brom­
wich contour. Suppose that the Br contour is at abscissa 0'1. In the 
integrals in question we can change 
the variable of integration from s 
to z, so that the new contour will 
be the imaginary axis, as required 
in Jordan's lemma. Thus, let 

z = s - 0'1 (10-62) 

so that points s = 0'1 + jw on con­
tour Br transform to z = jy. We 
shall consider only the inversion 
integral for F(s), the case of 5'(s) 
being essentially the same. Let 
o be a contour on the jy axis, 
from -jR to jR. It is the same 
as the contour 0 of Figs. 8-8 and 
8-10. As R approaches infinity, 

FIG. 10-12. Change in variable in the in­
version integral, to meet the conditions of 
Jordan's lemma. 

this contour becomes the special case of a Br contour which coincides 
with the j axis. Equation (10-60) now becomes 

e",1 !c f(t)u(t) = .... _. lim F(z + 0'1)ezl dz 
gn>J R~" C 

(10-63) 

The details of this variable change are given in Fig. 10-12. 
Jordan's lemma applies to the integral of Eq. (10-63) for two cases, as 

follows: If 

lim F(z + 0'1) = 0 
Izl~" 

uniformly for - i ~ 8 ~ ~ (10-64) 

and t < 0, then the integral over 0 1 approaches zero as R approaches 
infinity. Similarly, if 

lim F(z + 0'1) = 0 
Izl~" 

uniformly for ~ ~ 8 ~ 3; (10-65) 

and t > 0, then the integral over O2 approaches zero as R approaches 
infinity. These conditions must. be satisfied, respectively, for t < 0 and 
t > O. In many practical cases F(s) meets the stronger condition 

lim F(s) = 0 
I·I~· 

uniformly for all q, (10-66) 

which of course is sufficient for both conditions (10-64) and (10-65). 
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We have reached an important milepost. If conditions (10-64) and 
(10-65) are satisfied, or if condition (10-66) is satisfied, we can evaluate 
the integral of Eq. (10-63) or its equivalent, 

f(t)u(t) = 21. ( F(s)e" ds 
7rJ JBr (10-67) 

by closing the path on the right or left, depending, respectively, on 
whether t < 0 or t > o. * Then the calculus of residues comes into play. 
If F(s) is single-valued, when t < 0 the integral is equal to -27rj multi­
plied by the sum of the residues in the half plane to the right of Br, 
and when t > 0 the integral is 27rj multiplied by the sum of the residues 
in the half plane to the left of Br. Of course, we know that F(s) is regular 
to the right of Br, since Br is to the right of the axis of convergence, and 
so we get zero when t < O. Therefore, Eq. (10-67) reduces to 

f(t)u(t) = { ~um of residues to left of Br 
t < 0 
t>O (10-68) 

If F(s) is multivalued, the paths C1 and C2 must of course be appropri­
ately modified to avoid crossing branch cuts, in some manner such as 
that described in Sec. 8-12. 

The two-sided transform ff'(s) is enough different to warrant sum­
marizing results in this case. If ff'(s) satisfies conditions (10-64) and 
(10-65), or condition (10-66), and if ff'(s) is single-valued, then the calculus 
of residues is used again. However, now path Br lies in a vertical strip, 
with singular points of ff'(s) to the right of this strip as well as to the left. 
Therefore, a nonzero result is obtained when t < 0, and we can summarize: 

f(t) _ { - sum of residues to right of Br 
- sum of residues to left of Br 

t<O 
t > 0 

(10-69) 

In this equation we have confirmation of the statement made in Sec. 
10-17, that f(t) is not uniquely deterInined if ff'(s) is known. There are 
singularities to the right and left of Br, and Br can be moved into a 
different strip of regularity, thereby changing one or more poles from one 
side of Br to the other. 

10-20. Evaluating the Residues (The Heaviside Expansion Theorem). 
On the basis of the previous section, we can now derive one of the classical 
theorems in Laplace transform theory. This result first appeared in 
engineering literature in the operational calculus of Oliver Heaviside. 

In Eqs. (10-68) and (10-69) we are directed to find residues of the 
function F(s)e<t or 5'(S)e<'. Consider the former, and assume that F(s) is 

• If F(II) includes the factor e-oT , then these paths apply respectively when 
t < T and t > T. 
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a rational function (ratio of polynomials) with the degree of the denom­
inator at least one greater than the numerator. This condition ensures 
that condition (10-66) will be satisfied. F(s) could be one of the functions 
tabulated in Table 10-1, for example. 

In Chap. 5 we considered the representation of a ratio of polynomials 
in a partial-fraction expansion. There will be poles at 81, S2, • • • , SM 

of orders N 1, N 2, • • • ,N M. The expansion will look like 

(10-70) 

All we need do, then, is to find the residue for the typical term 

an,kelt 

(s - s/;) .. 

This term itself has a Laurent expansion, for which we want the coefficient 
of (s - Sk)-1, the residue. This problem is worked out in Chap. 5, and 
the answer is given by Eq. (5-80) as 

Residue = ". (ed ) a k dn
-

1 I 
(n - 1)! dsn - 1 ._ •• 

(10-71) 

Thus, when F(s) is a rational function, its inverse transform will be 
a sum of terms like Eq. (10-71). Note that there is a certain amount of 
work in arriving at these terms which is not shown here, the finding of. 
the coefficients a .. ,k from the partial-fraction expansion of F(s). The 
combination of Eqs. (10-70) and (10-71) is an expression of the Heaviside 
expansion theorem. 

Although Eq. (10-71) represents all possible cases when F(s) is rational, 
there is an important subclassification when Sic is complex. It can be 
shown that for physical problems F(s) is real. Assume that this is the 
case, and recall, from Chap. 7, that there must be a conjugate pole at 
Sk+1 = Sit. The coefficients in Laurent expansions about these two poles 
will be conjugat.es, giving 

a .. ,It+l = an,lt (10-72) 

Consequently, the partial-fraction expansion of F(B) will include the two 
terms 
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In simiiarity with Eq. (10-71) we get 

S f 'd t .. -
1 

( -.1 - "') urn 0 two reSI ues = (n _ I)! a ... ke + a...ke • 

This is reduced to a more useful form by writing 

with the result 

a ... k = A ... kei"·" 
Sk = 0'1< + jWk 

(10-73) 

2A kt .. -l~.1 
Sum of two residues = (;;._ I)! cos (Wkt + a".k) '(10-74) 

You should not necessarily think of Eqs. (10-71) and (10-74) as for­
mulas to be remembered and applied in a "crank-turning" manner. 
They are important because they show that all systems for which F(s) 
is a real rational function lead to solutions in t which are in the form 
of either of these two equations. 

The forms of Eqs. (10-73) and (10-74) are the natural modes of the 
classical theory of linear differential equations, and the quantities Sk 

are the characteristic values. Although we are not yet considering the 
La,place transform method of solving equations, it is very important to 
recognize that Eqs. (10-71) and (10-74) include specific directions for 
finding the numerical coefficients. The fact that the inverse of Eq. 
(10-70) leads to terms like Eqs. (10-71) and (10-74) is the substance 
of the Heaviside expansion theorem. 

Equations (10-71) and (10-74) have been established as the general 
terms obtained when the inversion integral is applied to a rational func­
tion F(s) of degree in the numerator less than the degree of the denom­
inator. Furthermore, the number of such terms will be finite, and hence 
their sum will be an entire function which is also of exponential order. 
These observations can be formalized as follows: 

Theorem 10-11. If F(s) is a rational function for which the degree of 
the numerator is less than the degree of the denominator, then the inverse 
transform function f(t) = .e-1[F(s)] exists, is an entire function consisting 
of a finite sum of products of powers of t by exponentials, * and is of expo­
nentialorder ao, where ao is the largest real part of all the poles of F(s). 

10-21. Evaluating the Inversion Integral When F(s) Is Multivalued. 
As an example of a function F(s)' which is multivalued we shall consider 
the simple case 

f(t) = -. -ds 1 h ea' 
271j Br vB (10-75) 

• The sine and cosine functions are classified as exponentials in this statement. 
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where we understand V8 to mean values of sl-S in the same sheet of the 
Riemann surface as V;;. The 
function 1/0 approaches zero 
uniformly with respect to ang s 
as lsi becomes infinite, and so 
Jordan's lemma is applicable. We 
still get a result which is identi­
cally zero when t < O. For t > 0, 
we close the path by a circle to 
the left, bypassing the branch cut 
in the manner shown in Fig. 10-13. 
No singularities are enclosed by 
the closed curve consisting of 
G + G2 + G', where G2 is a semi­
circle from which the infinitesimal 
gap at the branch cut has been 
omitted. Thus 

FIG. 10-13. Modification of the integra­
tion path when the integrand of the inver­
sion integral has a first-order branch point 
at the origin. 

(1 eol 1 eBi 1 eat ) lim _r:ds+ _r:ds+ _rds =0 
R-->.. C V 8 C. V S C' V S 

(10-76) 

The second integral approaches zero, and so we evaluate the first integral 
by evaluating the third. That is, from Eq. (10-76) we have 

2~j ~r ~8 ds = - R~~ 2~j la, ~8 (10-77) 

This is like Example 3 of Sec. 8-12. Path G' is replaced by a pair of 
straight parallel lines plus a small circle of radius A. On the straight 
parts of G' , V8 = j Vp and -j VP, respectively, above and below the 
branch cut. On circle A, 0 = vA ei rl>/2, where -7 < q, ~ 7. Also, 
on each of the straight lines ds = -dp. Thus, we have 

-_ds = -J -- (-dp) +J -- (-dp) 1 eol ·lA e-pt 
• fR

-<7. e-pl 

C' Vs R-<7, VP A VP 
. A 1. -r e(A c •• • )lei(A .In ·)lei • 

+ J VA r eirl>/2 dq, 

We let A go to zero and R approach infinity and note that the first 
two integrals on the right combine into a single integral. The last 
integral on the right approaches zero as A goes to zero, in similarity 
with Example 3 of Sec. 8-12. Thus, from the above and Eq. (10-77), 
we have 
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This integral was previously met in Example 6 of Sec. 10-11. It is 
evaluated in a routine manner by sUbstituting pt = X2, to give 

1 ( eol 2 r-
27rj JBr VB = 7r vt Jo e-

S

' dx 
1 

=y;t 

This result is in agreement with Example 6 of Sec. 10-11. 
case we obtained 

Now we have obtained the inverse, 

f(t) = .c-1 (_1 ) = 1_ 
VB V7rt 

(10-78) 

In the earlier 

Thus, we see that a table of transforms can be evaluated in either way, 
by finding .c[f(t)] or .c-1[F(s)]. It is interesting to observe a significant 
difference between these two procedures. .c[f(t)] requires a real integra­
tion, whereas .c-1[F(s)] leads to an integration in the complex plane. In 
the latter case the introduction of Jordan's lemma is a natural extension 
because we are already thinking about integration in a complex plane. 
But in Chap. 8 we showed how Jordan's lemma can be used to evaluate 
real integrals, and so we naturally ask whether this powerful method 
might not be applicable to the integration in .c[f(t)]. In some cases 
it would be applicable, but there are many where it would not. There 
may be two reasons: f(t) does not necessarily approach zero as t becomes 
infinite, and f(t) is not necessarily capable of an analytic continuation. 
The latter would be the case, for example, if f(t) should consist of a 
sequence of sections of straight lines. 

PROBLEMS 

10-1. Determine which of the following functions are of exponential order, and, 
for those which are, determine ao. Also, determine whether or not ao is included in 
the set of values of a for which 

1 
(a) I(t) = -

Vi 
(c) I(t) = sin t' 
(e) I(t) = t" 

lim I(t)e-o ' = 0 
H_ 

(b) I(t) .. e Vii 

(d) I(t) = e" 
(J) I(t) = V'ltan tl 
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10-2. Do Prob. 10-1 for the functions 

(a) I(t) = sin t 
t 
1 

(e) I(t) = ~ 
VI" 

(e) I(t) = log t 
Vii 

(b) I(t) = sin' t 

(d) I(t) = log t 

(I) I(t) = eI10&' 

329 

10-3. In Sec. 10-4 it is established that the single-sided Laplace integral converges 
for Re 8 > ao, rather than Re 8 ~ ao. Is the absence of an equa.lity sign due to the 
foot that for some functions ao is not included in the set of a numbers for which 
lim I(t)e-'" = 0, or is it because ....... 

fo" I(t)e-a.·· dt 

might not exist even if lim J(t)e-a.·· = 07 
1-" 

10-4. Let J(t) be a complex function of the rea.l variable t. A Laplace integral can 
be defined for such a function, and &Ssume that it converges at a point 80. Determine 
a region of convergence for such a function. 

10-6. Let J(t) be a real function of t, meaning that J(t) is real when t is real. Now 
suppose that I is a.llowed to become complex, using the notation 

t = re i9 

and define a generalized Laplace integral 

where C is a straight line in the t plane radiating at angle 90 and extending to infinity. 
If this integral converges at 80, determine a region of convergence. 

10-6. State and justify the regions of convergence and uniform convergence of the 
one-sided Laplace integral, for the following functions: 

(a) J(t) = e-" 

(e) J(t) = sin t' 
(e) J(t) = log t 

(b) I(t) = sin t 
t 

(d) J(t) = eoln • 

(f) J(t) = I" 

10-7. Suppose that I(t) is known to be EO,ao. Prove that e"'/(t), where a is rea.l, is 
EO,ao + a. 

10-8. Let a function J(t) be defined &S follows: 

.I(t) = (-I)"n log log n < t < log log (n + 1) 

where n represents a succession of integers. Determine whether or not this function 
is of exponential order, and determme the region of convergence of its Laplooe integral. 

10-9. Determine the strip of convergence of the two-sided Lapla.ce integra.l, for the 
following: 

(a) J(t) = e-I&' (b) I(t) = sin I 
I 

(e) J(t) = e-I ' 
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10-10. In forming the Laplace integral, it is not necessary to define I(t) as identically 
zero for t < 0 or to introduce the factor u(t). Explain why it is nevertheless custom­
ary to do so, explaining what conceptual simplification is thereby attained. 

10-11. Explain the difference between the notations 

and 

F(s) = fo" I(t)e-" dt 

F(s) = fo" l(t)e'-01 dt 

Rell > tr. 

explaining which is correct. Also, is it your understanding that .c[f(t)] is a symbol for 
F(s) or for the integral? 

10-12. What is the significance in knowing that the Laplace integral converges in a 
right half plane, if it converges at all, in determining the properties of F(s)? 

10-13. Give an example to show that, if I(t) and get) have Laplace transforms, it is 
not necessarily true that I(t)g(t) has a Laplace transform. State and prove conditions 
on J(t) and get) which will ensure that J(t)g(t) will have a transform. 

10-14. For each of the following cases, determine the strips of convergence for the 
two-sided Laplace transforms of J(t) and get), and determine whether or not J(t) + get) 
has a two-sided transform: 

(a) J(t) = e-'" get) 
sin t 

= -t-

(b) J(t) { e-' t>O 
get) = e-O 

•• '" = e- 0•6t t < 0 

(c) J(t) 
1 

get) { e' t>O 
= 1 + t' =- e" t < 0 

10-15. Using trigonometric identities and evaluating the Laplace integral, find the 
Laplace transforms of the following functions: 

(a) J(t) = sin at cos bt 
(c) J(t) = sin' bt 

(b) J(t) = cos' bt 
(d) J(t) = t"e" 

10-16. A sinusoidal wave train of 2N cycles duration is described by the function 

{

sin wr/. 
I(t) = 

o 

2wN Itl<-
Wo 

Itl > 2rN 
Wo 

(a) Find the two-sided Laplace transform of this function. 
(b) Now suppose that the same wave train occurs completely after t = 0, being 

translated to the right to occur in the interval 0 < t < 41rN /wo. Outside this inter­
val the function is zero. What is the one-sided transform of this function? Com­
pare it with the answer to part a. 

10-17. Obtain a formula for the Laplace transform of the binomial 

J(t) .. (t' - I)" 

10-18. Using the shifting theorem appropriately and any appropriate information 
in Table 10-1, obtain the Laplace transforms of the following: 
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(0) I~) - n -1 
0< t < 1 r -6-' 0< t < 1 l<t<2 
2 < t < 3 (b) f(t) = e ~ 1 6-' 1 < t 
3 < t 

sin bt 0< t < & 
... 2". 1'-'+1 

0< t < 1 
0 b < t < b l<t<2 

(e) fCt) = 
2". < t 3 ... 

(d) fCt) -2 +t 2 < t < 3 
sin bt b <b -3 +t 3 < t < 4 

~ <t 
0 4 < t 

0 
b 

10-19. Discuss the difference between the Laplace integral and the Laplace trans­
form. Answer such questions as: Which has an abscissa of convergence? Which is 
an ana.iytic function? Which has singular points? Suppose that you were given a 
Laplace transform, what would you do to get the corresponding Laplace integral? Is 
there any difference in your answer to the last question if it applies to the two-sided 
transform rather than to the single-sided transform? 

10-20. Let F(B) be the Laplace transform of f(t) , and define 

Fo(s) = /0 T f(t)e-" dt 

Show that 
£[j(t + T») = e,T[F(s) - Fo(s») 

Test this result on the function f(t) = sin (t + a). 
10-21. Find the Laplace transform of 

10-22. Use appropria.te theorems to find the Laplace transforms of the following 
(information in Table 10-1 may be used): 

(a) f(t) = sin bt cos bt 
(e) f(t) = t" sin" bt 

10-23. Prove that 

has a Laplace transform. 

(b) f(t) = t" cos bt 
(d) f(t) = (1 - e-a')'(1 + t)" 

f(t) = el+·· sin eo' 

10-24. Beginning with the formula for the nth-order Legendre polynomial 

1 d~ 
P ~(t) = 2~! dt~ (t" - I)" 

show that .. 
1 \' ( -1)k+~(2k)! 

£[P.(t») = 2n ~ k!(n _ k)!S2k ~+1 
k_[n~l] 

where [en + 1)/2) is the greatest integer in (n + 1)/2. What is the regiQn of con­
vergence of the Laplace integra.i? 
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10-26. Prove that, if £[J(t») = F(s) and if I(t)/t has a transform G(s), then 

G(s) = J." F(z) dz 

where the path of integration lies in the ha.lf plane of convergence. 
10-26. Show that 

(a) £ (1 + 2bt ebt ) ...;; s 
VI V(s + b)' 

(b) £ [_1_ (eb' - ea.)] = 2 ...;; (VB=a - v'8=b) 
y'ti 

by starting with £(l/Vt) and with the aid of suitable theorems. 
10-27. Starting with the formula for the gamma function 

show that 

rex) = fo" r'ts - l dt 

£(log t) = r'(l) - log s 
s 

and determine the region of convergence of the Laplace integral. (HINT: Recall that 
dts Idx = ts log t.) 

10-28. Prove that 

(
1 - e-a

.) ( a) £ --t- =log 1 +; 
(a) Using Theorem 10-5. 
(b) Using the property stated in Prob. 10-25. 
What is the region of convergence of the Laplace integral? 
10-29. From the known transform 

slow that 

b 
£(sin btl = 8. + bl 

£ ei~ bt) = tan-l ~ 

and determine the region of convergence of the Laplace integral. 
10-30. Consider the Laplace transform of (sin btl It given in Prob. 10-29. With due 

consideration of multivaluedness, consider Fl(a) and F l ( -s) as s approaches the j ... 
axis respectively from the right and left half planes, and observe whether the sum of 
these is the same as the Fourier transform given in Prob. 9-24. 

10-31. Show that, for real a > 0, 

.c(e-a
") = ~ {e,.t4. [ 1 - erf C :ra) 1 

where erf (x) = ~ ( x r" dy 
Vr Jo 

What is the region of convergence of the Laplace integral? [HINT: Obtain the 
integral representation for dF(s)/ds, and integrate by parts, thereby obtaining a 
differential equation.] 
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10-82. Consider the Laplace transform of e-ol ' given in Prob. 10-31. From this 
result, obtain the two-sided Laplace transform of this function, and specify the strip 
of convergence of the two-sided Laplace integral. Compare the result with the 
Fourier transform given in Prob. 9-9. 

10-88. Prove that 

and determine the region of convergence of the Laplace integral. [HINT: We have 

and this is recognized as the Fourier integral 5'( -jb) of e-a"., which is treated in 
Prob.9-9.) 

10-84. From the transform given in Prob. 10-33, show that 

,c(sin b Vi) = £. ~ ~ r bl," 
2 "\J8i 

What is the region of convergence of the Laplace integral? 
10-86. Obtain the Laplace transform 

,c[Jo(at») = _--.:1=--_ va' + 8 2 

where J o(at) is the zeroth-order Bessel function of the first kind, given by 

J o(at) = - cos (at cos 4» d4> 1 J." ,.. 0 

What is the region of convergence of the Laplace integral? Do this by forming the 
Laplace integral, justifying an interchange of order of integration, giving an integral 
in terms of cos' 4>. The variable change 

z=l-cos4> 
1 + cos 4> 

will yield an integral from 0 to co in the variable z, which can then be regarded as 
complex. With due regard to properties of a Riemann surface and the calculus of 
residues, the required answer is obtained. 

10-86. Starting with the Laplace transform of e-o', as given in Prob. 10-31, and 
reca.lling that the error function is 

erf t = ~ ( t e-s • dx .y;. }o 

obtain the transform of erf (at), and determine the region of convergence of the 
Laplace integral for this function. 

10-37. Starting with the Laplace transform of r ", given in Prob. 10-31, derive the 
Laplace transform 

(
e- .. 0) ~;;: ( a ) ,c --- = - eo'14• 1 - erf ---Vi a 2 Va 

and specify the region of convergence of the Laplace integral. 
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10-88. Referring to the information given in Prob. 10-31, show that 

'£(6-,,0) = ~ . G. 64"4, (erf _a_ - 1) + ! 
2 "VSi 2 VB 8 

and specify the region of convergence of the Laplace integral. 
10-39. Referring to the information given in Prob. 10-29, show that 

.c[Si (at)] = ! tan-I ~ 
s s 

where S' (x sin Y d 
I X = Jo -y- y 

What is the region of convergence of the Laplace integral? 
10-40. Evaluate the inversion integral, to show that 

~( e" ds={O 
2 ... j JBr va' + s' J.(at) 

See Prob. 10-35 for the formula for J.(at). 

t < 0 
t>O 

10-41. This is a generalization of Prob. 10-40. The formula 

gives the nth-order Bessel function of the first kind. Evaluate the inversion integral 
to show that, for n ~ 0, 

.c[J,,(atl] = (~ - 8
2
)" 

a"vs'+a' 

10-42. By use of the inversion integral, show that 

Refer to Prob. 10-35 for the definition of J.(x). 
10-43. By use of the inversion integral, show that 

.c (_1_ e-a" .. ) = 2 ...;; e -avo 
v0 a 

where a > O. Also, from this result, show that 

10-44. The function 

.c (1 - erf_a ) 2Vt 

F(s) 
2s cosh as + 2 sinh as 

s' - 1 

can be a two-sided transform, but not a single-sided transform. Explain how this is 
known. Also, using three Br paths, to the right of both singular points, between 
singular points, ILnd to the left of both singular points, obtain three functions for which 
the above is the two-sided Laplace transform. 
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10-46. Obtain inverse transforms for the following: 

(a) F(s) = {ls2 -:-~ - 1 
s 8 

( ) F( ) 381 + Ss2 + 98 + 4 
c 8 = 8' + 58' + 982 + 78 + 2 

10-46. If F(s) = .£[f(t)], prove that 

(b) F(s).. 4s· + 168 + 16 
s' + 58· + 98 + 5 

.£[f(at)] = ~ F G) 
(a) From the defining integral. 
(b) From the inversion integral. 
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CHAPTER 11 

CONVOLUTION THEOREMS 

11-1. Introduction. In the application of the Laplace transform to the 
solution of the equations of linear systems one encounters products like 
F(s)G(s), where each of these two functions is the Laplace transform 
of a function of t. You can refer to Chap. 1, in which a preview is given 
of how this comes about. In general at least one of these functions 
appearing in the product is a so-called "system function," the steady­
state sinusoidal response function analytically continued into the s plane. 
The other function in the product is often the Laplace transform of the 
driving function. However, it sometimes occurs that each of the factors 
is a system function, as when two systems are combined in such a way 
that the over-all system function is the product of two individual system 
functions. This is the case, for example, when two networks are cas­
caded under conditions where the second network does not load the first. 
This situation arises in the design of corrective networks, where one of the 
factors is the system function of a given system and the other is the func­
tion for the corrective network. 

If one arrives at the point of having a function F(s)G(s) for which the 
inverse transform is wanted, the various techniques of finding an inverse 
are of course available. However, here we are not interested in solutions 
for specific problems; rather, we are interested in finding out how the 
inverse 

.c-1[F(s)G(s)] 

is related to the individual inverse functions 

f(t) = .c-1[F(s)] and g(t) = .c-1[G(s)] 

By having such a relationship it is sometimes possible to arrive at general 
theorems and properties of systems without the need for specific solu­
tions. 

In dealing with systems which are essentially linear but which have 
isolated nonlinear operations, like modulation and demodulation, we call 
have products like f(t)g(t). In this connection we are interested in 
knowing the relationship between the Laplace transform 

.c[f(t)g(t)) 
336 
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and the individual Laplace transforms 

F(s) = £[f(t)] and G(s) = £[g(t)] 

It would require a wide digression into the entire field of applications 
of the Laplace transform to provide much more motivation than this 
for the subject at hand. It is hoped that this brief introduction will 
serve to show that there is some reason to consider these two questions. 

11-2. Convolution in the t Plane (Fourier Transform). In Sec. 9-5 you 
will find a development showing that, if f(t) and get) are two functions, 
one of which is PC and bounded and the other APC, and both of which are 
absolutely integrable from - 00 to 00, then the function 

ret) = f-"'", f(T)g(t + T) dT 

has a Fourier integral which converges to 

f-"'", r(t)e-;..t dt = 5'( -jw)g{J"w) 

where 5'(jw) = f-"'", !(t)e-;..t dt g(jw) = f-"'", g(t)e;-;"t dt 

(11-1) 

(11-2) 

(11-3) 

These results are obtained specifically from Eq. (9-34) and the various 
defining expressions for ret), 5'(jw), and g(jw). Furthermore, in the foot­
note on page 281, it is pointed out that the above is still true if f(t) 
and get) are both APC, if one of them remains bounded as It I becomes 
infinite. 

Equation (11-2) serves as the starting point for finding the inverse 
of 5'(jw)g(jw). The similarity with the right side of Eq. (11-2) is at once 
apparent, but a sign change is needed in the argument of 5'( -iw). 

Instead of Eq. (11-1) consider the function 

(11-4) 

In doing so we note that f( - t) also satisfies the Fourier integral theorem 
and has a Fourier transform obtained by the following sequence of steps: 

(11-5) 

We can also say that f( -t) satisfies the same conditions as f(t), and 
therefore the steps used in -Sec. 9-5 to show that ret) exists are also 
applicable to show that wet) exists. Now we write Eq. (11-2), with wet) 
replacing r(t); and from Eq. (11-5) it is evident that 5'( -jw) replaces 
5'(jw). Therefore, we get 

(11-6) 
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showing that the product 5'(jw)g(jw) is the Fourier transform of w(t). 
It also follows that 

w(t) = i'lr PV f_fOfO 5'(jw)g(jw)eJo>' dw (11-7) 

The formula for w(t) in Eq. (11-4) can be put into a more convenient 
form by changing the variable of integration from T to -T, with the 
result 

w(t) = f: .. f(T)g(t - T) dT (11-8) 

The integral in Eq. (11-8) is called a convolution integral. Later on 
other types of convolution integrals will be defined. We now state this 
result formally as the following theorem: 

Theorem 11-1. Let f(t) and g(t) each be APC, while one of them is 
bounded as It I becomes infinite and has at most a finite number of infinite 
discontinuities, and let both be absolutely integrable from - 00 to 00, 

with respective Fourier transforms 5'(jw) and g(jw). Then, 

w(t) = f-.... f(T)g(t - T) dT 

is an APC function of t, and is continuous if either f(t) or g(t) is PC, and 
its Fourier integral converges to 

5'(jw)g(jw) 

11-3. Convolution in the t Plane (Two-sided Laplace Transform). 
Let f(t) and g(t) be APC functions for which the integrals 

f _ .... If(t) le-ol dt and f-.... Ig(t)le-" dt 

have strips of convergence which overlap in a strip designated by 

ITa < Re 8 < ITb 

Also assume that there is a number ITl between ITa and ITb such that Ig(t) le-<T·' 
is bounded as It I becomes infinite, and is integrable over the infinite 
interval. Note that 

If _ .... f(t)e-ol dt I ~ f _ .... If(t)e-.tll dt = f _ .... If(t) le-<TI dt 

and since it is stipulated that the integral on the right shall converge 
at least in the strip IT .. < IT < ITb, it is concluded that the integral 
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must certainly converge in this same strip. A similar statement applies 
to the corresponding integral of get). Therefore, we can define a pair 
of two-sided Laplace transforms as follows, 

(1(8) = / _"'", f(t)e-at dt g(8) = /-"'", g(t)e-at dt (11-9) 

with assurance that each defining integral will converge in the strip 

(fa < (f < (fb (11-10) 

Using the previously defined number UI, we write the above transforms 
as explicit functions of w, as follows: 

g(UI + jw) = /:'" g(t)e-u1te-;"t dt 

(11-11) 
These are, respectively, the Fourier transforms of 

and 

Furthermore, because UI lies in the common strip of convergence of the 
two-sided Laplace integrals of If(t) I and Ig(t)l, it follows that 

and 

are integrable over the infinite interval. It is now evident that f(t)e-" 
and g(t)e-u1t satisfy the conditions specified for f(t) and get) in Theorem 
11-1 and that they can be, respectively, substituted in that theorem. 
The conclusion is that the integral 

/:'" f(T)e-U,Tg(t - T)e-u,teu,TdT = e-u1t /:'" f(T)g(t - T) dT (11-12) 

converges and has the Fourier transform 

(f(UI + jW)g(UI + jw) 

The integral on the right of Eq. (11-12) has previously been defined as 
wet). Thus, we can write explicitly 

(11-13) 

The function on the left can be analytically continued, and it is regular 
in the vertical strip between U a and Ub. Thus, the integral on the right 
converges in this strip, and we have 

Ua < Re 8 < Ub (11-14) 

We also know that wet) can be obtained from (1(8)g(8), from the inversion 
integral. 



340 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

These results are now stated in the form of a theorem, as follows: 

Theorem 11-2. Let f(t) and get) each be APC, and let If(t) I and Ig(t)1 
have convergent two-sided Laplace integrals, both converging in a strip 

CIa < Re s < Clb 

Furthermore, let 

5'(8) = .cM(t)] and 

and assume there is a number Cll in the above range such that Ig(t)le-v
" is 

bounded as It I becomes infinite. It is then true that 

wet) = f_"".,!(T)g(t - T) dT 

is an APC function of t and is continuous if get) is PC, and that 

5'(s)g(s) = f _""", w(t)e-.e dt 

where convergence is in the strip CIa < Re s < Clb; and, finally, 

wet) = 21. r 5'(s)g(s)ed ds 
7rJ JBr 

where the path Br lies in the strip specified. 

If f(t) and get) have converging Fourier integrals, there is no difference 
between Theorems 11-1 and 11-2, except for the difference in notation. 
Then the Fourier transforms are the same as the two-sided Laplace 
transforms. However, Theorem 11-2 is more general, since it applies 
to a larger class of functions than does Theorem 11-1. It must be noted, 
however, that even in Theorem, 11-2 f(t) and get) are still somewhat 
restricted, to the extent that their two-sided Laplace integrals of their 
absolute values must have overlapping strips of convergence. 

This restriction on f(t) and get) is important, as will be shown by the 
following example: Consider the two cases shown in Fig. 11-1. For 
case a 

and therefore 

f(t) = u(t) and 1 
5'(s) = -

s 

get) = 2u( -t) and g(s) = 

2 
5'(S)g(8) = - -

S2 

2 
s 

which is a perfectly good analytic function having two possible inverse 
functions, depending on whether the Br path would be to the right or to 
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the left of the origin. However, in this case, the formal expression 

wet) = 2 f-"'", u(r)u( -t + r) dr = 2 fo'" u(r - t) dr 

leads to a divergent integral. This becomes clearly evident when we 
recognize the properties of u(t), giving 

t<O 0< t 

when we attempt to evaluate the integral. Neither of the above integrals 
exists, and so wet) does not exist. Theorem 11-2 has failed in this case, 

fI 
o 

g(t)=2u(-t) 

c((t)=u(t) 

T 
2 

o 
g(t)-2u(-t) 

(a) (b) 
FIG. 11-1. Examples of functions which have different properties with respect to the 
conditions of Theorem 11-2. (a) A case which does not satisfy the theorem; (b) a 
case which does satisfy the theorem. 

and an inspection of the original functions shows why. The two-sided 
Laplace integral of If(t) I converges to the right of the jw axis, and the 
corresponding integral of Ig(t) I converges to the left of the jw axis. There 
is no overlapping strip of convergence, as required in the theorem. 

In case b, get) is the same as before, and 

f(t) = e-tu(t) 

The two-sided Laplace integral of If(t) I now converges to the right 
of the point -1, and so the two integrals have a common strip of con­
vergence in the range 

In this case 
-1 < Re 8 < 0 

f(t) = e-1u(t) and 
1 9'(8) =--

8 + 1 
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and g(s) is the same as before, giving the product 

2 
5'(s)g(s) = - s(s + 1) 

'" (2 /0'" e-< dr 
wet) = 2 /0 e-ru(r - t) dT = ('" 

2 it e-r dr 
Now 

and the result is 
t < 0 
0< t 

t < 0 

0< t 

A simple check shows that this function does indeed have a two-sided 
Laplace transform and that it is given by -2/s(s + 1). 

11-4. Convolution in the t Plane (One-sided Transform). Extension 
of the results of the previous section to the case of one-sided Laplace 
transforms is easily accomplished. First it is to be recalled that the 
one-sided transforms can be written in the notation of two-sided trans­
forms as follows: 

F(s) = £[f(t)] = £M(t)u(t)] 
G(s) = £[g(t)] = £M(t)u(t)] 

(11-15) 

Assume that f(t) and get) are APC, the one-sided Laplace integral of 
If(t) I converges, and get) is of exponential order. Since get) is of exponen­
tial order, Ig(t) I has a convergent Laplace integral, and since one-sided 
Laplace integrals converge in right half planes, it follows that there will 
always be an overlapping region of convergence. Also, there will always 
be a number 0"1 in this region for which Ig(t)le-a,t approaches zero as t 
becomes infinite. The conditions of Theorem 11-2 are thus satisfied by 
f(t)u(t) and g(t)u(t), and so we know that 

wet) = J _"'", f(r)u(r)g(t - r)u(t - r) dT (11-16) 

is APC and that this function has a two-sided Laplace transform given by 
F(s)G(s). 

Now observe that 
U(T) = 0 

u(t - T) = 0 
T < 0 
t < T 

Therefore, the integral in Eq. (11-16) reduces to 

wet) = {{ot f(T)g(t - r) dr 0< t 

t < 0 
(11-17) 

Since wet) is zero for negative t, the above statement that F(s)G(s) is the 
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two-sided Laplace transform of wet) can be revised to state that F(s)G(s) 
is the one-sided Laplace transform of wet). 

The results presented above are formally stated as follows: 

Theorem 11-3. Let J(t) and get) each be APC, where IJ(t) I has a 
convergent one-sided Laplace integral and get) is of exponential order. 
If we use the notation 

F(s) = .e[J(t)] G(s) = .e[g(t)] 
then the integral 

h(t) = Jot J(r)g(t - r) dr (11-18) 

is an APC function of t, is continuous if get) is PC, and has a single-sided 
Laplace transform given by F(s)G(s). 

The integral on the right of Eq. (11-18) is also called a convolution 
integral. It is perhaps more frequently met in practice than the one 
given in Eq. (11-8). Your understanding of the convolution integral 
will be enhanced if you will pick some simple J(t) and get) functions and 
make graphs of the integrand for various fixed values of t. 

It is possible that you may have come to regard the one- and two-sided 
Laplace transforms as quite similar, and if so it may be surprising to 
find a significant difference in these two convolution integrals, namely, 
the appearance of t in the limit of one and not of the other. It is possible 
to get a degree of correlation between this difference and the severity 
of restrictions on J(t) and get). For the case of Theorem 11-3 it has been 
pointed out that, if IJ(t) I and Ig(t)1 have convergent one-sided Laplace 
integrals, an overlapping region of convergence is automatically obtained. 
On the other hand, in the case of Theorem 11-2, convergence of the 
appropriate integrals does not in itself ensure an overlapping region of 
convergence. Thus, J(t) and get) are more severely restricted in Theorem 
11-2, on the basis of condition of convergence of their Laplace integrals. 

11-6. Convolution in the s Plane (One-sided Transform). In view of 
similarities between the Laplace integral and the inversion integral, we 
might expect to have a theorem relating the Laplace transform of the 
product of two functions with a convolution integral of their transforms. 
If we were interested in analytic t functions, it would be a simple matter 
to establish such a theorem by reference to the previous results. How­
ever, many practical applications involve functions of t which are not 
analytic. We want at least to admit the piecewise continuous functions 
of exponential order. An adequate treatment of s-plane convolution 
for functions of this generality would require an unreasonably extensive 
digression into further theory of improper integrals, and particularly 
the Fourier integral. In view of these realities, we shall not attempt 
here to establish conditions and a rigorous proof of a theorem on s-plane 
convolution. Instead, we shall develop the subject in a purely formal 



344 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

way, to establish the forms of the formulas, and to locate the pertinent 
contours of integration. 

We begin by considering two functions f(t) ana g(t) which have, 
respectively, single-sided transforms F(8) and G(8). In the single-sided 
Laplace integral of the product, namely, 

fo 00 f(t)g(t)e-d dt 

we replace g(t) by its inversion integral 

g(t) = 2-!. [ G(z)e·t dz 
7rJ iBn 

(11-19) 

where Brl has an abscissa Xl in the z plane. If CFQ is the abscissa of 
convergence of g(t), then we know that Xl> CFg • We now have 

[00 f(t)g(t)e-.e dt = -!. [00 f(t) dt [ G(z)e(.-.lt dz 
jo 27rJ jo jBn (11-20) 

An interchange of order of integration is anticipated on the right. This 
would be justifiable if G(z) had an absolutely convergent integral over 
the Brl path. However, we do not have this property in general, and 
so we proceed to make this interchange without justification, with the 
result 

[00 f(t)g(t)e-" dt = -!. [ G(z) dz [00 f(t)e-(.-.)I dt (11-21) 
jo 27rJ }Bn jo 

For the integral on the right of Eq. (11-21) we have 

F(8 - z) = fo 00 f(t)e-(·-·lt dt Re (8 - z) > CFt (11-22) 

where Ut is the abscissa of convergence of f(t). Since Re z = Xl for the 
z-plane integration, it follows that if 

Re 8> Uf + Xl 

then .c[f(t)g(t)] = 2-!. [ G(Z)F(8 - z) dz 
7rJ jBr! 

(11-23) 

(11-24) 

Now observe that if 

Re 8 > CFt + CFg (11-25) 

a value of Xl > CFg can always be found so that relation (11-23) is satisfied. 
Thus, the abscissa of convergence of f(t)g(t) is Ut + CFQ• 

The situation is portrayed graphically in Fig. 11-2 for the case where 
both Ut and CFg are positive. Normally the contour integral can be evalu­
ated by employing Theorem 8-13 or 8-14 and the calculus of residues, in 
the manner described in Chap. 10 for the inversion integral. In this 
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connection it is useful to observe where (in the z plane) we may expect 
to find the poles of the integrand in Eq. (11-24). From the properties of 
the single-sided transform we have the following information: 

Poles of F(s - z) are in the region Re (s - z) < U/ 

Poles of G(z) are in the region Re z < U Q 

The first of these conditions, in conjunction with Eq. (11-23), yields 

Re z > Re s - U/ > Xl 

and since U Q < Xl, the second condition becomes 

Re z < Xl 

Thus, the poles of F(s - z) are to the right of Brl, and the poles of G(z) 
are to the left of Brl. It is emphasized that poles of F(s - z) are specified 
in the z plane (not the s plane) because integration is in the z plane. We 
make the interesting observation 
that poles of F(s - z) are functions 
of s but that poles of G(z) are fixed 
in relation to s. 

If the Brl contour is closed to the 
right with a large semicircle CI , the 
integral is - 27rj times the sum of 
residues of F(s - z). If a large 
semicircle C2 to the left is used, the 
integral is 27rj times the sum of the 
residues at poles of G(z). In some 
cases closure is permissible to the 
left or right, and in other cases only 
one is permitted. The properties at 
infinity of the F(s - z) and G(z) 
'functions determine which semicircle 

I" ,,,,,,,,,,,,, 
//////////////; 
.,;/////////////, 
V/////////////I' 

~~~~~3~~3~~~~3~ 
r.~~~.-:--:.-:(:.////--:~ 
~//'~eglon of" 
E33~value? 91 .{;; ,//////////////" 
//////////////; ,./////////////// /////////////// 
/~~~~////////// 

FIG. 11-2. The Brl contour and allowed 
range of 8, in relation to the abscissas of 
convergence of the two functions in the 
s-plane convolution integral. (Shown 
for positive values of U/ and u •. ) 

should be used. The closure semicircle must be on the side where the 
integrand approaches zero. 

'!be shifting theorem offers an instructive vehicle to illustrate s-plane 
convolution. Let get) = e-Gt

, which has the transform 

1 
G(z) 

z+a 

Then Eq. (11-24) becomes 

.e[e-Gli(t)] = 2~ r _+1 F(s - z) dz 
7rJ jBr, Z a 

(11-26) 

The integrand will always behave appropriately in the left-hand z plane 
for the application of Theorem 8-13 or 8-14 to contour C2• The perti-
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nent geometry is given in Fig. 11-3. The residue of the integrand at 
pole z = -a is 

F(s - z) I.--a = F(s + a) 

which is in agreement with the expected result. 
As a second example, suppose that g(t) is the" gate function," 

having the transform 

G(z) 

o < t < Tl 
Tl < t < T2 
T2 < t 

z 

Furthermore, suppose that f(t) has a transform which is rational and zero 
at infinity, so that F(s) goes to zero at least as fast as 1/ s as s goes to 

FIG. 11-3. The Brl contour and contour 
of closure for deriving the shifting 
theorem from s-plane convolution, shown 
for tTl> O. 

FIG. 11-4. The Brl contour and contour 
of closure for obtaining the Laplace 
transform of t multiplied by a gate 
function. 

infinity in any direction. To be specific, let f(t) = t. Then the inte­
grand of 

-. -- dz 1 ~ e-·T
• - e-·T

, ( 1 )2 
27rJ B" Z S - Z 

approaches zero properly in the right half plane, and we use contour Cl, 
as in Fig. 11-4. 

The pole to the right of Brl is at z = s, and we have 

Residue =.!! (e-.T
• - e-.T

') 
dz z ._ 

... (- T1c·T
• + T26-·T

, _ r T
• ~ e-lll") 

z z_. 
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In this case, owing to the negative sense in which the contour is traced, 
we change the sign and get 

.£[tg(t)] = (Tl + .!) e-.T, _ (T2 + .!) e-.T, (11-27) 
8 82 8 82 

Since a valid proof is lacking, we do not state the results of this section 
as a formal theorem. However, the results are summarized by saying 
that, if f(t) and get) have respective Laplace transforms F(8) and G(8), 
then at least in some cases 

for 

.£[f(t)g(O] = 21. r G(z)F(8 - z) dz 
1rJ jBr. 

.£[f(t)g(t)] = 21. r F(z)G(8 - z) dz 
7rJ jBr, 

Re 8 > III + II. 

(1l-28a) 

(1l-28b) 

and where Brl is a Bromwich path to the right of all singular points of 
G(z) or to the right of all singular points of F(z) for Eqs. (11-28a) and 
(11-28b), respectively. The second form in Eq. (11-28) is obtained by 
interchanging the roles of f(t) and get) in the derivation. Furthermore, 
it was found that the abscissa of convergence of each integral in Eqs. 
(11-28) is the sum of the abscissas of convergence of f(t) and get). 

11-6. Application of Convolution in the 8 Plane to Amplitude Modula­
tion. The process of amplitude modulation can be analyzed readily by 
the 8-plane convolution and is illustrative of an essentially nonlinear 
process that can be handled by the Laplace transform. 

Let the carrier signal be represented by 

get) = cos bt 

and let f(t) be the modulation function, with modulation factor m. The 
modulated signal is then 

ret) = [1 + mf(t)] cos bt (11-29) 

The following transforms: 

8 1( 1 1) 
.£(cos bt) = 82 + b2 ="2 8 - jb + 8 + jb 

.£[1 + mf(t)] = ! + mF(8) 
8 

are used in the convolution formula t~ give 

.c[r(t)] = ~ r (_1_. + _1_. ) [_1_ + mF(8 - Z)] dz (11-30) 
4n:l j Br, Z - Jb z + Jb 8 - z 
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The .integral is evaluated by summing residues at poles to the left of Brl, 
in similarity with the treatment of Eq. (11-26). The residues at the two 
poles are readily obtained} giving the result 

.e[r(t)] = ~ [s ~ jb + s ~ jb + mF(s - jb) + mF(s + jb)] 

= S2 ~ b2 + ~ [F(s - jb) + F(s + jb)] (11-31) 

Here we see three terms, the transforms,_ respectively, of the carrier and 
two translations of the transform of J(t). 

Now let this modulated signal be demodulated in a square-law detector 
followed by a low-pass filter having a response function H(s). Convolu­
tion in the s plane is used again, to obtain the transform of the squared 
function. The transform of the squared signal is 

~ ( [~b+ +1 'b + mG(z)] [ 1 'b + __ 1+ 'b 
8'1f} jBr. Z - } z } s - z - } s - z } 

+ mG(s - Z)] dz = II + 12 + Ia + I. 
where G(s) = F(s - jb) + F(s + jb) 

and where 

II = 8~j hr. (z ~ jb + z ~ jb) (s - zl _ jb + s _ zl + jb) dz 

12 = 8
1

. ( (~b + +1 0b) mG(s - z) dz 
'If} jBr, Z - } Z } 

18 = 8~' ( mG(z) ( 1 'b + 1 + 0b) dz 
'If} jBr. S - Z - } S - Z } 

I. = 8
m2

. ( G(z)G(s - z) dz 
'If} jBr. 

Integrals I I and 12 are evaluated by evaluating residues to the left of Brl, 
and 13 is evaluated by using residues at poles to the right of Brl, giving 

1( 1 1 1 1) 
II = 4 s - j2b + 8" + 8" + s + j2b 

= ~ G + S2 : 4b2) 

m 
12 = 13 = "4 [K(s) + 2F(s)] 

where K(s) = F(s - j2b) + F(s + j2b) 

From the definition of G(s) it is evident that .,e-l[G(S)] = 2J(t) cos bt and 
I, is therefore recognized as the transform of 

m2[J(t)]2 cos2 bt = m2[J(t»)2 1 + ~os 2bt 
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Thus, the output of a square-law detector followed by a filter of charac­
teristic H(s) is described by the transform function 

H~S) G + S2 : 4b2 + 2m[F(s) + K(s)] + m2.c{[f(t))2(1 + cos 2bt) I) 
The filter will normally be a low-pass filter with cutoff considerably 
below frequency b. Therefore, as an approximation, the transform of the 
output is 

~ {~ + 2mF(s) + m2.c[f(t)j2} 

and the inversion to give a function of t yields 

~ {1 + 2mf(t) + m 2 [f(t)F} 

For linear detection, we take the square root of this, giving 

This differs from the original only by the factor 1/V2, which appears 
because this is the case for rms detection. 

11-7. Convolution in the s Plane (Two-sided Transform). The argu­
ments given in Sec. 11-5 are applicable to the two-sided transform. 
The only difference is in regions of convergence and locations of the 
Bromwich contours. We assume that two functions f(t) and get) have 
the respective two-sided transforms 5'(s) and g(s). Furthermore, let 
the two-sided Laplace integrals converge in the following regions: 

(1/1 < Re s < (112 

(1g1 < Re s < (1g2 

for f(t) 
for get) 

The two-sided Laplace integral of the product, namely, 

J _ .... f(t)g(t)e-" dt 

is treated by replacing get) by the inversion formula 

get) = -2
1

. ( g(z)e" dz 
7rJ jBn 

where X2, the abscissa of contour Br2, is in the range 
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Again, without justification, we interchange the order of integration and 
obtain 

~ f"" j(t) dt r g(z)e-c'-')I dz = ~ r g(z) dz / .. j(t)e-cl-.lI dt 
21fJ -.. jBrl 21fJ jBr, - .. 

The last integral on the right converges for 

Uti < Re (8 - z) < Ut2 

or Re z + Uti < Re 8 < Re z + Ut2 

But, since Re z = X2 

it follows that in Eq. (11-32) 8 is restricted to the range 

X2 + UtI < Re 8 < X2 + UtI 

If 8 is in the range 

UOI + UtI < Re 8 < U o2 + Ut2 

a value of X2 can always be found in the range 

Uol < X2 < U o2 

(11-32) 

(11-33) 

(11-34) 

(11-35) 

such that relation (11-34) can be satisfied. Therefore, we conclude that 
relation (11-35) gives the strip of convergence of the two-sided Laplace 
integral of J(t)g(t). A similar result is obtained if the roles of J(t) and 
get) are interchanged. Accordingly, we have 

.cM(t)g(t)] = -2
1

. r 9(Z)5'(8 - z) dz (11-36) 
1fJ jBro 

or .cM(t)g(t)] = -2
1

. r 5'(Z)9(8 - z) dz (11-37) 
1fJ jBr. 

where Uol + Uti < Re 8 < U o2 + Ut2 

Br2 and Bra lie in the respective convergence strips of get) and J(t). 
Evaluating the integrals in Eqs. (11-36) and (11-37) is slightly more 

complicated than in the single-sided case because each factor in the 
integrand will have poles on both sides of the Br contour. Therefore, 
no matter which side is chosen to close the contour, poles of both factors 
in the integrand must be considered. 

PROBLEMS 

11-1. You are given 
f(t) = e-O.' jtl 

and the following three g(t) functions: 

(a) g(t) = { :=:t 1>0 
1<0 { 

et 
(b) g(/) = e tt 

(c) g(/) = e- jtj 

1 > 0 
t < 0 
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In each case determine whether or not Theorem 10-1 is applicable, and where it is, 
check the validity of the theorem. If the theorem is not applicable, explain why. 

11-2. Do Prob. 11-1 for the case 

11-8. Considering the function 

I(t) "" sin t 
t 

t>O 
t < 0 

which of the get) functions given in Prob. 11-1 can be used in conjunction with the 
above, in Theorem 11-21 If the theorem applies, check it; if it does not apply, 
explain why. 

11-4. Let the two functions 

f(t) = U 
be given. 

1 < -1 
-1 < t < 1 

1 < t 

(a) Find <I>(t) "" J _ .... I(T)g(t - T) dr. 

(b) For this example, show that ,c.[<I>(t») = li(8)S(8). 
11-6. The function 

0< t < 1 
1 < t 

can be regarded as the product of two functions 

get) = 6-111 

I.(t) "" ! fb(t) = (I - 1)u(1 - 1) + 1 

Use the appropriate convolution integral to get .e[f(!)]. 
11-6. The two functions 

are given. 
(a) Find 

f(t) = (! 1 < 0 
0<1 < 1 
1 < t 

g(l) = (! 

<I>(t) = Jot I(T)g(1 - T) dT 

(b) For this example show that 

,c[<I>(t)] "" F(8)G(II) 

1 < 0 
0<1 < 2 
2 < 1 

11-'1. Show that the t-plane convolution integral can be written 

Jol/(T)g(t - T) dT "" t Jo
1 

f[I(1 - w)]g(tw) dw 

- I Jo
1 
f(lw)g[t(1 - w)] dw 

Check this on the case f(t) = e', get) = cos t. 
11-8. Assume that the transform 

1 
.e[Jo(at)] "" _ t::OO':i 

va' +,' 
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if! known, where lois the zeroth-order Bessel function of the first kind, given by 

I.(x) ~ - cos (x cos ~) tl9 1 J." r 0 

By writing ...; a2 + 82 = "';8 + ja "';11 - ja, use the appropriate convolution integral 
to show that this is the correct transform for lo(at). 

11-9. Using the functions 

1 
I(t) =-

v't 
1 

get) = Vi 

we recognize that each has ...;:;;r8 as its Laplace transform and therefore that the 
t-plane convolution of I and g should have 'Ir/s as its Laplace transform. Check 
whether or not this is true. 

11-10. Given the two Laplace transforms 

use convolution to prove that 

1 -2~ = -e 
s 

11-11. Use s-plane convolution to obtain the Laplace transform of sin at cos bt. 
11-12. Use the appropriate convolution integral to prove that 

.e-1 = ea. - e~' [
a - b ] 

(s - a)(s - b) 

11-13. Use the appropriate convolution integral to get the inverse transform of 

1 - e-' 
S2 + s 

11-14. Use s-plane convolution to prove the theorems 

(a) .e[ca~(t)l = F(s + a) (b) .e[tl(t)] 
dF(s) 

-([8 

11-16. Use the appropriate convolution theorem to obtain the following: 

(a) .e (e-at r v'4i ez' dX) = _--.=va;;:_a""7r __ 
Jo 2Vs(s+a) 

(b) .e (...;at - e-a' r vat ez' dX) = ...;aa; 
Jo 2 y8i (s + a) 

11-16. Use I-plane convolution to prove that 

where F(II) = .e[/(t)]. Why cannot convolution be used to obtain the inverse of 
sF(II)? 



CHAPTER 12 

FURTHER PROPERTmS OF THE LAPLACE TRANSFORM 

12-1. Introduction. There are at least two kinds of "operational 
calculus" which lead to formulas identical with, or similar to, the Laplace 
transform. The best known of these methods is the operational calculus 
invented by Oliver Heaviside. Therefore, since the Laplace integral 
is not the only formula which will yield a unique F(s) corresponding to a 
given f(t), the serious student will naturally ask whether or not the 
Laplace integral is preferable to the other possible formulations and, if 
so, why. 

Several advantages of the Laplace integral formulation have already 
been mentioned in this book, at least by implication. The close rela­
tionship with the Fourier integral theorem, from which an inversion 
formula for f(t) can be established, is one of these reasons. Another 
reason is that the Laplace theory puts into evidence a generalized view­
point and interpretation of the steady-state-system response function, 
as a function of a complex variable, making it possible conclusively to 
establish certain properties of these functions. The Laplace transform 
theory is the catalyst which provides the bridge between the system 
equations and the powerful methods of the theory of complex variables. 

In Chap. 10 it has been shown that F(s) must have certain properties 
(analyticity, for example), and we found that these properties are 
established by relying on the Laplace integral for the definition of F(s). 
Properties such as this can be inferred by the other methods of arriving at 
F(s), but possibly less conclusively and less easily. In this chapter, as 
we develop further properties of F(s), you will come to a fuller under­
standing of why the Laplace transform is so important. 

12-2. Behavior of F(s) at Infinity. In Chap. 10 it was demonstrated 
that, if f(t) is APC, then its transform F(s) approaches zero uniformly as 
lsi becomes infinite in an angular sector in the right half plane described 
by 

'If 
lang (s - so)1 ~ ~' < 2 

where So is any point where the Laplace integral converges. We shall 
now consider two special cases where f(t) is more restricted and for which 

353 
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it is possible to derive stronger conditions on the behavior of F(B) at 
infinity. 

First we treat the case where fCt) is identically zero for t greater than 
some number T. From Sec. 10-12 we recall that the transform of such a 
function is an entire function. It is singular only at infinity, and now 
we shall learn something about its behavior at this singularity. Spe­
cifically we shall look at 

lim (T f(t)e-d dt 
1.1_00 Jo 

where 181 approaches infinity along the ray defined by 

with q, held constant. The above integral bears a similarity with the 
integral in Theorem 8-12, but the exponential replaces the trigonometric 
function. Use will be made of this similarity and we shall rely heavily 
on the proof given for Theorem 8-12; and so you should refer to that 
proof for details. A function get) will be defined as a staircase approxi­
mation for f(t). Assuming f(t) is piecewise continuous, we have 

g(t)= Al .t~~.t.<,t~. ! 
Ao 0 = to < t < tl 

AN- 1 tN_I < t < TN = T 

such that loT If(t) - g(t)1 dt < ~ 

Now, if Re 8 ~ 0, it is true that 

and so, for Re 8 ~ 0, we have 

I loT f(t)e-d dt I-I loT g(t)e-d dt I ~ \ loT [f(t) - g(t)]e-d dt I 
~ loT Ii(t) - g(t)1 dt < ~ 

which then yields 

Recalling the definition of get), we can evaluate the integral on the right 
as follows, 
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where M is an upper bound of the set of numbers A l , and Re 8 ~ o. 
Since the above relations are true for Re 8 ~ 0, we can also say that they 
are true for 

Thus, if 

we conclude that 

14>1 ~ ~ 
4NM 

p>-­
E 

I foT 
f(t)e-d dt I < E 

In view of the independence of 4>, in the range specified, it follows that 
as p becomes infinite the integral approaches zero uniformly with respect 
to 4>. N ow suppose that 

8 - 80 = Re;' 

where 80 = Uo + jwo is any complex constant. We can write 

fo T f(t)e-d dt = fo T f(t)e-a,'e-<.-a,), dt = fo T [f(t)e-."I cos wotje-<.-·,lI dt 

- j fo T [f(t)e-.", sin wotje-<.-·,lI dt 

and each of the integrals on the right meets the conditions of the proof 
just given, if 8 - 80 is replaced by 8. Thus, we can use the previous 
development to conclude that each of these integrals approaches zero 
as R becomes infinite. By following the outline given in Sec. 8-10 we 
can extend these results to the case where f(t) is APC, rather than PC 
as we assumed here. We have established the following theorem: 

Theorem 12-1. Let f(t) be a function which is APC and which is 
identically zero for t greater than some number T. Then, the Laplace 
transform of f(t) approaches zero uniformly as 8 becomes infinite in a 
right half plane, 

lang (8 - 80)1 ~ ~ 

This theorem shows that Jordan's lemma will always be applicable in 
evaluating the inversion integral of functions of this type. You will 
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recall that this statement cannot be made for the general class of Laplace 
transformable functions. 

For the second case, assume that f(t) is piecewise continuous and 
of exponential order ao. This condition is sufficient to ensure that 

fo" f(t)e-tT' dt 

converges for Re S > ao. With the observation that the Laplace integral 
can be written 

fo ~ f(t)e-ol dt = fo" f(t)e-tTl cos wt dt - j fo" f(t)e-tTl sin wt dt 

we see that Theorem 8-12 applies to each of the integrals on the right. 
Therefore, it follows that the Laplace transform of such a function 
approaches zero as s goes to infinity along a vertical line to the right 
of ao. Referring to Theorem 10-4, we recall that uniform approach to 
zero in the region 

7r 
lang (s - So) I ~ 0' < 2 

implies approach to zero (but not uniformly) in the region 

lang (s - so)1 < ~ 

But, in view of the present proof that F(s) also approaches zero along a 
vertical line through So, we can add an equality sign to the above, giving 
the following theorem: 

Theorem 12-2. If f(t) is PC and EO,ao, then the Laplace transform of 
f(t) has the property 

lim F(s) = 0 
1-1-+" 

for lang (s - so)1 ~ ~ 

and where Re So > ao. 

The following comments are offered in appraisal of this theorem. 
Comparison shows that Theorems 12-1 and 12-2 both deal with behavior 
as s approaches infinity along a radial line, making an angle less than or 
equal to 7r /2 with the real axis. There are two important differences, 
however. In Theorem 12-1 the line can radiate from any point in the 
8 plane, and F(s) approaches zero umform~y with respect to its angle in a 
right half plane. In Theorem 12-2 F(s) approaches zero in a similar 
sector, but the apex must be in the region of convergence of the Laplace 
integral; and there is no proof that zero is approached uniformly. Thus, 
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Theorem 12-2 is not strong enough to ensure applicability of Jordan's 
lemma to the inversion formula. 

12-3. Functions of Exponential Type. You will recall from Chap. 5 
that an entire function is an analytic function having no singularities 
in the finite plane. Any Taylor series of such a function has an infinite 
radius of convergence. Let t be the real part of a complex variable 
w = t + ju, and let few) be an entire function. In addition, assume that 
it is possible to find numbers M and 'Y such that for all w 

If(w) I ~ Me'YI1D1 (12-1) 

where M and 'Yare real numbers greater than zero. Many functions fit 
into this category; functions such as sin bt, eal , any polynomial in t are 
typical. An entire function satisfying condition (12-1) is said to be of 
exponential type. This designation is not to be confused with expo­
nentialorder. Functions of exponential order are not necessarily entire 
functions and, indeed, need not even be defined for complex values of the 
variable. We note that the function e-I

' is of exponential order, but not 
of exponential type, because e-(iu)' = eu' cannot be dominated by the 
exponential in Eq. (12-1). Also, any function having discontinuities, or 
discontinuous derivatives, cannot be of exponential type, because such a 
function is not analytic. 

In all but the trivial case f(t) == 0, the set of values for which relation 
(12-1) is satisfied will have a greatest lower bound 'Yo which can never be 
negative. This number mayor may not be a member of the set of 'Y's 
for which relation (12-1) is true. We shall call 'Yo the order of f(t). 

Since few) is an entire function, it possesses all derivatives and we shall 
now show that each derivative is of exponential type, of the sa.me order 
'Yo as f(t). The Cauchy integral formula for the nth derivative is 

j<n>(w) = n!. r fez) dz 
27rJ }c (z - w)n+1 

(12-2) 

where C is a circle of radius R centered at z = w. The change of variable 

z = w + Rei6 dz = jRei ' dO 
leads to 

j<">(w) = -. dO n! 102 .. few + Rei6)e-in6 

27rJ 0 R" 

But since few) is of exponential type of order 'Yo, 

!f(w + Rei6 ) I < Me'YI .. +R.16
1 < Me'YRe'Ylwl 

and consequently 

lJ<n> (w)1 < (nl~:'Y'R) e'YI"1 'Y > 'Yo 

'Y > 'Yo 
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The quantity in parentheses is independent of w, and so we conclude 
that f''')(w) is of exponential type and of order 'Yo. A more convenient 
form for the above, for later use, is obtained by choosing R = n/'Y, 
which can be done because R, the radius of the circle used in the Cauchy 
integral formula, is arbitrary. Thus, 

If(")(w) I < Mn!e"'Y" e'Y/1D/ 'Y > 'Yo (12-3) 
n" 

Next we show that a function of exponential type, and all its derivatives, 
are of exponential order. This can easily be shown by observing that if 

If(w)1 ~ Me'Y/1D/ 
If(")(w)1 ~ M"e'Y/1D/ 

then for w = t> 0 (w real) we have 

If(t)le-' ~ Me-(a-'Y)' 
1f''')(t)le-' ~ M"e-(a-'Y}/ (12-4) 

For each of the above, t can be made sufficiently large to make the right­
hand side arbitrarily small, if the condition 

a>'Y 

is satisfied. Thus, f(t) and j<,,)(t) are of exponential order ao, where in 
each case ao ~ 'Yo. Also,f(t) and all its derivatives are continuous. These 
conditions satisfy Theorem 10-9. Furthermore, Eq. (10-48) can be 
written by using the Laplace integral formulation for the transforms, if 
Re 8 > 'Y. The latter restriction arises from conditions (12-4) and 
Theorem 10-1. The + is not needed onf(O+), etc. Thus, we can write 

('" f(t)e-" dt = f(O) + f'(O) + 1"(0) + ... +! ('" j<,,)(t)e-" dt 
}o 8 S2 8 3 8" }o 

Re 8 > 'Y (12-5) 

which carries the implication that the Laplace transform of a function of 
exponential type might possibly be represented by a series in negative 
powers of s. This proves to be the case, as we now find by investigating 
the remainder term 

(12-6) 

as n approaches infinity. Relation (12-3) makes possible the following 
appraisal: 

(f > 'Y (12-7) 
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In order to show that B" approaches zero, we start with the ratio 

B,,+l _ (n + 1) !e"+1'Y"+1 Isl"n" _ e'Y 
B.. - Isl"+l(n + 1),,+1 n!e"'Y" - (1 + l/n)"lsl 

and recall the definition of e, namely, 

e= lim 
n-+oo 

It is now evident that 

r B,,+l 'Y u > 'Y (12-8) 
n~ Bn = rsr 

The condition lsi> 'Y is satisfied when u > 'Y, and therefore this limit is 
less than 1. We have just completed the ratio test for the series 

Bo + Bl + ... 
showing that convergence occurs for u > 'Y. But a series can converge 
only if the terms approach zero, and since IA"I < B .. , we have proved 

lim IA .. I = 0 ifu>'Y (12-9) 
n-+oo 

It follows that Eq. (12-5) can be replaced by the series 

u>'Y 

If a power series in positive powers of l/s converges at some point l/er, 
it will converge in the circular region 

l.~~<l 
lsi - u 'Y 

and therefore the above series converges in the region 

lsi> 'Y > 'Yo 

It is sufficient to designate this region by 

lsi> 'Yo (12-10) 

Thus, although the Laplace integral has a half plane of convergence, 
the series expression for the transform converges in the region defined 
above and accordingly we get the result 

181 > 'Yo (12-11) 
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Next we observe that the Taylor expansion of f(t) is 
00 

f(t) = \' j<n)(O) tn 
Lt n! 
n=O 

(12-12) 

Thus, in Eqs. (12-11) and (12-12) we have an indirect relationship 
between f(t) and its Laplace transform, in terms of correspondence of 
coefficients in series expansions for the two functions. We also get two 
specific items of information about F(s). First, the series in Eq. (12-11) is 
regular outside the circle of radius 'Yo. Therefore, all singular points of F(s) 
are on or inside the circle lsi = 'Yo. Second, Eq. (12-11) shows that F(s) 
has a zero at infinity and that the order of this zero is one greater than 
the order of the lowest derivative of fet) which is not zero at the origin. 
In general terms, this shows that, the more smoothly f(t) starts out from 
the origin, the higher will be the order of the zero of F(s) at infinity. 
The existence of at least a first-order zero at infinity guarantees that 
Jordan's lemma is applicable to £[f(t)] for all functions of exponential 
type. 

These ideas are illustrated by the following three cases: 

( ..hI) 1 ( -bl) _ 1 (. b) _ b 
£ t;- = S _ b £ e - s + b £ sm t - S2 + b2 

Each of the above t functions is of exponential type, with 'Yo = b. Thus, 
for each case we should expect singularities to be in or on a circle of 
radius b. The above formulas show that this is indeed the case: the poles 
are located on the circle lsi = b. 

These examples provide insight into the difference between the con­
ditions of exponential type and of exponential order. As far as the con­
dition of exponential order is concerned, each of these functions is of 
different order, the orders being respectively b, -b, and O. However, 
the same 'Yo is obtained in each case. Each of these transforIllS has poles 
inside the same circle, but the abscissas of convergence of the various 
Laplace integrals are different. Observe that a function of exponential 
type is of exponential order but that the converse is not true. 

The important features of the preceding discussion are collected and 
stated as follows: 

Theorem 12-3. If few) is a function of exponential type of order 'Yo, 
which means that, if 'Y > 'Yo, 

If(w) I < MeT1"'1 

for all complex values of w, then for the Laplace transform 

F(s) = £If(t)] 
we can say that: 
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1. F(s) has a zero at infinity, of order one greater than the order of the 
lowest-order nonzero derivative at t = O. 

2. Singularities of F(s) lie inside or on the circle lsi = 'Yo. 

Now suppose that F(s) is given by the series 

.. 
F(s) = ~ ~ 

~ s,,+1 
,,=0 

(12-13) 

which converges for lsi > 'Yo. The series therefore converges uniformly 
in the region lsi;?; 'Y' > 'Yo. In Sec. 10-18 it is demonstrated that fo} 
t > 0 an integration over the infinite path Br is equivalent to integration 
around a closed path enclosing all singular points of F(s). Since all 
singUlarities of F(s) are inside a circle of radius 'Yo, it follows that if 
Or is a circle of radius R > 'Yo, centered at the origin, then, for t > 0, 

~ 

1 i 11 i a"e" f(t) = 2-· F(s)e·t ds = 2~ ,,+1 ds 
7fJ Cr 7fJ Cr S 

n=O 

where uniform convergence is used to justify term-by-term integration. 
Each term on the right is .£-l(a,,/sn+1) = a"t"/n!. Therefore, 

.. 
f(t) = ~ ant" 

~ n! 
n=O 

(12-14) 

Since the series in Eq. (12-13) converges, outside a circle of radius 'Yo, 

lim VJ(iJ = 'Y 0 
n ..... ~ 

and this means that, corresponding to a small positive number E, there 
is a number N such that when n > N 

Vla,,1 - 'Yo < E 

or la,,1 < ('Yo + E)" (12-15) 

since 'Yo > O. For each n ;:::;; N we can define a number M" by the relation 

la .. 1 = M .. ('Yo)" 

There will be one value of M .. which is the largest of this finite num­
ber of terms; Let M be this largest M .. or unity, whichever is larger. 
Accordingly, 
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Relation (12-15) is also true if M is included as a factor on the right, 
because M !i;; 1. Thus, we have 

la,,1 < M('Yo + E)" all n (12-16) .. .. .. 
and 12: ~ t" I ~ 2: I :i Iltl" < M L [('Yo ~!E)lt\l. 

n-O ,,-0 n=O 

But the series on the right is the exponential function of argument 
('Yo + E)ltl, which converges for all t. Therefore, the series in Eq. (12-14) 
also converges, and hence f(t) is an entire function. Also, the above 
can be written 

f(t) < Me<-r'+')i1i (12-17) 

showing that f(t) is of exponential type and that 'Y can be any number 
greater than 'Yo. This leads to the following theorem: 

Theorem 12-4. If .. 
F(s) = ~ ~ 

~s"+l 
n-O 

converges for lsi> 'Yo, then .c-1[F(s)] is of exponential type and there is a 
number M such that 

If(t) I < M e'Yi1i all t 
where 'Y > 'Yo· 

12-4. A Special Class of Piecewise Continuous Functions. Many func­
tions of importance in engineering are made up of continuous sections, 
each of which is a portion of a function consisting of sums of terms like 
t"et". The following two examples illustrate this type of function: 

Case a 
1 O<t<1 
e-(I-l) 1 < t < 2 

f(t) = 
3 - t 2<t<3 
. 7r 

3 < t < 6 SiD a t 
1 6 < t 

Caseb 

{
I 2n7r < t < (2n + 1)7r 

f(t) = sin t (2n + 1)7r < t < (2n + 2)7r 

where n is an integer. * Case a is illustrated in Fig. 12-1. 
In case a there are a finite number of sections, and in case b the number 

of sections is infinite. The function mayor may not be continuous 

• In this classification sine and cosine are regarded as sums of two exponentials. 
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at a point of transition from one function to another. This kind of 
function will be said to be piecewise continuous with sections of exponentials 
times polynomials, abbreviated PCSEP. 

f(t) = 1 

1 

o 1 2 7 

FIG. 12-1. Example of a function of PCSEP type. 

The next objective is to study the properties of the Laplace transform 
of PCSEP functions. As a start, let us inspect the transform of case a. 
From information available in Chap. 10, the transform can be written by 
inspection, as follows: 

F(s) = ! (1 - e-') + _1_ (e-. - ! e-2.) + (! - .!.) e-2• + .!. e-a. 
s s + 1 e s S2 S2 

311" e-s, 
;:--;;C~-;; (e-a. + e-s,) + -
9s2 + 11"2 s 

This transform consists of a sum of terms of the form 

Fk(s)e-·T • 

where each F,,(s) is a rational function and T" corresponds to the suc­
cessive values of t where f(t) changes from one functional form to another. 
Observe that a new term like the above appears for each transition, 
whether or not the function is continuous at the point of transition. We 
shall now show that the observations made for this particular case are 
generally valid for the PCSEP functions. 

Before proceeding with the general treatment, it is to be emphasized 
that this class of functions is considerably more restricted than the PC 
functions. For example, the functions 

f(t) = { ~t 0< t < 1 
1 < t 

! ;. (~t/4) O<t<l 

and f(t) 1 < t < 2 

2 < t 

are piecewise continuous and of exponential order; but each one includes 
a section of a function [respectively, vt and l/sin (1I"t/4)] which is not of 
the proper type. 
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The general case can be written 

I(t) = I,,(t) T" < t < Ti+l (12-18) 

where To = 0 and k takes on suecessive integral values. This notation 
implies that k becomes infinite. If ICt) should have only a finite number 
(N) of discontinuous points, the appropriate notation would be 

I(t) = {A(t) 
IN(t) 

The Laplace integral of Eq. (12-18) is 
.. (.. ~ f T.+, 10 I(t)e-" dt = ~ T. IkCt)e-" dt 

k-O 

and if ICt) is in the form of Eqs. (12-19) we get 

(12-19) 

(12-20) 

( .. f(t)e-" dt = N~l f T .. , A(t)e-II dt + f" fNCt)e- aI dt (12-21) 10 ~ fi h 
k-O 

In either case the general term of the series can be changed' to the follow­
ing, with q used in place of 8 for later convenience: 

f T.+, Ik(t)e-a, dt 
T. 

= f" Ik(t)e-at dt - f" fk(t)e-<T'dt 
Til TA:+1 

= e-<TT. fo" fk(t + Tk)e-<T'dt - e-<TT.+, fo" !k(t + Tk+l)e-<T' dt (12-22) 

This step is possible because each Ik(t) is defined for all t. Therefore, 
each of the Laplace integrals in Eq. (12-22) exists. In order to see how 
to proceed in substituting Eq. (12-22) into Eq. (12-20), it is convenient 
to adopt the shorthand notation 

Ak = fo" !k(t + Tk)e-a, dt 

Bk = fo" !k(t + Tk+1)e-<T'dt 

Then Eq. (12-20) can be written 

fo" I(t)e-<T' dt = (Ao - Boe-T,) + (Ale-<rT, - B1e-<TT.) 

(12-23) 

+ (A2e-aT. - B~-<TT.) + 
where the parentheses indicate the individual terms for the summation 
as written in Eq. (12-20). If this series converges absolutely, the terms 
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can be rearranged in the more convenient form 

/0· f(t)e-' dt os Ao + (A 1 - Bo)rT• + (AI - B 1)rT• + 
Next it will be shown that the series of Eq. (12-20) will converge abso­
lutely if f(t) is EO,ao. We recall the definition 

lim f(t)e-·d = 0 a> ao 
1-+00 

and this can be interpreted to mean that if a small number E is given a 
number T' can be found such that 

when 
If(t) I < Ee'" 

t> T' 

Having chosen E and found T', choose a number N' such that TN' > T'. 
Then, for k > N' 

I / T:·" f(t)e-vt dt I < E / T:·+' e-(V-IZ>t dt 

and if n > N' and (1 > a, 

Now, if (1 ~ a' > a, the above gives 

n> N' 

Since E was arbitrarily chosen, l is also arbitrary and so it follows that 
the series converges uniformly for Re 8 ~ a' > ao. Absolute convergence 
shows that the rearrangement suggested for the series in Eq. (12-20) is 
valid, and accordingly we assume that f(t) is EO,ao and write 

00 

/0" f(t)e-vt dt = Ao - 1 (Ak - Bk_1)e-vT• 
k-l 

(1 > ao (12-24) 

Each integral in l!.:qs. (12-23) has a half plane of convergence, and so 
we can regard Ak and Bk each as functions of 8 which are in reality the 
respective Laplace transforms of !k(t + Tk) and /k(t + Tk+1). Accord­
ingly, let us define 

k=O 
k~O 

(12-25) 
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giving, finally, .. 
F(s) = 1 ",,,(S)-IT. 

1:-0 

Res>ao (12-26) 

The case where the number of transition points is a finite number N, 
represented by Eq. (12-21), is simpler. In that case it is unnecessary to 
be concerned about convergence of a series. The only formal change is 
in the summation limit, and we have 

N 

F(s) = I "'k(S)C·T• 
k-O 

(12-27) 

Equations (12-26) and (12-27) have a unique form. AB expected from 
the earlier example, each transition point produces a factor like e-IT •• 

Furthermore, each ",,,(s) is the Laplace transform of a combination of 
terms like tneal and is therefore known to be a rational function in s. 

The case where each section of J(t) is a constant, 

fleet) = D" 

is of particular interest. From Eq. (12-25) we then have 

Do 
"'o(s) =-s 

"',,(s) = D" - D"_l k ~ 1 
s 

and Eq. (12-26) gives .. 
F( ) Do + 2: D" - D"_l T S =- e-" 

s s 
"-1 

(12-28) 

You should be aware in this development of the importance of having 
f(t) of exponential order, in addition to being PCSEP in type. The 
latter condition does not ensure the former. For example, the successive 
fleet) functions can have multiplying constants that increase so rapidly 
with increasing k that J(t) might not be of exponential order. 

AB a theorem, we can now state these results as follows: 

Theorem 12-5. Let J(t) be made up of sections of functions of combina­
tions of terms like t"ea', and let Jet) be EO,ao. Furthermore, let T" repre­
sent the point where f(t) experiences a transition from section f"-l(t) 
to section J,,(t), taking k = 0 as the origin. Then, J(t) has a Laplace 
transform in the form .. 

F(s) = I ",,,(s)e-·T• 

k-O 

Re s > ao 
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where each ",,,(8) is a rational function given by 

",,,(8) = { .c[fo(t)] 
.c[f,,(t + T,,) - /"_l(t + T,,)] 

k=O 
k ~ 1 

The series expression for F(8) converges uniformly for Re 8 ~ a' > ao. 

Corollary. H section k of a function meeting the conditions of Theorem 
12-5 is a constant D", then the ",,,(8) functions in that theorem are given 
by 

k ~ 1 

In the above theorem we do not have any particular requirement on 
the spacing of the transition points T k • Of course, the results presented 
here include the case where the spacing is uniform and where each section 
is a repetition of the previous one; i.e., the periodic functions are included. 
However, this theorem gives somewhat less than the maximum informa­
tion about the transform of a periodic function. A detailed consideration 
of the periodic case is given in Chap. 15. 

12-6. Laplace Transform of the Derivative of a Piecewise Continuous 
Function of Exponential Order. In Sec. 10-14, when considering the 
Laplace transform of the derivative of a function, we considered the 
function to be continuous. This is in agreement with the usual practice 
of requiring a function to be continuous if we are to discuss its derivative. 
Of course, situations like point T 1 in Fig. 12-2 are admitted, where right­
and left-handed derivatives exist at the point, making the derivative 
approach different values from the two sides. 

Now suppose that f(t) has isolated points of discontinuity, like T2 and 
Ta. No derivative can be defined at these points, but the function 
can be differentiated at all neighboring points. Points Tl and T2 differ 
to the extent that the derivative (in the one-sided sense) is double-valued 
at Tl and does not exist at T 2• Thus, it is not unreasonable to talk about 
the "derivative," when a function has isolated discontinuities, if we 
under8tand that the derivative function i8 undefined at the points 0/ di8-
continuity. In this sense we shall define the derivative of a PC function 
and shall use the symbol !'(t) to represent it. 

Having defined f'(t) in the manner described above, we now form the 
function 

(12-29) 

This function is not affected by the fact that!'(t) is undefined at isolated 
points, because these points form a set of measure 0 and, by Theorem 8-5, 
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we understand that the value of an integral is not affected if the integrand 
is undefined over such a set. An integral is a continuous function of its 
upper limit. Thus fo(t) is continuous and has the same derivative as 
f(t) at points where f'(t) is defined. Figure 12-2 shows an example of 
foO) and also the staircase function f(t) - fo{t). 

r- ,----------------------------r---------
I I (e) 
I L ___________ _ 

FiG. 12-2. Resolution of a discontinuous function into continuous and discontinuous 
components. 

The fact that f(t) is of exponential order does not ensure that fo(t), 
and also f(t) - fo(t), will be of exponential order. An illustration can be 
derived from the function 

e,l 

which is not of exponential order. At values 

t .. = y'log n n integer 

the function has the value n, and so if a downward jump of unity is 
introduced at each t .. , a function like Fig. 12-3 (which is never greater 
than 1) will be obtained. If Fig. 12-3 is labeled f(t), then Eq. (12-29) 
will yield 

fo(t) = e,l - 1 

Whereas f(t) is of exponential order 0, fo{t) is not of exponential order. 
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1.0 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 
t---

FIG. 12-3. Example of a function of exponential order for which fot I'(T) dT is not of 

exponential order. 

In view of the above comments, it is necessary also to require fo(t) to 
be of exponential order; and then f(t) - fo(t) will also be of exponential 
order. We can adopt the notation of the corollary of Theorem 12-5 
and write 

f(t) - fo(t) = Dk (12-30) 

and this function can also be written as a series of displaced steps, as 
illustrated in Fig. 12-2e, giving 

where 

... 
f(t) - fo(t) = I BkU(t - Tk) 

k-O 

Bo = Do 
Bk = Dk - Dk- 1 k ~ 1 

(12-31) 

(12-32) 

The corollary of Theorem 12-5 is applicable to Eq. (12-30), and, using 
the notation of Eq. (12-32), 

(12-33) 

Note that this result would have been obtained by a formal term-by-term 
transformation of the series in Eq. (12-31). However, Theorem 12-5 
provides justification of this step . 

. Equation (12-29) fits the conditions of Theorem 10-10, and therefore 

.e[fo(t») = .e[f'(t») 
s 

(12-34) 

As usual, let F(s) = .e[f(O]. Then Eq. (12-33) becomes 
... 

.e[f'(t)] = sF(s) - L Bke-·T• 

k-O 

(12-35) 

This result is a generalization of Theorem 10-9. In that earlier 
theorem, fCt) is continuous. Thus, the present result should reduce 
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to Theorem 10-9 if we set B" = 0, except Bo = J(O+ ). Then Eq. (12-35) 
gives 

£[f/(t)] ... sF(s) - Bo 

in agreement with Theorem 10-9. The generalization implied in Eq. 
(12-35) is not evident from the earlier theorem because the exponential 
eO is not in evidence on the term J(O+). We can now state the following 
more general theorem, of which Theorem 10-9 is a special case: 

Theorem 12-6. Let J(t) be a piecewise continuous function of exponen­
tial order, and let the discontinuous function 

.. 
J(t) - Jot f'(T) dT = l BkU(t - T k ) 

k-O 

also be of exponential order ao, it being understood thatJ'(t) is undefined 
at points where J(t) is discontinuous. Then, if F(s) = £[J(t)], the Laplace 
transform of f'(t) exists and is given by 

.. 
£[f'(t)] = sF(s) - 2: Bke-or• Res>ao 

10=0 

Equation (12-35) can also be written 
.. 

F(s) = £[I'(t)] + \' Bk e-or• (12-36) 
s Lt s 

k=O 

which bears a certain resemblance to Theorem 12-5. However, in Eq. 
(12-36) we are told that exponential terms like 

Bk e-or• 
s 

must appear, but from this equation we know nothing about the form of 
£[J'(t)], which can include nonrational functions of s. In Theorem 12-5, 
the function is PCSEP, but no such stipulation is required for Eqs. 
(12-35) and (12-36). 

12-6. Approximation of J(t) by Polynomials. It is sometimes incon­
venient to find an exact Laplace transform of a given function; or some­
times it is impossible, as when the function is specified graphically or as a 
tabulated set of numbers. This fact lends pertinence to the commonly 
used method of approximating J(t) by a piecewise continuous function 
made up of sections of polynomials. We shall now consider the Laplace 
transform of such a function. Assume that each section is an nth-degree 
polynomial. All derivatives of f(t) will be defined in the sense given in 
Theorem 12-6; and each derivative, up to and including the nth, can be 
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discontinuous at the ends of the sections (points Tie)' However, the 
(n + l)st derivative will be zero, because each polynomial is of degree n. 
Equation (12-35) will be applied to the successive derivatives, until the 
(n + l)st is reached. The following notation will be used: 

and 

fo(t) = f: !'(T) dT 

f~(t) = f: f"(T) dT 

., 

f(t) - fo(t) = L BOku(t - Tk) 
i-O ., 

!'(t) - f~(t) = L Blku(t - Tk) 
k=O 

.. 
j<")(t) - fo(")(t) = L Bnku(t - Tk ) 

k=O 

(12-37) 

(12-38) 

each of which is assumed to be EO,ao. Equation (12-36) then gives 
.. 

F(8) = .c[f'(t)] + ~ BOI. e-BT. 

8 ~ 8 
I.=O .. 

.c[f'(t)] = .c[f"(t)] + ~ Blk raT, 

8 ~ 8 
k-O 

.. 
.c[j<n)(t)] = .c[j<,,-l)(t)] + ~ B(n-l)k e-aT, 

8 ~ 8 
I.-O .. 

o = .c[f(")(t)] + ~ B"I. e-aT. 

8 ~ 8 
1:-0 

The zero on the left of the last equation is, of course, the transform of 
the (n + l)st derivative, which is zero. By substituting successive 
formulas for transforms of derivatives we get, for Re 8 > ao, 
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The interesting point about this result is that the transform is com­
pletely determined by the discontinuities in the derivatives of the poly­
nomials. The coefficients of the polynomials do not enter explicitly. 
However, this is not surprising, if we think of each polynomial section 
being a Taylor series, since the coefficients of the Taylor series are indeed 
determined by the function and its derivatives at a point. 

This same result could have been obtained from Theorem 12-5. That 
theorem can also be useful if f(t) is sectionally approximated by functions 
other than polynomials--exponentials, for example. Details of special 
cases can be worked out as exercises. 

12-7. Initial- and Final-value Theorems. In Sec. 10-16 we introduced 
the relationship between limits approached by 8F(8) and the initial and 
final values of f(t). In that earlier development fCt) was required to be 
continuous, but on the strength of Sec. 12-5 it is now possible to relax 
the conditions on f(t). Accordingly, we shall assume that f(t) is piece­
wise continuous and of exponential order and that 

.. 
f(t) - JOI J'(T) dT = J(O+) + l Bku(t - Tk) 

k-1 

(12-40) 

is also of exponential order. The derivative f'(t) is defined arbitrarily 
to be zero wherever J(t) is discontinuous. From Theorem 12-6 we can 
write .. 

uF(u) = f(O+) + ,c[f'Ct)] + l Bke--T• 

k-1 

(12-41) 

Theorem 10-4 provides the information 

lim ,c[f'(t)] = 0 ......... 
Furthermore, the series 

is a special case of Theorem 12-5, and therefore it exhibits uniform 
convergence for Re 8 ~ a' > ao. The factor 1/8 does not affect con­
vergence, and therefore the series in Eq. (12-41) converges uniformly in 
the same region; and the limit as u - 00 can be taken prior to summation, 
giving .. 

lim I Bke--T• = 0 
......... "-1 
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Returning to Eq. (12-41), we have the result 

limuF(u) = f(O+) ........ (12-42) 

It is concluded that the appearance of discontinuities in f(t) has no 
effect on the initial-value theorem. 

For the next development, directed toward finding the limit of uF(u) 
as u goes to zero, Eq. (12-41) is the starting point. Assume that the 
integral 

fo" f'(t) dt 

exists and that the series 

converges. The above integral is the Laplace integral of !'(t), with 
8 = 0, and therefore from Theorem 10-2 it can be said that 

fo" f' (t)e-t dt 

converges uniformly for u ~ o. Accordingly, the limit as u goes to zero 
can be taken under the integral, giving 

lim r" f'(t)e-vt dt = r" f'(t) dt 
v ..... o Jo Jo (12-43) 

Furthermore, since the infinite sum of IRkl converges, 

converges uniformly for u ~ 0 and therefore 

(12-44) 

Equation (12-41) now yields .. 
lim uF(u) = f(O+) + fo" f'(t) dt + l Rk 
...... 0 k-l 

(12-45) 

Recalling Eq. (12-29), we recognize the above integral as/o( 00), the value 
of f(t) at infinity with the discontinuous jumps omitted. However, the 
terms 



374 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

constitute the contributions of these jumps to f(t), at t = 00, and thus we 
have 

lim uF(u) = f( (0) (12-46) 
...... 0 

Again we find that the final-value theorem can be stated without 
change, if the function f(t) has discontinuities. In summary, these 
results are stated as the following pair of theorems: 

Theorem 12-7. Initial-value Theorem. Let f(t) be piecewise continu­
OUS, define f'(t) as the derivative of f(t) at points of continuity, and define 
f'(t) as zero, where f(t) is discontinuous. Each of the functions jet) 
and 

f(t) - Jot !'(T) dT 

shall be of exponential order. Then, 

lim uF(u) = f(O+) ........ 
where F(s) = .e[f(t)]. 

Theorem 12-8. Final-value Theorem. Let f(t) be a piecewise continu­
ous function of exponential order, having a derivative f'(t) in the sense 
defined in Theorem 12-7. Let the integral 

Jo" f'(t) dt 

exist, and let the series 

converge, the Bk terms of this series being defined by 

.. 
f(t) - JO'f'(T) dT = l BkU(t - Tk) 

k-O 

where Tk represents the points of discontinuity of f(t). Then, if F(s) = 

.e[f(t)], 

lim uF(u) = f( (0) 
...... 0 

12-8. Conditions Sufficient to Make F(s) a Laplace Transform. Pre­
vious sections of this chapter have developed some necessary conditions 
that F(s) must satisfy if it is to be a Laplace transform. Now we shall 
deal briefly with some conditions on F(s) which are sufficient to ensure 
that it is the transform of some function. Conditions which are both 
necessary and sufficient will not be found. 
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From Chap. 10, and indirectly from the Fourier integral theorem, it 
is known that a given function F(s) is the Laplace transform of some 
function J(t) if F(s) is regular for Re s > rTe and if the integral 

( F(s)e'l dt JBr 
exists for all t. Path Br is to the right of some abscissa rTe. Existence 
of this integral is a sufficient condition, but not very enlightening. Con­
ditions that can be checked by inspection are more useful. However, 
this integral does provide one simple sufficient condition, arrived at by 
recalling that the above can be written 

PV f _ .... F(rT + jw)e~'ei'" dw iT > rTo 

Now, by recalling Theorem 8-6, it follows that this integral exists if 

PV f-.... W(rT + jw)1 dw rT > rT. 

exists, and, finally, the last integral exists if 

lim IwlIF(rT + jw)1 = 0 rT > rTe 
1.,1-.. 0 

(12-47) 

Theorem 10-11 provides another useful sufficient condition, namely, 
that F(s) shall be a rational function for which the degree of the denom­
inator is greater than the numerator. 

Now suppose that "'(s) is a Laplace transform. From Theorem 10-8 
we know, if T ~ 0, that 

F(s) = ",Cs)e-·T 

is a Laplace transform. Finally, by virtue of the convolution theorem, 
we can say that the product of two transform functions of functions 
satisfying the conditions of the convolution theorem (Theorem 11-3) is 
itself a transform function. We collect and state these results in the 
following theorem: 

Theorem 12-9. A function F(s) is the Laplace transform of some func­
tion J(t) if anyone of the following conditions is satisfied: 

1. If a number rTe exists such that F(s) is regular for Re 8 > rT. and 

lim IwlIF(rT + jw)1 = 0 rT > rT. 
1.,1- .. 

2. If FC,) is a rational function of , for which the degree of the denom­
inator is greater than the numerator 

3. If "'(,) is 8 Laplace transform and F(s) is in the form 

F(s) = "'(s)e-·T 

where T ~ 0 
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4. If F(s) = G(s)H(s), where G(s) and H(s) are each transforms of 
functions satisfying the conditions of Theorem 11-3 

12-9. Relationships between Properties of f(t) and F(s). Theorems 
12-7 and 12-8 give a small amount of information about f(t) , at t = 0 and 
t = 00; and Theorem 10-11 has already been cited to show that certain 
properties of f(t) are related to identifiable properties of F(s) , namely, that 
if F(s) is a r'1tional function with degree of denominator greater than the 
numerator, f(t) will be a combination of terms like tneal• Depending 
on how detailed one wants to become, many other properties of f(t) 
can be related to properties of F(s). In this section we shall deal with 
one particular case, of importance in the following chapter. We shall 
prove the following theorem: 

Theorem 12-10. Let F(s) be of the form 

F(s) = G(s)H(s) 

where H(s) is the Laplace transform of h(t), a piecewise continuous 
function of exponential order ao, and where G(s) is a rational function 
for which the degree of the numerator is no greater than the degree of 
the denominator. Then: 

1. .c-l[F(s)] exists and is piecewise continuous and of exponential order. 
2 . .e-l[F(s)] exists and is continuous for t > 0 if either of the following 

is true: 
a. The denominator of G(s) is greater in degree than the numerator. 
b. h(t) is continuous for t > o. 

PROOF. Since the numerator of G(s) is no higher in degree than the 
denominator, we can write 

G(s) = A + R(s) (12-48) 

where the numerator of B(s) is of lower degree than the denominator 
and A is a constant. By Theorem 10-11, R(s) has an inverse transform 
bet) which is continuous and of exponential order al. Now 

F(s) = AH(s) + B(s)H(s) (12-49) 

and since H(s) is a Laplace transform, AH(s) obviously has the inverse 
Ah(t). Also, B(s) and H(s) have inverses which meet the conditions 
of the convolution theorem (Theorem 11-3), and therefore B(s)H(s) is 
the transform of 

Jot b(T)h(t - T) dT 

But h(t) and bet) are both the exponential order, respectively, of orders 



FURTHER PROPERTIES OF THE LAPLACE TRANSFORM 377 

0:0 and a:~. Also, each is bounded for finite t, and so each is dominated 
by an exponential, as follows: 

Ih(t)1 < Mhea,t 
Ib(t)1 < Mbea•t 

The expression on the right can be dominated by an exponential (there 
is no loss of generality if we assume that ah ~ Q:b), and consequently 
.c-1[B(s)H(s)] is of exponential order. By now we have shown that 
each term on the right side of Eq. (12-49) has an inverse which is of 
exponential order. The sum of two functions of exponential order is of 
exponential order, and so we have proved that 

.c-1[F(s)] 

exists and is of exponential order. This completes the proof of part 1 
of the theorem. 

Part 2 is proved by first observing that, even though h(t) may have 
points of discontinuity, 

.c-1[B(s)H(s)] = Jot b(T)h(t - T) dT 

is a continuous function of t. Thus, when referring to Eq. (12-49), 
.c-1[F(s)] is continuous if .c-1[AH(s)] is continuous. This leads directly 
to the two cases listed under (2) in the theorem, namely: 

a. If the degree of the denominator of G(s) is greater than the degree 
of the numerator, A will be zero and then .c-1[AH(s)] is identically zero. 

b. If h(t) is continuous, obviously 

.c-1[AH(s)] = Ah(t) 

is continuous. Thus part 2 has been proved. 

Another useful theorem can be proved for functions which can be 
written G(s)H(s): 

Theorem 12-11. If F(s) is of the form 

F(s) = G(s)H(s) 

where G(s) is a rational function for which the degree of the numerator 
is n greater than the degree of the denominator, and if ,£-1[H(s)] has 
n - 1 continuous derivatives, all of which are zero at t = 0, and if the 
nth derivative is piecewise continuous and of exponential order, then 
.c-1LF(s)] exists and is piecewise continuous. 
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PROOF. We write 

F(s) = G(s) s"H(s) 
s" 

and observe from Theorem 10-9 that ,c-l[s"H(s)] exists and is piecewise 
continuous. The functions G(s)/s" and s"H(s), respectively, meet the 
conditions on G(s) and H(s) in Theorem 12-10. Therefore, from that 
theorem, we conclude that .c-1[F(s)] exists and is piecewise continuous. 

From Theorem 12-11 we can immediately derive the following corol­
lary, by allowing G(s) to be the single term s". Thus, we have: 

Corollary. If .c-1[H(s)] has n - 1 continuous derivatives, all of which 
are zero at t = 0, and if the nth derivative is piecewise continuous and of 
exponential order, then ,c-l[s"H(s)] exists and is piecewise continuous. 

PROBLEMS 

11-1. For each of the following special cases establish that the Laplace transform 
is an entire function, by actually finding the transform: 

(a) let) = { ~ 

(c) let) _ { ~e'" 

0< t < T 
T < t 

0< t < T 
T <t 

(b) let) = {~'" 

11-1. Test the validity of Theorem 12-2 on the following cases: 

(a) let) ~ { ~ 0< t < 1 
1 < t (b) let) = (-I)"e" 

o <t < T 
T <t 

n<I<n+l 

12-3. Prove that if/(t) is continuous and of exponential order, with a PC derivative, 
then F(8) = £[f(t)] has the property 

lim F(B) = 0 
1'1-" 

uniformly with respect to ang B, in a right half plane. 
11-4. Of the following functions, which are of exponential order, but not of expo­

nential type, and which are of exponential type? In each case, give the order. 

(a) let) - Isin tl 
(c) /(1) .. cos Vi 
(6) /(1) os 6-1• 

(b) /(1) - sin l t 
(d) let) .. (-1)" 
(f) /(1) - eUD I 

11-11. Usini Eqs. (12-11) and (12-12), show that 

£[f'(I)] - sP(s) - /(0+) 

for the cases to which these equations apply. 

n<t<n+l 
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111-8. Using Eqs. (12-11) and (12-12), show that 

~ [fo' JeT) dT] _ F~3) 

for the cases to which these equations apply. 
111-7. Using Eqs. (12-11) and (12-12), show that 

d" 
~ I( -t)"f(t») = ds" F(s) 

for the cases to which these equations apply. 
111-8. Obtain a power-series expansion for the function whose transform is 

F(s) = sin! 
8 

12-9. Let a function be specified at the discrete points 0, T, 2T, etc., at which the 
values of the function are, respectively, Yo, Yl, Y2, etc. Let the function be inter­
polated by holding it constant in the interval nT < t < (n + I)T, at the value y". 
Show that the Laplace transform of this interpolated function is 

F(B) = - + - (Yn - Yn_l)e-nT• Yo 1 1: 
8 8 

n-l 

111-10. Let a tunction be specified at the discrete points 0, T, 2T, etc., at which the 
values of the function are, respectively, Yo, Yl, Y" etc. Let the function be defined for 
other values of t by using a straight-line interpolation between each pair of defined 
points. Show that the Laplace transform of the interpolated function is 

F( ) - yo + Yl - yo + 1 ~ C 2 + ) -.. T. 
8 -"8 ~ Ts' L Yn+! - Y.. Yn-l e 

n-l 

12-11. Let a function be specified at the discrete points 0, T, 2T, etc., at which the 
values of the function are, respectively, Yo, Yl, Y2, etc. Let the function be defined at 
other values of t by an interpolation in which each successive triplet of points (YO,Yl,y.), 
(Y2,Ya,y.), etc., is connected by a parabolic arc. Show that the Laplace transform of 
this interpolated function is 

F(B) = '!If - 2~st 1: (Yo .. +t - 4Y2n+l + 6yo" - 4YO .. -l + y ... _.)e-hT• 
n-l 

., 

+ T!sl L (2Y2,,+2 - 2Y"'+l - yo .. + 2YO .. _l - Y ... _o)e-... T• 
n-l 

111-12. For each of the functions 

(a) J(t) = n( -1)" 
(b) JCt) = te -1)" 

(c) J(t) = {~ 

n<t<n+l 
n<t<n+l 
2n<t<2n+l 

2n+l<t<2n+2 
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obtain the derived function 

lS-13. Check the validity of Theorem 12-6 for each of the functions given in 
Prob. 12-12. 

lS-14. Find the Laplace transform of each of the functions 

(a) I(t) ~ n"( -1)" 
(b) ICt) = n'( -I)" 

Vn <, < Vn+i 
n" < t < (n + 1)1 

where n is the succession of integers, in each case. 
lS-16. Of the following functions, which are you sure have an inverse transform, 

and which are you sure have a continuous inverse? Explain your answers, and 
obtain your answers without actually finding the inverse functions. 

(a) sin"8 (b) 
1 - 2e-' + e-" 

8' 8 

(e) 
- 2e-' + e-" 

(d) 
1 + se-·T 

Sl s'+as+b 

Ce) 
1 1 (j) s tan-I-

Va + bs + 8" S 

lS-16. Assume that a given function ICt), defined for all t, has a two-sided Laplace 
transform which converges in a strip cr,. < Re 8 < cr". State and prove a theorem 
relating the two-sided transform .c.[fCt)] with the two-sided transform of its derivative 
.c.[d/Ct)/dt]. State conditions used in the derivation, with particular emphasis on 
permissible range of the strip of convergence. 

lS-17. Assume that a given function ICt), defined for all t, has a two-sided Laplace 
transform which converges in a strip cr,. < Re 8 < cr". State and prove a theorem 
relating the two-sided transform .c,l/CO] with the two-sided transform of its integral 

.c. [/ ~ .. IC'r) dT]' State conditions used in the derivation, with particular emphasis 

on permissible range of the strip of convergence. 
lS-18. Justify the correctness of finding .c-1[1/(8 + 1)] by applying the inversion 

integral to the individual terms of the expansion 

and check whether or not the result is correct. 



CHAPTER 13 

SOLUTION OF ORDINARY LINEAR EQUATIONS 

WITH CONSTANT COEFFICIENTS 

13-1. Introduction. An outline of how the Laplace transform fits into 
the theory of linear equations is found in Chap. 1. There the emphasis 
is on motivation, and the treatment is necessarily nonrigorous. In the 
present chapter it is assumed that you have assimilated the essential 
concepts of the theory of functions of a complex variable and that the 
theory and properties of the Laplace transform are familiar. 

Most of the material in Chaps. 10 and 11 is relevant to the present 
chapter. Chapter 12 will also be helpful as background, but specific 
reference is made only to Sees. 12-8 and 12-9. If you omitted Chap. 12, 
you should at least study these two sections before proceeding with the 
present chapter. It might also be helpful for you to reread Chap. 1 
at this time. 

13-2. Existence of a Laplace Transform Solution for a Second-order 
Equation. The simple second-order integrodifferential equation 

d [t 
a It + by + c + d }o yeT) dT = x(t) (13-1) 

is used as the starting point, but now we shall inspect each step more 
critically than before. First, it is stipUlated that x(t) shall be PC and 
of exponential order. The equality sign in Eq. (13-1) is really an identity, 
and so, since x(t) has a transform, so also does the left side; and they are 
equal. Therefore, we immediately have 

.£ [a 1t + by + c + d lot yeT) dT] = Xes) (13-2) 

where Xes) = .£[x(t)]. Since Laplace transforms are unique, any yet) 
which is a solution of Eq. (13-2) will also be a solution of Eq. (13-1). 
However, Eq. (13-2) is of no help in solving for yet) unless it can be 
converted to 

.£ (a 1t) + .£(by) + ~ + .£ [d lot yeT) dTJ = Xes) (13-3) 

and so we must investigate whether or not this step can be permitted. 
381 
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The question before us may be clarified by recalling that, if !t{t) and 
f,{t) are two functions having Laplace transforIns, then if f{t) = h(t) + 
f,(t), 

However, the converse is not true: if only f(t) is given, then we cannot 
arbitrarily write J(t) as the sum of two functions and expect the above 
relation to hold. As an example, consider 

t-sint 1 sint 
t' = t - T 

The left side has a transform, but neither function on the right has a 
transform. 

Now return to Eq. (13-2), and assume, on a trial basis, that yet) is 
continuous and of exponential order. These conditions are sufficient to 
ensure the existence of 

Yes) = ,c[y{t)] 

and to allow Theorems 10-9 and 10-10 to be applied as follows: 

,c (~) = sY{s) - y{O+) 

,c [10' yeT) dT] = Y~s) 
(134) 

Thus, if the assumed condition on yet) is true, each of the transforIns 
on the left of Eq. (13-3) exists and this equation is identical with Eq. 
(13-2). Then, the solution of Eq. (13-3) is the Laplace transform of the 
solution of Eq. (13-1). Furthermore, if the notation Yes) is used, Eq. 
(13-3) reduces to 

(as + b + ~) Yes) = Xes) + ay(O+) - ~ (13-5) 

Equation (13-5) yields the explicit solution 

yes) = s [xes) + say(O+) - c] 
as' + bs + d s 

(13-6) 

Now recall Theorem 12-10, from which it is evident that 

,c-1 [as' + ~s + d X{S)] 

is continuous and of exponential order. Also, Theorem 10-11 (or direct 
observation of the inverse) is available to show that 

,c-1 [say(o+) - c] 
as2 + bs + a 
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is also continuous and of exponential order. Consequently, if yes) is 
given by Eq. (13-6), its inverse 

yet) = .c-1[Y(s)] (13-7) 

is continuous and of exponential order. Therefore, Eq. (13-5) is equiv­
alent to Eq. (13-1), and since yes) is a solution of Eq. (13-5), it follows 
that yet) as given by Eq. (13-7) is a solution of the original equation. 

Two special cases are of interest. Suppose that the derivative term 
is missing, giving 

(13-8) 

as the equation to be solved. Since the Laplace transform of a derivative 
is not needed, it is not necessary for yet) to be continuous. Assume 
merely that it has a transform Yes). Then, by Theorem 10-10, 

(I yeT) dT = yes) 
}o s 

and, by virtue of the same reasoning as before, we get 

(b + ~) Y(s) = Xes) - ~ (13-9) 

which has the solution 

Yes) = _s_ [xes) _ ~] 
bs + d s 

(13-10) 

This function meets one of the sufficiency conditions for being a Laplace 
transform, as stated in Theorem 12-9, and therefore the sufficient con­
dition for Eq. (13-9) to be equivalent to Eq. (13-8) is met. It folloWj;l 
that yet) is the solution of Eq. (13-8). 

Now turn to the case 

(13-11) 

and proceed as before. Assuming that yet) has a transform Yes), we get 

d Yes) = Xes) (13-12) 
s 

from which 
s 

Yes) = d Xes) 

is obtained as the tentative transform of the solution. However, 
although yes) is certainly a function of s, we have no assurance that it is 
a Laplace transform. It meets none of the conditions specified in Theo­
rem 12-9. In fact, if x(t) is the unit step, Xes) = l/s and yes) = l/d, 
which is not a Laplace transform. Theorem 12-11 shows that Yes) 
can be a transform if x(O) = 0 and x(t) is continuous, with a derivative 
of exponential order. Thus, Eq. (13-11) has a solution if x(t) is EO,ao, 
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continuous at all points and is zero at the origin. The same conclusion 
could have been reached without recourse to the Laplace transform. It 
is "impossible to define a function such that its integral is a discontinuous 
function of its upper limit, a condition which yet) would have to satisfy 
if x(t) were to be discontinuous. 

In much of the engineering literature an "impulse function" a(t) is 
"defined" which supposedly does have a discontinuous integral. In the 
present section we are ruling out such "functions." They are not really 
functions at all, but certain manipulations can be performed with them 
as if they were functions. Chapter 14 is devoted to this subject, and so 
we avoid a digression at this time. These comments are intended to 
allay any concern you may have if what you read here seems to be in 
conflict with notions you may already have. In this section we are 
adhering to the pure concepts of the Laplace transform, and under these 
conditions Eq. (13-11) has no solution if x(t) is discontinuous. 

13-3. Solution of Simultaneous Equations. Suppose that we have n 
simultaneous integrodifferential equations in the n unknown functions 
YI(t), Y2(t), ••• , y,.(t), as follows: 

dYI (t 
au de + bUYI + du }o YI(r) dr + ... dy" b + aI" dt + I"y,. 

+ dI" lot y,,(r) dr + (3I = XI(t) 

. . . . . . . . . . . .. (13-13) 

dy" + b + a""dt ,."y,. 

+ d,.,. lot y,,(r) dr + (J" = x,,(t) 

This system of equations is typical of an electric network or possibly a 
mechanical system. We assume that each driving function Xl(t), ... , 
x,,(t) is PC and of exponential order. The constants {Jl, ..• , (3" take 
the place of the constant d of Eq. (13-1), representing such quantities as 
initial displacements or initial charges or flux linkages. 

The procedure for solving these is the same as for the single equation. 
Assume that each unknown function Yl(t), •.• , y,,(t) is continuous 
and of exponential order; Then we have 

Y,.(s) = .c[y .. (t)] sY,,(s) - y .. (O+) = .c (dXt,,) Y"s(s) = .c [lot y .. (r) dr] 
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If we take the Laplace transform of each side of Eqs. (13-13) and then use 
the fact that each of the above transforms exists, we can have a sum of 
transforms on the left equal to a transform of the corresponding x(t). It 
is too cumbersome to write this all out, but we see that the kth term in 
the jth equation is 

Accordingly, we adopt the simplifying notation 

d"k 
M;k(S) = a;kS + b;k + ...l­

S 

so that the transform equations can be written in matrix form: 

Mn(S) M1 .. (s) .Y.l(.s).1 X1(s) 
1 fJl 

........ . . . . . 
M "1(S) M .... (s) Y n(S) I X .. (S) 

S 
fJ .. . " . 

an al .. Yl(O+) 
+ 

a .. 1 a .... y .. (O+) 

(13-14) 

(13-15) 

whereXl(s), ... ,X .. (S) are the Laplace transforms ofxl(t), .. ,x .. (t). 
Equation (13-15) can be further simplified, as follows: 

IIM(s) II II Y(S) II = IIX(s)1I -! IIfJlI + II all lIy(O+) II (13-16) 
s 

The definition of each matrix in Eq. (13-16) is apparent by comparing 
with the expanded matrices in Eq. (13-15). 

Each matrix on the right of Eq. (13-16) is known, from the specified 
information about the system. Therefore, let us combine these into a 
single known matrix 

IIE(s) II = IIX(s) II - ! IIfJlI + lIall lIy(O+) II (13-17) 
s 

to give 

IIM(s) II II Y(s) II = IIE(s)1I (13-18) 

as the matrix formulation of a system of algebraic equations in the vari­
able s. Matrix notation having been used to arrive at this point, per­
haps it is helpful to look at the set of equations themselves, namely, 

(13-19) 
M"I(S)Y~(S) + ... + M .... (s)Y .. (s) = E .. (s) 
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As in the case of a single equation, if each function Yl(t), •.• , YA(t) 
is continuous and of exponential order, the solutions of Eqs. (13-19) are 
the Laplace transforms of the solutions of Eqs. (13-13). That is, if the 
set of functions in the matrix II Yes) II is a solution of Eqs. (13-19), then 
the set of functions in the matrix 

(13-20) 
YA(t) .,e-I[Y .. (S)] 

will be solutions of Eqs. (13-13). A simpler notation for Eq. (13-20) is 

lIy(t) II = .,e-I[II Yes) II] (13-21) 

where the symbol .,e-l outside the matrix is defined as the matrix of the 
inverse transform functions given in Eq. (13-20). 

Now we proceed to obtain the solutions of Eqs. (13-19) and then to 
determine whether each of the functions in the matrix of Eq. (13-20) 
exists, is continuous, and is of exponential order, as assumed. One 
way to solve Eqs. (13-19) is to define the determinant 

Mu M l .. 

D(s) = (13-22) 

and the set of cofactors 

Djk(s) = (-I)iH [minor of D obtained by omitting row j and column k] 
(13-23) 

Then, by Cramer's rule, if D(s) is not identically zero, 

1 
YI(s) = I5 [DuEl(s) + ... + DnIEn(s)] 

This result can also be written in matrix notation, 

II Y(s) II = IID(s) 11-1 IIE(s) II 

where 
1 Du' Dnl 

IID(s)lI-l = I5 ........ . 
D l .. ••• Dnn 

(13-24) 

(13-25) 

is the inverse of IID(s)lI. The condition that D(s) shall not be identically 
zero means that the n functions YI(s) ... Yn(S) shall be independent. 
Such will be the case for equations appropriately chosen to represent a 
physical problem. 
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Let us now look at the expression for Yj(s), which can be written 

(13-26) 

The determinant D(s) is made up of a sum of n products of factors like 

d 
as+b+-

S 

and therefore it is a rational function of the form 

D(s) = polynomial of degree 2n 
s" 

(13-27) 

Similarly, observing that each minor has a product of n - 1 factors like 
the above, 

polynomial of degree 2n - 2 
s" 1 

(13-28) 

Therefore, if Dkj(s)/ D(s) is multiplied in numerator and denominator by 
s" we can write it as a rational function 

Dkj(s) = (POlynOmial of degree 2n - 1) 
D(s) polynomial of degree 2n kj 

(13-29) 

The subscript kj is retained as a reminder that these polynomials are 
different for each k and j. Owing to the special form of D(s) and Dkj(s), 
having only a power of S in each denominator, their ratio is a rational 
function, even though each one is not a polynomial. 

The degrees of numerator and denominator in Eq. (13-29) apply only 
to the general case where all a, b, and d coefficients in Eqs. (13-13) are non­
zero. Otherwise, the degrees of the polynomials specified in Eqs. (13-27) 
.and (13-28) can be lower than indicated; and no general statement can be 
ma.de about the degree of numerator and denominator of their ratio. 

In the general case represented by Eq. (13-29) we see that each term in 
Eq., (13-26) consists of the product of Ek(S) by a rational function in 
which the numerator is less in degree than the denominator. The Ek(s) 
functions are defined by Eq. (13-17), which shows that each one is made 
up as follows: 

E/I;(s) = X,.(s) + [alclYl(O+) + ... + aknY" (0 + )]s - (:311: (13-30) 
s 

Now recall that X/I;(t) is piecewise continuous and of exponential order. 
Therefore, by Theorem 12-10, 

D"i(s) X ( ) 
D(s) k S 
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is the Laplace transform of a continuous function of exponential order. 
Also, by Theorem 10-11, the same statement can be made about the 
function 

Dkj(S) I [aklYl(O+) + ... + aknYn(O+ )]S - i3k\ 
sD(s) 

Thus, each of the functions 

is a Laplace transform, and 

Dki(S) E ( ) 
D(s) k S 

.e-1 [Dki(S) E (S)J 
D(s) k 

is continuous and of exponential order. Now we can write 

Yj(t) = .c-1[Yi(S)] 

" 
= 2: .e-1 [~(~~) Ek(S) J 

k-l 

(13-31) 

and we draw the conclusion that Yi(t) is continuous and of exponential 
order. These are the conditions upon which we based the conclusion that 
Eqs. (13-18) and (13-19) could be derived from the original equations, 
and since II Y(s) II, as given by Eq. (13-25), is a solution of Eq. (13-18), so 
also is 

lIy(t)1I = .c-1[IIY(s)lI] 

a solution of Eqs. (13-13). 
As in the case of the single equation, degenerate cases can occur in 

which some of the a, b, and c coefficients are zero, and Dkj(S)/D(s) is not 
zero at infinity (the degree of the denominator is not greater than the 
numerator). Then, whether or not a solution exists depends on the 
nature of IIE(s)ll, as indicated by Theorem 12-11. A solution will not 
exist for any physical situation requiring an integral to be a discontinuous 
function of its upper limit. Whenever the original equations have a 
solution, it can be obtained by the Laplace transform method. 

13-4. The Natura! Response. Let us now analyze the general solution 
given by Eq. (13-31). Assume that each zero of D(s) is a regular point 
of each Ek(S). Since D(s) has a finite number of zeros, we can separate 
out the sum of the principal parts of the Laurent expansions about each 
of these poles, giving 

" 2: ~(s~) Ek(S) = Gi(s) + Hi(S) (13-32) 
k~l 
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where Gj(s) is the sum of these principal parts. It follows that Hj(s) 
is an analytic function and that it is regular at each of the zeros of 
D(s). Gj(s) is a rational function with denominator higher in degree 
than the numerator, and therefore G;(s) is a transform. Also, the left­
hand side of Eq. (13-32) is a transform, and therefore H;(s) is also a 
transform function, and the solution can be written 

where 
Yj(t) = gj(t) + h;(t) 
gj(t) = .c-I[Gj(s)] 
h;(t) = .c-I[Hj(s)] 

(13-33) 

(13-34) 

Of course, this is not the only possible way to break Yi(t) into separate 
terms; but these components have particular significance, which will 
now be discussed. Since G;(s) is a rational function, from Sec. 10-20 
we know precisely what form gi(t) will have. A real pole of order p at 
s = (1, will contribute a term like 

(AI + A2t + ... + Aptp-I)~,1 
and a pair of complex-conjugate poles, each of order p (one of them being 
s = (1, + jw,) , will contribute 

[BI cos (w,t + al) + B2t cos (w,t + at) + 
+ Bplp-l cos (w,.t + ap)]ecr,J 

where the A's, B's, and a's are constants. Each of the terms like 

and 

is a natural mode of the system. 
The numbers (1, and (1, + jw, represent the various roots of the equatiOl;t 

D(s) = 0 (13-35) 

This equation is called the characteristic equation of the system, and the 
roots are called the characteristic values. The characteristic values are 
so named because they are the essential parameters which determine the 
characteristics of the natural modes. The complete function gi(t), con­
sisting of a sum of all the possible terms like the above, is called the 
natural response of the system. Sometimes it is referred to as the 
transient response, but the latter terminology leaves something to be 
desired because the natural response does not always die out with increas­
ing t. If any characteristic value has a positive real part, the correspond­
ing natural mode will increase without limits; and the natural response is 
not a transient. 

The form of the natural response is determined by the characteristic 
values, and therefore by the system parameters, exclusive of the driving 
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functions. However, the A's, B's, and a's appearing in the expressions 
for the natural modes are obtained from the coefficients in the principal 
parts of the Laurent expansions of 

n 

'\' DIc;(s) E ( ) 
~ D(s) k S 
1:-1 

about the zeros of D(s). Therefore, these A, B, and a parameters are 
influenced by the driving function. However, these affect only the 
amplitudes and initial angles of the various terms, not their general form. 

13-5. Stability. The comments of the previous section introduce the 
question of stability. A stable system is defined as one whose natural 
response goes to zero as t increases; its natural response is a transient. 
Thus, we see that the criterion for stability is that the characteristic 
values shall have nonpositive real parts. The transitional condition, 
where a characteristic value is a pure imaginary, separates the stable 
condition from the unstable. It is customary to define this case as stable. 

From the foregoing discussion it is obvious that, if the characteristic 
values of a system are known, then from observation of their real parts it 
can be determined whether or not the system is stable. In many cases 
the main interest is in whether the system is stable, rather than in an 
explicit determination of the natural response. Several methods are 
available for determining whether or not the zeros of D(s) are in the 
left half plane, without actually finding their values. Three methods 
are commonly used for this purpose. The Routh algorithm * is a method 
which uses an algorithm of the coefficients of D(s). The Nyquist criterion 
accomplishes the same result by a complex-plane plot of the complex 
function D(jw). A brief description of the Nyquist criterion is given in 
Sec. 7-7. The third method is the root-locus method, briefly described 
in Sec. 6-10. These three methods vary in the kind of information 
required, and one or the other may be appropriate in different situations. 

13-6. The Forced Response. Returning to Eq. (13-33), we now con­
sider the hj(t) portion of the response. Its transform Hj(s) is regular at 
the poles of Gj(s). However, H;(s) may have singular points of its own, 
which are determined by the driving functions Ek(S). Accordingly, since 
H;(s) is influenced by the driving functions, hj(t) is called the forced 
response. 

Very little general discussion of the forced response is possible without 
specific knowledge of the driving function. It is apparent that the initial 

• E. A. Guillemin, H Mathematics of Circuit Analysis," p. 395, John Wiley & Sons, 
Inc., New York, 194!J. 
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conditions of the system, the fJ's and various values of Yj(O+), effectively 
become part of the driving function. The forced response is determined 
by E(s), and it is recalled from Eq. (13-17) that E(s) includes all terms 
due to initial conditions. 

An important degenerate case is worthy of a brief discussion. It is 
entirely possible for 

to have one or more poles coincident with zeros of D(s). This condition 
was ruled out in the earlier discussion, but now it will be considered 
briefly. The routine process described for forming G;(s) and H;(s) will 
now introduce some extraneous terms in G;(s), because one or more of 
the poles will be of higher multiplicity than if all the poles are due to zeros 
of D(s). To illustrate, suppose that 8r is an mth-order zero of D(s), and 
suppose that 

has a pole of order p at 8 r• The principal part of the expansion of 

n 

~ Dk;(S) E (s) 
~ D(s) k 
1;-1 

about this pole is of the form 

The first m terms in this expansion can be assigned to G;(s) and the 
remainder to H;(s). In this way it is still possible to differentiate between 
a natural response and a forced response. The situation just described 
is a generalization of the condition of resonance. 

13-7. Illustrative Examples. Some of the important ideas relevant to 
the discussion of the response functions can be illustrated by a few simple 
examples. In each of these, a single equation is used in order to avoid 
obscuring the important points in a welter of detail. In each case the 
system will be assumed to have zero stored energy at t = O. 

Example 13-1 
dy (, 
dt + Y + ) 0 y(r) dr = e-t t> 0 
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In transformed functions this becomes 

( s + 1 + !) YeS) = _I_ 
s s + 1 

s 1 
Yes) = S2 + 8 + 1 s + 1 

The function D(s) in this case is (S2 + s + 1)/s, and its zeros are 

8 = 72( -1 ± i 0) 
To find G(s), we want the sum of the principal parts due to these two 
poles. Routine manipulation yields 

G(s) = _1_ ( -72 +iV3/2 + 72 +iV3/2 ) 
i0 s + 72 +iv'3!2 s + 72 -iV3/2 

= s + 72 + _1_ v3!2 
(8 + 72)2 + % 0 (s + 72)2 + % 

Referring to Table 10-1 for the inverse of the above, we get 

( 
v'3t l.vat) get) = e- I / 2 cos -- + - sm --
20 2 

as the natural response of the system. H(s) is obtained most readily by 
evaluating the principal part of Yes) at the pole -1; or it could be 
obtained by subtracting G(s) from Yes). The result is 

1 
H(s) = - s + 1 

and h(t) = -e-I 

This is the forced response. The complete response is, of course, 

( vat 1. V3t) yet) = e-I / 2 cos -- + - sm -- - e-I 

2 0 2 

The natural response is a damped sinusoid, and the forced response is a 
decaying exponential. 

Example 13-2 

y + fo' yeT) dT = sin t t > 0 

( 1 +!) yes) = _I_ 
s S2 + 1 

s 1 
Yes) = s + 1 S2 + 1 
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In this case G(s) has a single term 

~ 
G(s) = - s + 1 

and get) = - ~e-I 

is the natural response. R(s) is easily obtained as follows: 

R(s) = yes) - G(s) 

_ s + ~(S2 + 1) _ 1 (s + 1)2 1 s + 1 
- (s + 1)(s2 + 1) - "2 (8 + 1)(82 + 1) - "2 82 + 1 

Therefore, the forced response is 

h(t) = ~ cos t + ~ sin t 

and the complete response is 

yet) = ~(-e-I + cos t + sin t) 

393 

In this example the natural response is a decaying exponential, and the 
forced response is a constant-amplitude sinusoid. 

Example 13-3 

y + fa' yeT) dT = e-t t > 0 

( 1 +!) Yes) = _I_ 
s s + 1 

s 
yes) = (s + 1)2 

In this case D(s) = 1 + l/s = (1 + s)/s. The second degree in the 
denominator of Yes) arises because ,c(e- I ) contributes a like factor. The 
expansion of Yes) is 

1 1 
Yes) = s + 1 - (s + 1)2 

and we attribute only the first term to G(s). Thus, 

1 G(s) =-­
s+1 

From Table 10-1 we obtain 

get) = e-I 

and so the complete response is 

R(s) = 
1 

(s + 1)2 

h(t) = -te-l 

yet) = (1 - t)e-I 
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Example 13-4 
dy -+y = 1 
dt 

1 
(s + I)Y(s) 

s 

t > 0 

1 1 
yes) = s + 18 

Following the usual procedure, we readily obtain 

and 

1 
G(s) = - s + 1 

get) = -e-t 

1 
H(s) = -

s 
h(t) = 1 

are the natural and forced responses, respectively. The complete 
response 

yet) = 1 - e-I 

is quite familiar, being, among other things, the current in a series 
resistance-inductance circuit with a constant voltage suddenly applied. 

Example 13-5. The previous example is very simple and is included 
mainly to set the stage for the following; 

0< t < 1 
1 < t 

In this case the Laplace transform of the driving function is the trans­
cendental function 

and so we have 

1 - e-' 
s 

ll-e-' 
yes) = s + 1 -s-

The principal part of the Laurent expansion about point s = -1 is 

e - 1 
G(s) = s + 1 

and therefore 
l-e-' e-l 

H(8) = 8(8 + 1) - 8 + 1 

= ~ - 8 ~ 1 - e-' G -8! 1) 
From these results, for the natural and forced response, we respectively 
get 

get) = (e - l)e-1 

h(t) = (1 - e-(t-l')u(t) - (1 - e-(t-l')u(t - 1) 
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where the u(t - 1) appears because of the factor e-' in the transform. 
The above notation somewhat obscures the real nature of h(t), which 
can also be written 

h(t) 

Thus, yet) 

{
I - e-(I-l) 0 < t < 1 
o 1 < t 

{ 
(e - 1)e-' + 1 - e-(I-l) 

(e - l)e-1 

is an alternative formula for the response. 

o < t < 1 
1 < t 

We can make several comments about this example. In the first place, 
as pointed out in the previous section, the natural response is a continuous 
exponential, even if the forcing function is discontinuous. Here we find 
a forced response with a discontinuous derivative. Second, the complete 
solution is not necessarily written most conveniently by separating the 
natural and forced responses. To illustrate, the above solution can be 
put in the form 

1 - e-I 

1 - e-I - (1 - e-(I-l») 
0< t < 1 
1 < t 

which puts into evidence a response 1 - e-I consisting of a natural 
response -e-I and a forced response 1, valid for 0 < t < 1. Over this 
interval the response is no different from that in Example 13-4. How­
ever, when t > 1, the solution appears as the sum of two responses, the 
continuing response due to a positive unit step occurring at t = 0, and 
the other due to a negative unit step occurring at t = 1. In this form, 
there appears to be a new natural response commencing at t = 1. How­
ever, this formulation is not the one we want here; it is mentioned only 
because this form is often the one presented in elementary treatments 
of the subject. Graphs of the natural and forced responses for this 
'example are shown in Fig. 13-1. 

13-8. Solution for the Integral Function. Momentarily let us return to 
the ~ingle equation used in the example of Sec. 13-2, namely, 

a ~~ + by + c + d 10' yeT) dT = x(t) 

As previously mentioned, in physical systems y is usually some such 
quantity as current, voltage, velocity, etc. The variable 

wet) = Jot yeT) dT (13-36) 

has, in these respective cases, physical significance as charge, flux link­
age, or displacement. These quantities are sometimes required as part 
of a solution. There are many ways to obtain wet). First, if yet) is 
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2 

3 
t-

(a) 

-------------------------------, .... 
",'" ,. 

-2 

(b) 

l~ 
(c) 

FIo. 13-1. Example of natural and forced response, for the case where the driving 
function is discontinuous. (a) Natural response; (b) forced response; (c) complete 
response. 

found, Eq. (13-36) can be used to find w(t). Also, in terms of the trans­
form functions it is true that 

and thus from Eq. (13-6) 

W(s) = .c[w(t)] = Y(s) 
s 

W(s) = 1 [X(S) + say(O+) - c] 
as2 + bs + d s 

from which w(t) is obtained as the inverse transform. 

(13-37) 

A slightly diffl;lrent approach is to introduce the variable w(t) in the 
original equation, giving 

d2w dw 
a dt2 + b dt + dw = x(t) - c (13-38) 
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If wet} and w'(t) are both a.ssumed to be continuous and of exponential 
order, 

.c[w'(t)] = sW{s) - w(O+) 
= sW(s) 

.c[w"(t)] = S2W(S) - w'(O+) 
= S2W(S) - y(O+) 

Equation (13-36) is applied here to provide the information 

w(O+) = 100 

yeT) dT = 0 

w'(t) = ~ 101 

yeT) dT = yet) 

(13-39) 

which is used to get the second form given for each transform. Thus, the 
transformed equation corresponding to Eq. (13-38) is 

(as2 + bs + d)W(s) = Xes) + ay(O+) - ~ 
s 

and this obviously has a solution given by Eq. (13-37). A routine check 
shows that the conditions assumed for wet) and w'(t) are satisfied if x(t) 
is PC and of exponential order. 

From this brief development it is seen that it makes little difference 
whether we solve for yet) or wet). An exactly similar development could 
be given for the set of equations of Sec. 13-4. To write this out in 
detail would contribute little more than an increase in complexity. 

We conclude that an equation carrying a first derivative and an integral 
is essentially the same as one in which there are second and first deriva­
tives. Accordingly, both are designated as second-order equations. To 
get from one form to another requires a change in variable. In this con­
nection it should be noted that we avoid the formality 

~ [ a :~ + by + c + d 10' yeT) dT] = d~~t) 
d2y dy , 

a dt2 + b dt + dy = x (t) 

which is sometimes used to remove the integral. In a general treatment 
this process is to be avoided because x'(t) would not exist at any point 
of discontinuity of x(t) ; and we do not want to be restricted to continuous 
driving functions. 

13-9. Sinusoidal Steady-state Response. The case where the driving 
function is a suddenly applied sinusoid is of both historical and practical 
importance. Consider the single equation 

d (' 
a dr + by + d }o yeT) dT = A cos (flt + fJ) (13-40) 
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To expedite taking the Laplace transform, it is convenient to use .. 

A cos (fJt + a) = A(cos a cos fJt - sin a sin (3t) (13-41) . 
l 

so that from Table 10-1 we have 1 
1 

and therefore 

where 

.e[A cos ({3t + a)] = A s cos s~ ~ :2sin 
a 

Y( ) = A s cos a - fJ sin a 
s Z(S)(S2 + fJ2) 

d 
Z(s) = as + b + -

s 

(13-42) i 

(13-43) 

(13-44) 

To find the forced response, we need the sum of the principal parts of the 
Laurent expansions about poles +jfJ and -j{3. The principal parts 
for these poles are found, by routine methods, to be 

A cos a + j sin a 
"2 Z(jfJ)(s - jfJ) 

and 
A cos a - j sin a 
"2 Z( -jfJ)(s + jfJ) 

Note that Z(s) is a real function, because the coefficients a, b, and dare 
real, and therefore 

Z{-jfJ) = Z(jfJ) 

and so if we write Z(jfJ) in terms of a magnitude IZ(jfJ) I and an angle 
8(jfJ), we have 

Z(jfJ) = IZlei ' and Z( -j(3) = IZle-i ' 

For the sum of these principal parts we can now write 

~ (e;(a-.) + e-i(a-.») = :! s cos (a - 8) - {3 sin (a - 8) 
21Z1 s - j{3 s + j{3 Z S2 + {32 

The forced response is the inverse of this transform, namely, 

I~I [cos (a - 8) cos {3t - sin (a - 8) sin fJt] 

A 
= IZI cos ({3t + a - 8) (13-45) 

This is the familiar solution of "steady-state" circuit theory, which, 
presumably, you could have written down without recourse to Laplace 
transform theory. A similar result would be obtained for the case of a 
set of simultaneous equations. . Perhaps this presentation is helpful in 
establishing an understanding of Z(s), as defined in Laplace transform 
theory, and Z(jw) , as defined in the conventional analysis of the sinusoidal 
steady state. Both are the same function, but with different arguments. 
The natural response will not be computed for this example because 
it is not relevant to the point under discussion. 

13-10. Immittance Functions. Let us return to the general equations 
presented in Sec. 13-3. Assume that Xk(t) is the only driving function, 
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and let Yk(t) be the response of the system component acted upon by 
Xk(t). (The words system component are used here because of the desire 
not to be committed to a particular type of system. Figure 13-2 shows 
a network loop, a network node, and a mechanical linkage as typical 
examples of what we mean by a system component.) In agreement with 
usual network terminology, the forcing function is regarded as being a 
source which maintains the prescribed function under all conditions. 

Network Network 

IlloP I 
Xl t y r • 

vOI;ge nodej 
at node current 

k source 

(a) (b) 

y.velocity r- -----------, 
linkage k ! I 

fo~~e ~ i I I linkage j I :--Machine 
I I 

(c) f////////) /l//lJl//llllll/l//l//l/ll/llllllll'llllb7//& 
FIG. 13-2. Examples of physical interpretations of system variables for definition of 
an immittance function. 

It is also assumed that the system is initially without stored energy; 
in the notation of Eqs. (13-13), each (J and Yi(O+) is zero. Under these 
prescribed circumstances, Eq. (13-15) becomes 

Ml1(s) o 

(13-46) 

M .... (s) Y .. (s) o 
Following the notation of Eq. (13-23), we can write the solutions for the 
transforlllS of two response functions, 

Du(s) 
Y,,(s) = D(s) Xk(s) 

V' Dki(S) () 
I./(s) = D(s) X k s 

where Yi(s) represents any response other than Yk(s). 
The quantities 

W () _ Dkk(S) 
kk s - D(s) 

W .( ) = Dkj(S) 
11,8 D(s) 

(13-47a) 

(13-47b) 

(13-48) 
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appearing in Eqs. (13-47) are called, respectively,t he 8elf-immiUance 
presented by the system to source k and the transfer immittance from 
source k to response j. These immittance functions can be defined 
only when there is a single driving function. The term immittance is 
used here because we are not committed as to what physical quantities 
are represented by the x and y functions. In network theory, if x is 
voltage and y is current (Fig. 13-2a), then Wu and Wik are admittances. 
If the roles of x and yare interchanged (Fig. 13-2b), the functions are 
impedances. 

13-11. Which Is the Driving Function? When Xl:(t) was treated as the 
driving function, we obtained 

Yk(s) = Wkl:(S)Xk(s) 

as the Laplace transform of the response. It is certainly also valid to 
write 

suggesting that Yk(s) is then the transform of a driving function and Xk(s) 
is the transform of the response. This is indeed the case, subject to 
the comment that Xk(s) must be a transform. This question arises when 
Wu(s) has a zero at infinity because then Yk(s) must have a zero of 
sufficiently high order at infinity to more than cancel the pole due to 
IjWkk(s). It should furthermore be stated that the so-called driving 
function, whether it be Xk(s) or Yk(s), does not need to be due to a 
so-called source (voltage or current source, for example). Further com­
ments relevant to this point are given at the end of Sec. 13-12. 

Of course, we have now suggested that IjWkk (s) is also an immittance 
function. If Wkk(s) is an impedance, IjWkk (s) is an admittance, or 
vice versa. Thus, impedance and admittance can each be determined 
from each of the above equations. In the language of network analysis, 
this is to say that impedance and admittance can each be found from 
either a loop analysis or a node analysis. 

13-12. Combination of Immittance Functions. Immittance functions 
are convenient because they often permit the analysis of a complex 
system by breaking it down into subsystems (called branches, in network 
analysis) each of which can be analyzed independently. The only 
requirement is that each subsystem shall interact with the remainder 
of the system at only one point. For example, suppose that we have 
two systems, one with response functions Yl(t), ..• , Yk-l(t) and the 
other with response functions Yk+l(t), ... , y .. (t). This choice of con­
secutive numbering from one system to the other is arbitrarily made, to 
simplify notation. The number k is purposely omitted. Now let the 
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driving function Xk(t) act simultaneously on both systems, in such a way 
that it acts on component k - 1 in the first system and on component 

%11 is voltage 
(a) Yll-i. Y1. YII+l are current 

'/////////////////////////////////////// 

%11 is current 
Yll-i. YII. YHI 

are voltage 

Yk 

+ 

- }h" 
-» 

(b) 

%11 is force 
Y1-l. Y1. YII+1 are velocities 
Y1 is velocity of (I) with 

respect to (2) 

YII-l 

FIG. 13-3. Physical situations which can be described by the addition of immittance 
functions. (a) Addition of admittances; (b) addition of impedances; (e) mechanical 
system. 

k + 1 in the second system. Furthermore, suppose that the systems 
are connected in such a way that Yk-l adds to Yk+l to give an additional 
response variable 

(13-49) 

Illustrations are given in Fig. 13-3. 
The combined system is described by the following matrix equation, 

Mll 

M k- l •l 

o 
o 

o 

M 1•k- 1 0 

Mk-l.k-l 0 
-1 1 

0 

0 

0 

0 
-1 0 0 
M k+1•k+1 Mk+l ... . 
Mk+l ... M .... 

Yl 0 

(13-50) 

Y .. o 
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where the elements -1, 1, -1 represent Eq. (13-49). This set of equa- • 
tions could be solved for Yk(8), but it is not necessary to treat the whole . 
set. They are written out merely to identify the problem in terms of a1 
set of simultaneous equations. The set does not need to be solved ' 
simultaneously because of the two arrays of zeros in the upper right- and 
lower left-hand corners of the square matrix. The first k - 1 equations 
can be solved independently, and also the set from k + 1 to n, giving the 
two solutions 

Y () = Dk_ I ,k_I(8) X ( ) 
k-l 8 D(8) k 8 

Y (8) = D~+l,k+1(8) X (8) 
HI D' (8) k 

(13-51) 

where a prime is used to denote the determinant of the set of equations 
running from k + 1 to n. Recalling Eq. (13-49), we have 

and so 

where 

(13-52) 

(13-53) 

is the immittance function for the combined system. Each ratio of 
determinants in Eq. (13-53) is an immittance function of one of the sub­
systems. When systems are connected together in the manner described, 
we have shown that their immittance functions add to give the immit­
tance function of the combination. 

We stress two points which have already been made: First, the sub­
systems must have definable immittance functions (zero initial energy 
and no sources). Second, the interaction of the two systems must be 
of such a form as to cause two response functions to add, but with no 
other interaction (so that the over-all system matrix will have appro­
priately placed sets of zeros). 

You will recognize here a generalization of two principles of common 
usage in network theory. When x(t) represents voltage and yet) current, 
we have shown that the parallel connection of two-port networks leads to 
addition of their admittance functions. In the reverse situation, if x(t) 
is current and yet) is voltage, our results indicate the familiar fact that 
when one-port networks are connected in series their impedance functions 
add, to give the impedance function for the combination. 

Figure 13-3 implies that the two networks in parallel are driven by 
a specified voltage source Xk(t) or that the two networks in series are 
driven by a current source Xk(t). In reality, the parallel combination 
could be considered as driven by a current source or the series combina­
tion by a voltage source. If either of the combinations shown in Fig. 13-3 
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should be a part of a larger network, the actual sources may be absent 
at the points indicated in Fig. 13-3, as long as there is a source somewhere 
within the larger network. As an example, consider the networks shown 
in Fig. 13-4. In Fig. 13-4a xo(t) represents either a voltage source or a 
current source, and a voltage Xl (t) will exist and may be considered the 
driving function for the parallel combination within the dashed rectangle. 

.--~~-----,--1 Xo 
I 
I 
I 
I 

I I 
'----- -\.--~ 

Wil 

Xl is voltage transform 
W is impedance 

(a) 

r------, 

I 
'-X--­

Wil 
Xl is current transform 
W is admittance 

(b) 
FIG. 13-4. Simple configurations of immittances. 

If Wu and W" are regarded as impedances, the transform of Xl(t) is 
given by 

Wll(S) ( ) 
Wa(s) +Wll(S) Xo S 

if xo(t) is a voltage and by 

XI(s) = W ll(s)Xo(s) 

if xo(t) is a current. Similar comments apply to Fig. 13-4b, if W ll is 
regarded as an admittance. 

13-13. Helmholtz Theorem. In the discussion of immittance functions 
it is carefully stipulated that the system should have zero stored energy 
at t = 0 and that there should be a single driving function. Now we 
approach the more general situation, where these conditions are not 
fulfilled. Again, Eqs. (13-13) are taken as the system equations and the 
transform solution for Yj(s), given by Eq. (13-26), is the starting point. 
For notational simplicity, take j = 1. Then Eq. (13-26) becomes 

n 

( ) Du(s) E ( ) '\' Du ( ) 
Y1 8 = D(s) IS + ~ D(s) Ek 8 

11:=2 

(13-54) 

Equation (13-17), defining matrix BE(s)l"!. yields the specific formula 
n 

Ek(s) = Xk(s) - ~ fJk + 2: ahY.(O+) (13-55) .-1 
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In terms of this, Eq. (13-54) becomes 

Y1(s) = WU(S)[Xl(S) + K1(s)] (13-56) 
where 

n n n 

K1(s) = r ~:~~:~ Xk(s) - ~ r [~:~~:~ ~k - r akoY'(O+) ] 
k-2 k-I .-1 

(13-57) 

and W () _ Du(s) 
uS - D(s) (13-58) 

The function K1(s) is independent of Y1(s) and X1(s), being a function 
of the initial energies and of the various driving functions Xk(s), where 
k ~ 1. These driving functions may be considered internal to the 
system, in so far as we are at present interested only in a relationship 
between Y1(s) and X1(s). 

The formula for K1(s) is rather complicated, but a simple physical 
interpretation is possible. Suppose that Xl(t) is replaced by a function 
f(t) such that Yl(t) is then zero. Equation (13-56) gives 

In other words, K1(s) is minus the transform of the driving function that 
gives zero response. In practice, K1(s) is usually found by modifying 
the system, to force Yl(t) to be zero rather than to solve the original sys­
tem with a modified driving function. This modified system is then 
solved with Xl(t) temporarily regarded as a response variable. In net­
work theory, if x represents voltage and Y current, an open circuit forces 
Yl(t) to be zero; and .c-1[Kl(S)] is the negative of the voltage across the 
open circuit, the same reference polarity being used as for Xl(t). Sim­
ilarly, if x represents current and Y represents voltage, a short circuit 
forces Yl to be zero; and then K1(s) is the transform of the negative of the 
current in this short circuit, the current reference direction being kept 
unchanged. In a mechanical system, if Yl is a velocity, the system can 
be modified by clamping linkage 1 and then solving the modified system 
for the force on that linkage. The factor Wu(s) in Eq. (13-56) is, of 
course, the same immittance function defined in Sec. 13-10. 

Equation (13-56) is a mathematical statement of the Helmholtz theorem. 
It is an extension of the immittance concept to the case where "internal 
sources" and initial energies are not zero. In similarity with Eq. 
(13-47a), Eq. (13-56) gives a relationship between the transforIllS of two 
driving-point quantities, such as X1(s) and Y1(s). 

In network theory, when x is voltage and Y is current, the Helmholtz 
theorem commonly goes under the name of Thevenin's theorem. It is 
then customary to draw an equivalent circuit, called the Thevenin 
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equivalent, as shown in Fig. 13-5. In this case KI(S) is the transform 
of an equivalent voltage source, and W 11(s) is an impedance function. 
If a network is analyzed by regarding x as current and y as voltage, the 
Helmholtz theorem is known as Norton's theorem and the equivalent 
network described by Eq. (13-56) is shown in Fig. 13-6. KI(s) is the 
Laplace transform of an equivalent current source, and W 11(S) is an 
admittance function. 

These equivalent circuits, or the corresponding equivalent systems in 
nonelectrical systems, can then be combined with other subsystems in the 
manner of combining immittances described in Sec. 13-12. There is one 
significant difference, however. When Helmholtz equivalent systems are 
combined, the new system will still have a distribution of driving func­
tions representing equivalent sources, one for each Helmholtz equivalent. 

r-------l 
I 
I 
I 

~l: 
I 

I 
I 
I 
I 

I 
I 

~The~e~i~ ~quivalent 
Xl and KI are voltage transforms 
Y1 is current transform 

FIG. 13-5. Circuit of the TMvenin exam­
ple of the Helmholtz theorem. 

r------~ 

I I 

: : + 

l %1 

lKlt III tXI 
I I 
I I 
I I 
I I 
I 
I I 

L'C.N~rt~~ ;~Uivalent 
Xl and KI are current transforms 
YI is voltage transform 

FIG. 13-6. Circuit of the Norton example 
of the Helmholtz theorem. 

However, the number of driving functions will, in general, be less than 
in the original system. 

13-14. Appraisal of the Immittance Concept and the Helmholtz 
Theorem. The Laplace transform does not offer the only technique for 
solving linear equations, and historically it is not the oldest method. 
This chapter presents in outline some of the reasons why the Laplace 
transform has gained wide acceptance for solving engineering problems. 

One way to describe the advantage of the Laplace transform is to say 
that it clearly shows how the integrodifferential equations are reduced to 
algebraic equations. The algebraic formulation is then exploited further 
by the definition of immittance functions and Helmholtz equivalents. 
The advantages accruing from these steps arise particularly because 
of the existence of the well-developed technique of d-c and sinusoidal 
steady-state network analysis. With a simple change of variable the 
immittance functions of sinusoidal analysis become the immittance 
functions of transform theory. In fact, transform immittancee combine 
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in exactly the same way as resistances and conductances of the resistance 
network. We are also permitted, in the Laplace method, a simple 
extension of the Helmholtz-Thevenin and Helmholtz-Norton theorems. 
Except in trivial cases, it is not evident from the original integrodiffer­
ential equations how these equivalent systems should be constructed. 

From previous studies of network theory you should be aware of why 
it is such an advantage to be able to define immittance functions and 
Helmholtz equivalents. The answer is that certain intuitive and formal­
ized topological methods can be used in many cases actually to bypass 
writing the integrodifferential equations of the complete system. It is 
usually possible, from an inspection of the network graph, to recognize 
certain immittances that can be combined and network sections that 
can be replaced by Helmholtz equivalents. A simpler network is then 
obtained, the equations for which can be written directly in terms of the 
transform functions. 

The standard techniques of network theory are well known, the series 
and parallel combination of immittances, the T = II (or Y = ~) trans­
formations, and loop and node analyses. Another topological device, 
the signal flow graph, or flow graph, is particularly helpful in nonelec­
trical systems. It provides another method for determining how the 
various functions can be combined to yield the required response func­
tion. All these techniques are possible only by virtue of the functions 
defined through the Laplace transform. 

The objective of this chapter is to give the broad concepts of how the 
Laplace transform serves in the solution of linear equations. The 
algebraic and topological aspects, as applied to networks, are a very well 
developed subject, and for further details on that subject you are referred 
to the many texts on network theory. 

13-16. The System Function. Many physical systems described by 
linear equations are of a particular type in which there are one input port 
and one output port. In network terminology such a system is called a 
two-terminal pair or a two-port network. A rotating shaft driven at one 
end and loaded at the other is a mechanical two-port system. 

In our general notation, let X1(t) be the input function, and let Y2(t) 
be the output function. There is no initial stored energy~ Then, if we 
define 

the function 

x l(S) = £[Xl(t)] 
Y2(S} = £[Y2(t)] 

H(s) = Yz(s) 
X 1(s) 

(13-59) 

is called the system function. By implication, :r1(t) will be Laplace 
transformable, and since Y2(t) must also have a transform, it follows that 
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H(s) must behave appropriately at infinity. For example, if X1(s) l/s, 
H(s) cannot have a pole at infinity. 

The system function carries all the information we need to know about 
the response function Y2(t). In particular, the poles of H(s) are the 
characteristic values of the natural response. 

PROBLEMS 

13-1. Referring to the circuit of Fig. P 13-1, the capacitor has an initial charge q. 
and the inductor an initial current i.. For this specific case, write out the IIM(s) II 

FIG. P 13-1 

and IIE(s) II matrices, and carry out the details leading to a solution for the inductor 
current, in the form of Eq. (13-23). Determine the natural response of the system, 
again regarding inductor current as the output. 

13-2. Do Prob. 13-1, regarding the voltage across the inductor as the output. 
13-3. Do Prob. 13-1, regarding the capacitor current as the output. 
13-4. Do Prob. 13-1, regarding the voltage across the capacitor as the output. 
13-6. In Fig. P 13-5, up to time t = 0, a flywheel of moment of inertia lois rotating 

freely on shaft 81, with angular velocity",., while shaft 8, and all other members are 

FIG. P 13-5 

rotating with angular velocity "'10. At time t = 0 the flywheel is clamped rigidly to 
ring A, which has an ideal viscous frictional coupling to B, through surface C. Struc­
ture DEF is a similar frictionally coupled element, ring D being coupled to E by an 
ideal viscous frictional force at surface F. At each frictional surface let the friction 
be described by a constant I, the ratio of frictional torque to relative angular velocity. 
This constant is the same for both surfaces. Assume that ring A has negligible 
moment of inertia. Obtain a transform solution for the angular velocity"" of shaft 8,. 
Also obtain the forced and natural responses of the system. 
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13-6. Figure P 13-6 shows a coupling between two shafts 8 0 and 82. The symbols 
I, and I. are moments of inertia of the indicated members, and each spring is described 
by a constant k (the ratio of torque to relative angular displacement between the ends 
of the spring). There is assumed to be an ideal viscous frictional force at surface A, 
such that the frictional torque is given by a frictional constant f multiplied by the 
relative angular velocity between the two members. Assuming that equilibrium 

FIG. P 13-6 

conditions prevail at t = 0, let shaft So be given a sudden angular velocity "'0 at t =- O. 
Obtain a transform solution for the angular velocity"" of shaft 2. Determine the 
natural and forced responses of the system. In your solution show the characteristic 
equation and assign symbols to represent its roots, giving the .solution in terms of 
these symbols. 

13-7. For the circuit consisting of Rand L in series, with a sinusoidal source 

" = Vo sin ("'ot + a) 

switched on at t = 0, show that the complete response (current in the circuit) ap­
proaches the usual steady-state response. 

13-8. For the circuit of Fig. P 13-8, the driving voltage V, is given by 

V,(t) = {~ 0< t < 1 
1 < t 

Obtain the forced and natural responses for the output function VI. 

Vi 

FIG. P 13-8 

13-9. Do Prob. 13-8 for the case R .= 2. 
13-10. Do Prob. 13-8 for the function 

0< t <,.. 
". < t 

13-11. Do Prob. 13-8 for the case R - 2, using the driving ftdlCtion specified in 
Prob. 13-10. 
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13-12. Referring to Fig. P 13-5, what is the immittance function presented to the 

flywheel, when it is connected to ring A, if immittance is defined as the ratio of trans­
forms of torque to angular velocity. It is assumed that no external load is connected 
to shaft 810 

13-13. In the system specified in Fig. 13-5 obtain the Helmholtz equivalent system 
parameters which could be used if this system were to be connected to another system 
by shaft 8 1• The output functions are "'I and T I , respectively, the angular velocity 
and torque of shaft 8 1• 

13-14. In the system specified in Fig. P 13-6, obtain the Helmholtz equivalent sys­
tem parameters which could be used if this system were to be connected to another 
system, by shaft 8.. The output functions are "" and T., respectively, the angular 
velocity and torque of shaft 8 •. 

13-16. In Fig. P 13-1, suppose that there is a pair of output terminals at the ends 
of the inductance. Assuming that there are an initial current io in the inductance 
and an initial charge qo on the capacitor, and assuming the excitation given in the 
figure, obtain the parameters of the Thevenin form of the Helmholtz equivalent of 
this system. 

13-16. Using the specifications given in Prob. 13-15, find the parameters of the Nor­
ton form of the Helmholtz equivalent. 

13-17. In Fig. P 13-1 suppose that there is a pair of output terminals across resistor 
R2• Assuming that there are an initial current io in the inductance and an initial 
charge qo on the capacitor and assuming the excitation given in the figure, obtain the 
parameters of the Thevenin form of the Helmholtz equivalent. 

13-18. Using the specifications given in Prob. 13-17, find the parameters of the 
Norton form of the Helmholtz equivalent. 

13-19. Assuming that a system is without stored energy at t = - 00, develop a 
theory using the two-sided Laplace transform, for finding the response ret) to a driv­
ing function f(t), for the integrodifferential equation 

dr /' a di + br + c _ .. reT) dT = f(t) 

Refer to Probs. 12-16 and 12-17 for further information. 
13-20. Referring to Prob. 13-19, let a = c = 1 and b = 4, and use two-sided 

Laplace transform theory to solve for ret) in the following two cases: 

(a) f(t) = { !, t>O 
t < 0 

13-21. For a driving function f(t) 
two liIystems: 

(a) H(8) = _8_ 
8+1 

(b) f(t) = e-I,I 

Ve, obtain the response ret) for the following 

1 
(b) H(a) = 8 + 1 

(HINT: See Prob. 11-15 for related transforms.) 
13-22. By virtue of the relation .e[( -t)"f(t)] = d"F(8)/ds", certain differential equa­

tions involving variable coeClcients elm be solved. As an example, obtain the solu­
tion of the zeroth-order Bessel equation 

,d~~) + d'j;) + t/(t) _ 0 

(HINT: See Prob. 10-35 for related information.) 



CHAPTER 14 

IMPULSE FUNCTIONS 

14-1. Introduction. There are many physical systems in which a driv­
ing function has a very short duration and where the response is required 
only after the driving pulse has died out. Impact between colliding 
bodies and the response of a ballistic galvanometer are cases in point. 

A similar situation also occurs in certain cases where the independent 
variable is a spatial coordinate. A simple beam with a concentrated 
weight is an example. In any practical case the weight must cover a 
finite length of the beam. However, many answers can be obtained, 
such as reactions at the support and a good approximation of the amount 
of bending, if the actually distributed force due to the weight is replaced 
by an equivalent concentrated force at a mathematical point. This 
conceptual model would not, however, accurately predict the bending 
directly under the weight. Another example occurs in electrostatic-field 
theory, where it is recognized that in certain situations charged bodies 
of finite size can be replaced by point charges. 

These cases all share the property that a response is to be computed 
which will be valid for values of the independent variable outside the 
range of that variable over which the driving function is not zero. In the 
notation of the Laplace transform of a function of t, this function of short 
duration T, and which we shall call h(t), can be characterized by a 
strength 

P = JoT h(t) dt (14-1) 

We shall find, within certain limitations, that the response of the system 
is a function of P and does not depend upon detailed properties of h(t). 
A pulse for which P is unity is called a unit pUlse. 

14-2. Examples of an Impulse Response. Consider the circuit of Fig. 
14-1, driven by the voltage pulse 

.,(1) ~ {f 0< t < T 

T < t (14-2) 

We assume that the capacitance has zero charge at t ... 0 and regard 
410 
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the voltage vc{t) across the capacitor as the response function. From 
routine analysis, the following relation in transform functions is obtained: 

1 1-e-sT 
Vc{s) = RCs + 1 sT 

_ 1 (1 1) (1 -sT) -r "8 - s + 1/ RC - e (14-3) 

The inverse transform is readily found to be 

Vc(t) = ~ [(1 - e-t/RC)u(t) - (1 - e-(I-T)fRC)u{t - T)] (14-4) 

If t > T, the above reduces to 

_ (eT/Rc - 1) e-I/RC 
vc{t) - T/RC RC T < t (14-5) 

As T approaches zero, the quantity in parentheses approaches 1, so that 

lim vc{t) = _1_ e-I/RC 
2' ..... 0 RC 

(14-6) 

The fact that the response function approaches a unique limit is not 
surprising, since the pulse area 

foT 
Vo{t) dt = 1 (14-7) 

is constant as the width approaches zero. In the language of Eq. (14-1), 
the pulse has unit strength. 

R 

Jlll. Vo 

o :r 

FIG. 14-1. An RC circuit excited by a 
pulse of duration T « RC. 

A1 
----------~o T~---------

FIG. 14-2. A triangular unit pulse. 

Now let the same circuit be driven by a triangular pulse of unit 
strength, as shown in Fig. 14-2. Again assuming that vc(O) = 0, the 
transform of the response is 

4 1 - 2e-sT/2 + e~sT 
V.{s) = RCs + 1 T 2s2 

= ~ (-.!. _ ~C + RC ) (1 _ 2e-sT/2 + e-sT) (14-8) 
T2 S2 s S + 1/ RC 
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Weare interested only in the response when T < t, which is readily 
seen to be 

v.Ct) = i2 [t + RC(e-IIRC - 1)] 

- :2 [(t - ~) + RC(e-(I-TI2)fRC - 1)] 
+ i2 [(t - T) + RC(e-(I-T)/RC - 1)] 

T < t (14-9) 

It is seen that the quantity in parentheses approaches unity as T -+ 0, 
and Eq. (14-6) is obtained in the limit. 

It being recognized that T will remain finite in any practical situation, 
it is useful to estimate how small T must be for the actual response to 
differ negligibly from Eq. (14-6). Considering the rectangular pulse, 
we see that the correction factor in Eq. (14-5) is 

eTIRC - 1 _ 1 + TIRC + ~CTIRC)2 + ... - 1 
TIRC - TIRC 

T 
= 1 + 2RC + ... (14-10) 

which shows that, if T 12RC « 1, the per unit error is approximately 
T 12RC. Thus, for example, if 

T < 0.02RC 

Eq. (14-6) gives the exact response (for T < t) within about 1 per cent. 
For these two examples the limits approached by the actual responses 

for T < t are the same, illustrating that the strength, rather than the 
shape of the pulse, is the determining characteristic. 

JL 
o T 9'-____ -I~ ~'J 

FIG. 14-3. A network excited by a general unit pulse. 

14-3. Impulse Response for the General Case. Let us now consider 
the general case of a linear lumped-parameter initially relaxed system 
driven by an arbitrary positive unit pulse, as illustrated in Fig. 14-3. The 
pulse function, designated by liT(t), is one of a family of pulses which are 
zero outside the variable interval T and which satisfy the conditions 

and lim (T OT(t) dt = 1 
T-+O Jo (14-11) 
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H(8) is the system function, and ~(t) is the response. * Since the system 
has lumped parameters, it is described by a set of ordinary integro­
differential equations and H(8) is therefore a rational function of 8. 

We also temporarily make the assumption that H(8) is of lower degree 
in the numerator than in the denominator. Under these conditions (see 
Theorem 10-11) we know that H(8) has a continuous inverse transform 

h(t) = .,c-l[H(8)] 

In transform functions, the system is described by 

HT(S) = H(s)I1T(s) 

(14-12) 

(14-13) 

where HT(S) and I1T(s) are the respective transforms of hT(t) and 8T(t). 
The product in Eq. (14-13) suggests writing the convolution formula 

hT(t) = fOT 8T(T)h(t - T) dT T < t (14-14) 

The upper limit of integration is T because 8T (t) is identically zero for 
T < t. For simplicity, we shall assume that 8T (t) is nonnegative for all 
t, and it is known that h(t) is continuous. One form of the mean-value 
theorem for integralst is used to give 

~(t) = h(t - X) fOT ~(T) dT 

or, in view of Eqs. (14-11), 

hT(t) = h(t - X) 

T < t 

T < t (14-15) 

where 0 ~ X ~ T for all t. Since h(t) is continuous. we can now write 

lim hT(t) = h(t) (14-16) T-+O 
* H(s) is the system function defined in Sec. 13-15. 
t The mean-value theorem used here is slightly different from that usually stated 

in elementary texts. The required theorem is readily proved, as follows: Let u(z) 
be continuous, a ~ z ~ b, and let I1(X) be nonnegative for all x in the interval. Being 
continuous, u(x) will have a lower bound m and an upper bound M. The quantities 
u(x) - m, M - u(x), and I1(X) are all nonnegative. Therefore 

fab U(X)V(X) dx - m fab I1(X) dx = fab lu(x) - mll1(x) dx !?; 0 

M fab I1(X) dx - fab U(X)I1(X) dx = fab 1M - u(x»)v(X) !?; 0 

and therefore m fab I1(X) dx ~ fab U(X)V(X) dx ~ M fab I1(X) dx 

In view of this inequality, 

fab U(X)I1(X) dx = u(:c' ) fab V(X) dx 

where u(x') has a value between m and M. Being continuous, u(x) takes on all 
values between m and M in the interval of integration. Therefore, we are sure that 
a ~ x' ~ b. 
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In words, we state this result by saying that the inverse transform 
of the system function is the limit approached by the response to a short 
pulse of unit area, as the duration of the pulse approaches zero. This 
general result is confirmed by the example in Sec. 14-2. The limit 
approached by the response was found to be 

and its transform is 

~ e-t / BC 
RC 

1 
RCs + 1 

which is indeed the system function Vc(s)/Vo(s). 
Let us turn again to the practical situation, in which T can never reach 

zero. The argument on the right of Eq. (14-15) differs from t by at most 
the amount T. This fact gives the approximate formula 

Per unit error < T I ~(W I = I T ~ [log h(t)ll (14-17) 

Applied to the example of Sec. 14-2, this estimate yields T I RC, rather 
than the previously obtained value of T /2RC. The factor of 2 by which 
these two estimates differ is not significant, since we are obtaining only 
an order-of-magnitude appraisal. Equation (14-17) is significant because 
it provides an estimate which is independent of the parameters of a 
specific system. In general, the result shows that the maximum rate 
of change of h(t) determines how small T must be for the actual response 
to differ from h(t) by a negligible amount. 

In order to simplify the derivation, we assumed that the pulse was a 
nonnegative function. However, this restriction is not necessary, as 
can be seen by applying the mean-value theorem separately to each inter­
val of t over which the function does not change sign. Of course, the 
condition that its integral from 0 to T shall be unity must be retained. 

When the unit-pulse excitation is short enough in duration for h(t) to 
be indistinguishable from the actual response, such a pulse is called a 
unit impulse and h(t) is called the impulse response of the system. The 
unit-impulse function is not uniquely defined; the acceptable duration T 
depends on the system function. In practice, a pulse which is short 
enough in durat.ion to act as an impulse for one system might be too 
extended to act as an impulse for another system. 

The main conclusions reached in this section can be summarized by the 
following theorem: 

Theorem 14-1. * If a linear lumped system, with a transmission function 
H(s) which has a zero at infinity, is excited by a unit pulse, the limit 

• A similar theorem can be stated for distributed systems, for which H(s) is a trans­
cendental function of the proper form to have an inverse trallilform. 
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approached by the response, as the duration of the pulse approaches 
zero, is 

h(t) .. ,c-l[H(a)] 

14-4. Impulsive Response. In the previous section we were careful to 
specify H(a) as a rational function with a zero at infinity, therebyensur­
ing existence of ,c-l[H(a)]. We now consider a system for which H(a) is 
rational but with an nth-order pole at infinity, in which case ,c-l[H (a)] does 
not exist. Clearly, the development of the preceding section does not 
apply. However, if 8r (t) is defined so as to have n continuous deriva­
tives, all of which are zero at t = 0, and a piecewise continuous (n + 1)st 
derivative, the following sequence of transforms will exist: 

Then we can write 

,c[8T(t)] = AT(a) 
,c[8~(t)] = SATeS) 

The factor H(s)/s .. +1 has an inverse transform, and we have shown 
that the factor in brackets has an inverse. Accordingly, by Theorem 
12-10 it is known that ,c-l[HT(S)] exists and can be designated by hT(t).· 

Now let H(s) be written as a partial-fraction expansion (see Sec. 5-15), 
with the polynomial part written explicitly, giving 

H(s) = G(a) + Ao + A 1s + ... + Ans" (14-18) 

In the above, G(s) is the sum of the principal parts at the finite poles and 
therefore has an inverse transform 

get) = ,c-l[G(S)] (14-19) 

Now it is possible to write 

HT(S) = G(S)AT(S) + (Ao + Ais + ... + Ansn)AT(s) (14-20) 

The first term on the right is the product of two functions, each of which 
has an inverse transform. Accordingly, the convolution theorem applies, 
giving 

o ~ t < T 

T ~ t 
(14-21) 

• Theorem 12-11 could be used to yield this result directly. 
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Furthermore, in view of the existence of n derivatives of 8T (t), it follows 
that 

,e-l[A~T(S)] = Ao8T(t) 
,e-l[A 1s.:lT (S)] = A 18T(t) 

,e-l[A"s".:lT(8)] = A .. 6T<")(t) 

(14-22) 

If T is very small, so that there is no significant difference between 
get - X) and get), where 0 ~ X ~ T, we can use the mean-value theorem 
given in Sec. 14-3 to write the approximate equalities 

Jo' get - T)8T(T) dT = get) Jot 8T(T) dT = a(t)g(t) 

JoT get - T)8T(T) dT = get) 

where a(t) = 10' 8T(T) aT 

o ~ t < T 

t ~ T (14-23) 

is positive and lies in the interval 0 ~ aCt) ~ 1. Thus, approximately, 

{ 

a(t)g(t) + A o8T(t) + A18~(t) + ... + A .. 8T<")(t) 
hT(t) = 0 ~ t < T (14-24) 

get) T ~ t 

The approximation can be as good as we like, by making T sufficiently 
small. Furthermore, 8T (t) and its derivatives become increasingly large, 
for 0 < t < T, as T is made small, and so la(t)g(t)l, which remains finite 
and less than Ig(OI, eventually becomes negligible. There is therefore 
the possibility of saying that in the interval 0 ~ t < T there is no sig­
nificant change if we replace a(t)g(t) by get), thereby allowing hT(t) to be 
represented by the single approximate formula 

hT(t) = gCt) + A o8T(t) + A 18T(t) + ... + A .. 8T<")(t) (14-25) 

for 0 < t. The one point t = 0 is excluded, since g(O) is not necessarily 
zero, whereas a(t)g(t) must be zero at t = 0 because a(O) = O. 

It is convenient to continue using the notation of the previous section, 
employing the symbols 8(t), 8'(t), etc., to signify 8T(t), 8T(t), etc., when T 
is small enough for Eq. (14-25) to be valid. We shall also drop the sub­
script on ~(t), with a similar interpretation. Accordingly, Eq. (14-25) 
is simplified to 

o < t (14-26) 

as the approximate response of a system to a short unit impulse. 
In Eq. (14-17), the symbol h(t) implies the limit of hT(t) as T goes to 

zero. However, in the present case, such a limit does not exist, because 
87'(t) , 8T(t), etc., do not approach limits. Thus, we emphasize that in 



IMPULSE FUNCTIONS 417 

Eq. (14-26) T is very small, but finite, and that the meaning of the words 
very small depends on the nature of get). 

When aT(t) is short enough in duration to allow it to be written a(t), 
it becomes a unit impulse. The functions a~(t), a~(t), etc., are called, 
respectively, the unit doublet, unit triplet, etc. It is customary, although 
not necessary, to define 8T(t) in such a way that 8~(t) changes sign only 
once, 8~ (t) only twice, etc. Examples are shown in Fig. 14-4 for the case 
where 8~(t) is piecewise continuous but for which a~'(t) does not exist. 
The original pulse can always be made smooth enough at t = 0 and t = T 
to allow any required number of derivatives to be continuous. 

T 

FIG. 14-4. Example of a unit pulse having first and second derivatives which, respec­
tively, yield the unit doublet and the unit triplet. 

The fact that H(8) does not have an inverse transform, unless it is 
zero at infinity, makes it necessary to separate out G(8) and ultimately 
to arrive at Eq. (14-26) instead of Eq. (14-17). However, a symbolic 
notation has been invented which allows a similar notation to be used 
for both cases. This is accomplished by defining the symbol .c-1[H(8)] 
to mean 

.c-1[H(8)] = .c-1[G(s)] + Aoa(t) + A 18'(t) + ... + A .. 8(n)(t) (14-27) 

Use of the symbol .c-1 might be questioned; but it is reasonable, since 
the above reduces to a true inverse transform in the event that all A's 
are zero. 

Since Eq. (14-27) should apply if all terms but one are zero, this 
definition is consistent with the following definitions of symbolic trans­
forms and their inverses: 

.c-1(l) = 8(t) 
.c-1(8) = a'(t) 

.c-1(82) = a"(t) 

1 = .c[8(t)] 
8 = .c[a'(t)] 

82 .= .c[ a" (t)] 
(14-28) 

With the aid of this notation, it is now possible to state a theorem which 
is more general than Theorem 14-1, as follows: 
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Theorem 14-2. Let a linear system be represented by a rational func­
tion H(s) having a pole of order n at infinity, and let the function be 
written 

H(s) = G(s) + Ao + Al8 + ... + AII8 

where G(s) is zero at infinity. If ,e-l[H(s)] is defined as 

,e-l[H(s)J = ,e-l[G(S)J + Aoa(t) + Ala'(t) + ... + A"aC")(t) 

then the response of the system to a unit pulse which is short enough 
in duration to be considered a unit impulse is given approximately by 

h(t) = ,e-l[H(s)J 

14-6. Impulse Excitation Occurring at t = T 1• It is a logical extension 
of the previous section to consider the excitation of a system by a dis­
placed unit impulse, occurring at a position t = T1. The notation hT(t) 
will again be used to designate the response to a pulse aT(t - T l) which 
has duration T and commences at t = T 1. It is understood that the 
function aT(t) is zero for negative t. From Theorem 10-8 the transform 
of the response is known to be 

(14-29) 

If H(s) is given by Eq. (14-18), we have 

HT(S) = G(s).:1T(s)e-·T• + (Ao + Als + ... + A"s").:1T(s)e-·T• (14-30) 

By arguments involving the convolution theorem, in similarity with 
the development of Eq. (14-21), it is found that when T is very small 
we can write 

,e-l[G(S).:1T (S)e-·T.] = get - T1)U(t - T l) 

and, approximately, 

,e-l[Ao.:1T(s)e-·T.] = AoaT(t - T l) 

etc., and so when T is sufficiently small to write h(t) in place of hT(t) 
we get 

h(t) = get - T1)U(t - T l ) + Aoa(t - T 1) + Ala'(t - T l ) + ... 
+ A"aCn)(t - T l ) t ;;.£ Tl (14-31) 

This can be written, symbolically, 

h(t) = ,e-l[H(s)e-·T.] 

where, by definition, 

,e-l[H(s)e-·T.] = ,e-l[G(s)e-·T.] + Aoa(t - T l ) + Ala'(t - T l ) 

+ ... + A"aCn)(t - T l ) (14-32) 
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This last definition amounts to an extension of the symbolic notation 
of Eq. (14-27), to which it reduces when Tl = O. Also, Eq. (14-32) 
is consistent with the following definitions: 

.c-'(e-·T,) = a(t - T,) .c[a(t - T,)] = r·T, 
.c-1(sr·T,) = a'(t - T 1) .c[a'(t - T,)] = se-·T, 

.c-'(S2e-.T,) = a"(t - T 1) .c[a"(t - T 1)] = s2e-.T, (14-33) 

In concluding this and the previous section it is to be emphasized 
that we are using a symbolic notation which looks like Laplace transform 
notation, and which is derived from the Laplace transform theory. How­
ever, the functions 1, 8, 8 2, etc., are not Laplace transforms and hence 
have no inverse transforms. When applied in these cases, the .c-1 
symbol should be regarded purely as a symbolism for the definitions 
given in Eqs. (14-28) and (14-33). 

14-6. Generalization of the "Laplace Transform" of the Derivative. 
The symbolic notation defined in the last two sections permits a general­
ized treatment of the derivative, extending the earlier results presented 
in Theorems 10-9 and 12-6. First 
we shall generalize Theorem 10-9. 

Consider a continuous function 
f(t) of exponential order and having 
a derivative for t > 0 which ap- ((o+) 

proaches a limit as t approaches zero; 
and let the value off(O+) be different 
from zero. Let this function be 
approximated by a continuous func-
tion h(t), which is identical with 

,: 
A-+-(T(t) 

I : 
I I 

I : , ' , : 
I 

T f(t), for t > T, but which is zero at 
FIG. 14-5. Approximation at a discon-

t .= O. An example is shown in Fig. tinuity by a continuous function. 
14-&. The symbol f'(t) will be used 
to designate the derivative of f(t) for t > O. The modified function can 
be written with the aid of a aT(t) function, as follows:* 

h(t) = Jot f'(T) dT + f(O+) lot aT(T) dT 

The derivative is 
I~(t) = I'(t) + 1(0+ )8'1'(0 

(14-34) 

(14-35) 

Although this formula is valid for all values of T, 8T (t) will be regarded 
as a unit impulse in any specific case for whichl'(t) is negligible compared 
with f(O+ )aT(t) in the interval 0 < t < T. This provides a criterion 
for estimating under what conditions aT(t) can be replaced by a(t). To 

• It is assumed that If'(t) has the same sign throughout the interval 0 ~ t ~ T. 
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drop the T subscript on I~(t) would make the symbol indistinguishable 
from f'.(t) as used on t~e ~ght of Eq. (l~-35). ~ccordingly, I~(t) is u~ed . 
to desIgnate the derIvative when T 18 suffiCIently small. Equation· 

1 (14-35) now becomes 1 
fW) = I'(t) + 1(0+ )c5(t) (14-36) 

and from Theorem 10-9 we have 

I'(t) = .c-1[sF(s) - 1(0+)] 
and finally I~(t) = .c-1[sF(s) - 1(0+)] + 1(0+ )c5(t) 

(14-37) 
(14-38) 

It being recognized that the first term on the right is a true inverse trans­
form, it is convenient to write 

sF(s) = [sF(s) - 1(0+)] + 1(0+) 

and to recognize this as similar to Eq. (14-18), where 

(14-39) 

Al = A2 = ... = A" = 0 

Then, by following the definition in Eqs. (14-28), it is consistent to write 
the symbolic equation 

.c-1[sF(s)] = .c-1[sF(s) - 1(0+)] + 1(0+ )c5(t) (14-40) 

, I 
I I 

I : 
I : 
I : 
I : 
I I 

T 
FIG. 14-6. Approximation at a dis­
continuity by a function having a 
continuouB first derivative. 

in terms of which Eq. (14-38) becomes 

IW) = .c-1[sF{s)] o < t (14-41) 

This process can be extended to 
higher-order derivatives. If we are 
interested in the nth derivative, I{t) 
and all its derivatives must be modi­
fied close to the origin, giving a se­
quence of functions h(t), I~(t), ... , 
IT(,,-I) (t) each of which is zero att = O. 
This requirement places a restriction 
on the modification of I(t), as com­
pared with the previous case (see 

Fig. 14-6 for the case where the second derivative is considered). .An 
analysis similar to the previous case then yields the symbolic result 

1,(fI){t) = .e-1[s"F(s)] 0 < t 
where .e-1[SflF(s)] is defined as 

.e-1[s"F(s)] = .e-1[s"F(s) - s,,-I/(O+) - ... - 1',,-1)(0+)] 
+ 1(0+ ) 15(,,-1) (t) + ... + 1',,-1)(0+ )c5(tJ (14-42) 

Of course, this definition is consistent with Eqs. (14-28). In this case, 
omission of the subscript T implies that T is small enough to ensure 
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negligibility of I(.I:)(O+} compared with j<.I:+l) (0+ } a(k+l) (t) in the small 
interval 0 ~ t < T, for each k in the range 0 ~ k ~ n. 

Now we shall generalize Theorem 12-6, which deals with the case 
where J(t} has discontinuities at T I , T 2, etc. It will be sufficiently gen­
eral to consider a single discontinuity, at T I • Also, since the case where 
J(O+) r£ 0 has been covered, we now assume I(O+} = O. The deriva­
tive symbol is used in the sense defined in Theorem 12-6. That is, I'(t} 
is undefined at T I. It is assumed that I'(t} exists for t r£ TI and has 
finite limits (not necessarily the same) as TI is approached from right or 
left. In similarity with the previous case, a modified function h(t) is 
defined, in which the jump at Tl is replaced by a continuous curve 
(with slope of constant sign) extending over a short interval T. 

In similarity with Eq. (14-34), we can write 

where 

IT(t) = JOI f'(T} dT + Bl JOI aT(T - T1} dT 

B1=J(T1+) -J(T1-) 

(14-43) 

is the jump at the discontinuity. When T is sufficiently small, the deriv­
ative is 

IW) = I'(t} + B1a(t - T 1) 

and from Theorem 12-6 

I'(t) = £-l[sF(s) - B1e-·T,] 

Thus, Eq. (14-44) can be written 

(14-44) 

IW) = £-l[sF(s) - B1e-·T ,] + B1a(t - T 1) 

Now we write 

t r£ Tl (14-45) 

(14-46) 

The quantity in brackets has an inverse transform, and so this is similar 
to Eq. (14-32). Thus, using the symbolic notation of Eqs. (14-33), we 
have 

£-l[sF(s)] = £-l[sF(s) - B1e-·T ,] + B1a(t - T 1} 

which allows us again to write 

IW) = £-l[sF(s)] 

(14-47) 

This process can be extended to higher-order derivatives. As a theorem. 
we can now state the following: 

Theorem 14-3. If a function I(t} and n - 1 derivatives are piecewise 
continuous and of exponential order (the derivatives being considered in 
the sense defined in Theorem 12-6), and iff,(t},!~/(t), etc., are the deriva­
tives of approximating continuous functions, where the interval over 
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which each actual discontinuity is approximated by a continuous func­
tion is made arbitrarily small, then the symbolic Laplace transform of 
f,,<")(t) is related to F(s) = .c[f(t)] by 

.c[J,,<")(t)] = s"F(s) (14-48) 

Thus, in the sense that the derivative is now defined, the formula 
for the "Laplace transform" is simplified. This result is of minor 
value in problem solving, but it has some conceptual value, particularly 
in the following section. To illustrate how these ideas would apply to 
a practical problem, consider the equation 

L~ + Ri = V 
dt 

where V is constant, subject to the condition i(O+) = io. Using the 
modified current iT(t), we have 

i~(t) = i' (t) + iOaT(t) 

and so the original equation can also be written 

Li~(t) - LiOaT(t) + Ri = V 

By making T small, the difference between i and iT becomes negligible 
for t > 0, and the subscript T can be dropped, giving 

Li~(t) + Ri(t) = V + Lioa(t) 

.c[iW)] = sl(s), where I(s) = .c[i(t)], and from Eqs. (14-28) we have 

.c[a(t)] = 1 

all in symbolic notation. Therefore, 

and thus 

l(s)(Ls + R) = V + Lio 

I() = V + Lio 
s R +Ls 

is the transform of the solution. This same result would have been 
obtained by using Theorem 10-9, apparently with less effort than by 
the present method. However, the example does show that it is pos­
sible to regard the initial value io as contributing an impulse excitation 
of strength io and then to disregard io in writing the Laplace transform 
of the derivative. 

14-7. Response to the Derivative and Integral of an Excitation. The 
main purpose of introducing the generalized treatment in the previous 
section was to make it possible to develop a rather interesting and simple 
relationship which otherwise could be stated only with encumbering quali­
fications. We consider a lumped linear initially relaxed system, with an 
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excitation f(t) and response ret). Assume that f(t) and ret) have Laplace 
transforms, respectively designated by F(s) and R(s). Then, 

R(s) = H(s)F(s) (14-49) 

Now suppose that the driving function is replaced by the nth derivative 
of f(t), where the derivative is interpreted as Nn)(t), as defined in Sec. 
14-6. The transform of the (lerivative is snF(s), and so the response is 

(14-50)* 

However, the right-hand side is r~(n)(t). This result includes the special 
case where the nth derivative of ret) exists in the ordinary sense. 

Of course, it is true that the response to the integral of a certain excita­
tion function will be the integral of the response to the excitation. 
That is, after n integrations of the excitation, the transform of the 
response is 

H(s) F(s) = H(s)F(s) 
8" 8n (14-51) 

No difficulty of existence of transforms is experienced in the case of 
integral relationships, because each integration increases the degree of 
the denominator by 1. These results are now summarized as the follow­
ing theorem: 

Theorem 14-4. If a system function H(8) is rational, and if when 
initially relaxed the response ret) is obtained from a driving function 
f(t), then if the driving function is changed to the nth derivative f~(n)(t), 
the response will change to the nth derivative r~(n)(t), these derivatives 
being in the sense of the approximations obtained when continuous 
approximations are used over arbitrarily small intervals at all discon­
tinuities. Also, if the function 

/0'(0) f(t) dt = /0' ... /0'1 /0" f(to) dto dtl ... dt .. _l 

acts as an excitation, the response is 

/0'<" ret) 

where the symbol (n) implies the iterated process of integration indicated 
above. 

It is interesting to note that even though f(t) might be discontinuous, 
causing its derivative to have impulsive components, it is not necessary 

• This equation is written with the knowledge that we are permitted to commute 
the factors of a transform function. We need consider only the definition of £[&(0) 
to realize that this interchange is proper for symbolic as well as true transforms. 



424 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

that these impulsive components appear in the response. If 8"H(8)F(8} 
is zero at infinity, there will be no impulsive component in the response. 

A particularly useful application of Theorem 14-4 relates the impulse 
response of a system to the response to the unit step. The derivative 
of the unit step, in the sense used here, is 

uW) = c5(t) 

and so if S(t) is the response to u(t), it follows from Theorem 14-4 that 
the impulse response is 

h(t) = dS(t) 
dt 

(14-52) 

It is left to you as an exercise to try this out on simple examples. 
14-8. The Singularity Functions. The group of functions c5T(t), c5~(t), 

c5~(c5), etc., have been defined and used in the previous work, showing how 
it is possible, in a specific problem, to make T small enough so that the 
response of a system to one of these functions is substantially independ­
ent of T. When T is small enough to satisfy this condition, these func­
tions are designated by c5(t) , c5'(t), (/'(t), etc., and have been called the 
unit impulse, the unit doublet, etc. The doublet and triplet are also called 
8econd-order and third-order impulses, respectively. These functions are 
members of the family of functions called singularity functions. Addi­
tional members of the family are obtained by successive integration. 
For example, 

c5TC- ll (t) = Jo' c5T(T) dT 

c5TC- 2)(t) = Jo' c5T (-l)(T) dT (14-53) 

are additional functions, which are designated by c5 C- 1)(t), c5C- 2)(t), etc., 
when T is sufficiently small. Although the functions c5T(t) , c5~(t), etc., 
do not approach limits as T goes to zero, it is noted that the negative-order 
singularity functions do approach limits. In fact 

lim c5T(-l)(t) = c5(-l)(t) = u(t) 
T-O 

is identical with the unit-step function. Also 

is known 8.8 the unit-ramp function. -' 

t<O 
t>O 

(14-54) 

In view of the existence of the limits as T goes to zero, the negative­
order singularity functions are precisely definable true functions, as 
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compared with the impulse "functions," which are not true functions 
because for them limits do not exist. However, the singularity function 
of order - k is singular to the extent that the kth derivative does not 
exist at t = O. Of course, singularity functions of all orders can be 
defined so as to be singular at any prescribed value of t. 

Theorem 14-4 applies to the negative-order singularity functions. As 
an example, suppose that we begin with the known current response 
of an initially relaxed RL circuit to a unit impulse of voltage, namely, 

i = £-1 (R ~ L8) = l e-Rt
/
L 

The response to a unit step is 

110' 1 I' 1 - e-R./L dT = - - e-R./L = - (1 - e-R1/L ) 
LoR 0 R 

and the response to a unit ramp is 

110' 1 ( L ) /' - (1 - e-R./L ) dT = - T + - e-R./L 

R 0 R R 0 

= _ L +.! + .!:... e-R'/L 
R2 R R2 

14-9. Interchangeability of Order of Differentiation and Integration. 
An interesting interpretation of the positive-order singularity functions 
is obtained when we consider the difference between the results obtained 
when a function is differentiated and then integrated and those when it 
is integrated and then differentiated. These operations are noncommuta­
tive, in general. We shall consider here only the first-order impulse. 

In the notation we have been using, if f(t) is integrable and differ­
entiable for t > 0, differentiating and then integrating yields 

Jo' f'(T) dT = f(t) - f(o+) (14-55) 

However, integrating first, and then differentiating, yields the different 
result 

d f' dt}o f(T) dT -= f(t) (14-56) 

This situation can be extended to the case wheref(t) has a discontinuity 
at T 1 and!, (t) is defined in the sense given in Theorem 12-6. Then, for 
t> T 1, 

(' f'(T) dT = (T. f'(T) dT + f I !'(T) dT 
}o }o ~ 

=f(t) +f(T I -) -f(T1+) -f(O) (14-57) 



426 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

whereas Eq. (14-56) still holds for the inverted order. If we differentiate 
first and then integrate, we get a continuous function which is zero at 
t = O. The constants in Eqs. (14-55) and (14-57) subtract out the 
amounts of the discontinuous jumps in f(t). 

From the above, it is evident that noncommutability of differentiation 
and integration is due to f(O+) not necessarily being zero and to dis­
continuities of f(t). Accordingly, it is evident that the operations are 
commutable for a continuous function if it is zero for t = o. The 
approximation for f(t) previously described and labeled /T(t) meets this 
condition. Thus, 

(14-58) 

for all approximations of f(t) for which T is finite. A symbolic notation 
can now be introduced whereby T is considered to be small enough to 
write f(t) on the right of Eq. (14-58) and fW) on the left, giving 

(I d (I 
. }o f~(T) dT = dt }o f(T) dT (14-59) 

This result is consistent with the symbolic property of the impulse 
function whereby 

t > 0 
t ~ 0 

Referring to Eqs. (14-36) and (14-44), we have 

f~(t) =f'(t) +f(O+)a(t) + [f(T1+) -f(T1-)]a(t - T 1) 

and its integral, for 0 < t < T 1, is 

Jot fHT) dT = f(t) - f(O+) + f(O+) = f(t) 

For Tl < t, the integral is 

JolfHT)dT =f(t) -f(O+) +f(O+) - [f(T1+) -f(T1-)] 

+ [f(T 1+) - f(T1-)] 
= f(t) 

In both cases, f(t) agrees with the known correct function for the right­
hand side of Eq. (14-59). 

14-10. Integrands with Impulsive Factors. A unit pulse has been 
defined to have the property 

JOT IiT(T) dT = 1 
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and 6T(t) = 0 when t < 0 and when t > T. An integral like 

Jo' 6T {T)f{T) dT 

sometimes occurs in problems arising from physical situations. Since 
6T(t) is zero for T < t, we immediately have 

T < t (14-60) 

Except for differences in symbols, the right-hand side of Eq. (14-60) is 
like the integral inEq. (14-14). Relying on the discussion of the latter, 
as given in Sec. 14-3, it is evident that, if 6T {t) is nonnegative, and if f(t) 
is continuous in the interval 0 ~ t ~ T, 

T < t 

where 0 ~ X ~ T. If T is so small that f{t) does not change appreciably 
between 0 and T, 6T (t) can be called an impulse function and written 
6(t) and f(X) can be replaced by f(O) as an approximate equivalent, 
giving 

t > 0 (14-61) 

Similarly, if 6T (t - T 1) is defined with T small enough so that f(t) 
does not change appreciably between Tl and Tl + T, we have the general 
case 

(14-62) 

Corresponding formulas can be written for the higher-order impulse 
functions. Taking the second-order case as an example, we assume that 
6T (t) has a piecewise continuous derivative 6~(t) and consider 

T < t 

According to Theorem 8-4, the integral on the right can be integrated by 
parts, giving 

JOT 6~(T)f(T) dT = 6T(T)f(T) - 6T(0)f{0) - JOT 6T(T)f'(T) dT 

However, 6T (t) must be continuous in order to be piecewise differentiable, 
and 6T(t) = 0 for t < 0 and t > T. Therefore 6T(T) = 6T(0) = O. 
Furthermore, if f'(T) is PC, the principles applied to Eq. (14-60) apply, 
giving 

(14-63) 
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If f(t) is approximately constant between 0 and T, O~(T) can be replaced 
by the second-order impulse 0' (t) , and f(X) can be replaced by 1'(0), 
giving the approximate result 

t> 0 (14-64) 

Repeated application of this analysis yields a result for the general 
nth-order impulse occurring at the general point T I, leading to the follow­
ing theorem: 

Theorem 14-5. If the nth derivative of J(t) is piecewise continuous, 
and if o(n)(t) is an nth-order impulse defined as OT(n)(t) when T is small 
enough so that j<n)(t) is approximately constant in the range 

Tl ~ t ~ Tl + T 
then approximately 

fol O(n)(T - TI)f(T) dT = (-1)"J(n)(TI) (14-65) 

14-11. Convolution Extended to Impulse Functions. In Theorem 12-3 
it is stated that under certain conditions 

.c-1[F(s)G(s)] = fol J(T)g(t - T) dT 

= fo' J(t - T)g(T) dT 

where the integral on the right is called a convolution integral. With 
the aid of ideas presented in Sec. 14-10, it is possible symbolically to 
extend the convolution theorem to certain cases where F(s) and/or G(s) 
do not have inverse transforms. Suppose, for example, that in the 
symbolic sense we are interested in the inverse transform of the product 

[F(s) + Ae-·T'][G(s) + Be-·T.] 

where TI = T2 is a possibility, and where F(s)G(s) meets conditions 
sufficient to have an inverse. Then, by using the definition of an 
inverse given in Eq. (14-32), the inverse of the above is found to be 

.c-I[F(s)G(s)] + .c-I[AG(s)e-·T, + BF(s)e-.T.] + AB.c-1(e-·(T,+T.») 

= fot J(T)g(t - T) dT + Ag(t - TI)u(t - T I) + BJ(t - T2)U(t - T 2) 
. + ARO(t - Tl - T 2) (14-66) 

Next we shall apply the principles established in Sec. 14-10 to the convolu­
tion integral, to establish that the same result is obtained. The integral 
in question is obtained by using the following individual relationships: 

.c-I[F(s) + Ae-·T,] = J(t) + Ao .. (t - T1) 

,c-I[G(S) + Be-·T.] = get) + ROb(t - T 2) 
(14-67) 
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The impulse functions would normally be written without designating 
finite widths by the a and b subscripts. However, these are included as a 
reminder that the widths must be small enough so that f(t) and get) do 
not vary appreciably as t varies over the respective intervals a and b. 

The convolution integral of the above functions gives the formal 
expression 

JOI [J(T) + Alla(T - Tl)][g(t - T) + Bllb(t - T - T 2)] dT 

= 101 
f(T)g(t - T) dT + A f get - T)lla(T - T 1) dT 

+ B Jol f(T)llb(t - T - T 2) dT + AB JOI lla(T - T1)llb(t - T - T 2) dT 

(14-68) 

The first integral on the right includes no impulse function, and so no 
further discussion of this term is required. The second and third 
integrals are similar. When a and b are sufficiently small, the subscripts 
are omitted, giving 

A Jo
l 

get - T)Il(T - T1) dT = {~g(t _ T1) 

= Ag(t - T1)u(t - T 1) 

B Fa f(T)Il(t - T - T 2) dT = { ~f(t _ T 2) 

= Bf(t - T2)U(t - T 2) 

t < Tl 
Tl < t 

t < T2 
T2 < t 

(14-69a) 

(14-69b) 

The last integral on the right of Eq. (14-68) presents a different situa­
tion, because Theorem 14-5 does not provide for a product of two impulse 
functions in the integrand. In view of the fact that Ila(t) is zero except 
in the interval 0 < t < a and Ilb(t) is zero except in the interval 0 < t < b, 
it follows that the integral 

Jol lla(T - T1)llb(t - T - T 2) dT 

is zero for t < T1; and, for t > Tl + a, the integral takes on fixed limits 
as follows: 

The second factor of the integrand is zero for t < T + T2, and the inte­
gration limits put T in the range Tl < T < Tl + a. Accordingly, we 
see that the integral is zero for t < T 1 + T 2. The same factor is also 
zero for t > T2 + b + T, and since T has Tl + a as its maximum value, 
the integral is zero for t > Tl + T2 + a + b. Thus the integral in 
question is a function of t, with the property of being identically zero for 
t < Tl + TI and for t > Tl + TI + a + b. It is a pulse of duration 
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a + b. We have yet to show that its integral is unity, making it a unit 
pulse. 

We proceed by showing that the integral from 0 to co is unity, recog­
nizing that the integral over this range is the same as the integral over the 
pulse width. Since a and b are finite, the following Laplace transforms, 

~a(8) = .c[6a(t)] 
~b(8) = .c[6b(t)] 

(14-70) 

exist. From Theorem 11-3 for the convolution integral and Theorem 
10-10 for the transform of an integrated function, we have 

.c {lot [loA iia(T - T1)MX - T - T 2) dT] dX} = ~(s)8~(8) (14-71) 

The final-value theorem can be used on the function on the right, to 
yield the value of the integral from 0 to 00. We get 

lim (T~a«T)~b«T) = lim [(T~a«T) (T~b«T)] 
.-.0 (T .-.0 (T (T 

= 10'" 6a(T) dT 10'" iib(T) dT = 1 (14-72) 

Thus, it is proved that the integral in question is a unit pulse, of width 
a + b. 

Earlier, we placed restrictions on the maximum values of a and b 
and then in Eq. (14-68) allowed them to be small enough to replace Mt) 
and 6b(t) by 6(t). Assuming that this has been done, consistent notation 
would be to imply the same small values in the integral just treated, by 
leaving off the subscripts. Thus, when a and b are small enough for 
Eqs. (14-69) to be valid, we then also have 

Jot ii(T - Tl)6(t - T - T 2) dT = ii(t - Tl - T 2) (14-73) 

When the values of the four integrals in Eq. (14-68) are combined, the 
result is in agreement with Eq. (14-66). This fact establishes that the 
integration principles developed in Sec. 14-10 can be used in the convolu­
tion integral to give results consistent .with the definition of the symbolic 
inverse transforms of functions of the form 

G(s) + Ao + :A 18 + ... + A,,8" 

The proof given applies only for the first two terms of the above, but by 
following similar arguments the general case can be confirmed. 

14-12. Superposition. The convolution formula of Theorem 11-3, 
when applied to a linear system, can be interpreted as an expression of the 
superposition principle. In the notation of Sec. 14-7, the response of an 
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initially relaxed linear system is given, in transform functions, by Eq. 
(14-49), which we repeat: 

R(8) = H(8)F(8) 

If .e-1[H(8)J exists, from Theorem 11-3 it is known that the response 
ret) is 

ret) = Jo' h(t - T)f(-,.) dT (14-74) 

To any desired degree of approximation, the above integral can be 
written 

N 

ret) = L h(t - T,)f(T;) .iT, 
i-O 

(14-75) 

In Eq. (14-75), the factor h(t - T,) is the response of the system due to a 
unit impulse occurring at t = T,. Therefore, 

h(t - T;)f(T,) .iT, 

is the response due to an impulse of strength f(T;) .iT;, and the total 
response, given by the summation in Eq. (14-75), is the superposition 
of the responses of a sequence of impulses whose strengths are propor­
tional to f(T) at all values of T less 
than t. Figure 14-7 illustrates how 
f(T) can be thought of as consisting 
of a sequence of impulses. 

In view of the extension of the 
convolution theorem, as presented in 
Sec. 14-11, it is possible to extend 
the present concept to include im­
pulse excitations and systems having 
impulsive responses to a discontin­
uous driving function. In other 
words, it is permissible for F(8) and 
H(8), or both, to have various-order 

- ... 
7'~ 1-- ...... -

~ 

FIG. 14-7. Approximation of a function 
by a sequence of pulses. The strength 
of each pulse is equal to the area of its 
rectangular representation. 

impulse functions in their inverses, so long as the convolution integral is 
interpreted in the manner described in Sec. 14-11. 

14-13. Summary. In this chapter we have attempted to provide a 
rational development of a topic which has sometimes been considered 
controversial. The controversy has arisen because, as we have seen, 
discontinuous functions do not have ordinary derivatives at the points 
of discontinuity and an impulse function does not approach a function 
in the limit as the width goes to zero. It is not surprising, then, when we 
formally get the transform of the derivative of a discontinuous function, 
that we obtain a function which does not have an inverse, in the ordinary 
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sense. In spite of these anomalies, it has long been known that correct 
answers can be obtained by a purely formal process, by regarding certain 
functions of s as Laplace transforms, even though they are not. 

No attempt to develop a theory to cover these exceptional cases, based 
on the usual calculus, can succeed. Two basic reasons can be given for 
this statement: The basic definition of the derivative cannot be applied 
at a point of discontinuity, and an integral is a continuous function of a 
variable limit of integration. Thus, no true function ~(t - T 1) can exist 
for which 

Another way to put it is to say that the operations of integration and 
differentiation are noncommutative. In the treatment presented here 
this difficulty has been overcome by defining ~(t) as always being of finite 
width. 

By adopting this policy, it is possible to proceed without violating any 
mathematical or physical principles, although some symbolic notation 
like .c[~(t)l = 1 is used. This notation is not precise, to the extent that 
here the symbol does not mean a Laplace transform. The idea of keep­
ing the pulse width finite is satisfying from a physical standpoint, because 
zero-width pulses never occur in physical phenomena. In practice, an 
impulse phenomenon is always one whose duration (in time or space) is 
small enough so that variation of other function components is negligible 
throughout the span of the pulse. 

We have attempted to make a distinction between the impulse response 
of a system and an impuLsive response. Under certain conditions, namely, 
in a system whose function H(s) has an inverse, the impulse response is a 
clearly defined function, obtained when the width of a driving pulse 
goes to zero. However, when H(s) does not meet this condition, or 
when the driving function is a higher-order impulse, there will be impulse 
components in the response, giving what we have called an impulsive 
response. An impulsive response can be obtained even when there is no 
impulse in the driving function. An example of this occurs when a step 
function of voltage is applied to a capacitor, current being regarded as the 
response. In the analysis present here, the impulse components of an 
impulsive response are always of finite width. 

It may be disturbing' to you that we use the unique symbol ~(t) to 
imply a pulse whose width and shape are left unspecified. Of course, as 
has been pointed out, the area under the pulse is the unique feature in 
determining the impulse response; and when a response includes an 
impulse term, we understand this to be a condition in which the pulse 
is so short in duration that its detailed shape is not observable and is of 
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no importance. If we are interested in pulse details, the pulse cannot be 
called an impulse. 

MentIon should certainly be made of the work of L. Schwartz and 
others * in which distributions are used instead of functions. I t is then 
possible to define an operation which is analogous to differentiation but 
which has meaning for situations which bear a similarity to the discon­
tinuous functions. However, in order to apply this theory, it is necessary 
to change the conceptual models used to represent physical devices, in 
such a way that their characteristics are described by distributions 
rather than functions. Therefore, there does not seem to be any way 
to append the theory of distributions to the present theory, which is 
built on the concept of a function. 

PROBLEMS 

14-1. In Fig. 14-1 let the excitation be a unit voltage pulse 

-sm-
{

I. rt 

110(t) = ~ T 
0< t < T 

T < t 

Obtain the response to this pulse, and the limit of this response, as T goes to zero. 
Compare your result with the limit obtained in the text. 

14-2. Show that a pulse can be negative during part of its duration, and still be 
considered a unit pulse, so long as its area is unity. 

14-3. For each of the circuits of Fig. P 14-3 what duration of excitation pulse 11,(t) 
would be adequately short, so that the pulse could be considered an impulse? 

+ 

(a) (b) 

FIG. P 14-3 

14-4. Consider a syst"m whose response function is 

• L. Schwartz, "Theorie des distributions," vols. I, II, Hermann & Cie, Paris, 1957; 
I. Halperin, "Introduction to the Theory of Distributions," University of Toronto 
Press, Toronto, 1952; M. J. Lighthill, "An Introduction to Fourier Analysis and 
Generalized Functions," Cambridge University Press, New York, 1958; Sir George 
Temple, J. London Math. Soc., 28: 134-138 (1953). 
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Design a unit excitation pulse of finite duration which can be used in an exact 
application of the Laplace transform theory, but such that the response differs negli­
gibly from the impulse response. If the system function were 

1 
H(s) =-­

I +s 
how could the pulse specification be changed? 

14-6. Show that the driving-point response of a passive network cannot have higher 
than a second-order impulse function (doublet) in its impulse response. 

14-6. Prove that all orders of singularity functions, higher than the first, have 
zero area. 

14-7. What is the response, to a second-order impulse of unit strength, of a system 
whose function is 

( ) H( ) = (8 + 0.5)(8 + 1.5) 
a /I (8 + 1)(8 + 2) 

8 +0.5 
(b) H(8) = (8 + 1)(8 + 2) 

14-8. Discuss the difference between the concepts of an impulse response and an 
impulse function. 

14-9. Refer to the functions defined in (a) and (b) in Prob. 12-12. In each case 
specify df(t)/dt, using symbolic impulse functions. Also, obtain .c[df(t)/dt], and 
obtain the inverse of this transform divided by 8. It should be the same as the 
original function. 

14-10. For the following examples, obtain the response to a unit impulse and to a 
unit step, and observe that the former is the derivative of the latter: 

1 
(a) H(/I) = (s + 1)(8 + 2) 

8+1 
(0) H(8) = 8 + 2 

/I + 1 
(b) H(s) = 8' + /I + 1 

/I - 1 
(d) H(s) = 8 + 2 



CHAPTER 15 

PERIODIC FUNCTIONS 

16-1. Introduction. In many important physical systems the drivin~ 
function is periodic. In the classical development of the theory of the 
behavior of such systems, the sinusoidal excitation occurred first, and in 
many respects, it is the simplest. It was recognized early that the 
solution could be broken into two parts, usually called the transient 
response and the steady-state response, as we have pointed out in some 
detail in Chap. 1. In that chapter we also showed that for a non­
sinusoidal periodic driving function the Fourier series provided a solution. 

FIG. 15-1. Example of a. periodic function. 

The Fourier-series solution for the nonsinusoidal case is certainly of 
great theoretical importance, providing an important link in the theory 
of linear systems. However, in many cases the Fourier series is not 
convenient for computation, owing to slowness of convergence. In the 
present chapter we shall be concerned with a method of obtaining the 
response of a system to a periodic driving function, which is preferable 
when specific numerical answers are required. 

Our attention will be confined to those cases where the driving and 
response functions are at least piecewise continuous. The gist of the 
method is very simple and can be described in terms of the triangular 
function shown in Fig. 15-1. This function can be described by the 
Fourier series 

I(t) = ! (Sin ",t - ! sin 3",t + .!.. sin 5",t . . .) 
11"2 9 25 (15-1) 

and this series could be used to calculate values of the function, but 
with some effort if a high degree of accuracy is required. Computation 

435 
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of such a series is more difficult if it represents a discontinuous function, 
because convergence is then slower. Now we observe the simple idea 
that this same function can be specified by the pair of formulas 

2 'If' 
- wt 0~wt~2 
'If' 

f(t) 
2 ~< t<3'1f' 2 - -wt 2 = w = 2 'If' 

(15-2) 

2 3'1f' 
4 + -wt 2~wt~2'1f' 

'If' 

and f(t) = f(t - ::) (15-3) 

The first formula establishes the function throughout the first period, 
and the second equation tells us that the function is periodic. In other 
words, we recognize that it is necessary to know the function only for the 
first period in order to know it for all values of t. It is obvious that 
Eq. (15-2) is preferable to Eq. (15-1) for purposes of numerical evaluation. 
We shall find that it is possible to obtain answers in the form of Eq. 
(15-2). 

In this chapter we consider functions which are zero for negative t 
and periodic for positive t. A compact way to write such a function is 
to define a function fo(t) which is identical with the periodic function 
I(t), for 0 < t < T, and zero outside this interval, where T is the period. 
We see that f(t) can then be written 

f(t) = fo(t) + fo(t - T) + lo(t - 2T) + 
00 

= I fo(t - nT) (15-4) 
n=O 

where T = 2'1f'/w. Thus we see that most of our attention can be directed 
toward finding the function fo(t). 

16-2. Laplace Transform of a Periodic Function. We shall now con­
sider the basic properties of the transform of a piecewise continuous 
periodic function f(t), of period T, for which we also define the function 

lo(t) = {~(t) o ~ t ~ T 
T < t and t < 0 

(15-5) 

It is possible to write the complete function 

f(t) = fo(t) + f(t - T)u(t - T) (15-6) 

in view of the fact that f(t - T) = f(t). Theorem 10-8 can be used on 
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the second term of the right. Therefore, if F(s) = .c[f(t)J and 

Fo(s) = .c[fo(t)J 
we have 

or 

where 

F(s) = Fo(s) + e-·TF(s) 

F(s) = Fo(s) 
1 - e .T 

Fo(s) = Jo" fo(t)e-· I dt 

= JOT f(t)e-II dt 
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(15-7) 

(15-8) 

The last equation shows that Fo(s) can be obtained by an integration 
between finite limits. Accordingly, there is no difficulty in differentiation 
under the integral sign, giving 

dFo(s) = (T -tf(t)e-.I dt 
ds }o (15-9) 

which exists if f(t) is integrable, as we assume. Equation (15-9) is 
valid for all finite values of s, and so it is concluded that Fo(s) is an entire 
function. This same property of Fo(s) is available from Theorem 12-1, 
from which we also learn that Fo(s) approaches zero uniformly as lsi 
goes to infinity in any closed right half plane. * Later on we shall find 
this to be a useful property. We collect these ideas and state them 
formally as a theorem: 

Theorem 15-1. If f(t) is a piecewise continuous periodic function, of 
period T, its Laplace transform exists and is given by 

F(s) = Fo(s) 
1 - e .T 

where Fo(s) = JOT f(t)e-.e dt 

is an entire function which approaches zero uniformly as lsi goes to 
infinity, for Re s ~ qo, where qo is any real number. 

We shall now prove the converse of this theorem, starting with a 
function Fo(s) which is known to be an entire function having an inverse 
transform 

fo(t) = .c-1[Fo(s)J 

which is identically zero for T < t. It will now be shown that 

F( ) = Fo(s) s 1 _ e-T 

• The closed half plane includes points on the vertical dividing line. 

(15-10) 

(15-11) 
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is a transform which has a periodic inverse. It being recognized that 
Fo(s) is the given function, fo(t) is determined by taking its inverse, 
and from this the periodic function 

... 
f(t) = l fo(t - nT) (15-12) 

.. -0 

can be formed. From Theorem 15-1 it is known that Eq. (15-11) is the 
transform of f(t). In view of the uniqueness of the relationship between 
a transform and its inverse (except for the possibility of the function of t 
being arbitrarily defined over a set of measure 0) we conclude that Eq. 
(15-12) is t.he inverse of F(s) as given by Eq. (15-11). Thus we have 
proved the following theorem: 

Theorem 15-2. Let an entire function Fo(s) be given such that it has 
an inverse transform 

fo(t) = .c-1[Fo(s)] 

which is identically zero for T < t and for t < O. Then 

.c-1 [ Fo(s) ] 
1 - e-oT 

is a periodic function, of period T, and is identical withfo(t) for 0 ~ t ~ T. 

16-3. Application to the Response of a Physical Lumped-parameter 
System. Let H(s) represent the system function for a linear lumped­
parameter system, which is without stored energy at t = o. A periodic 
driving function x(t), of period T, begins to act on the system at t = o. 
The response will be a function yet) which, from intuitive reasoning, we 
can expect to be the sum of a periodic function pet) and an aperiodic 
function aCt). Thus we shall tentatively write 

yet) = pet) + aCt) (15-13) 

with the expectation of obtaining independent solutions for pet) and aCt). 
Tentatively it is assumed that H(s) is regular at infinity, but this restric­
tion will be removed later. 

From Theorem 15-1 it is known that the transform of the driving 
function is 

where 

and where 

xes) = Xo(s) 
1 - e oT 

Xo(s) = .c[xo(t)] = JOT x(t)e-d dt 

{ 
x(t) 0 ~ t ~ T 

xo(t) = 0 T < t and t < 0 

(15-14) 

(15-15) 

(15-16) 
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The transform of the output function is 

Y(s) = H(s)Xo(s) 
1 - e-·T 

This function has simple poles at the roots of the equation 

l-e-·T =O 
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(15-17) 

(15-18) 

and also is singular at the poles of the rational function H(s). We 
exclude from consideration the degenerate case (resonance) where poles 
of H(s) coincide with roots of Eq. (15-18). Now let A(s) designate the 
sum of the principal parts of yes) at the poies 81, 82, etc., of H(s), and 
form the function 

p(s) = Y(s) - A(s) (15-19) 

which will exhibit poles only at the roots of Eq. (15-18). These poles 
can be placed in evidence by defining 

Po(s) = H(s)Xo(s) - (1 - e-oT)A(s) 

in terms of which Eq. (15-19) becomes 

P(s) = Po(s) 
1 - e oT 

(15-20) 

(15-21) 

In the following section it is shown that Po(s) satisfies the conditions 
of Theorem 15-2, and so from that theorem the inverse of P(s) is known 
to be periodic. The inverse of A(s) certainly exists and is not periodic, 
since A(s) is a finite sum of terms like 

(s - Sl:)" 

for which the inverse is known, from Eq. (10-72), to be of the form 

ak t,,-leo" 
(n - 1)1 

Accordingly, it is evident that the functions p(t) and aCt) of Eq. (15-13) 
will be given by 

a(t) = .c-I[A(s)] 
p(t) = .c-I[P(s)] 

(15-22) 
(15-23) 

In fact, referring to Theorem 15-2, we have an explicit formula for pet), 
namely, . 

pet) - l poet - nT) 
.. -0 

where poet) = .c-I[PO(s)] 

(15-24) 

(15-25) 
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is identical with p(t) during the first period. Thus, it is emphasized 
that the inversion indicated in Eq. (15-23) need never be carried out: 
Eq. (15-25) is sufficient. 

16-4. Proof That .,c-l[PO(S)] Is Periodic. The crucial item omitted 
from the previous section is a proof that Po(s), as defined by Eq. (15-20), 

jR 

o 

-jR 

FIG. 15-2. Two ways to approach the 
Br contour when the integrand ill 
regular in the right half plane. 

has an inverse transform which is iden­
tically zero for T < t and for t < O. 
First we show that Po(s) is an entire 
function. From Eq. (15-19) it is known 
that P(s) is regular at the poles of H(s), 
and so it follows from Eq. (15-21) that 
Po(s) is regular at these points. Fur­
thermore, A(s) and H(s) are regular at 
the points where e-·T = 1; and with 
this information Eq. (15-20) can be used 
to show that Po(s) is regular at these 
points. Finally, Xo(s) is known to be 
an entire function, by virtue of Tseorem 
15-1. Thus, all possible singular points 

have been accounted for, and it is concluded that Po(s) is an entire 
function. 

Each term in Eq. (15-20) has an inverse which is zero for t < 0, by 
virtue of being a Laplace transform. We now consider po(t) ,. for T < t. 
The Br contour for the inversion formula is defined in terms of the 
geometry shown in Fig. 15-2. Accordingly, we have 

po(t) = -2
1 

. ( Po(s)e" ds = 21 . lim ( Po(s)e" ds (15-26) 
7rJ }Br 7rJ B--+ .. }eo 

Since the integrand is an entire function, the function is regular in the 
region between curves Co and C I , as well as on C1• Therefore, the contour 
can be distorted from Co to CI without changing the value of the integral, 
giving 

2
1. ( Po(s)e" ds = -2

1 
. lim ( Po(s)eol ds 

7rJ }Br 7rJ R ....... }el (15-27) 

The form of this last integral immediately suggests Jordan's lemma. 
However, since we wish to show that the integral is identically zero 
for T < t, it is convenient to reWrite it as follows: 

( Po(s)eol ds = ( Po(s)e·Teo(l-T) ds (15-28) je, je, 

From Eq. (15-20), 

Po(s)e·T = H(s)XO(S)e'T - A(s)e·T + A(s) (15-29) 
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and reference to Theorem 8-14 shows that the integral on the right of 
Eq. (15-28) approaches zero, as R becomes infinite, when b = t - T > 0, 
if Po(s) approaches zero uniformly, as lsi become:s infinite, for Re s ~ o. 
We shall show that each of the three terms of Eq. (15-29) satisfies this 
condition. Upon recalling Eq. (15-15), it is evident that the first term 
can be written 

H(s)Xo(s)e'T = H(s) JOT x(t)e,(T-I) dt = H(s) JoT x(T - u)e"'du (15-30) 

Theorem 12-1 is available to show that the last integral approaches zero 
uniformly, as lsi becomes infinite, for Re s ~ O. Since H(s) is regular 
at infinity, multiplication by this function does not disturb the behavior 
at infinity. The function A(s) goes to zero at least as fast as l/s, 
because it is a sum of principal parts, and hence it goes to zero uniformly 
with respect to ang s, for all angles, as lsi goes to infinity. Thus, the 
last term of Eq. (5-29) satisfies the required condition. Furthermore, 
multiplication by e·T does not disturb this property, for Re s ~ 0, and 
so the second term also goes to zero uniformly, for Re s ~ O. It having 
thus been proved that Po(s) goes to zero uniformly, for Re s ~ 0, it 
follows from Jordan's lemma that the integral on the right of Eq. (15-27) 
goes to zero as R becomes infinite. Thus, 

.c-1[Po(s)] = 0 T < t and t < 0 (15-31) 

and from Theorem 15-2 it follows that pet), as defined by Eq. (15-24), is 
periodic. 

Referring to Eq. (15-20), and considering its inverse, we see that 
.c-1[H(s)Xo(s)] is the response of the system to a single pulse which is 
identical to the first cycle of x(t) and which certainly is nonzero for 
o ~ t ~ T. Likewise, .c-1[A(s)] is nonzero for the same interval. 
However, 

.c-1[e-·T A(s)] 

is zero for t < T. Accordingly, 

poet) = .c-1[H(s)Xo(s) - A(s)] (15-32) 

and since we know that Po(t) is identically zero when T < t, the inverse 
of ~-.T A(s) is not needed in a numerical problem. It is this term that 
cancels the other two, when t > T, making poet) identically zero. 

16-6. The Case Where H(s} Has a Pole at Infinity. Most practical 
situations yield H(s) functions which are regular at infinity. However, 
systems do occur for which a discontinuous driving function yields an 
impulsive response, at least for certain idealized systems. We shall 
recognize two cases for which H(s) has a pole of order N at infinity. 
The first case is the more practical one, in which x(t) and the first 
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N - 1 derivatives are zero at t = ° and continuous for t ~ 0, a condition 
which will ensure absence of impulse components in the response. * 
During the first period following t = 0, the derivatives of xo(t) will be 
identical with the derivatives of x(t), and hence they exist; but these 
derivatives [up to and including the (N - 1)st] are zero at t = 0, and 
hence from Theorem 10-9 we can say that the Nth derivative XO(N)(t) 
has a transform 

and 

The transform of the response is then 

Y(s) = H(s) XN(s) 
SN 1 - e-·T 

(15-33) 

(15-34) 

(15-35) 

H(s)/sN is regular at infinity, and XN(S) has the same properties at 
infinity as Xo(s). Therefore, Eq. (15-35) can be treated in the same 
manner as Eq. (15-17), with H(S)/SN used in place of H(s) and XN(S) 
in place of Xo(s). A(s) continues to be the sum of the principal parts of 
Y(s), and 

(15-36) 

replaces Eq. (15-20). The response is still given by Eqs. (15-24) and 
(15-25), and the proof of periodicity is still valid, subject to the inter­
change of functions mentioned above. 

In the case just discussed, the effect of the pole of H(s) at infinity is 
nullified by the existence of a sufficient number of derivatives of x(t). 
The second case occurs when less than N - 1 derivatives are continuous. 
If only N - 2 derivatives are continuous, the first term in Eq. (15-36) is 

H(s) 
SN-l XN_1(S) 

which has a symbolic inverse in the sense defined in Chap. 14. A first­
order impulse will appear, due to the first-order pole of H(s)/sN-1 at 
infinity. Thus, by following the concepts presented in Chap. 14, the 
present theory is applicable to the general case, for all x(t) functions 
which are piecewise continuous. 

16-6. Illustrative Example. The periodic response will be found for 
the equation 

11 + Jo' 1/(1") d'J' ... x(t) 

• See Theorem 12-11. 
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FIG. 15-3. Periodic driving function and response during first period, for illustrative 
example. 

where x(t) is the periodic function shown in Fig. 15-3. Following the 
plan outlined, in transform functions, 

and 

giving 

Y(8) = _8_ Xo(s) 
l+sl-e h 

X 0(8) = e-d dt = ---10
1 1 - e-' 

o s 
1 1 - r' 

Y(8) = -- -:--~ 
l+sl- e a. 

The above has a first-order pole at s = -1, for which the principal part 
is 

1 - e 1 
A (s) = 1 _ e3 1 + s 

giving, from Eq. (15-20), 

1 1 - e 1 
Po(s) = 1 + s (1 - e-') - 1 _ e3 1 + s (1 - e-3

') 

e3 - ell e - 1 1 = ---- - -- e-' + ----- e-a. 
e3 

- 1 1 + s 1 + s e3 
- 1 1 + s 

The inverse of this is 

e3 - e e - 1 po(t) = -- rt - e-(t-llu(t - 1) + -- e-(t-3lu(t - 3) 
e3 - 1 e3 - 1 

el - e --e-I 

e3 - 1 
e' - e3 

- e3 _ 1 e-' 

o 
1 ~ t ~ 3 

3 ~ t 

We observe that the third term in the·first line is not needed, since it 
merely cancels the other two terms when t > 3. This fact was pointed 
out in Sec. 15-4, and the term was included here merely to confirm Eq. 
(15-32) by a numerical example. 
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PROBLEMS 

16-1. Obtain the Laplace transform of the following functions: 

(a) f(t) = Isin atl (b) f(t) = Icos atl 
2n ... < t < (2n + 1) ... 
a a 

{

sin at 
(e) f(t) = 0 

(2n + 1) ... < t < (2n + 2),.-
a a 

(d). f(t) = { ~ nT < t < (n + a)T 
(n + a)T < t < (n + I)T 

In (d), a is a number between 0 and 1. 
15-2. Since the Laplace transform of a sine function is rational in s, it follows that 

the Laplace transform of a periodic function which can be expressed as a finite number 
of harmonic terms will also be rational. How can this fact be reconciled with the form 
of Eq. (15-7)? 

16-3. Determine which of the following functions has an inverse and whether or 
not the inverse is zero for t > T. [That is, determine whether or not they satisfy the 
conditions on Fo(s) in Theorem 15-2.] 

(a) Fo(s) 
e-T.,. sinh Ts/4 

s 
1 - e-T • 

(e) Fo(s) = --S2-

(1 - e-T • /2 )2 

s" 
(e) Fo(s) 

1 - e-T(.+l) 

(g) Fo(s) = (s + 1)2 

1 - e-tT• 
(b) Fo(8) = 8 2 

(
1 - e-T.It)t 

(d) Fo(s) = 8 

1 - e-T • 
(f) Fo(s) = B+1 

1 - e-T(.+l) It 

(h) Fo(s) = s + 1 

16-4. For each of the functions specified in Prob. 15-1, obtain the steady-state 
response for the system function 

1 
H(s) =--1+ B 

16-6. For each of the functions specified in Prob. 15-1, obtain the steady-state 
l'eSPonse for the system function 

s 
H(s) = (s + 1)2 

16-6. For each of the functions specified in Prob. 15-1, obtain the steady-state 
response for the system function 

H(s) = (8 + 1)8(8 + 2) 



CHAPTER 16 

THE Z TRANSFORM 

16-1. Introduction. The Laplace transform is particularly well 
adapted to the solution of lumped linear systems because the system func­
tion is a comparatively simple rational function of s. When the driving 
function is a sum of exponentials multiplied by powers of t, its transform 
is also a rational function (see Chap. 12). 

Of course, the Laplace transform is applicable to any linear equation, 
with any transformable driving function. There are cases, however, in 
which the transform functions are transcendental and not particularly 

t 
f(t) 

o t-

(a) 

o j.-T-.!I+ W t---­

(b) 

FIG. 16-1. A continuous function sampled at uniform intervals. (a) The continuous 
function; (b) the sampled function. 

simple to handle. In this chapter we shall consider a particular class of 
problems in which the transform functions are simplified through the 
transformation 

(16-1) 

where T is a constant. A Laplace transform, when converted to a 
function of z, is called a Z transform. Although all the Laplace theory 
could be presented in terms of the z variable, it is particularly advan­
tageous to do so when F(s) is a rational function in the variable eaT. 

This situation occurs when f(t) is a sequence of equally spaced pulses of 
variable strength. 

Signals such as those described above can occur in practice as inherent 
inputs to a system, as in pulse radar, or by virtue of a sampling process 
whereby a pulse signal is created from a continuous signal by a periodic 
switching operation. In either case we have two related signals, as 

445 



446 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM 

shown in Fig. 16-1. In a radarlike system the train of pulses can be 
used to define a continuous envelope function; and in a sampled-data 
system the system creates the pulses from a continuous function. We 
shall use the symbols f(t) and f:'(t) to designate the continuous and pulse 
signals, respectively. The subscript W implies the pulse width. The 
signal f:'(t), in which the pulse period is T, can be related to f(t) by 

.. 
f:,(t) = l f(t)aw(t - nT) 

n-O 

(16-2) 

where 'w(/) - {~ o ~ t ~ W 
(16-3) 

W < t 
is a pulse of finite width. Since the height of aw(t) is 1jW, rather than 
unity, there is a scale change between f(t) and f:'(t), as indicated in Fig. 
16-1. 

We shall immediately dispense with the subscript W, with the under­
standing that the symbol aCt) implies a finite-width pulse, of negligible 
width in the sense described in Chap. 14. Then we define a sampling 
function .. 

pet) = l aCt - nT) 
n-O 

(16-4) 

and a sampled function 

f*(t) = f(t)p(t) 

wheref*(t) implies a function like Fig. 16-1a with small but finite pulses. 
16-2. The Laplace Transform of f*(t). Let f(t) be continuous for t ~ 0 

and of exponential order ao, and consider the Laplace integral 

fo" f*(t)e-.e dt = fo" f(t)p(t)e-.e dt .. 
~ {(n+l)T 

= '" J nT f(t)a(t - nT)e-·T dt 
n-O 

(16-5) 

From Eq. (14-62) it is recalled that aCt) is defined in such a way that we 
can write the formal equation 

f, (n+l)T 

nT 
f(t)a(t - nT)e-" dt z: f(nT)e-." T (16-6) 

if f(t) is continuous at t = nT. Thus, we have 
.. 

.cff*(t)J = L f(nT)e-,"T Re s > fTc (16-7) 
n=O 
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where (1'. is the abscissa of convergence. We stipUlated that J(t) should 
be of exponential order. Therefore, corresponding to an arbitrary small 
number E > 0, there is a number N such that, if a > ao, 

If(nT)le-a .. T < E 

and If(nT)le-w .. T = If(nT)le-a"Te-(w-a)"T < Ee-(w-..)"T (16-8) 
when n> N 

The series 

is known to converge if (1' > a. Therefore, the series in Eq. (16-7) con­
verges absolutely, and therefore also converges, for (1' > ao. It can be 
shown to diverge for (1' < ao. Thus, the abscissa of convergence of the 
Laplace integral, which is also the abscissa of convergence of the series, is 

(1'. = ao 

and can be determined from the behavior of f(t) at infinity, since it is 
this behavior that determines ao. 

It is now convenient to make the variable change z = e·T , as defined 
in Eq. (16-1), which transforms the axis of convergence Re s = (1'. into 
the circle 

z = eW,Tei"r 
Izl = ea,T (16-9) 

In the z plane we now have a new function 

F.(z) = F*(s) 

and, from Eq. (16-7), 
.. 

F.(z) = L f(nT) or (16-10)* 
.. -0 

By the principle of analytic continuation, it is known that F.(z) is an 
analytic function; and the series on the right of Eq. (16-10) is the Laurent 
expansion about the origin. F.(z) is called the Z transform of J(t). A 
shorthand notation is sometimes useful, corresponding to F(s) = ,c[f(t)]. 
Accordingly, we define 

F.(z) = Z[f(t)] (16-11) 

to mean the function defined by Eq. (16-10). 

• In this equation it is understood that 1(0) means 1(0 +). 
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16-3. Z Transform. of Powers of t. The Z transform of t", as a series, 
is found from Eq. (16-10) to be 

.. 
Z(t") = 2: n"T"z-a Izl> 1 

.. -0 .. 
= T1. 2: nk-1Tk-lnz-(n+l) (16-12) 

n=O .. 
and also Z(tk-l) = 2: nk-1Tk-l1.-a Izl> 1 (16-13) 

.. =0 

Observe that the series can be differentiated term by term, and so 

11.1> 1 

Comparing with Eq. (16-12), we get the recurrence formula 

Z(t") = - T1. 11. Z(tk
-

1) 

For k = 0, we have 
00 

Z(I) = 2: 1.-ft 11.1> 1 
.. =0 

which is recognized as the Laurent expansion of 

Z 

1. - 1 

(16-14) 

Thus, a sequence of formulas is obtained from Eq. (16-14), as follows: 

1. Z(I) =--
1. - 1 

T1. 
Z(t) = (z _ 1)2 

Z(t2) = T21. (1. + 1) 
(1. - 1)3 

(16-15) 

Since the Z transforms are obtained from the Laplace transforms 
merely by a change of variable, we conclude that the Z transform of a 
sum is the sum of the transforms. Also, the Z transform of a constant 
times a function of t is equal to that constant times the Z transform of the 
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function. Accordingly, it is seen that the Z transform of a polynomial 
in t is a rational function of z. 

16-4. Z Transform of a Function Multiplied by e-G'. From Eq. (16-10), 
we have 

Thus, if 

.. 
Z[e-f(t)] = L f(nT)e-G"Tz-" 

,,-0 .. 
= L f(nT)«f'Tz)-" 

,,-0 
F.(z) = Z[f(t)] 

it follows from Eq. (16-16) that 

Z[e-a'f(t)] = F.«f'TZ) 

(l6-16) 

(16-17) 

Referring to Eqs. (16-15) and taking f(t) = tk, we have the additional 
formulas 

(16-18) 

These are rational functions of z, and a sum of a finite number of them 
will be rational. From the region of convergence of Eq. (16-10) we also 
know that the poles of this function will lie inside a circle of radius 
eaoT, where f(t) is of exponential order ao. 

Since functions of this type are used so frequently in analysis, it is 
useful to have the following theorem, for which the above development 
constitutes a proof: 

Theorem 16-1. If f(t) is a sum of a finite number of terms of the form 
tk and tke-G', the sum being of exponential order ao, the Z transform is a 
rational function of z, having poles inside a circle of radius eaoT• 

A useful corollary is obtained by referring to Theorem 10-11, which 
tells us that, if F(s) is a rational function with a zero at infinity, then its 
inverse will be a function of t such as is described in Theorem 16-1. Thus, 
we have the following corollary: 

Corollary. If F(s) is a rational function with a zero at infinity, and if 
ao is the largest real part of the poles of F(s), then Z{.c-1[F(s)Jl is a 
rational function of z, with poles lying inside a circle of radius e«.T. 
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16-6. The Shifting Theorem. Consider a function f(t) for which the Z 
transform F.(z) is given by 

F.(z) ::;: f(O) + f(T)z-l + f(2T)r t + ... + f(NT)rN + ... 
Izl > e",T (16-19) 

Suppose that we now find the Z transform of the shifted function 

f(t - NT)u(t - NT) 

where the shift is an integral number of sampling periods NT. In view 
of the unit step u(t - NT), this function is zero for t < NT, and there­
fore the Z transform is 

0+ 0 + ... + f(O)Z-N + f(T)z-<1t+l) + Izl > ~,T 

and, comparing with Eq. (16-19), gives 

Z[f(t - NT)u(t - NT)] = z-NZ[fCt)] (16-20) 

as the Z-transform counterpart of Theorem 10-10. We observe that 
the proof is simpler with Z transforIDS than with Laplace transforIDS. 

16-6. lnitial- and Final-value Theorems. The values f(O) and f( 00), 
when the latter exists, are related to properties of the Z transform of f(t). 
The initial-value theorem will be considered first. From Eq. (16-10) 

F.(z) = Z[f(t)] = f(O) + f(T)z-l + f(2T)z-2 + ... Izl > e",T 

The series converges uniformly, for Izl ~ R' > e",T, and therefore the limit 
of the series as Iz\ ~ 00 can be obtained by taking the limit of the indi­
vidual terIDS, giving 

lim F.Cz) = f(O) (16-21) 
1-1-" 

For consideration of the final-value theorem, we are interested in the 
behavior of F.Cz) as z -+ 1, as we might suspect by recalling the final­
value theorem of the Laplace transform, which involves the point 8 = o. 
If f(t) is of exponential order ao, where ao < 0, the Z-transform series 

.. 
Z[f(t)] = L f(nT)z-N 

n-O 

(16-22) 

converges for \z\ > ea,T. Since ao < 0, it is evident that the series con­
verges and the function is regular, for z = 1. The result is a useful 
theorem, which we state as follows: 

Theorem 16-2. If fCt) is of exponential order ao < 0, then the Z 
transform of fCt} is finite, and is also regular, at z = 1. 
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This theorem can be used to get a final-value theorem for Z transforms. 
Let the general function be written 

f(t) = fo(t) + K (16-23) 

where fo(t) is of exponential order ao < o. It follows that f( 00) = K. 
Referring to Eqs. (16-15), it is evident that the Z transformation of Eq. 
(16-23) is 

z 
F.(z) = z[fo(t)] + K z _ 1 

and therefore K = lim z - 1 {F.{z) - z[fo(t)lI 
..... 1 z 

However, by Theorem 16-2, z[fo(t)] exists at z = 1, and so 

lim z - 1 Z[fo(t)] = 0 
..... 1 Z 

giving K = lim z - 1 F.(z) = lim (z - 1)F.(z) 
..... 1 z ..... 1 

But K = f( 00), and so, under the conditions stated, 

lim (z - 1)F.(z) = f( 00) 
..... 1 

(16-24) 

The two limit-value theorems derived in this section are now stated 
formally, as follows: 

Theorem 16-3. If f(t) has a Z transform F.(z), the initial value of f(t) 
is equal to the limit approached by F.(z) as Izl approaches infinity. 

Theorem 16-4. If f( 00) exists, and if f(t) - f( 00) is of exponential 
order ao < 0, then 

f( 00) = lim (z - 1)F.(z) 
..... 1 

where F.(z) is the Z transform of f(t). 
16-7. The Inversion Formula. The inversion formula for F.(z) can be 

obtained by substituting z = Rei' in Eq. (16-10), to give 

.. 
F.(Rei') = 2: f(nT) ~n e-in' R> e".T (16-25) 

n-O 

which can also be written 
.. .. 

!t(fJ) + j!t(fJ) = 2: f(nT) ~" cos nlJ - j 2: f(nT) ~" sin nfJ 
n.O n-l 

where flU}) = Re [F.(Rei ')] !2(fJ) = 1m [F.{Rei')] 
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Using the formulas for coefficients of a Fourier series, 

1 (2" 
f(O) = 211"}0 h«() d() 

f(nT) = - h«() cos n() d() Rn 102
" 

11" 0 

f(nT) = - - h«() sin n() d() R" 102
" 

7C' 0 

Adding the last two, and dividing by 2, gives 

R" (2" 
f(nT) = 211"}0 [h«() cos n() - f2«() sin n()] d() 

1 102
" = - Re [F.(Rei6)Rnein'] d() 

211" 0 

(16-26) 

(16-27) 

Note that F.(z) is a real function of z, and therefore Re [F.(Rei6)] and 
1m [F.(R&6)] are, respectively, even and odd functions of (). Thus, 

1m [F.(R&')R"ein6] = Re [F. (Rei')] 1m (Rnei"') - 1m [F.(Rei')] Re (Rnein') 

is an odd function of (), showing that 

/02" 1m [F.(R&')Rneni9] d() = 0 

It follows that Eq. (16-27) can be written 

f(nT) = - F.(Rei') Rnein' d() 1 102
" 

211" 0 

Let Co designate a counterclockwise circular integration contour of 

Region of 
singularities 

of F.(z) 

radius R > e",T, as shown in Fig. 
16-2, and convert the above integral 
to a contour integral for which 

Rei' = z 1 d() = -;- dz 
JZ 

giving 

f(nT) = 2~ ( F.(z)zn-l dz (16-28) 
1I"J }e. 

The above integral is the inversion 
FIG. 16-2. The integration contour used formula for the Z transform. We 
for the Z-transform inversion integral. 

observe particularly that it gives 
f(nT) only for integral values of nj it does not uniquely specify f(t). If 
F.(z) is single-valued, the calculus of residues is readily available to 
evaluate this integral. Co encloses all the singular points of F.(z)~ 

It is interesting to observe a difference between the Laplace inversion 

.c-1[F*(s)] = f(t)p(t) = ret) 
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and the result just obtained, whereby l(nT) is obtained from F.(z). 
We recognize f*(t) as a symbolic function which has an impulse of 
strength l(nT) at t = nT. Equation (16-28) gives the more useful 
l(nT) , which will be regarded as the inverse of F.(z), and accordingly 
we write 

l(nT) = Z-I[F.(Z)] 

Although there is an exact functional equivalence 

H*(s) = F.(z) 

the inverses £-I[H*(s)] and z-I[F.(z)] are different. 
As an illustration of the inversion formula, consider 

Tz 
F.(z) = (z _ 1)2 

(16-29) 

which is known to be the Z transform of I(t) = t. The inversion integral 
gives 

- 1 f Tz .. -1 - ~ f Tz" l(nT) - -2· ( 1)2 z dz - 2· ( 1)2 dz 7rJ CO Z - 7rJ CO Z -

with the understanding that Co has a radius greater than 1. The second­
order pole at 1 is therefore enclosed, and the integral is equal to 27rj 
times the residue, where 

Residue = .!:.. Tz" I = nTz .. -ll = nT 
dz 0-1 1.-1 

Thus, the expected result 
l(nT) = nT 

is obtained. 
We conclude these remarks about the inversion integral with the 

observation that the inversion integral is not normally needed.· For 
a given F.(z) it is necessary only to expand in a Laurent series about the 
origin, say by a division algorithm. The successive values of l(nT) 
are the coefficients in this series. 

16-8. Periodic Properties of F*(s), and Relationship to F(s). In this 
section we return to a consideration of F*(s), recalling that it is related 
to the Z transform by 

F*(s) = F.(z) 

By virtue of the Laurent-series representation for F.(z), we are assured 
that F.(z) is an analytic function of z. Since 

e-T = e(o+jhn/T)T 
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it follows that the Z transform is a periodic function of s, which fact is 
put into evidence by writing 

F*(s) = F* (s + j2;7r) (16-30) 

Corresponding to each singular point of F.(z), there will be an infinite 
set of singularities of F*(s). Specifically, if Zl = Xl + jYl is a singularity 
of F.(z), F*(s) is singular at 

s" = ; log Zl = 2~ log (Xl' + Yl') + j ; (tan-l ~ + 27rn) 
where n takes on all integral values. If F(s) is rational, implying that 
F.(z) is also rational, we see that F*(s) is meromorphic. 

In view of the above comments, when F(s) is rational, we suspect 
that F*(s) can be expressed in a Mittag-Leffler (partial-fraction) expan­
sion, in the manner described in Sec. 5-16. The objective of this section 
is to show that this is true and to obtain the expansion. F(s) is assumed 
to be a given rational function, with a zero at infinity. Assume that it is 
written in partial-fraction form, for which we write three specific terms as 
follows: 

F(s) = . +_G_+ 
s-a + (s ~ (:J)' + . . . + c +... (s - 'Y)I 

(16-31) 

The total number of terIDS is finite. The corresponding f(t) function is 

f(t) = . . . + ae'" + . . . + b~1 + . . . + ~ t2e"r' + . .. (16-32) 

and the Z transform, according to Eqs. (16-18), is 

az F (z) = ... + + ... 
• z - e"T 

Since the factors e6'l' and e"r'l' cause only a scale change in the z variable, 
Eq. (16-14) is applicable, giving 

bTe6'l'z 
(z - e6'l')1 

cT1e"r'l'z(z + e"r'l') 
2(z - e"rT)1 

_Tz~(_b_z ) 
dz z-e(J'l' 
d cTe"r'l'z 

- Tz - .-=-,----=7-dz [2(z - e"r'l')I] 

(16-34) 
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with similar relations for higher-order terms. Noting from Eq. (16-1) 
that 

ds 1 
dz = Tz 

we see that in the variable s the above becomes somewhat simpler, as 
follows: 

bTePTe,T d ( be,T ) 
(e,T - ePT)2 = - ds e,T - ePT 

cT2e.,Te3T(e,T + e.,T) = .!. ~ ( ce,T ) 
2(e'T - e.,T)3 2 ds2 e,T - e.,T 

(16-35) 

Thus, by using Eqs. (16-33) and (16-35), a formula for F*(s) is 

ae,T d ( be,T ) 1 d 2 
( ce,T ) 

F*(s) = . . . e,T _ eClT + . . . - ds e,T - ellT +"2 ds2 e'T - e.,T 

+ . .. (16-36) 

This form is useful because it shows the importance of the first term, the 
other terms being derivatives of a similar function of s. Accordingly, the 
function 

ae,T a 
e·T + eClT 1 - e (. CI)T (16-37) 

will be studied in detail. By the principle established in Sec. 5-16, this 
can be written as an infinite sum of the principal parts at each of the 
poles, which occur at 

'2 
s" = a +J ::" 

J. 

Each pole is simple, with residue 

r a(s - a - j2rn/T) a 
1m 1 _ e (, CI)T = -T ............ 

Thus, the Mittag-Leffler expansion of Eq. (16-37) is .. 
ae,T a ~ 1 

e'T - eClT = T '-' s - a - j2rn/T (16-38) 
n--oo 

This expansion can be differentiated term by term, and so, in view of 
Eqs. (16-35), from the above we get the additional expansions 

and 

• 
bTe~Te'T b" 1 

(e·T - ~T)' = T L., (a - a - j2rnpt). tI--· . 
cTle.,Te'T(e,T + e"") c ~ 1 

2(e,T - e.,T)I = T '-' (8 - a - j2rn/T)' n---

(16-394) 

(16-39b) 
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with similar results for higher-order terms. Equation (16-36) can now 
be written 

. 1 [ F*(s) = T . 1 + 
s - ex - j21rn/T 

... 

+b '\' 1 + 
'-' (s - ex - j2rn/T)2 

... 

+ c 2: (8 - ex _lj2rn/T)3 + ... ] 
n--oo .. 

=- ... + + ... 1 [ 2: a 
T s - ex - j21rn/T 

n ... -oo 

+ (s _ ex _b j21rn/T)2 + ... + (s _ ex _c j2rn/T)3 + ... ] 
Reference to Eq. (16-31) shows that this can be given by the simpler 
expression 

(16-40) 
n __ oo 

This result can be obtained formally in a much simpler way by using 
s-plane convolution of the transforms of f(t) and pet). However, the 
result is an integral which is not known to converge, and so the above 
more extended derivation is presented. The following theorem has been 
proved: 

Theorem 16-5. If F(s) is a rational function, with a zero at infinity, 
the Z transform, as a function of s, is given by 

... 
F*(s) = ~ 2: F (s - ~21rn) 

n_-oo 

16-9. Transmission of a System with Synchronized Sampling of Input 
and Output. As a practical application of the Z transform, consider a 
system function H(s) which is rational and has a zero at infinity. If f{t) 
is sampled by multiplying by pet), the transform of the output is 

R(s) = H(s)F*{s) (16-41) 

The output ,£-l[R(s)] is continuous. Now suppose that the output is also 
sampled, using the same sampling function pet). Its transform R*{s) 
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is to be found. From Theorem 16-5, Eq. (16-41) becomes 

and so 
e e 

R*(s) = ~2 2: H (s -~27rk) 2: F [ s - j27r~n + k)] (16-42) 

k--- n--~ 

In the second summation, for fixed k, we can write v = n + k and sum u 
from - 0() to o(), with no change in the sum. The result is 

or R*(s) = H*(s)F*(s) (16-43) 

This result can also be expressed in terms of Z transforms: 

R.(z) = H.(z)F.(z) (16-44) 

The function H*(s) is called the sampled transfer function of the system. 
Upon recalling that 

h(t) = £-1[H(s») 

is the impulse response, it is evident that 

h(nT) = z-l[H.(z») (16-45) 

In view of the comments at the end of Sec. 16-7, it is observed that 
Eqs. (16-43) and (16-44) are not exactly equivalent. Inversion of R*(s) 
by the Laplace inversion integral gives 

r*(t) = £-1[R*(s») 

whereas the Z inversion of R.(z) gives 

renT) = z-1[R.(z») 

which are related by 
e 

r*(t) = L r(nT)5(t - nT) 
n-O 

Neither inversion defines ret) for values of t other than integral multiples 
of T. 

16-10. Convolution. The Z transform provides a useful convolution 
formula. In the notation of Sec. 16-9, we write 

R.(z) = H.(z)F.(z) 
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and direct our attention toward relating Z-l[R.(z)] to the inverse trans­
forms of H.(z) and F.(z). Equation (16-10) gives 

.. 
F.(z) = I f(uT)z-u 

.. =0 .. 
H.(z) = I h(vT)z-· 

.-0 
and for their product we have 

.. .. 
H.(z)F.(z) = I h(vT)z-· I f(uT)Z-U 

.=0 .. -0 .. 
= I A,.z-" 

n=O 

(16-46) 

where A .. is the sum of all products h(vt)f(ut) for which v + u = n. 
This sum is given by either of the following: 

.. 
A .. = I h(kT)f[(n'- k)T] 

k=O 

(16-47a) 

n 

An = I h[(n - k)T]f(kT) 
k-O 

(16-47b) 

Comparing Eq. (16-46) with Eq. (16-10) shows that An is Z-l[H.(z)F.(z)] 
at t = nT. But renT) is our designation for the above inverse, and 
therefore we can write the following convolution theorem: 

Theorem 16-6. If f(t) and h(t) have respective Z transforms F.(z) and 
H.(z), then the inverse Z transform of the product F.(z)H.(z) is a func­
tion renT) which can be expressed as 

.. .. 
rent) =- I h(kT)j[(n - k)T] or rent) = I h[(n - k)T]f(kT) (16-48) 

i-O i-O 

16-11. TheTwo-sidedZTransform. TheZtransform can be extended 
to those situations for which the Fourier transform and two-sided Laplace 
transforlDS are used, by defining a two-sided Z transform 

. 
F~(z) = I f(nT)z-" (16-49) 

n.--. 
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The above can be written as the sum of two ordinary Z transforms: 

F,.(z) = F.l(Z) + F02 G) (16-50) 
.. 

FI1(z) = L f(nT)z-n 
n-O 

where 

.. (16-51) 

F02(Z) = L f( -nT)z-n 
n-l 

The series for Fa2(1jz) converges inside a circle, whereas the first series 
converges outside a circle. If 0"1 < 0"2, there is a ring of convergence. 

In regard to the inversion integral and uniqueness, the situation is very 
similar to the two-sided Laplace transform. The inversion formula is 
simpler to derive than for the single-sided case. Referring to Eq. (16-49), 
if 

z = Rei6 .. 
we have F,.(Rei6 ) = l f(nT)R-ne-in6 (16-52) 

n- -00 

which shows thatf(nT)R-n is the general Fourier coefficient of the expan­
sion of F20(Rei '). Thus, from the formula for Fourier coefficients, we 
immediately get 

f(nT) = 2~ 102

" F20(Rei6) R nein6 dB 

which converts to the contour integral 

f(nT) = 21. ( F 2.(z)zn-l dz 
1rJ J c. 

(16-53) 

This formula is identical in form with Eq. (16-28). However, we note 
that now the radius of Co is restricted to being in the annular region 
between the two circles of convergence. If a radius is used which carries 
Co oOutside this region, the inversion formula will give a different f(t), 
but one which has the same two-sided Z transform. In other words, in 
similarity with the two-sided Laplace transform, the two-sided Z trans­
form is not uniquely related to the f(t) function, unless the contour of 
integration of the inversion integral is specified. The corresponding 
situation for the Laplace case i~ discussed in Sees. 10-17 and 10-18. 

16-12. Systems with Sampled Input and Continuous Output. If a sys­
tem has a sampled input but a nonsampled (continuous) output, the 
Laplace transform of the output is given by Eq. (16-41) rather than 
Eq. (16-43). Z transforms are particularly suited to Eq. (16-43) because 
H*(s) = H.(z) is rational in z if H(s) is rational in s. However, H(s) 
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is not rational in z, and for that reason Eq. (16-41) is not simplified by 
introduction of the Z transform. It is best to remain with the s variable, 
Laplace theory being used to obtain .c-1[R(s»). Of oourse, F*(s) is trans­
cendental in s, but this is less disturbing than the multivaluedness that 
occurs if we try to use 

1 
s = "flog II 

in the rational function H(s). Further thought on this question will 
show that, if we attempt to get an inversion formula like Eq. (16-28) 
for continuous functions, the integrand is multivalued except at t = nT. 

It is possible, however, to adapt the Z-transform theory to obtain 
information about a continuous output, by periodically sampling the 
output at values of t = T, T + T, T + 2T, etc., where the variable param­
eter T is in the range 0 ~ T ~ T. In this way, the output can be deter­
mined at any sequence of points, arbitrarily located between the original 
sampling points. 

The Laplace transform of the continuous output is 

R(s) = H(s)F*(s) (16-54) 

where we are assuming that the input is sampled at 0, T, 2T, etc. We 
recall Eq. (16-10) and write 

OD 

H(s)F*(s) = L H(s)f(kT)e-·kT 

.1:-0 

Since h(t) = .c-1[H(s)], we have, according to Theorem 10-8, 

.c-1[H(s)e-·k TJ = h(t - kT)u(t - kT) 

(16-55) 

(16-56) 

Thus, assuming that we can take inverse transforIns inside the summation 
of Eq. (16-55), the output ret) = .c-1[R(s)] is 

OD 

ret) = L f(kT)h(t - kT)u(t - kT) 
k-O 

(16-57) 

Although this is the function we want, it is not in a convenient form for 
computation. It is nothing more than the summation of responses due 
to impulses of strength f(kT) occurring at t = kT, a result which could 
have been derived without the aid of Z transforIns. 

Now let us sample ret) at the points T, T + T, etc., by mUltiplying 
ret) by a sampling function like pet), but for which the impulses are 
shifted an amount T. Thus, in similarity with J!;q. (16-4), we define .. 

p(t,T) = l 6(t - T - nT) 
.. -0 

(16-58) 
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which yields the sampled output 

r*(t,r) = r(t)p(t,r) (16-59) 

In comparison with Eq. (16-7) the Laplace transform of this is 
.. 

.e[r*{t,r)] = L r{r + nT)e-·(r+lIT) 
11-0 

(16-60) 

The function .e[r*{t,r)] is really superfluous, as we now show by defining 
.. 

R.{z,,,) = l r(1' + nT)z-
.. -0 

(16-61) 

where" = TIT. R.(z,,,) is called the modified Z tran8form of ret). Thus, 

(16-62) 

The factor e-" shows that R.(z,,,) is the Laplace transform of the output 
function shifted an amount l' to the left and then sampled at t = 0, T, 
2T, etc. Equation (16-61) yields the same conclusion by emphasizing 
that R.(z,1/) is the ordinary Z transform of ret + 1'). 

Equation (16-57) can be used in Eq. (16-61). This would introduce 
a unit-step factor u[r + (n - k)T) which is zero for k > n. Therefore, 
the upper summation limit in Eq. (16-57) can be changed to n, giving 

.. n 

R.(z,,,) = L l f{kT)h[r + (n - k)T]z-1I 
n=O k-O 

(16-63) 

This result is similar in form to Eq. (16-46) when Eq. (16-47b) is used 
for A". This fact can be used to establish that Eq. (16-63) can be put 
in a form similar to the first form of Eq. (16-46), namely, 

.. .. 
R.(z,1/) = L h(r + vT)r" l f(uT)ru 

.,-0 u-O 

(16-64) 

The second summation on the right is F.(z). The first summation on 
the right is similar to Eq. (16-61), and so we define the following modified 
Z transform of h(t): .. 

H.{z,1/) = L h(r + vT)z-
v-O 

(16-65) 

The final result can thus be written 

R.(z,1/) = H.(z''1)F.(z) (16-66) 

The function H.(z,1/) is readily found from Eq. (16-65), being the normal 
Z transform of h(t + 1'). 
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In concept, this result is very simple. To obtain a solution, we pro­
ceed as with ordinary Z transforms, but using an ordinary Z transform of 
h(t + 1'), namely, H.(z,7J) = Z[h(t + 7JT)l, in place of H.(z). The inverse 
of the resulting Z-transform function then gives values of r(7JT + nT) 
at sampling points displaced an amount 7JT = l' from the original sam­
pling points. 

It is interesting to observe that Eq. (16-44) can be obtained by the 
above proof. This is evident when we note that, if 7J goes to zero, the 
modified transform reduces to an ordinary Z transform and Eq. (16-44) 
becomes a special case of Eq. (16-66). In fact, to prove Eq. (16-44) by 
the present method, although perhaps more complicated, is preferable 
because it does not require F.(z) and H.(z) to be rational functions. 

16-13. Discontinuous Functions. Throughout the discussion of the 
Laplace transform, much attention is given to the possibility of J(t) 
having points of discontinuity. In contrast, the discussion of the Z 
transform has been based on the assumption thatJ(t) is continuous. This 
is not a significant omission, because f*(t) is insensitive to discontinuities 
occurring between the sampling points. Furthermore, if J(t) should be 
discontinuous at a sampling instant, the theory presented is still appli­
cable. In that case, if there is a discontinuity at niT, it is necessary only 
to replace J(7J iT) by J(niT+), wherever it occurs. 

16-1. Obtain the Z transforms of 

(a) sin bt 
(c) cos bt 

PROBLEMS 

(b) eG' sin bt 
(d) cos at sin bt 

and locate their singular points in the II plane. 
16-2. Show that 

(nT+ 
r'[F.(z)] =)0 /*(t) dt 

where nT + signifies a value slightly greater than nT. Both sides of this equation are 
functions of n. 

16-S. Let the input function of a system be 

f(t) = e-G
' 

and lIuppose that the system function is 

. 1 
H(s) - 8 + b 

The system is initially relaxed. 
(a) Assuming sampling intervals of duration T, and using series expressions for the 

appropriate Z transforms, find the first three terms of the synchronously sampled out­
put function (corresponding to t = 0, T, 2T). 

(b) Using the inversion integral, obtain a general expression for the output func­
tion required in (a), and compare with the three values obtained in (a). 
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16-4. Let a system be described by a function 

and assume a driving function 

, 
H(,) - , + b 

I(t) - sin bt 
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sampled at integral multiples of T. Using the inversion integral, obtain an expres­
sion for the synchronously sampled response, assuming that the system is initially 
relaxed. 

16-6. Obtain the solution to the system specified in Prob. 16-3, by using the con­
volution theorem for Z transforms. 

16-6. Show that at time nT < t < (n + I)T the nonsampled response of the sys­
tem defined in Prob. 16-3 is 

16-7. Obtain the solution for the nonsampled response, for the situation described 
in Prob. 16-4. 

16-8. A system wlth input function J(t) which has been sampled at 0, T, 2T, .. 
is to operate on this sampled input in such a way as to give an output of the form 

{ 

J(O) 
ret) = J(T) 

1(2T) 

0< t < T 
T < t < 2T 

2T < t < 3T 

Show that a system function 
_ 1 - e-02' 

H(s) , 

will meet these requirements. 
16-9. A system is described by the function 

1 H(,) =-­,+1 
Assume that the input I(t) is sampled at integral multiples of T. The output is 
unsampled. If r(nT) is the corresponding sampled output, show that 

ret) = e-(l-.. TlJ(nT) 

where nT < t < (n + l)T. 
16-10. For the general function 

t>O 
t<O 

obtain a formula for the two-sided Z transform, giving conditions on a and b for the 
existence of this transform. 

16-11. Obtain the two-sided Z transform of 

I(t) = e-I•I 

and then use the inversion integral to recover J(nT). (HINT: A change in variable 
of the inversion integral will simplify the case for negative n.) Also, determine what 
function would have a single-sided Z transform identical with the two-sided trans-
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16-12. In the case of the two-sided Z transform, let I(t) be written 

f(t) - f.(t) + I.(t) 
where I.(t) and I.(t) are, respectively, even and odd functions of t. Let F ••• (z) and 
F ,..(z) be the respective Z transforms of f.(t) and I.(t). 

(a) Show that 

F ••• (z) = F ••• G) 
F,..(z) = -F ... G) 

(b) Show that, for all n, the inversion integral can be written 

fenT) = 2~ feo [F ... (z) + 1:1 F,..(z) ] zlftl-I dz 

16-18. In Eqs. (16-15) we find 
Tz 

Z(t) = (z - 1)" 

and in Eq. (16-40) we have 

Show that the condition 

is satisfied for this case. 

1 
F*(8) = T 

n=- -110 

F*(8) = F.(z) 

16-14. The inversion integral for the Z transform [Eq. (16-28») yields f(nT), 
whereas the Laplace inversion integral applied to F*(8) yields f!'(t). 

(a) Discuss how I*(t) differs from f(nT). 
(b) Observe that a formal change of variable to z in 

-.!.., ( F*(s)e·nT ds 
21r3 JBr 

yields a formula identical to Eq. (16-28), but that according to (a) this is I*(t). Ex­
plain the apparent paradox. 

16-16. CariY out the details of the derivation of Eq. (16-60). 
16-16. Observe that I*(t) is given as a product !(t)p(t). Although the symbolic 

Laplace transform does not meet the conditions for 8-plane convolution, carry out a 
formal derivation of Eq. (16-40), using a-plane convolution. Explain how it can be 
determined that the convolution theorem is not applicable in this case. 

16-17. Give a derivation of Eq. (16-44) based on the method suggested in the last 
paragraph of Sec. 16-12. 

16-18. Use the inversion formula to obtain f(nT) for the one-sided Z transform 

z'+az+b 
F.(z) = (z - a)(z - tJ) 

where a ,c tJ. Determine by trial whether or not the initial- and final-value theorems 
are valid in this case, and appraise your findings. 

16-19. Prove that Z-I[F.(z») is of exponential order < 0 if all poles of F.(z) lie 
inside the unit circle. 



APPENDIX A 

With a working knowledge of the basic concepts and theorems presented in this 
book, you are equipped with techniques for finding the Laplace transform, or the 
inverse, of almost any admissible function. However, when doing applied work, a 
person does not always remember all the theoretical background. This being the 
case, it is useful, for practical work, to have a tabulation of transform pairs. Rea­
sonably complete tables are found in many of the books on the Laplace transform 
listed in the Bibliography, and very extensive tables have been compiled. * Since 
this text is primarily designed to present concepts, rather than procedures, an exten­
sive tabulation is not given. Table 10-1 takes care of a large number of cases, and a 
few more of the more common functions are presented in the following table. It 
should be recognized, of course, that the two shifting theorems and the theorems on 
the derivative and integral of a function, in both t and 8 variables, are available to 
extend these tables to many other cases, almost on sight. 

* A. Erdelyi (ed.), "Tables of Integral Transforms," vol. I, McGraw-Hill Book 
Company, Inc., 1954. 
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TABLE OF FUNCTIONS AND THEIR LAPLACE TRANSFOJUlS 

The unit step u(t) is implied as a multiplier of I(t) in each case. Defining formulas 
for many of the functions are given in Appendix B. 

sin at -,-
1(0 

I i (1 - cos at) 

1 t (eG' - e6') 

cos y'iji 
V7 

,-vat 

log', 

,-+1 [r'(n) _ log t] 
r(n) 

P,,(at) 

J.(at) 

L .. (at) 

F(8) 

tan-1 ~ , 
,1 + al 

~ log-,-I-

,-b 
log,_a 

~6-G/U ae;O 

1~ - - 6-"/u 
2 ,. a>O 

~6-2av'i ae;O 

2 Y; (v;-=li - v'B=(i) 

ae;O 

. ra; 60/4, (err . I~ _ 1) + ~ "481'14, , 
r'(I) - log, , 
r(n) log, ," n >0 

(~-s)n 

a" Va> + s' 

-v'8+2li - vB 
"lis + 2a + Va 

n> -1 

a> 0, n > -1 

ae;O 

n > 0 
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TABLE OF FUNCTIONS AND THEIR LAPLACE TRANSFORMS (Continued) 

f(t) 

1 
Vi (t + a) 

1 

vt +a 
1 

t+a 

Si (at) 

erf y(ji 

erf (at) 

1 - erf~ 
Vi 

Ei (-at) 

Ci (at) 

F(8) 

~ eO'(1 - erf v'ii8) 
Va 

~ e··(1 - erf vas) 

a>O 

a>O 

-eO. Ei (-as) a>O 

! -I! e"14. (1 _ erf _8_) 
2 'Ia 2 Va 

! tan-II! 
8 8 

a>O 

! e,·14.' (1 - erf .!...) 
8 2a 

1 8 + a - B log -a- a > 0 

1 at + 8' 

- 2s log a.-

2 v'8 (8 + a) 

.y'ii3; 
2 W(8 +a) 

a>O 

a>O 

a>O 

• Brackets denote the greatest integer. 

a>O 
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1 d" 
p.(x) = 2"n! dx" (x' - 1)· Legendre polynomial 

Laguerre polynomial 

J,,(x) = (-;?" Jo" efu.", cos nu du Bessel function 

erf x = - e-u'du 2 h'" 
...;; 0 

~ 
.. e~" 

Eix=- -du 
I u 

J
I . 

S· SIn xu d 
IX = -- U o u 

• ~"COSXU 
CIX = - --du 

I u 

Modified BeBBel function 

Error function 

Exponential integral function 

Sine integral function 

Cosine integral function 
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INDEX 

Abscissa of convergence, one-sided 
Laplace integral, 292, 293 

two-sided Laplace integral, 295 
Algebraic singularity, 185 
Almost piecewise continuity, 240 
Amplitude modulation, application of 

convolution integral to, 347 
Analytic continuation, 147 

significance of, in definition of Laplace 
transform, 298 

Analytic function, 32, 152 
Analytic geometry plane, 24 
Angle, of complex number, 21 

initial, for sinusoidal wave, 2 
preservation of, by conformal 

mapping, 75 
Angle function, 229 
Are, differentiable, 85 

simple,85 
Axis of convergence of Laplace integral, 

293 

Bessel function, 46i 
Laplace transform of, 466 

Bilinear transformation, properties of, 70 
Branch cut, 171, 185 
Branch point, 177 

integration around, 180 
methods of locating, 186 
order of, 173 

Bromwich contour, for one-sided trans­
form, 320 

for two-sided transform, 319 

Cauchy integral formulae, 106 
Cauchy integral theorem, 94-98 
Cauchy principle of COl!vergence, for 

improper integrals, 240 

Cauchy principle of convergence, for 
infinite series, 117 

Cauchy-Riemann differential equations, 
34 

Characteristic equation, 389 
Characteristic values, 326, 389 
Complex number, angle of, 21 

exponential form, 37 
imaginary component of, 20 
imaginary part of, 20 
magnitude of, 21 
as an ordered pair, 19 
polar form, 21 
real component of, 20 
real part of, 20 
rectangular form, 21 

Complex plane, 24 
Conformal mapping, by analytic func­

tion,73 
preservation, of angles by, 75 

of shapes by, 76 
Conformal maps, bilinear function, 70 

exponential function, 61 
hyperbolic cosine, 62 
reciprocal function, 56, 66 
trigonometric sine and cosine, 63 

Conjugate, complex, 4, 23 
Connected set, 86 
Connectivity, order of, 87 

of a region, 87 
signific:1nce of, for integrals, 99 

Continuity, definition of, 28 
Contour integral, 89, 92 
Convergence (SIle Improper real inte-

grals; Infinite series) 
Convolution in • plane, for one-sided 

transform, 343 

471 

for two-sided transform, 349 
Convolution integral, for Fourier trans­

form, 338 
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Convolution integral, for impulse func­
tion, 428 

for one-sided Laplace transform, 343 
for two-sided Laplace transform, 340 

Convolution theorem for Z transform, 
458 

Cosine integral function, 468 
Laplace transform of, 467 

Current source, equivalent, 405 
Curve, simple closed, 85 

Deleted neighborhood, 28 
Derivative, definition for function of a 

complex variable, 29 
for discontinuous function of a real 

variable, 367 
of impulse function, 417 
of multivalued function, 177 

Distribution, 433 

Element of an analytic function, 148 
Entire function, 153 
Error function, 468 

Laplace transform of, 467 
Essential singularity, first kind, 142 

second kind, 143 
Exponential form, 37 
Exponential function, 36 
Exponential integral function, 468 

Laplace transform of, 467 
Exponential order, function of, 287 
Exponential type, function of, 357 
Extended plane, 88 

Field problems, solution in two dimen­
sions, 77-80 

Final-value theorem, for Laplace 
transform, 315 

for Z transform, 45J 
Finite plane, 88 
Forced response, 390 
Fourier integral, 6, 268 
Fourier integral theorem, 268-272 
Fourier series, 5 
Fourier transform, 274 

derivative of, 275 
symmetry of, 276 

Frequency, 10 

Frequency variable, 10 
generalized, 12 

Function, of a complex variable, 24 
analytic, 32, 152 
entire, 152 
meromorphic, 152 
rational, 152 
transcendental, 35 

global definition of, 151 
of a real variable, almost piecewise 

continuity of, 240 
piecewise continuity of, 235 

Gain function, 229 
Gauss mean-value theorem, 205 
Global definition of a function, 151 

Half plane of convergence for Laplace 
integral, 293 

Harmonic function, 41 
Heaviside expansion theorem, 325 
Helmholtz theorem, 403 

Norton's theorem as special case, 405 
Thevenin's theorem as spccial case, 

404 
Hilbert transform, 225 
Hyperbolic functions, 38 

Imaginary component of complex 
number, 20 

Imaginary number, 20 
Imaginary part of complex number, 20 
Immittance function, 398 

combination of, 400 
self-immittance, 400 
transfer immittance, 400 

Improper real integrals, 237, 238 
convergence of, 237, 239, 240 

absolute, 239 
uniform, 248 

Impulse function, 414 
higher-order, 416, 418 
symbolic transform of, 417, 419 

Impulse response, 414 
Impulsive response, 415 
Index principle, 211 
Infinite series, 116--122 

convergence of, 116, 117 
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Infinite series, convergence, absolute, 118 

uniform, 120 
power (se6 Power series) 
ratio test, 119 
root test, 119 

Infinity, point at, 64 
Initial-value theorem, for Laplace 

transform, 315 
for Z transform, 451 

Integral, contour, 89, 92 
upper bound, 94 

improper (S66 Improper real integrals) 
line, 90 
real, theorems for, 236 

Integration, around branch points, 180 
over large circular arcs, 254 
by parts, 236 
by primitive functions, 109 
by residues, 145 

Inversion formula, for Fourier trans­
form, 268, 273 

nonuniqueness of, for two-sided 
Laplace transform, 315, 321 

for one-sided Laplace transform, 320 
for one-sided Z transform, 452 
for two-sided Laplace transform, 319 
for two-sided Z transform, 459 
uniqueness of, for Fourier transform 

and one-sided Laplace transform, 
276,320 

Iterated integrals, finite limits, 242 
infinite limits, 247 

Jordan curve, closed, 86 
Jordan curve theorem, 88 
Jordan's lemma, 259 

Laguerre polynomial, 113, 468 
Laplace transform of, 466 

Laplace integral, convergence of, 288, 
289 

one-sided, 8, 287 
related to Fourier integral, 286 
two-sided, 286 

Laplace transform, as an analytic func­
tion,298 

behavior at infinity, 306 
conditions to make an entire function, 

309 

Laplace transform, derivative of, 308 
of derivative, 311 
of integral, 312 
inverse of (see Inversion formula) 
linear combination of, 299 
one-sided, 9, 287 
sufficient conditions for, 374 
uniqueness of inverse, 320 

Laplace's equation, solution of, by func­
tions of a complex variable, 77-80 

in two dimension, 41, 77 
Laurent series, 134 

expanded about a singular point, 139 
properties of coefficients for real 

function, 203 
uniqueness of, 136 

Legendre polynomial, 113, 468 
Laplace transform of, 466 

Limit, definition of, 27 
Line integral, 90 
Linear function, mapping properties of, 

46 
Lipshitz condition, 271 
Logarithm, definition, 102 

mapping properties of, 176 
Riemann surface, 102 

Logarithmic singularity, 185 

M test (see Weierstrass M test) 
Magnitude of complex number, 21 
Maximum, principle of, 207 
Meromorphic function, 152 
Minimum, principle of, 207 
Mittag-LetHer theorem, 157 
Modified Z transform, 461 
Morera's theorem, 109 
Multivalued function, expansion in 

series, 188 

Natural boundary, 150 
Natural mode, 326, 389 
Natural response, 389 
Neighborhood, deleted, 28 
Nyquist criterion, 213 

Open region, 86 
Order, of branch point, 142 

of connectivity, 87 
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Order, of a zero, 212 
Ordered pair, 19 

P&l'8Ilval's theorem for Fourier trans­
form, 279 

Partial fraction expansion, 153 
of meromorphic function, 157 

Partial sum of series, 116 
Periodic function, Laplace transform of, 

436-438 
response of system to, 438-442 

Piecewise continuity, 235 
Point set, 86 
Poisson's integrals, 215 

transformed to imaginary axis, 220 
Pole, definition of, 142 

order of, 142 
of system function related to natural 

response, 389 
Positive real function, 208 
Power series, 125-129 

circle of convergence, 125 
term-by-term differentiation, 129 
term-by-term integration, 128 

Primitive function, 100 
used in eyaluating integrals, 109 

Principal part of Laurent expansion, 
142 

Radim of convergence for power series, 
126 

Real component of complex number, 20 
Real function, 201 
Real number, 20 
Real part of complex number, 20 
Region, 86 

bounded, 88 
closed, 87 
connectivity of, 87 
open, 86 

Regular point, 31 
Residue, definition, 144 

formulas for, 145 
at infinity, 146 

Residue theorem, 145 
Resonance, 391 
Riemann sphere, 64 
Riemann surface, 103, 171 

Riemann's theorem for trigonometric 
integrals, 252-254 

generalization of, 354-355 
Root locus, 190-197 
Roots, of complex numbers, 22, 37 

of equations, 212 

Saddle point, 186 
Sampled transfer function, 457 
Sampling function, 446 
Series (8ee Infinite series) 
Set, connected, 86 

of measure zero, integration over, 237 
point, 86 

Shapes, preservation of, 76 
Shifting theorems, for Laplace trans­

form, 309, 310 
for Z transform, 450 

Sine integral function, 468 
Laplace transform of, 467 

Singular point, 31 
classification (see Algebraic singu­

larity; Branch point; Essential 
singularity; Logarithmic singu­
larity; Pole) 

at infinity, 143 
Singularity functions, 424 
Sinusoidal pulse, Laplace transform of, 

304 
Sinusoidal steady state, 1-5, 397 
Stability, 12, 390 
Strip of convergence for two-sided 

Laplace integral, 296 
Superposition, 430 
Symmetry of Fourier transforms, 276 
System function, 2, 406 

angle function, 229 
gain function, 229 
relationships between real and imagi­

nary parts, 223-228 

Taylor series, 129-133 
uniqueness of, 132 

Tchebysheff polynomial, 199,468 
Th~enin's theorem as special case of 

Helmholtz theorem, 404 
Transcendental functions, 35 
Transformation point due to a function, 

48 
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Transient response, 389 
Triangular pulse, Laplace transform of, 

304 
Trigonometrie funetions, 38 
Two-sided Laplace transform (Bee 

Laplace transform) 
Two-sided Z transform, 458 

Uniform convergence, improper inte-
grals,248 

infinite series, 121 
Laplace integrals, 289, 291, 294 
M test, for integrals, 251 

for series, 127 
power series, 127 

Unit doublet, 417 
Unit impulse, 414 
Unit pulse, 410 

Unit ramp, 424 
Unit step, 310 

Voltage souree, equivalent, 405 

Weierstrass M test, for integrals, 251 
for series, 127 

Z transform, 447 
convolution theorem for, 457 
of function multiplied bye-a', 449 
inversion formula for, 451, 459 
modified, 461 
periodic properties of, 453 
of powers of t, 448 
two-sided, 458 

Zeros of a function, 212 
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Complex Variables and the 
Laplace Transform for Engineers 

" ... an excellent text; the best I have found on the subject. " - J. B. Sevart , Dept. of 
Mechanical Engineering, U. of Wichita 

"An extremely useful textbook for both formal classes and for self-study . .... - SOCIETY 
FOR INDUSTRIAL AND APPLIED MATHEMATICS 

Engineers often do not have time to take a course in complex variable theory as under­
graduates , yet it is one of the most important and useful branches of mathematics , with 
many applications in engineering. This text is designed to remedy that need by supplying 
graduate engineering students (especially electrical engineering) with a course in the basic 
theory of complex variables , which in tum is essential to the understanding of transform 
theory. Presupposing a good knowledge of calculus, the book deals lucidly and rigorously 
with important mathematical concepts , striking an ideal balance between purely mathe­
matical treatments that are too general for the engineer , and books of applied engin~ring 
which may fail to stress significant mathematical ideas. 

The text is divided into two basic parts: The first part (Chaps. 1- 7) is devoted to the theory 
of complex variables and begins with an outline of the structure of system analysis and an 
explanation of basic mathematical and engineering terms. Chapter 2 treats the founda ­
tion of the theory of a complex variable , centered around the Cauchy-Riemann equations. 
The next three chapters - conformal mapping, complex integration and infinite series ­
lead up to a particularly important chapter on multivalued functions, explaining the con­
cepts of stability, branch points and Riemann surfaces. Numerous diagrams illustrate the 
physical applications of the mathematical concepts involved. 

The second part (Chaps. 8- 16) covers Fourier and Laplace transform theory and some of 
its applications in engineering, beginning with a chapter on real integrals . Three impor­
tant chapters follow on the Fourier integral , the Laplace integral (one-sided and two­
sided) and convolution integrals . After a chapter on additional properties of the Laplace 
integral , the book ends with four chapters (13- 16) on the application of transform theory 
to the solution of ordinary linear integrodifferential equations with constant coefficients , 
impulse functions , periodic functions and the increasingly important Z transform . 

Dr. Le Page's book is unique in its coverage of an unusually broad range of topics difficult 
to find in a single volume, while at the same time stressing fundamental concepts , careful 
attention to details and correct use of terminology. An extensive selection of interesting 
and valuable problems follows each chapter , and an excellent bibliography recommends 
further reading. Ideal for home study or as the nucleus of a graduate course , this useful , 
practical and popular (8 printings in its hardcover edition) text offers students , engineers 
and researchers a careful , thorough grounding in the math essential to many areas of 
engineering. 

" ... an outstanding job ... "-AMERICAN MATHEMATICAL MONTHL¥ 

Unabridged, corrected republication of the McGraw-Hill edition , 1961 . Numerousillus­
trations . Bibliography_ Exercises . 483pp. 5% x 8y' . Paperbound . 
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