Wilbur R.LePage

Complex Variables
and the

Laplace Transform
for Engineers

]

€



COMPLEX VARIABLES
AND THE

LAPLACE TRANSFORM
FOR

ENGINEERS



COMPLEX VARIABLES
AND THE

LAPLLACE TRANSFORM
FOR

ENGINEERS

Wllbur R.LePage

Department of Electrical and Computer Engineering

Dover Publications, Inc.
New York



Copyright © 1961 by Wilbur R. LePage.
All rights reserved under Pan American and
International Copyright Conventions.

Published in Canada by General Publishing Com-
pany, Ltd., 30 Lesmill Road, Don Mills, Toronto,
Ontario.

Published in the United Kingdom by Constable
and Company, Ltd., 10 Orange Street, London
WC2H 7EG.

This Dover edition, first published in 1980, is an
unabridged and corrected republication of the work
originally published in 1961 by McGraw-Hill, Inc.

International Standard Book Number: 0-486-63926-6
Library of Congress Catalog Card Number: 79-055908

Manufactured in the United States of America
Dover Publications, Inc.
180 Varick Street
New York, N.Y. 10014



To THOSE WHO find satisfaction in reflective thought
and who regard the scholarly quest for understanding
as inherently valuable to the individual and lo society,

this book ts dedicated






PREFACE

This book is written for the serious student, probably at the graduate
level, who is interested in obtaining an understanding of the theory of
Fourier and Laplace transforms, together with the basic theory of
functions of a complex variable, without which the transform theory
cannot be understood. No prior knowledge other than a good ground-
ing in the calculus is necessary, although undoubtedly the material will
have more meaning in the initial stages for the student who has the
motivation provided by some understanding of the simpler applications
of the Laplace transform. Such prior knowledge will usually be at an
introductory level, having to do with the mechanical manipulation of
formulas. It is reasonable to begin a subject by the manipulative
approach, but to do so should leave the serious student in a state of
unrest and perhaps mild confusion. If he is alert, many of the manipu-
lative procedures will not really make sense. If you have experienced
this kind of confusion and if it bothers you, you are ready to profit from
a study of this book, which occupies a position between the usual engi-
neering treatments and the abstract treatments of the mathematicians.
The book ie intended to prepare you for creative work, not merely to
solve stereotyped problems. The approach is intended for workers in
an age of mature technology, in which the scientific method occupies a
position of dominance. Because of the heavy emphasis on interpretation
and because of the lack of generality in the proofs, this should be regarded
as an engineering book, in spite of the extensive use of mathematics.

The highly personal aspect of the learning process makes it impossible
for an author to write a book that is ideal for anyone except himself.
Recognition of this reality provides the key to how you can benefit most
from a book such as this. Probably you will want first to search for the
main pattern of ideas, with the details to be filled in at such time as your
interest is aroused. Learning is essentially a random process, and an
author cannot insist that events in your program of learning will occur
in any predictable order. Therefore, it is recommended that you remain
alert to points of interest, and particularly to points of confusion. To
acknowledge that a concept is not fully understood is to recognize it as a
point of interest. It is suggested that you give due respect to such a
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point, at the time it cries for attention, without regard for whether it is
the next topic in the book—searching for related ideas, referring to other
texts, and, above all, experimenting with your own ideas. There is such
a wealth of interrelatedness of topics that, if you do this with complete
intellectual honesty, you will eventually find that you have more than
covered the text, without ever having read it in continuous fashion from
cover to cover.

The text is roughly in two parts. The first part, on functions of a
complex variable, begins at a relatively low level. Experience with
graduate students in electrical engineering at Syracuse University, over
a period of five years during which the first eleven chapters of this
material were used in note form, indicates that the approach is acceptable
to most beginning graduate students. The level of difficulty gradually
increases throughout the book, and the material beyond Chapter 7
attains a relatively high degree of sophistication. However, it is antici-
pated that with a gradual increase in your knowledge the material will
present an aspect of approximately constant difficulty.

The material on functions of a complex variable is quite similar to
many of the standard beginning engineering-oriented texts on the sub-
ject, except perhaps for the amount of interpretation and illustrative
material. One other difference will be noticed immediately: the use of

= ¢ + jw instead of the usual z =z + 7y. To use j in place of ¢
is established practice in engineering literature and probably is not con-
troversial. The choice of s, o, and w in place of 2, z, and y was a calculated
risk in terms of reader reaction. It provides a unity in this one book,
but it will necessitate a symbol translation when comparing with other
books on function theory. My apologies are offered to anyone for whom
this is a nuisance.

A few suggestions are offered here, to both student and teacher, as
to what material might be considered superfluous in an initial course
of study. Chapter 1 provides motivation and a perspective viewpoint.
It will not serve all students equally well, possibly being too concise
for some and too elementary for others. It has no essential position
in the stream of continuity and therefore can be omitted. Chapter 2
gives the main introductory concepts and is essential. Chapter 3 should
be covered to the extent of firmly establishing the geometrical interpre-
tation of a function of a complex variable as a point transformation
between two planes, and the basic ideas of conformality of the trans-
formation as related to analyticity of the function. However, on first
reading it may be advisable not to go into details of all the examples
given. Much of this is reference material.

Chapters 4 and 5 are very basic and should not be omitted. Chapter
6 bears a relation to the general text material similar to that of Chapter 3.
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Some knowledge of multivatued functions is certainly essential, but the
student should adjust to his own taste how much detail and how many
practical illustrations are appropriate. Much of this chapter may be
regarded as reference material. Chapter 7, the last of the chapters
devoted to function theory, consists almost completely of reference
material pertinent to network theory, and can be omitted without loss
of continuity. In fact the encyclopedic nature of this chapter causes
some of the topics to appear out of logical order.

Chapter 8 contains background on certain properties of integrals,
particularly improper integrals, in anticipation of applications in the later
chapters. This chapter deals with difficult mathematical concepts and,
compared with the standards of rigor set in the other chapters, is largely
intuitive. The main purpose is to alert the reader to the major problems
arising when an improper integral is used to represent a function. The
chapter can be skipped without loss of continuity, but at least a cursory
reading is recommended, followed by deeper consideration of appropriate
parts while studying the later chapters.

Chapters 9 and 10 form the core of the second part of the book—
the Fourier and Laplace transform theory. In the transition from the
Fourier integral to the one-sided Laplace integral, the two-sided Laplace
integral is introduced, on the argument that conceptually the two-sided
Laplace integral lies midway between the other two. This seems to
smooth the way for the student to negotiate the subtle conceptual bridge
between the Fourier and Laplace transform theories. If the Laplace
transform theory is to be understood at the level intended, there seems
to be no alternative but to include the two-sided Laplace transform.

The theory of convolution integrals presented in Chapter 11 is certainly
fundamental, although not wholly a part of Laplace transform theory, and
therefore should be included in a comprehensive course of study. The
remaining chapters deal with special topics, and each has its roots
in the all-important Chapter 10. Chapter 12 is essentially a continuation
of Chapter 10 and is primarily a reference work. The practical applica-
tions treated in Chapter 13 provide a brief summary of the theory of linear
systems and preferably should be studied together with, or following, a
course in network theory. Otherwise the treatment may be too abstract.
However, taken at the proper time, it can be helpful in unifying the
ideas about this important field of application.

In regard to Chapter 14, on impulse functions, a critical response from
some readers is anticipated by saying that this chapter represents one
particular viewpoint. Many will say that'it labors the point and that
all the useful ideas contained therein can be reduced to one page. This
is a matter of opinion, and it is thought that a significant number of
students can benefit from this analysis. Everyone knows that impulse
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functions are not functions in the true sense of the word, and this chapter
has something to say about this question, casting the usual results in
such a form that no doubts can arise as to the meaning. A knowledge
of the customary formalisms associated with impulse functions and their
symbolic transforms represents a bare minimum of accomplishment in this
chapter.

Finally, Chapters 15 and 16 on periodic functions and the Z transform
are related and provide background material for many of the practical
applications which you will probably study elsewhere. The justification
for including these chapters is to be found in the desire to present this
fundamental applied material with the same degree of completeness as
the Laplace transform itself.

No particular claim is made for originality in the basic theory, other
than in organization and details of presentation. Nor is it claimed that
the proofs are always as short or as elegant as possible. The general
criterion used was to select proofs that are realistically straightforward,
with the hope that this would ensure a high degree of intellectual honesty,
while always keeping in touch with simple concepts.

In its preliminary versions, this material has been taught by about
twenty different colleagues. All of these persons have made help-
ful suggestions, and a list of their names would be too long to give in
its entirety. However, I would like to single out Professors Norman
Balabanian, David Cheng, Harry Gruenberg, Richard McFee, Fazlollah
Reza, and Sundaram Seshu as having been especially helpful. Also, Pro-
fessor Rajendra Nanavati and Messrs. Joseph Cornacchio and Robert
Richardson deserve special acknowledgment for reading and construec-
tively criticizing the entire manuscript. Similar acknowledgment is
made to Professors Erik Hemmingsen and Jerome Blackman, of the
Syracuse Mathematics Department, for their careful reviews of Chapters
8 through 12. Finally, my sincere thanks go to Miss Anne L. Woods
for her skill and untiring efforts in typing the various versions of the
notes and the final manuscript.

Wilbur R. LePage
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CHAPTER 1

CONCEPTUAL STRUCTURE OF SYSTEM ANALYSIS

1-1. Introduction. It is worthwhile for a serious student of the
analytical approach to engineering to recognize that one important facet
of his education consists in a transition from preoccupation with tech-
niques of problem solving, with which he is usually initially concerned, to
the more sophisticated levels of understanding which make it possible for
him to approach a subject more creatively than at the purely manipula-
tive level. Lack of adequate motivation to carry out this transition can
be a serious deterrent to learning. This chapter is directed at dealing
with this matter. Although it is assumed that you are familiar with
the Laplace transform techniques of solving a problem, at least to the
extent covered in a typical undergraduate curriculum, it cannot be
assumed that you are fully aware of the importance of functions of a
complex variable or of the wide applicability of the Laplace transform
theory.

Since motivation is the primary purpose of this chapter, for the most
part we shall make little effort to attain a precision of logic. Our aim is
to form a bridge between your present knowledge, which is assumed to be
at the level described above, and the more sophisticated level of the
relatively carefully constructed logical developments of the succeeding
chapters. In this first chapter we briefly use several concepts which are
reintroduced in succeedin:s; chapters. For example, we make free use
of complex numbers in Chap. 1, although they are not defined until
Chap. 2. Presumably a student with no background in electric-circuit
théory or other applications of the algebra of complex numbers could
study from this book; but he would probably be well advised to start
with Chap. 2.

Most of Chap. 1 is devoted to a review of the roles played by complex
numbers, the Fourier series and integral, and the Laplace transform in the
analysis of linear systems. However, the theory ultimately to be devel-
oped in this book has applicability beyond the purely linear system, par-
ticularly through the various convolution theorems of Chap. 11 and the
stability considerations in Chaps. 6, 7, and 13.

1-2, Classical Steady-state Response of a Linear System. A brief

summary of the essence of the sinusoidal steady-state analysis of the
1
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response of a linear system requires a prediction of the relationship
between the magnitudes 4 and B and initial angles « and 8 for two func-
tions such as
vs = A cos (wl + )
v = B cos (wf + B)

where »,, for example, is a driving function* and v, is a response function.
From a steady-state analysis we learn that it is convenient to define two
complex quantities

(-

V. = Aéi® Vy = Bei# (1-2)

which are related to each other through a system function H(jw) by the
equation
Vs = H(jw)V, (1-3)

H(jw), a complex function of the real variable w, provides all the informa-
tion required to determine the mag-

L ¢ nitude relationship and the phase

. ‘q * difference between input and output
.,‘,4; % ],,b sinusoidal functions. Presently we
shall point out that H(jw) also com-

- - . pletely determines the nonperiodic
ll;‘;'ﬂt.,h];lf;nﬁ: t‘;(l:!’l’si‘lfallggy s(tl"f;’) described  ochonse of the system to a sudden

disturbance.
In the example of Fig. 1-1, the H(jw) function is
Ly JwRC }
H(w) = T =3¢ F juRC (1-3a)
H(jw) = wRkC ¢ile/i—mnlaRC/1—wLO)  (1-3D)

T V(A = L0 + oRCE

Equation (1-3a) emphasizes the fact that H(jw) is a rational function
(ratio of polynomials) of the variable jw, and Eq. (1-3b) places in evidence
the factors of H(jw) which are responsible for changing the magnitude
and angle of V,, to give V;. Evaluation of the steady-state properties of a
system is usually in terms of magnitude and angle functions given in Eq.
(1-3b), but the rational form is more convenient for analysis.

This brief summary leaves out the details of the procedure for finding
H(jw) from the differential equations of a system. It should be recog-
nized that H(jw) isa rational function only for systems which are described
by ordinary linear differential equations with constant coefficients.

1-3. Characterization of the System Function as a Function of a Com-
plex Variable. The material of the preceding section provides our first

* The terms driving function, forcing function, and excitation function are used
interchangeably in this text.



CONCEPTUAL STRUCTURE OF SYSTEM ANALYSIS 3

point of motivation for a study of functions of a complex variable. In the
first place, purely for convenience of writing, it is simpler to write

RCs
1+ RCs + LCs?

which reduces to Eq. (1-3a) if we make the substitution 8 = jwu. How-
ever, wherever we write an expression like this, with s indicated as the
variable, we understand that s is a complex variable, not necessarily jw.
In fact, throughout the text we shall use the notation s = ¢ + jo.
Another advantage of Eq. (1-4) is recognized when it appears in the fac-
tored form

H(s) = (14)

(R/L)s
(s — s)(s — s2)
Carrying these ideas a bit further, we observe that the general steady-
state-system response function can be characterized as a rational function

H(s) = (1-5)

_ g (8—s8)(s—s5) - - - (s—8a)

Hes) = X (s—sa)(s—38) - - - (s — 5m) (1-6)
Various systems differ with respect to the degree of numerator and
denominator of Eq. (1-6), in the factor K, and in the locations of the
critical values sy, s, 53, etc. The quantities s, s;, etc., in the numerator
are called zeros of the function, and the corresponding s., 84, etc., in the
denominator are poles of the function. In general, these critical values of
s, where H(s) becomes either zero or infinite, are complex numbers,
emphasizing the need to deal with complex numbers in the analysis of a
linear system.

Equation (1-8) provides an example of the importance of becoming
accustomed to thinking in terms of a function of a complex variable,
since, with s = jw and « variable, this function represents the variation
of system response as a function of frequency. In particular, the varia-
tion of response magnitude with frequency is often important, as in filter
design; and Eq. (1-6) provides a convenient vehicle for obtaining this
functional variation. Geometrically, each factor in the numerator or
denominator of Eq. (1-6) has a magnitude represented graphically by line
AB in Fig, 1-2a, shown for the particular case where s, is a negative real
number. Except for the real multiplying factor K, for any complex value
of s the complex number H(s) has a magnitude which can be calculated as
a product and quotient of line lengths like AB in the figure and an angle
which is made up of sums and differences of angles like ;. Thus, a plot
in the complex s plane provides a pictorial aid in understanding the
properties of the function H(s). In particular, steady-state response for
variable frequency is characterized by allowing point s to move along the
vertical axis.
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This formulation is also helpful when we are concerned with variation of
the magnitude |H(jw)| as a function of w. The function H(s) H(—s) plays
a central role in this question. H(—s) is made up of products and quo-
tients of factors like —& — 8, one of which is portrayed by magnitude

., [t A
/. /\
l2-5,) / Fo-ayf
l/
4
B & yd C
IS T — NN J_ ) Il-s‘
N /
N /
N /
q /
\~ 7/
'
-8
@ . ®
- //’“\ ™
e I, \ S -
/ \ S
sk / \ -sk
/ \
/ \
L \
II N
\
/ \\
& %
©

Fr1a. 1-2. Geometrical interpretation of factors in the numerator and denominator of
H(s), H(—s),and H(s)H(—s). (a) Afactorof H(s); (b) afactorof H(—s); (c) factors
of H(s)H(—8) due to a pair of conjugate zeros or poles of H(s).
|—s — 8] and angle o} in Fig. 1-2b. Thus, if each s; is real, H(s)H(—s) is
formed from the product and quotient of factors like
|s —_ 81:[ I—-s — sk|ei(¢h+¢n')

The geometry of Fig. 1-2a makes it evident that when s = jo (placing s
on the vertical axis) the sum of angles a; + «; is zero and therefore
H(jw)H(—jw) is real. Furthermore, AB = AC when s = jw, and there-
fore H(jw)H(—jw) is the square of the magnitude of H(jw). It can be
shown, from physical considerations, that, if s; is complex, the factor
8 — 8 is accompanied by a companion factor s — §., where §, is the com-
plex conjugate of s, asillustrated in Fig. 1-2c.* In that case, both factors

* A bar above a symbol designates its complex conjugate. Conjugates bear to
each other the relation shown in the figure, having the same real components and

imaginary components of opposite signs. The conjugate is defined and discussed
in Chap. 2.
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are considered together, with the conclusion that the product of four
factors (s — 8x)(s — 8:)(—s8 — su)(—8 — &) is real when 8 = jw. Thus,
since K is real, we find generally that the function H(s)H(—s) is a func-
tion of a complex variable which has the peculiar property of being real
when s = jw and furthermore of being the square of the magnitude of
H(jw). We summarize by writing

|HGw)|* = H(H(—9) |,__ (1-7)
Equation (1-4) can be used for an illustration, where

—RCs

H(=9) = T—ges v oo (1-8)

. . _ — R2C%? 1

giving H(s)H(—s) = (I + LCs?)? — R (st (1-9)

When ¢ = jw, since (jw)? = —w? we obtain
2072,,2
H(jo) H(—ju) = Lat (1-10)

(1 — LCw?? + R*C%?

which is the square of the magnitude factor in Eq. (1-3b).

The function H(s)H(—s) is particularly important in the design of
filter and corrective networks because of the property just demonstrated.
Again we can say that analytical work is easier if we deal with the
complex function H(s)H(—s) than if we deal only with the real function
[H(jw)|.

1-4. Fourier Series. The sinusoidal function described in Sec. 1-3
plays a vital role beyond the sinusoidal case for which it is defined. The
reason is provided by the Fourier series, whereby a periodic function
vq(t), of angular frequency w,, can be described as a sum of sinusoidal
components. One way to write the Fourier series for the driving function
is

v,(t) = z A, cos (nwgdt + a,) (1-11)

n=0
each term of which is like Eqs. (1-1). Assuming that the principle of
superposition is applicable, the response is

n(t) = E B, cos (nwat + Ba) (1-12)

n=0

Upon comparing with Eqs. (1-2) and (1-3), it is evident that 4, and B,
and o, and B, are related by

Beif = H(jnws)A nei* (1-13)
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The important concept here is the emergence of the idea of a signal
spectrum (a line spectrum in the case of a periodic function) represented
by the sequence of complex numbers A e/, Aqe/*, ete., and of the modi-
fication of this signal spectrum by the system function H(jnw,) to give the
spectrum of the output signal. Emphasis is on the importance of H(jw)
as a function of w, where in this case the function is used only at discrete
values of w.

1-6. Fourier Integral. It is a short intuitive step from the Fourier
series to the Fourier integral.* In this case, v,(f) is not periodic, but we
can define a periodic function, of period r/Aw,

wt) =l <4 (1-14)
and for all ¢,
w(t) =w (t + %—:) (1-15)

as illustrated in Fig. 1-3. The period of w(f) can be made_as large as

w(t) v(t)mw(t) v(t)
- =
o ] /

-

e
t— 7

3 -l
i Xw{t)

|

T

Fi1a. 1-3. Range of validity of Fourier series for a nonperiodic function.

desired by making Aw arbitrarily small. As another indication of the
usefulness of complex quantities, it is also known that we can write

A cos (wt + a) = % (eiaefot + g—iag—iat) (1-16)

thereby putting into evidence the fact that w(f) can be represented as a
complex Fourier series involving a summation over negative as well as
positive n, as follows:

w(t) =A2—‘1‘r’ z A ein b0t a-17)1

Nne —w

* The procedure outlined here is good as a learning aid, although a rigorous develop-
ment of the basiec_Fourier integral theorem requires a more complicated treatment,
as given in Chap. 9.

t The factor Aw/2r is the reciprocal of the period and normally is incorporated as a
factor of A,. The notation used here is adopted to blend with standard practice in
Laplace transform theory.
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where each A, is complez, rather than real and positive as in Eq. (1-11).
The function w(?) is identical with v.(¢) over the arbitrarily large interval
—x/Aw < t < »/Aw and will have a response r(t) given by

" =52 z Beintet (1-18)
where B, = H(jn Aw)4, (1-19)

The last two equations are similar to Eqs. (1-12) and (1-13), with the
exception that A, and B, are complex in Eq. (1-19). As defined, r(t) is
the response to a fictitious periodic function which approximates v,(f)
over the interval —x/Aw < t < x/Aw. If v,(f) reduces essentially to zero
for ¢ outside this interval, it is intuitively reasonable to expect r(f) to be
an approximation for v,(f), valid over the same interval. Assuming this
to be the case, one might expect to be able to take the limit as Aw goes
to_zero, thereby obtaining exact expressions which we formally write
for the two functions:

v.() = lim .w() = lim o z A join Aot (1-20a)
Aw—0 Aw—0 2# -,
and w() = li = lim 2¢ ; in Awt
w(t) = uno r(t) = Al‘lglo o H(jn Aw)A ¢ (1-200)
Aw—

Of course, according to the well-known theory of Fourier series, the
coefficients A, are given by

x/Aw

An= [0 va(tyeintet it (1-21)

We now allow Aw to approach zero, with no concern for the question of
whether the limits exist. Equation (1-21), which is a function of the
discrete variable n Aw, becomes a function of a continuous variable jw,
and we formally write

Va(j) = [ valtye i dt (1-22)
The summations in Eqs. (1-20) become integrals, as follows:
) = o [ Ouiore da (1-23a)
n(t) = o /_”. Vs (juw)e™ da (1-23b)
where Vp(jw) = H(jw)Val(Gw) (1-24)

takes the place of Eq. (1-19). The system response function now “acts
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on’’ the continuous-spectrum function V,(jw) of the excitation, to produce
the continuous spectrum of the response Vs(jw).

The above brief outline gives the essential ideas of the Fourier integral
treatment of a linear system, showing how the response to a general
nonperiodic excitation is determined by the system function H(s), again
emphasizing the importance of this function.

1-6. The Laplace Integral. The Fourier integral approach, although
powerful, is not satisfying for solving certain practical problems and does
not provide as general a basis for theoretical analysis as we should like.
Its shortcomings are two in number:

1. An integral like Eq. (1-22) does not exist for most v4(f) functions of
practical interest. For example, it will not handle such a simple case as
the unit-step function.*

2. The formulation does not conveniently take into consideration the
wransient effects when energy stored in system components is suddenly
seleased. That is, arbitrary initial conditions cannot be handled.

Both these problems are dealt with by making two simple modifica-
tions. The excitation function is replaced by a function which is defined
to be zero for negative ¢; and v,(¢) and »,(t) are multiplied by a “converg-
ing factor’’ e—t. For positive values of the real number o, this function
approaches zero fast enough to allow many integrals like

/;. va(t)e_c‘e_i‘“ dt and /’oa vb(t)e-vle—ial dt

to converge when they do not converge in the absence of the ¢~ factor.
For example, if v,(t) is the unit step,

ﬁ)” et (cos wt — j sin wi) dt = /o " et cos wt df — J /;) ® et sin wt dt

and each integral on the right exists if # >.0. This permits definition of
a function of ¢ + jo, which bears the same relationship to v,(f)e™* as
Va(jw) bears to v,(f), with the additional stipulation that v,(f) is now
zero for § < 0. Thus, we define

Valo + jo) = [” va(tyetori at (1-25)
and a formula corresponding to Eq. (1-23a) can be derived, giving
n()e = o /_': Valo + jo)e do

* The Fourier integral for the unit step, the function which is zero for £ < 0 and 1
fort >0, is

L] '(‘t _ o« .
/o ¢’ dt—/; (cos w! + sin wi) dt

Neither cosine nor sine can be integrated from zero to infinity.
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which is more conveniently written
vl) = 5 /_: Valo + jo)etion do (1-26)
Similar expressions apply for »(t), for which we have
Vilo +jo) = [[7 n(yeterion de (1-27)

as the Fourier integral of v;(t)e—*, where v,(t) = 0 when ¢ < 0; and also,
in similarity with Eq. (1-26),

os(t) = % / " Vile + ju)ecrion do (1-28)

It is beyond the scope of this chapter to show that Va(o + jw) and
Vi(o + jw) bear a relationship similar to Eq. (1-24), namely,

V(e + jw) = H(e + jo) V(o + jow) (1-29)

It now becomes apparent that Eqs. (1-25) through (1-29) are materially
simplified by regarding ¢ and w as the components of the complex variable
s, in which case Eqgs. (1-25) and (1-26) become

Vals) = ﬁ " va(t)e— dt (1-30)
va(t) = % A ] Va(s)e* ds (1-31)

where the last integral is a contour integral of the complex function
Va(s)e* taken over a vertical line for which the real component o is

constant. That is, on the contour of integration, s = ¢ + jo and
ds = jdw. (Contour integration is the topic of Chap. 4.) A similar
pair of equations applies to v,(f), giving

Vi(s) = [) 7 vs(De* dit (1-32)
w(t) = %l] L Vi@ ds (1-33)

and Eq. (1-29) becomes

Viu(s) = H(s)Va(s) (1-34)
The functions V,(s) and V.(s) are called Laplace transforms. The
possibility of having prescribed initial conditions at ¢ = 0 is not admitted

by Eq. (1-34); but it is a relatively simple matter to show how this can
be handled by adding another term, giving

Ve(s) = H(s)Va(s) + G(s) (1-35)
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as the general expression V3(s). G(s) is a function of initial-energy terms.
For details, you are referred to Chap. 13.

In view of the implications of Eqs. (1-30) and (1-31), H(s) takes on
added significance when the Fourier integral is extended to the Laplace
integral formulation. Until this introduction of the Laplace integral,
we have been interested primarily in H(jw), although the observation
has been made that considerable simplification ensues if H(jw) is regarded
as a special case of H(s), thereby making it possible for general properties
of s to be used in interpretation and design problems in which H(jw) is
the primary function. Now, with the Laplace integral formulation we
find H(s) appearing explicitly as a function of s rather than of jo.

In the developments of the last two sections we have made free use of
tmproper integrals. This fact points to another of the topics which must
be considered, the question of properties of the integrand functions that
will make the integrals exist. Perhaps more important is the fact that a
formula like Eq. (1-33) is useful only if it can be evaluated and if it can
be interpreted to determine its properties as a function. Therefore,
techniques of evaluating and manipulating improper integrals provide
one of the later objectives of this study.

1-7. Frequency, and the Generalized Frequency Variable. The Fou-
rier integral carries the limits — « and «, where integration is with
respect to the variable v, implying that we are interested in functions of
for negative as well as positive values of w. In the analysis of time
response of systems it is customary to call « the angular frequency,
recognizing it as related to the actual frequency f by the simple formula

w = 2af

What, then, is the physical meaning of w and f when they become nega-
tive numbers? No physical interpretation seems possible, since fre-
quency is by definition a count of number of cycles or radians per second.
The error is in calling f and w frequency; the proper terminology is

Frequency = |f]|
and Angular frequency = |w|

The alternative is to refer to f as the frequency variable, rather than
frequency. However, the quantity w is 5o much more prevalent than f
in analytical work that we shall consider w to be the frequency variable.

Sometimes in analysis it is convenient to regard the Laplace generali-
zation of the Fourier integral as equivalent to a generalization of a
sinusoidal driving function. For example, in Eq. (1-23a) we may think
of va(t) as due to a superposition (via the integral) of sinusoidal com-
ponents like

['0¢(jw)e"“‘ + Va( _j"’)e—im] dw
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which is essentially the cosine function. To clarify this statement, it can
be shown that for a practical system, having a real response to a real
excitation, UV.(—jw) is the conjugate of V,(jw), and so if A(w) is the
magnitude function and «(w) is the angle function,

Va(jw) = A(w)eir@ and Vo —jw) = A(w)eia@
in terms of which the above becomes
24 (w) cos [wt + a(w)] dw

In the Laplace case, the corresponding formula is

vu(t) = _2—:;3 Lr V‘(s)eu ds = % /_‘n Va(g- +jw)e(¢+i¢')l dw

which implies a summation of components like
[Valo + jale @ + V(o — ju)ee=] do = [Val(s)e® + Vol)e¥] do

This focuses attention on e* instead of ¢™* as the basic building block.

F1a. 1-4. Plots of the function 14(e** + e¥¢), where 89 = 0o -+ jwo, for three values of
o0 and with wo constant.

The above can be made to look more like the previous case by writing it
in the form
e Va(s)et 4 Vo(5)e 7«

showing it to be a sinusoidal function multiplied by an exponential.*
Examples of the special case

%ec.t(eio.t + e—iu.t)
are plotted in Fig. 1-4.

* This is true because in practical problems V,(8) is the conjugate of V.(s).



12 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

In view of the fact that ¢ is a generalization of ¢!, it is customary to
call & the generalized frequency variable. This is of course in complete
consonance with the previously observed fact that H(jw) can be general-
ized by replacing it by H(s). In that case also, the variable s should be
thought of as the generalized frequency variable, an idea which is implied
by Eq. (1-34). There is one unfortunate consequence of this termi-
nology; the frequency variable w is the ¢maginary component of the
generalized frequency variable. It would be conceptually more satisfying
if w were the real part of s. However, as a consequence of certain factors
which lead to simplifications elsewhere in the theory, the subject has
developed with this apparently anomalous situation.

1-8. Stability. Stability is one of the important considerations in all
problems of system design. This comment applies whether the system
is linear or nonlinear. In fact, one way to determine whether or not a
nonlinear system is stable is to consider that initial disturbances are small
and to consider the system momentarily linear. In that case, there is no
difference in the consideration of stability between a system that remains
linear and one that is basically nonlinear. In fact, every unstable,
physically realizable system must eventually become nonlinear as the
response continues to build up.

A detailed analysis of system response, such as is given in Chap. 13,
shows that the values of s at which H(s) becomes infinite carry the
essential information as to whether or not the system is stable. Referring
to Eq. (1-6), the system is stable if the real parts of the numbers sy, s;, ete.,
are nonpositive. Thus, the question of stability provides further reason
to study the various properties of H(s). Two important engineering
techniques for dealing with the question of stability are taken up in
Chap. 6 (the root locus) and in Chap. 7 (the Nyquist criterion).

These methods of studying stability can be used, purely as techniques,
with only superficial knowledge; but their justifications are grounded in
quite subtle properties of functions of a complex variable. Therefore,
if a satisfying degree of understanding of the question of stability of both
linear and nonlinear systems is to be acquired, there is no recourse but to
become acquainted with the theory of functions of a complex variable.

1-9. Convolution-type Integrals. Integrals of the form

[ioee—ndr  and [T jng+ ) dr

arise from situations which are essentially divorced from the complex-
function viewpoint of network response or Laplace transform theory.
For instance, the first of these is the result we get by applying the super-
position principle to obtain the response of a linear system. The second
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type of integral occurs in the theory of correlation. Similar integrals also
occur in the theory of the response of nonlinear systems.

Integrals of this type bear a relationship to Laplace and Fourier
transforms by virtue of their Laplace and Fourier transforms being
products of the transforms of the functions appearing in the integrand.
This property provides a vehicle whereby the Laplace transform can be
brought into play in situations other than the basic one described in the
bulk of this chapter.

One example, given in Chap. 11, makes use of a convolution integral
in transform functions, showing how Laplace transform theory is
applicable in the essentially nonlinear processes of modulation and
demodulation.

1-10. Idealized Systems. In many practical situations, linear systems
of the types considered here are parts of larger systems. In the design
of these larger systems it is often convenient to idealize the component
subsystems. When this is done, the component parts are deseribed by
idealized magnitude and angle (phase) response functions of real fre-
quency. In this discussion, it is not possible to generalize the aspects of
all design problems in one sentence. However, it is generally true that an
idealized response is chosen to give an adequate (and possibly optimum)
time response to a desired signal, while rejecting unwanted signals, and
to provide a system that is stable. The following two examples can be
given: In communication systems filtering is used to provide an intel-
ligible signal in the presence of noise; and in control systems an accurate
reproduction of a control signal is required. Filters and corrective
systems (electrical networks, and sometimes mechanical or other systems)
are encountered in all cases. Because the time response, or an estimate
thereof, is the usual end result, if we attempt to think in terms of idealized
frequency-response functions, a link between time- and frequency-
response functions is essential. This link is provided by the Fourier
integral theorem.

One then naturally asks why the Fourier integral theorem, which is
basically a theorem relating real functions of real variables, is not suffi-
cient. As a partial answer to this question we submit the following ideas:
In the first place, once the idealized characteristics of a system component
(filter, for example) have been decided upon, the designer is faced with
the problem of creating a physically realizable device which will approxi-
mate the ideal. This is the synthesis problem. We have seen that
electric networks, for example, are characterized by functions of a com-
plex variable, and hence a translation of idealized response functions into
realizable functions inevitably involves functions of a complex variable.
Also, once a realizable system has been designed, an analysis of its specific
time-response characteristics requires the solution of integrodifferential
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equations. Then the Laplace integral and transform become important
and are more closely related to the Fourier integral theorem than the
various other methods available for solving these same equations.

1-11. Linear Systems with Time-varying Parameters. The emphasis
in this chapter on linear equations with constant coefficients should not be
construed to imply neglect of systems with time-varying parameters.
Such systems are important, and many of them fall within the realm of
linear systems. They are omitted from detailed consideration here
because the treatment of this chapter is basically superficial, and to add
this further complication would magnify the appearance of superficiality
while contributing little to the main objective.

1-12, Other Systems. Systems in which time is the independent
variable are certainly important and provide the main vehicle for the
examples in this text. However, they do not exhaust the practical
applications of the material presented. Many field problems yield linear
equations, and it is shown in Chap. 3 that the theory of functions of a
complex variable is directly applicable to certain field problems in two
dimensions. Also, the linear antenna is another important application.
When applied to antennas, the Fourier integral plays a role very similar
to that played in the theory of the time response of linear systems. Thus,
the material presented in this text is applicable in several areas not
illustrated in this introductory chapter.

PROBLEMS

1-1. Obtain the function H(s) for Fig. P 1-1, assuming that displacement z is the
driving function and y is the response. .

Sliding
block

Spring constant=Fk,;

M Dashpot

+
y, " (force=k2)

F1a. P 1-1

1-2. Referring to Fig. P 1-2, let v; be the driving function and v, the response.
Obtain an expression for H(s) for this system.
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R=1 L=1
/0 ™
+
&
~ 1 L R=
i —— _ v.
! C=1 |C=1 1172

F1a. P 1-2

1-8. An inductor of L has a saw-tooth current flowing, of the form shown in Fig.
P 1-3.

(a) Write the Fourier series for this current.

(b) From this, using H(jw) on each term, obtain the Fourier series for the voltage
across the inductor.

(¢) From the differential equation » = L di/df, determine the waveshape of the
voltage, and find its Fourier series, using the formula for the Fourier coefficients.
Compare the result with part b.

~_ Y \/
0. 5T
N il

F1c. P 1-3

1-4. A periodic funetion can be represented by a Fourier series in cither of the fol.
lowing equivalent forms:

Z An cos (nwet + an) = 2 Ceinwst

n=0

where A, and . are real and C, is complex. Obtain a formula for C, in terms of
A, and a,.

R
——e AN ——e——
+ +

n C) Cm= | uy)

Fi1g. P 1-5
1-6. Consider the circuit of Fig. P 1-5, for which the excitation is the voltage pulse
0 t< T
n(f) =11 -T<t<T
0 T <t

The capacitor is uncharged at ¢ = — «. Voltage v,(t) is the output.
(a) Using any method of solution for transient response known to you, obtain an
expression for the output vs(t), valid for all ¢.
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(b) Obtain the function U;(jw) from the Fourier integral of v(f).
(¢) Obtain the function V:(jw) from the Fourier integral of v.(f).
(d) Check whether or not Vz(jw) = H(jw) V1(jw), using the H(jw) you would obtain

from steady state-circuit analysis.
1-8. Do Prob. 1-5, but using a driving voltage

0 t<o
vt) =41 o<t
0 T<t

1-7. In Fig. P 1-7 the voltage source is of the form

”1(‘ = e"’l‘l
where b is real and positive and b # R/L. The current is zero at t = — .
(a) Using any method you know, obtain a formula for ¢ which is valid for all ¢
(b) Obtain U;(jw) from the Fourier integral.

(c) Obtain 4(jw) from the Fourier integral.
(d) Obtain H (jw) for this circuit, and check the relation 9(jo) = H(jw)Ui(jw).

Fia. P 1-7

1-8. Obtain the Fourier integral for a pulse of sinusoidal waves consisting of an
even number (N) of cycles, for the following two cases:

sinwd | < IX—'
(a) v(®) = ’
0 ¥r e
wo
0 t<0
. 2N=
(b) D(t)= smwot 0<t<:
2Nx
0 o<t

1-9. For which of the following does the Fourier integral exist? Justify your
answer.

(@) f@t) = et ®) @) = et © fl) = e
—cos i

@ 5O = sin o @ 10 = 1=

1-10. Let j(t) be a real function of the real variable ¢, and assume that its Fourier
integral yields a function $(jw). Prove the following:

(@) F(jw) is real, and F(jo) = F(—jw), if f(t) = f(—1).

() $(jw) is imaginary, and F(jw) = —F(—jw), if f&) = —f(—2).
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1-11. Let f(#) and g(f) be two given functions for which the integral
[, @0 - ar

exists. Prove that, if f{f) and g(t) are both identically zero for negative f, then the
above integral becomes

t
Jo 1@ 5 ar
1-12. Using the formulas
s = [ fweimar g = [ o as
(a) Show that F(jw)G(—jw) is the function obtained from the Fourier integral of
L
[ sene+nar
(b) Show that F(jw)G(jw) is the function obtained from the Fourier integral of
[ . 100 ) e
HinT:. Write the Fourier integral for the function in question, make appropriate
changes in the order of integration (a process which will be assumed to be justified),

and make suitable changes in the variable of integration. Note that a definite
integral is independent of the variable of integration, so that, for example,

[ _-n J@emiotdt = / _: J(@eivs dz
1-13. Begin with the function

1 <1
f(‘)‘{o 1<l

and find the function $(jo) from the Fourier integral. Next, evaluate the integral
L [° $Gw)er do
2 [ —w J

to establish that this yields f(t) as originally defined. HinT: Use the known integral

© §in z »
/o = #=3
1-14. The functions
_fo >2 =‘{o 1 >1
1@ {1 il <2 i@ =11 <1

are given, and let $(jw) and §(jw) be the corresponding functions obtained from the
Fourier integral.
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(a) Find $(jw) and G(jw).

(b) Find / e J(#)g(¢t — 7) dr and / _: g(r)f(¢ — 7) dr, showing they are the same

function.

(c) Evaluate the Fourier integral for the function obtained in part b, and check
whether or not this result is identical with §(jw)G(jw).

1-16. The functions f(¢) and g({) are zero for negative ¢, and for ¢ = O are given by

J@) =e* go) =¢
Let F(s) and G(s) be the respective functions obtained from the Laplace integral.
(a) Find F(s) and G(s).
t
() Find fo ' f)glt — 7) dr and fo g(f(t — 7) dr, showing that they are the same.

(c) Find the function obtained from the Laplace integral of the function obtained
in part b, and compare the result with F(s)G(s).



CHAPTER 2

INTRODUCTION TO FUNCTION THEORY

2-1. Introduction. The theory of linear systems, particularly when
cast in terms of the Laplace transform, relies heavily on the theory of
functions of a complex variable. A brief insight into this dependence
was given in Chap. 1. In the next few chapters we shall develop the
theory of functions of a complex variable to provide the background for
further study of linear systems and related subjects, particularly the
Laplace transform and convolution integrals.

Before continuing, a word about how we shall approach the subject is
in order. We shall not proceed as would a mathematician, who would
place emphasis on rigor and generality of the theorems. However, it
will be the generality more than the rigor that we shall give up. In
mathematics one of the objectives is always to prove theorems for the
most general cases possible. For us to do this would be a waste of time,
looking as we are toward the utilitarian value of the subject, because the
most general conditions are not needed. By this we mean that you will
encounter most of the standard theorems, but applied to relatively simple
cases. There will be no significant loss of rigor, and therefore the work
should be satisfying to the thoughtful reader. However, because of the
reduction in generality, you should not regard this work as a mathematics
course in functions of a complex variable.

At the beginning we shall assume that you are familiar with algebraic
manipulation of complex numbers, but the subject will be reviewed. You
should understand that a complex number A is an ordered pair of real
numbers A; and A; which can be written symbolically

A = (Al,Az) (2—1)
A second complex number may be designated by
B = (By,B»)

Using these as examples, the algebraic operations are defined as follows:
1. Identity
A=B (2-2)

if and only if A1 = B] and Ag = Bz.
19
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2. Addition
A+ B = (414 By, 4: + By (2-3)

3. Multiplication
AB = (A1B, — A3Bs, A\B: + A,B)) (2-4)

It is left as an exercise for you to show from these definitions that
addition and multiplication obey the commutative, associative, and
distributive laws of algebra.

4. Division. In a system consistent with real numbers we cannot
define division independently. We shall want C, where

A

B

to be the number such that when mulitiplied by B it will give A. It is
then possible to prove

4 _ (AxBl + Asz, A.B, — Ale) (2-5)
B B:* + By? B:* + By?
If a complex number has the special form
(R,0)
it is said to be real and we can write
R = (R,)0)

Thus, we make a distinction between a real number R and a complex
number which has the real value R.
Another frequently occurring form is
0,1
This is said to be an imaginary number, but as yet we have introduced no
symbol for it.

As a result of the above terminology, it has become the custom, given
A = (A,A), to call A, the real part (or the real component) and to call
A, the imaginary component. Also, the number (0,4:) is called the
imaginary part of A.

It is convenient to have a notation to denote real and imaginary
components. For this we use

Al =Re d
Aa = Im A
Here are three complex numbers of great importance:
0 = (0,0
1 =(1,0)

i=0n
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The complex numbers 0 and 1 play the same roles in the operations with
complex numbers as do their counterparts in real numbers. A number
added to 0 is unchanged, and a number multiplied by 1 is unchanged.
The special imaginary number j (written 7 in mathematics literature)
has no counterpart in real numbers. From the rule of multiplication note
that :
JjA = (0,1)(41,4;) = (—A34,)

Thus, multiplying a complex number by j interchanges its real and
imaginary components with a subsequent sign change of the new real
component. In particular note that

ji = (=1,0) (2-6)

The number j is important be-
cause it provides a handy way to
write a complex number. By apply-
ing the rules of algebra we get

A = (4,4,)
= (Alyo) + (O;Aﬁ)
= (4,0) + (0,1)(450) F1g. 2-1. Geometric interpretation of a
= A4, + jA. (2-7)  complex number.

Because a complex number is an ordered pair of real numbers, it can be
represented pictorially as a point in a plane, as shown in Fig. 2-1. This
portrayal suggests defining the magnitude and angle of a complex number
as follows:

|4] = VA2 + A  magnitude (2-8a)
a = tan™! %3 angle (2-8b)*
1

It will sometimes be convenient to designate these respectively by the
notation
|A] = mag A a=angA

These two quantities (magnitude and angle) can be interpreted geometri-
cally as the polar coordinates of a point in a plane.

In writing a complex number it is sometimes convenient to draw on
this geometrical interpretation and to write

A = |A|/a (2-9)
However, || and a do not have quite the fundamental significance of 4,
and 4;. It would be inconvenient to use |A| and « to define a complex

* In much of the literature |A| is called the modulus and « the argument, in which
case the abbreviations are mod 4 and arg A.
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number because of the multivaluedness of a; |A|/a = |A|/a + 2x, for
example. Thus, for a given complex number, the angle is not a unique
number.

It is apparent from the geometrical interpretation that

A, = |A|cos a
As = |A| sin (2-10)
Also, it takes only a little trigonometry to show that
|AB| = |A| |B|
ang AB = ang A 4 ang B (211)
Al _ 4]
and _l =
Bl 1B @-12)
ang 7 = ang A — ang B

In view of these rules for multiplication and division, a consistent
definition can be given for the root of a complex number. We shall write
(A)* as the symbol for the number which multiplied by itself gives A.
Thus, if A% = |B|/8, and A = |A|/a, it follows that

|BI*/28 = |A|/a
and therefore B = +/|4]
a

2

However, we note that |A|/a = |4|/a + 2w, and therefore a second value
of angle

is possible. Since
o o
|B|f§-——|B| §+1r

this possibility of adding = corresponds to the usual sign ambiguity of the
square root. A third value corresponding to |A|/a = |4|/a + 4 is not
obtained, because a/2 + 2r is geometrically the same as a/2. Thus, in
similarity with real numbers, A% has two roots. Likewise, A% has three

roots:
VA5 V[ ek

which correspond to the three geometrically equivalent values
[Al/a = |Al/a + 27 = |A|/a + 47
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Finally, for the general case, A'/» has n distinct roots:

Ax/-={/mf“:2’°" k=012 ...,n—1 (213)

We conclude this introduction by mentioning the complex conjugate
of A, which is written A and defined by

A= (4,,—-4y)
= A, — jA, (2-14)
The complex conjugate (or conjugate) of a number is obtained by chang-

ing the sign of the imaginary part.
From the rules of algebra it follows that

AFB=-4A+5B (2-15a)
AB = AB (2-15b)
4) _4 (2-15¢)
B) " B
and also |Al> = AA (2-16a)
Re A = Re A = 14(4 + A) (2-16b)
ImA= —ImA4 = %.(A — A) (2-16¢)

Certain inequality relationships are important in the subsequent work.
From the geometry of Fig. 2-1 it is evident that

|Re A] = 4] (2-17a)
[Im 4} = |A| (2-17b)

Now consider |A + B|?, which, in accordance with Eqs. (2-15a) and
- (2-16a), can be written

|4 + B|* = (A + B)(4A + B)
= AA + BB+ AB + AB
= |A|*> + |B|* 4+ 2 Re (4B)

In the last line above, Re (4B) may be negative. The right-hand side
. will be increased or unchanged if we write |Re (4B)| or decreased or
. unchanged if we write —|Re (AB)|. Therefore, it follows that

|4+ B — 2[Re (4B)| < |4 + BJ* < |A]* 4 |B|* + 2[Re (48)|
};Also, from Eq. (2-17a)

3 [Re (4B)| < |AB| = |A| |B| = |A]| |B|

.and therefore the previous inequality simplifies to

L JAP +[BJ* — 214] |B| S |4 + Bl* S |A[* + [BJ* + 2|4] |B]
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Finally, by taking square roots we get
llAl — 1B = |14 + B| < |A| + |B| (2-18)

i

This result is an analytical statement of the fact that the length of one °

side of a triangle is less than the sum of the lengths of the other two sides
but greater than their difference. ’

2-2. Definition of a Function. One of the most important concepts to

be established is the idea of a complex number being a function of another
complex number. Let the symbol

8§ =0 + jo (2-19)

represent a complex number, where ¢ and w each may have any real value
between negative and positive infinity. (A complex number designated

@ Analytic-geometry w=Ims Complex plane
plane
* (o,w) ® (s=g+jw)
o o=Res
(@ ®)

Fi1a. 2-2. Comparison of analytic-geometry plane and complex plane.

in this way is commonly called a complex variable, although in reality it is
no more ‘“variable” than any other complex number designated by a
letter symbol.) You are familiar with the use of an “analytic-geometry "’
plane for plotting the relationship between two numbers (variables)
suchago and w. Such a plane is shown in Fig. 2-2a, in which a representa-
tive point has coordinates (¢,w) and the axes are labeled accordingly.

The complex number s, as defined by Eq. (2-19), provides a slightly
different way to represent a point in the plane. Figure 2-2b shows what
we shall call the complex s plane. Geometrically it is the same as the
analytic-geometry plane, but philosophically it is quite different. In
the s plane the axes are labeled “real’”” and “imaginary,” and a typical
point is labeled with a single symbol, namely, s. As you read this, you
should begin to acquire a feeling for the idea of using one symbol to repre-
sent {wo real variables. .

In the subsequent developments we shall have much use for the idea of a
complex plane, but occasionally we shall relate it back to the analytic-
geometry plane for interpretations. Meanwhile, even though the axes
may be labeled ¢ and w, these symbols will mean Re s and Im s.
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Now we are ready to introduce the notion of a function of a complex
variable. In addition to the s plane, imagine a second complex plane,
which we shall call the w plane. Let w have the form

w=1u-+jv (2-20)

and suppose that a rule is stated whereby for each point in the s plane (or
portion thereof) a unique point is specified in the w plane. We can say
that w is a function of s, and we may indicate that fact symbolically by
writing
w = f(3)

In this definition of a function we understand that for each point in the
s plane there is only one point to correspond to it in the w plane. In
other words, when we say function we shall understand the word to mean a
stngle-valued function. At a later time we shall be interested in multi-
valued “functions,” but for the present they will be avoided.

You should understand thoroughly that the w plane is geometrically
similar to the s plane, differing only in the symbol used to designate it.
By this we mean that the w plane is also a geometric idea for portraying
a complex variable and that it also is quite similar to the analytic-
geometry plane of the pair of real variables u and v.

To pursue further the idea of a function of a complex variable, consider
the particular case

w =g (2-21)
Note that there is no question about the meaning of this, since s? has

the meaning (s)(s), and multiplication has been defined. Thus, for each
point in the s plane

w = (0 + jo)(@ + jw)

= 0? — w? + 20w (2-22)
or U = o — w?
v = 20w (2-23)

The first idea you should get from this example is that a formula such as
(2-21) does give a rule for determining points in the w plane to correspond
to points in the s plane. Equations (2-23) actually give the rectangular
coordinates of the w-plane points in terms of the rectangular coordinates
of the s-plane points. Equation (2-21) is simpler to write than Egs.
(2-23), but they are geometrically equivalent.

Note that Eq. (2-21) is only one of many functions that can be defined
through nothing more than the rules for' addition, multiplication, and
division. Additional functions like

w=3g-+s? ete.

G0 |

w=1l+s w=g w=
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can be constructed. All that we require at this point is that the formula
tell us how, given a value of s, the corresponding value of w should be
determined. Several of these functions are illustrated in Fig. 2-3. A
generalization of functions consisting of linear combinations of powers
of & can be written

P(Gs) =art+ais+as>+ - - - + a8 (2-24)

where the a’s are complex constants and n can be any positive integer.
The notation P(s) implies that the function in this case is a polynomial in
s. A further generalization of the functions we are prepared to deal with
now is obtained if we have a second polynomial

Q(s) = bo+ b8+ bes® + - - - + bus™
and then let w be the ratio

_P() _atastas’t - + a8
Q(s) bo+ bis+bss2+ ¢ ¢ * + Dus™

You should have no difficulty in understanding that when the a’s and b’s
are all known each value of s gives a value of w which can be calculated.

w

(2-25)

w planes
- A N
s plane i w
| w=s? L wel+s | w=d
3] v .
i Isi
w
5 8 | 5  F
Ist - Zd ”/
L J 1 1 J u”l J L J
g u - w
S
AV
fsl

F1a. 2-3. Some examples of functions of s.

We shall seldom actually make such calculations numerically; in fact one
of our objectives is to get interpretations and meanings out of such func-
tions without making calculations, or with a minimum of calculations.

2-3. Limit, Continuity. So far we have reviewed the algebra of com-
plex numbers, and introduced the concepts of a complex variable and
functions thereof. We found that relatively simple functions could be
defined wholly on the basis of algebraic operations of addition and multi-
plication. Eventually we shall define many other functions, but at this
point we have done about all we can without going into the ideas of
calculus.
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To continue, we next examine the concepts of limit and contmmty
Consider a function
w = f(s)
and allow s to approach a number s, along 2 line such as a in Fig. 2-4. In
the function plane w will in general approach a point labeled wj, along a
line a’. Now suppose that w always approaches wg, regardless of the
direction in which s approaches s,. If this is the case, we say

= lim f(s) (2-26)

&80

In the above we use the symbol wj, rather than w,, because the limit
can exist even when f(s,) does not exist; and we shall reserve w, as a
symbol for f(so).

/‘o
a
ga'
ug
F16. 2-4. Geometric interpretation of a function approaching a limit.
5§ i
’l‘[‘

(@) ®
F1a. 2-5. Definition of limit in terms of ¢ and & neighborhoods.

s plane w plane

8 plane w plane

In precise mathematical language, we define the limit w{ as existing if,
when given a small arbitrary positive number ¢, it is possible to find a num-
ber & such that

1f(s) — wo| <e
when 0<|s— s <8

The zero on the left of the above inequality is necessary in order to admit
the cases where f(so) does not exist, or where f(so)  wj. The two neigh-
borhoods specified above are shown in Fig. 2-5, with the shaded area
being an example of the region actually covered when s lies in the
circular neighborhood specified. It is emphasized that, for the limit to
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exist, it must be possible to find the number é§ no matter how small we
choose to make e. ,

The concept of a neighborhood introduced in the above paragraph is
used occasionally throughout the text, and so a definition is in order.
A neighborhood of & given point consists of the portion of the plane within
a circle centered at the point in question. The radius of the circle
(e and 3, respectively, in the above examples) is usually arbitrarily small,
‘but not necessarily so. Sometimes it is convenient to specify the radius
(say €) by describing the neighborhood as an ¢ neighborhood. If the
center point is omitted, as in the neighborhood defined above for s, the
result is called a deleted neighborhood.

With the concept of limit firmly established, it is a simple matter to
define continuity. The function f(s) is defined as being continuous at a

point so if
f(s)) = lim f(s) (2-27)

This implies that we = f(s;) exists, and so, in terms of the earlier discus-
sion of the limit, we see that the function is continuous if w, = wy.

In view of the above discussion of limit and the definition of con-
tinuity in terms of a limit, we see that continuity can be defined in terms
of eand & neighborhoods. Thus as an alternative to Eq. (2-27) we say that
f(s) is defined as being continuous at s, if, corresponding to a small arbi-
trary positive number e, there exists a number § such that

If(s) — flso)| <€
when 8 — sl <8
We note that we do not need to exclude point s, from the 8 neighborhood
in this case, because f(so) is the limit.

As an example of the concept of continuity, consider the function
w = g
which will be checked for continuity at a point 8. We note that w, = g?
exists and write
jlw — wo| = [s* — 80*| = |8 — 80| |8 + 54|
Now, if js — sl < &
we also have
ls + 3ol = |s — s0 + 280] < 5 + 2|s0|

and so lw — wo| < 82 + 2|s0]d
Accordingly, if we now think of ¢ being given, we find that

[w — wo| <
when |s — 80| < &
if 8% + 2lsold = ¢ ,
or 8 = Vo2 + € — |s] (2-28)
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Thus, with ¢ given, an appropriate value of 5 has been found, and so con-
tinuity of the function is established.

In most cases the limit process indicated in Eq. (2-27) can be applied
directly. Thus, continuity of w = s? can be checked by writing

8= & = l"lﬁ
Then w = |r{2/26 + 2(|r|/8)(s0) + 8o?

Clearly, w approaches s,? as |r| approaches zero for all values of 8. The
definition of continuity is needed for use in some of the analytical proofs

to follow.
It is a simple matter to prove that products and sums of two functions

are continuous at points where each of them is continuous.
2-4, Derivative of a Function. Let a function f(s) be continuous at the
point s, which means that

lim [£(s') — (9 =0

This being the case, it is possible, but not certain, that the quotient
[f(s") — f(s)]/(s’ — 8) can approach a limit as s’ approaches s. When
such a limit exists, it is a function of s, designated by

f(s) = f(s) (2-29)

— 8

f'(s) = hm

The term on the right is called the differential quotient, and the limit is
called the derivative of f(s). An alternative definition is

f(s + As) — f(s)

As
in which the term s’ — s of Eq. (2-29) has been replaced by As. Other
symbols are used for the derivative, just as with real variables. Thus, if
w = f(s), the derivative may also be designated by

dw df(s)
s o Tds
It was observed above that continuity is necessary, but not sufficient,
for existence of the derivative. The function f(s) = |s| serves to illus-
trate that continuity is not sufficient. This function is continuous at the
origin, but the differential quotient
[¢] =0
8’

f'(s) = hm

= /—ang g

does not approach a limit when s’ approaches 0, as evidenced by its
dependence on the angle of s'.
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As an important example we now consider the derivative of the function
f(g) =& (2-30)
where n is a positive integer. An expression for (s + As)" is provided
by the binomial theorem, as follows:
(s + As)* = s* + ns" 1 As + n______(nz—- 1)

Note that since the complex numbers obey the rules of algebra we need
have no qualms about using the binomial theorem. The differential
quotient is

s""(As)’ + - .. + (As)“

s* 4+ ns™! As + w sh—2 (As)z + [N + (As)" — gn
,&Elo As
= }i‘x_’no ns! -+ n(_nzl__l) §"2As 4 - - - + (As)m! = ns?
Thus, %'Z—" = ng1 (2-31)

which is the same formula as for functions of a real variable.

Since the differential quotient has the same form for complex variables
as for real variables, we should expect the rules for differentiating sums,
products, and quotients to be the same as for real variables. In case you
do not recall the proofs of these rules for real variables, they are repeated
here, in the notation of complex variables. Let f(s) and g(s) be two func-
tions of the complex variables s, each of which possesses a derivative
at a point s. First consider the derivative of the sum f(s) + g(s). Form-
ing the differential quotient gives

A + 9] _ i f8+ 89 + g6 + 89) = f15) = 9(5)
§ As—0 As
_ 1 S8+ As) — f(s) . g(s + As) — g(s)
- il.l—l»lo As + ll’r_.no As
Y4 ;
=7 + ds (2-32)

Next consider the derivative of the product f(s)g(s), obtained as
follows:

tim {6 T 48)g(s + As) — f(s)g(s)
A0 As
= i 78 1 48)g(s + As) — f(s + As)g(s) + f(s + As)g(s) — f(s)g(s)
As—0 As

= Eino [f(s + As) M_%l(s) + g(s) fis + A:Z - .f(s)]
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Thus, we have the result
d

The derivative of the reciprocal of f(s) is formally given by

1/f(s + As) — 1/f(s) 1 f(s) = f(s + As)
im As = fim [f(s F29) As ]
In the limit this becomes
dii/f®] _ 1 df(s)
ds ~ " [fOF ds @34

This formula suggests that the derivative of 1/f(s) becomes infinite at any
point where f(s) is zero. However, one may question whether the deriva-
tive may still exist at such a point if f'(s) is also zero, so that Eq. (2-34)
would then be indeterminate. This is not possible, as we see by recalling
that, if 8o is a point where f(s) is zero, then 1/f(s) must be discontinuous at
8o because 1/f(so) is infinite. Therefore, the necessary condition of con-
tinuity is not satisfied, and the differential quotient cannot have a limit.
Then the sequence of steps leading to Eq. (2-34) is not valid, and 1/f(s)
can in no case have a derivative at a point where f(s) is zero.

By combining Eqs. (2-33) and (2-34) we get the derivative of a quotient
of two functions, as follows:

d[f(S)/g(S)] - f()dll/g(S)] + (l)d[{i(S)]
S 8

- [g(sn—z[ ORIy d”‘s)] (2-35)

Taking a cue from the previous case, it is expected that this derivative
does not exist at any point where g(s) is zero. This conclusion is correct
with the exception of certain degenerate cases in which f(s) is also zero at
the point where g(s) is zero.

2-6. Definition of Regularity, Singular Points, and Analyticity. If a
function possesses a derivative at some point s, in the s plane, and if we
can draw a small circle around the point such that the derivative exists
at all points in this circle (that is, in a neighborhood of so) then the func-
tion is said to be regular at sy and s, is said to be a regular point. A point
at which a function is not regular is said to be a singular point, or merely a
singularity.

A point where a function becomes infinite, such as a value of s which
reduces the denominator of a function like Eq. (2-25) to zero, is always a
singular point. However, there can be singularities of other types, where
the function does not become infinite. At a later time these other types
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of singular points will be introduced, and functions will be classified in
accordance with the types of singularities they possess.
As an example, consider the function
2 82

o) = “EFDG=D

The points 8 = 1, —1 are recognized as points where the denominator is
zero, and therefore they are singular points. At all other points the
formula for differentiation of a

\‘ quotient gives
df(s) 23
( 2 1)2

This function is regular throughout
“““ the shaded region of Fig. 2-6. The
circles surrounding the singular

points can be arbitrarily small.
\ \\\ A regular point is defined in such

a way that every point in a neigh-
borhood of that point is also a
regular point. As the subject de-
velops you will find that the property of having a point which is regular
places a powerful restriction on a function. Accordingly, those functions
which have at least one regular point are put into a special category and
classified as analytic functions.

In this definition of analyticity we must exclude *composite” functions
which have artificially created boundaries. For example, the function

_|s sl =1
f‘“"{m Il > 1

is not classed as an analytic function, although it is regular at each point
where |s| < 1. An explanation of this comes under the topic of Analytic
Continuation in Chap. 5.

Many authors use the word analytic in two ways, as a synonym for
regular, and also in the sense defined above. In the terminology adopted
here, regularity implies existence of a derivative at a point and in a neigh-
borhood of the point. It is a point-by-point characteristic of a function.
On the other hand, an analytic function can have points where it is no¢
regular, as in the above example. The function s?/(s? — 1) is an analytic
function which is singular at 1 and —1 and regular at all other points,
As defined here, analyticity does not refer to a property at a point;
rather, it describes certain over-all properties of a function.

F1a. 2-6. Singular points and region of
regularity of f(3) = s3/(s® — 1).
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A simple example can be given of a function which has a derivative at a
point but which is not an analytic function. This is the function

f(s) = |s|®

At 8 = 0, this function is differentiable, as can be seen by writing

f(0 + 4s) — f(0) _ . |As]?
dim, As Al.l-lfa’) as

Ao—bO AHO

However, if we check this function at any other point, we find that the
derivative does not exist, and therefore all points are singular, including
the origin. Although the function is differentiable at s = 0, this point is
not a regular point because every circle around the origin must enclose
points at which the function is not differentiable. The function has no
regular points and is not analytic.

2-6. The Cauchy-Riemann Equations. We have established the
definition of the derivative of a function of a complex variable, and some
examples of analytic and nonanalytic functions have been presented.
The analytic functions so far considered are the so-called rational func-
tions, consisting of algebraic combinations of powers of s. Next we
want to consider the transcendental functions. For this purpose it is
convenient to have a set of conditions which can be used in place of
Eq. (2-29) to determine whether or not a derivative exists.

In this development it is convenient to return to the notation of Eq.
(2-20), namely,

(8) = w=u-+jv

where u and v are each a function of the two variables ¢ and o, implied
by the notation

% = m(o,w) = n(o,w) (2-36)

You may refer to Eqs. (2-22) and (2-23) for an example. Now look at
Eq. (2-29), which can be written

lim f(& 1 49) — f(s)

A0 As
= lim m(c + Ao, w + Aw) + ji(e + Ag, 0 + Aw) — m(o,w) — jnlo,w)
- a0 Ao + j Aw
(2-37)
Now let moc + Ao, w + Aw) — m(w,0) = Au

n(e + Ao, w + Aw) — n(w,0) = Av
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so that Eq. (2-37) becomes
s AS) 1G) _ iy Au Tt A

Ac—»O a0 Ad 4+ j Aw (2-38)
Aw—0
If the derivative exists, this limit must be independent of the manner
in which Ac and Aw approach zero. In particular, the limit must be the
same if Ac = 0 and Aw approaches zero or if Aw = 0 and Ac approaches
gero. Thus, assuming the derivative exists, it is necessary that

Jim Au 4+ j Av = lim Au.+]Av
Ac—0 Ao 20 J Aw
. oY . 0u dv
or 3% s = ~iseta
which yields the pair of equations
ou_ o
doe v
du_ o (2-39)
dw da

Thus, we see that these equations, which are called the Cauchy-Riemann
differential equations, are necessarily satisfied if the derivative exists.

Now we shall check whether or not Eqs. (2-39) are sufficient to ensure
existence of the derivative of f(s). Let us assume that all the partial
derivatives in Eq. (2-39) are continuous. In this case, from real-variable
theory, it is known that

du dm , Im do

g _oat,,mee
do 6 dw do
o on + on du (2-40)
ds - dw do
Under these conditions Eq. (2-38) becomes
. AutjAv . Au/Ac + j(Av/Adg)
d R T 8w~ AT T j(aw/A0)
_ du/de + j(dv/do)
T 14 j(dw/do)
Equations (2-40) can be substituted in this last result, giving
am , .dn am , .on\do
o (2e2)(E o)t
im Au + j Av — do do dw dw/ do (2-41)

A._.oAa-i—jAw (E)
1+'7dc
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If Eqgs. (2-39) are satisfied, the above quantities in parentheses are

related by
. fom .on om .on
J(E +J&> = (% +JE’)
and so under the assumed conditions the factor

1+.7'Z—:

cancels in the numerator and the denominator. Referring to Fig. 2-7,
it is evident that dw/do is the slope of the line along which As approaches
zero, and since dw/do has been eliminated from the expression for the
limit of the differential quotient, this limit is independent of the direction
of approach and can be called the
derivative. It is now evident that
Eq. (2-41) yields a limit which can
be written in either of the following

ways:
df _ou_ .o
ds = E’ +] a— (.4'-420)
af .ou

(2-42b)

il il

To summarize: first, we proved
that,.if thg derivative exists, the r.eal Fro. 2.7, Interpretation of de/de in rela-
and imaginary parts of a function tjon to the increment As.
must satisfy the Cauchy-Riemann
equations; second, we proved that, if the Cauchy-Riemann equations
are satisfied by two functions whose partial derivatives are continuous,
then these functions are the real and imaginary parts of a function which
has a derivative.

We have arrived at the point of knowing how to test for the existence
of the derivative, and also how to get the derivative, while dealing only
with the real and imaginary parts of the function. This is in contrast
with Sec. 2-4, where no consideration was given to the real and imaginary
parts. The usefulness of this new development is brought out in the
next section.

2-7. Transcendental Functions. In Sec. 2-2 the functions which can
be specified by algebraic combinations were defined. They comprise
the so-called rational algebraic functions. They were convenient for
introducing the idea of a function, because the operations of addition,
multiplication, and division are relatively simple. It is easy to under-
stand how, in a function like f(s) = s -+ s% one would proceed to find f(s)
when s is given. .
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From real variables you recognize that the exponential and trigono-
metric functions are among the most frequently encountered transcen-
dental functions. For this reason we shall begin by defining similar
functions of a complex variable. However, a new problem arises.
Whereas we know from the definition of multiplication what is meant by
8%, we have no idea what is meant by sin s or cos s.

This state of affairs leads us to do something which you may regard as
being slightly mysterious, if not illogical. We pick two functions, in
what seems to be an arbitrary fashion, which will serve as the real and
imaginary parts of a function f(s). Continuing to use the notation

f8) =u+jv
the two functions are
% = e° CO8 w
v=¢snow (2-43)

The mystery in this is in the question: Why were these two functions
picked? To answer, we simply admit that we are drawing on mathe-
matical experience not yet revealed to you.

There is no doubt that Eq. (2-43) defines a function f(s), because
u + jv can be calculated when given any s = ¢ 4 jw. Is it regular at
any or all values of s? To answer, apply the Cauchy-Riemann equations:
a—u=e"cosm ﬂ)=6’008w a—u=—e’sinw g)=e"sinc.;

do e dw do
These derivatives are obviously continuous, and they satisfy the Cauchy-
Riemann equations for all values of s. Therefore, the function

f(8) = e’(cos w + j sin w) (2-44)

has a derivative at every point in the s plane. It is an analytic function.
Furthermore, by Eqs. (2-42), its derivative is

df _du  .ov
ds 9o +J do
= ¢?(cos w + j sin w) = f(s) (2-45)

The fact that this function has a derivative equal to itself is reminiscent of
the exponential function in real variables. Accordingly, it is appropriate
to adopt a similar notation and to write ¢*. In summary: by definttion

e = ¢’(cos w + j sin w) (2-46)

and, by the proof given above, this function has a derivative equal to
itself at every value of s. It is called the exponential function and is a
transcendental function.
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Note that if s is real (s = o) Eq. (2-46) reduces to e¢?. There is con~
sistency in using e* for the new function; it reduces to the standard nota-
tion for real variables when 8 becomes real.

An important special case occurs when ¢ = 0, giving

co8 w -+ j8in w
sin w
=1 /tan™!
COS w

= 1/w (2-47)

eju

In addition to the two methods already given for writing a complex
number, namely,

A= A1+ jd,

A = |Al|/e

a third is now possible. Since A; = |4] cos @ and A; = |A| sin a, it
follows from Eq. (2-47) that we can also write

A = |Ale= (2-48)

This is called the ezponential form.
The exponential form can also be used in writing the nth root of a
complex number, as follows:

Avn = J/[A]er**™ £ =0,1,2,...,n—1 (2-49)

Now return to the original stream of thought. It has been shown that
the function e* obeys the usual law for differentiation. This fact is
enough to warrant calling it an exponential function; but it is instructive
to observe that it also obeys the usual law of multiplication. Observe
that a combination of Egs. (2-46) and (2-47) gives

e = ¢’
but since 8 = ¢ 4 jw, the above becomes
e%eiv = gotivw

Thus, for the special case of the sum ¢ + jw we find that the law of
exponentials holds. If 8, = o3 4+ jw; and s; = a2 + jws are two specific
values of s, the above equation gives

ehtts = plorto)tilwtws) — oo1+aspilertug)
From the known law of real exponents,

entos = g%
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and from Eq. (2-47)

@@t = cos (w1 + ws) + j sin (w1 + ws)
= (€08 w1 + j sin w;)(cos ws + J sin wa)

= givigivs
Therefore, ehth = gighigitigine = gPiHiuigIrting
= ghegh

Having established the validity of the usual law of exponents, it is
interesting to observe that, since |4| = es!4l, Eq. (2-48) can be written

A = elosldlgia
= glozlAltia

In other words, a complex number 4 can be written

A = ¢f
where C = log |A| + ja

In Chap. 5 we shall find that we can also write C = log A, after the
logarithm of a complex number has been defined.

With the exponential function in hand, the way is open to many other
transcendental functions. The four basic trigonometric and hyperbolic
functions will be defined. For the complex variable s, we define the
following by the expressions given:

e‘ —_— e—l

sinh s = 3 hyperbolic sine of s (2-50a)
cosh s = ¢ _; e hyperbolic cosine of s (2-50b)
sinh s .
tanh s = cosh s hyperbolic tangent of s (2-50c)
cosh s .
coth s = Sohs hyperbolic cotangent of s (2-50d)
sin § = 3_"_;j_£" sine of s (2-50¢)
cos s = ﬂi—2_e-_" cosine of s (2-501)
sin §
tan s = —— tangent of s (2-50g)
cot s = S0 ¢ cotangent of s (2-50h)
sin s

The names are tabulated to emphasize that we use the same words as for
real variables, but the meanings are different. The geometrical inter-
pretations are lost. However, in each case, if s becomes real (s = o),
these definitions reduce to the customary ones for a real variable. An
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illustration for cos s should be sufficient. From Eq. (2-50f)
¢ + e
2

But each exponent here is complex (imaginary), and we must go to Eq.
(2-46) to get

COS o =

¢? = cosos + jsing
e =coso —jsine

and thus the previous equation leads to an identity. Again referring to
Eqgs. (2-50) we get the important set of identities

sin ¢ = —j sinh js sinh § = —j sin js8 (2-51a)
cos s = cosh js cosh s = cos js (2-51b)
tan s = —j tanh js tanh s = —j tan js (2-51¢)
cot 8 = j coth js coth s = j cot js (2-51d)

Differentiation of the trigonometric and hyperbolic functions can be
accomplished with the theorems of Sec. 2-4. Thus

d(sinhs) 1 (de' de"')

ds 2\ ds ds
= 14(e* + ¢*) = cosh s (2-52a)
and similarly % = ginh s (2-52b)
d(sins)
~gs  —¢oss (2-52c¢)
U9~ —sin s (2-52d)
Also, using the procedure given in Sec. 2-4 for differentiating a quotient,
d(tans) _ 1 _
ds  cos’s (2-53a)
d(cot 8 1
(ds ) - - sin® 8 (2-535)
d(tanh s) 1
( ds ~ cosh®s (2-53¢)
d(coths) 1 _
ds  sinh’s (2-53d)

Formulas (2-52) and (2-53) provide information about points of regular-
ity and singularity. We see that sin, cos, sinh, and cosh are regular at all
- points. However, tan, cot, tanh, and coth are each singular at points
:where the derivative (and also the function) becomes infinite. Thus,
: each point at which cos? s is zero is a singular point of tan s, and each point
“where cosh? s is zero is & singular point of tanh s. Let us find these points.
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Consider the zeros of cos? s, which are also the zeros of cos s. We have

ya ¢l]
cos 8 = ﬁ__l—_e_—._
2
and ¢t = ¢wtic = ¢(cos ¢ + j sin o)

et = ¢ " = ¢»(cos ¢ — j 8in o)
e¢“(cos ¢ 4 j sin ¢) + €*(cos ¢ — j sin o)
2

_ eter .. e —e
=080 —5— —jsine —j

Thus cos § =

For this to be zero, each term must be zero:

cos o ¢ -;e-. =0 (2-54a)
sin o & - L2 (2-54b)

The function ¢* 4+ ¢ can never be zero (with the understanding that w is
always real), and hence one condition is

coso =0

Also, when cos ¢ = 0, |sing| = 1, and hence for Eq. (2-54b) to be satisfied

we need
e — e
2

=0 (2-55)
which is true only if

w=0 (2-56)
Equations (2-55) and (2-56) together give the zero points of cos s, namely,

v=i(2n+l)% n=012 ...
w=20

or, expressed as values of s,

8= +(2n + 1)’5’ + j0 (2-57)

has an infinite number of singular

points distributed at uniform inter-
—n *  valg along the real axis, as suggested
2 2 in Fig. 2-8.

As a second example let us find
the singular points of tanh s.
Equation (2-53¢) shows that they
occur at points where cosh s = 0. Referring to Eq. (2-51b) we see that

l Thus we see that the function tan s

F1a. 2-8. Singular points of f(s) = tan s.
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these are points where
cos js = 0

and from the previous case this means
js = ¢(2n+1)g n=0,12 ...
Therefore, 8= +j(2n + 1)’5r (2-58)

are the singular points of tanh s. Some of these are shown in Fig, 2-9.
We could pursue this sort of development further, considering many
more of the transcendental functions such as coth s,
1/cos s, etec. As a matter of fact, it should be recog-
nized that there are many transcendental functions
other than those given here. Most of the functions
we meet in real variables have counterparts in func-
tions of a complex variable, as was the case with the
exponential and trigonometric functions. The exam-
ples mentioned here are sufficient to present the ideas
involved when defining a function, and to help to 3
clarify the similarities and differences between the
real-variable and complex-variable cases. Of course,
there are many possibilities with the few functions given
here, because they themselves can be combined alge- J
braically to give still more transeendental functions.

Note that the transcendental functions considered ~F¢- 2'9'f Singular
here have points at which they are regular. There- f::ﬁt; of J(s) =
fore, they are analytic functions.

2-8. Harmonic Functions. A function of two real variables (such as
¢ and w) satisfying the two-dimensional Laplace equation

ol

(ML

K

u |,

) + P i 0 (2-59)
throughout some region of the ow plane is said to be a harmonic function.
We shall show that the real and imaginary components of an analytic
function are harmonic functions, satisfying Eq. (2-59) in the region of the
ow plane corresponding to the region of the s plane where the function is
regular.

To prove this, we need merely assume that f(s) is analytic and employ
the usual notation

8§ =0+ jw
& =w=u+jv
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At each regular point the Cauchy-Riemami equations are satisfied, and so

ou _ dv
9 v
du @
% o

If we differentiate the first of these with respect to ¢ and the second with
respect to w, we get*

du _ %

30 o dw
Nu _ %
dw Qw oo

The right-hand sides of these two equations differ only in the order of
differentiation, but the order of taking two partial derivatives is imma-
terial, and hence

Ou_ _
9 dw?
which is equivalent to Eq. (2-59). A similar proof shows also that
% | %
a0t T =0

Thus, the real and imaginary components of an analytic function are
harmonic functions.

The fact that an analytic function of s has real and imaginary com-
ponents satisfying the two-dimensional Laplace equation is of far-reaching
importance. It provides the bridge whereby the theory of functions of a
complex variable yields techniques for solving two-dimensional-field
problems. This relationship is also used in some methods of network
design.

PROBLEMS

2-1. Prove that Eq. (2-5) is consistent with the rule for multiplication.
2-2. Define the two complex numbers

- (G )
11
o= (-5 )
and write
4 =zP + yQ

where z and y are real. Obtain formulas for z and y in terms of A, and A,,

* Some question could be raised as to whether these second derivatives exist. A
proof can be given that they do, but this pruof depends on theory not yet presented.
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2-8. Assume that C is a positive real number and that the numbers A and B are
complex. Prove that if

[A-Bl<C
then |B — C < |A| < |B| + C
and 4| —C < |B| < |A| +C

Also, show that to have either of the last two relations satisfied is not sufficient to
ensure that |4 — B| < C.

2-4. Using the formulas which define multiplication and division, prove the validity
of Eqs. (2-11) and (2-12).

2-6. Prove relations (2-15) and (2-16).

2-6. For the function

1
w=s+;

let s take on the eight values specified by 8 = 2/nx/4, wheren = 0,1, . . . , 7,and
calculate and plot the corresponding values of w.

2-7. For the function given in Prob. 2-6 show that the same set of w points would be
obtained if 8 = ¥/ —nx/4, wheren = 0,1, . . . , 7. Prove this analytically, with-
out making the actual calculations. _

2-8. If f(s) is a polynomial in s, with real coefficients, prove that f(8) = f(s).

2-9. You are given the function

1 s on the unit circle
s 8 not on the unit circle

7o) = {

Show that this function is continuous at 8 = 1, but not continuous at other points
on the unit circle, by calculating lim (p + €)e/® and lim (p — €)e’®.
—0 0

2-10. Do Prob. 2-9 for the function

8 gl =1
o ={ly W31
2-11. Show that the function
fs) = |s]?
is continuous at all finite points.
2-12. Show that the function

f8) = -81-

is continuous at all points except s = 0.
2-18. Prove that the function

—_8&+1
o) = s +3s +2
approaches a limit as s approaches —1.
2-14. Prove that the function
e o
fls) = G-+t

is continuous at all finite points except & = 1.
2-16. If f(s) is continuous at & and f(20) # 0, prove that 1//(s) is continuous at .

- J
te-iTa
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2-16. Show that the following functions are continuous at all finite points:
(a) f(s) = 38 ® fe)=2s+8

2-17. Prove that f(s) 4 g(s) and f(s)g(s) are continuous at any point where f(s)
and g(s) are continuous.

2-18. If

z= g4 41
zl

and =
obtain a formula for dw/ds, and indicate what values of # are the singular points of
w = f(s).

2-19. Find the singular points of

@ 10 = 5373 ® 16) =

2-20. Prove that f(s) = s? satisfies the Cauchy-Riemann differential equations.

2-21. Prove that f(s) = 1/s satisfies the Cauchy-Riemann differential equations
at all points except at the origin.

2-22. Show that the function f(s) = |s|? has a derivative only at the origin.

2-28. Show that f(s) = s|s| has a derivative only at the origin.

2-24, Consider the three functions, all of which are defined to be zero at 8 = 0:

(@) f(s) = s?si §#0

in L
Il
®) f(s) = ssin]:—l £%0
© f6) = stsins 80
Show that (a) and (b) are continuous at the origin, that (c) is not continuous at the
origin, and that (a) has a derivative at the origin, but that (b) and (¢) do not have
derivatives at the origin.

2-26. Find formulas for the real and imaginary parts of s*, where z is any positive
integer. (HINT: Use the binomial theorem.) Apply the Cauchy-Riemann differ-
ential equations to establish that f(s) = s» is an analytic function.

2-26. Consider the function f(s) = u 4 jv, where

u = (0 co8 w — w 8in w)
? = ¢°(w co8 w + o 8in w)

(a) Establish that f(s) is an analytic function.
() Write f(s) explicitly in terms of the single variable s.
2-27. Do Prob. 2-26 for the pair of functions

y = gvnooosh ¥ pog (cos o sinh w)
v = etindoosh e gin (cos ¢ 8inh w)

2-28. Do Prob. 2-26 for the pair of functions

u = 8in o cosh w
sin? ¢ + sinh? w

_ _cososinho
gin? ¢ 4 sinh?®

v ™
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2-29. Show that the singular points of f(s) = 1/(4 + s*) are equally spaced on a
circle, and obtain a general formula for specifying the positions of the singular points.
2-30. For each of the following functions find the limit indicated, and evaluate the

derivative at the point being approached:

lim sinh s? 8* — x84 x¥/4
@ =0 & ® s—x/2 co828+1

2-31. Show that
1

o) = cosh 8 + ¢

is singular at 8 = log V¥ +j(Cn +1)/2lx,n =0, 1,2, . . ..
2-32. Prove the identities:

(a) cos 8 = cos o cosh o — j sin o sinh w
(b) cosh 8 = cosh ¢ cos w + j sinh o sin w

2-88. Prove the identities:

2 cosh? 8 4 cosh 25 — 1
@) sinh 8 cosh s = 4 coth 2
(b) sinh e* + sinh e~ = 2 sinh (cosh s) cosh (sinh s)
_ sinh 20 + j sin 20
(c) tanh s c0s 2w -+ cosh 2¢
2-84. Obtain the polar-coordinate equivalent of the Cauchy-Riemann differential

equations.



CHAPTER 3

CONFORMAL MAPPING

3-1. Introduction. It is customary to use graphical aids in considering
functions of a real variable. Graphs of the functions serve to give helpful
pictorial representations. You may have noted in Chap. 2 that such
graphical interpretations were absent, although the idea of a functional
relationship between pairs of points in two planes was introduced. This
is an inherent difficulty in the study of functions of a complex variable.
It is impossible to plot a function of a complex variable in the sense that
we can plot a function of a real variable, because there are four varying
quantities: the real and imaginary parts of both the independent variable
and of the function of that variable.

Something can be done by way of graphical interpretation, however, by
plotting the function as the independent variable moves along some pre-
scribed path in the s plane. Some of the more important ideas related to
this method of interpretation are presented in this chapter.

3-2. Some Simple Examples of Transformations. Linear Function.
We shall begin with the simplest nontrivial case, the function

f(s) = A+ Bs @1

where A and B are complex. An example with numerical coeflicients
is chosen so that numerical scales can be used. Accordingly, take

A=1+j
B=2+j
and write f(s) = u + jvand s = ¢ + jo. We get
utjp=14j+2+j)(+jw
=142 —o0o+j1 +0 + 20)
and equating real and imaginary parts yields
u=14+2 — o
v=1+40+4 20w

which give the explicit functional dependence of u and » on the independ-

ent variables ¢ and .
46
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The existence of such pairs of functions as analytical equivalents of a
single function of a complex variable was illustrated in Chap. 2. We seek
two relationships between u and »: one with w appearing as a parameter,
and the other with ¢ as a parameter. Routine algebra, eliminating first o
and then w from the above equations, yields, respectively,

v = Yu + %1 + 50) (3-2a)
v=—2u+ (3 + 50) (3-2b)

Equation (3-2a) represents the line in the w plane corresponding to
points along a horizontal line (v = constant) in the s plane. The solid
lines in Fig. 3-1 illustrate the case w = 1. Equation (3-2b) is the equation
for the line in the w plane traced out in the w plane as a point moves along

w v \
6t \ PAY

: 3 plane 2 w plane

| 11 \
I

1

N I €
1 123 40 1 2 3 4 5 64

(@ ®)
F1a. 3-1. Development of the transformation due to the function w = (1 4 ;) +
@2+ js.

a vertical line (¢ = constant) in the s plane. The dashed lines in Fig, 3-1
are examples for ¢ = 2. The points of intersection in the two planes are
corresponding points, as related by Eq. (3-1).

Note that this graphical interpretation, which is only partially com-
pleted in Fig. 3-1, gives some information about the point-transforming
properties of the function. A straight line in the s plane is translated and
rotated.

Now imagine a coordinate “grid”’ in the s plane, as shown in Fig. 3-2a.
Each straight line of the s plane transforms to a corresponding line in the
w plane; and Egs. (3-2) describe these lines. It may be said that the
grid of lines in the w plane is a map of the grid of lines in the s plane. By
allowing this grid structure to become finer and finer, an increasingly
more accurate picture of the function can be obtained.

The mapping idea can be extended to recognize that any arbitrary
geometrical figure in the s plane, such as the curvilinear triangle shown,
goes into a corresponding figure in the w plane, The grid development
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of Fig. 3-2 adds the idea of change of size. The grid spacing is greater
in the w plane than in the s plane, and a geometrical figure is magnified.

The process whereby a set of points in one plane is converted into a
set of points in another plane is called a transformation. The law of a
transformation can be expressed either by a pair of functions in real
variables or by a single function of a complex variable.

This example illustrates the transformation properties of the compara-
tively simple linear function. Geometrical shapes are affected in the
manner noted above, but they are undistorted. Other functions cannot
be described so simply, because they introduce distortions.

v
6
5
4
w
] |3' ] l 3
2l | 2
L1y LA 1
R REN
—Zi —li !1 :2 3
HEEE
1 12
R ) O
s plane -
@

F1a. 3-2. Portrayal of a transformation by the use of coordinate grids.

The linear function is the simplest one we could employ to emphasize
the necessity of using two planes to represent a function graphically
and to describe the utility of considering the map in the w plane of a
coordinate grid in the s plane. In some cases it is more convenient to use
the coordinate lines of polar coordinates.

Quadratic Function. The next function to be considered is

w = g (3-3)
We shall consider this case twice, first using polar coordinates and then

using rectangular coordinates.
Let the polar coordinates be p = |s| and ¢ = ang s, giving

w = p/24 (3-4)

From the right side of the above it is apparent that a coordinate circle
in the s plane goes into a coordinate circle in the w plane, of radius equal
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to the square of the radius in the s plane. A radial line coordinate in the
s plane goes into a radial line in the w plane, but making twice the angle
with the real axis.

These relationships are shown in Fig. 3-3. If s is restricted to the right
half of the s plane, the whole w plane will be covered by the transforma-
tion. A similar conclusion follows if sis restricted to the left half plane, as

=3

L]

s plane

- w plane
@ "t ® -z
Fia. 3-3. Transformation of the right-half s plane by w = s.

3
$=-35

=
ate

s plane

- -

w plane

_x (@ ®
2

3x

3

F16. 3-4. Transformation of the left-half s plane by v = s
illustrated in Fig. 3-4. This behavior, whereby each half of the s plane
maps onto the entire w plane, arises because s* = (—s)%. This is the first
of several functions to be considered in which only part of the s plane is
needed to cover the entire w plane.

The wedge-shaped “cut” along the negative real axis in each of the
portrayals of the w plane needs explaining. If the whole jw axis had been
kept in each case, it would then have been used twice. To avoid using
it twice, while using the remainder of the s plane only once, the negative
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imaginary axis is deleted in Fig. 3-3a, and the positive imaginary axis is
omitted from Fig. 3-4a. (This choice was arbitrary; it could have
been the other way.) To make the picture as complete as possible, a
radial line is shown just to the right of the negative imaginary axis in the
s plane of Fig. 3-3a. This line, taken with the positive jo axis, forms the
wedge in the w plane. Figure 3-4 is treated in a similar fashion.

If we look at a small area of the s plane, as shown shaded and labeled
A in Fig. 3-3a, we sce that it is transformed into a somewhat similar
area A’ in the w plane. It would appear from this that the function
w = §? transforms geometric figures in the same way as does the linear
transform, with magnification but without distortion. However, this is
not true, and the similarity of areas A and A’ is misleading. We can
see this to be true by supposing A to increase in angle to become a semi-
circular segment. Then A’ will be a closed annular area, which is
certainly different. As a final point, note that area B in Fig. 3-4 goes
into the same area in the w plane (labeled B’) as does area 4.

Further consideration of this transformation is accomplished by using
rectangular coordinates in the s plane. This leads to a more complicated
situation. Parenthetically, you may wonder why polar coordinates were
not used in the linear case. They could have been, but not much more
would have been learned, because the transformation is so simple. For
the present case we shall consider both and in other cases we shall use only
the coordinate system which is most appropriate.

Equation (3-3) is now written in rectangular coordinates:

u+ v = (0 + jw)?

= 0? — w? + j20w

or u = o — w? (3-6a)
v = 200 (3-5b)

Again we seek two sets of equations between u and » in which, successively,
w and ¢ are parameters. The two equations are obtained by squaring
Eq. (3-5b) to give

v = 40%0?
and substituting for either ¢% or w? as obtaiped from Eq. (3-5a). The
results are

u+ o = 4—22 p? (3-6a)
u—ot= — 4%2 2 (3-6b)

Equation (3-6a) is a family of parabolas with vertices at point —w?.
They are the maps in the w plane of the coordinate lines w = constant of
the s plane. The solid-line parabolas in Fig, 3-5b show this graphically,
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being the w-plane transformations of the horizontal solid coordinate lines
of Fig. 3-5a. Referring to Eq. (3-6a), you will note that the parabola
is a function of w?, but not of w. Therefore, there is no distinction in
the w plane between coordinate lines for positive and negative values of
. 'This is related to the fact that we got two w planes when considering
polar coordinates. Thus, by taking the top half of the s plane we could
cover the w plane with lines and would again cover it with the same set
of lines by taking the bottom half of the s plane.

lol=15 lgl=2
~ \

©®)
Fi1a. 3-5. Study of the transformation w = s?, using rectangular coordinates in the
s.plane. (Areas marked B and B’ are referred to in Sec. 3-11.)

Next we consider the transformation of lines of constant ¢. According
to Eq. (3-6b) these lines go into parabolas with vertices at point +¢?, as
shown by the dashed lines of Fig. 3-6b. Again we find the parameter
appearing only as a square, and therefore each dashed parabola is the
transformation of two vertical lines in the s plane. If we take the
right half of the s plane, it would cover the w plane with lines, and similarly
for the left half. With rectangular coordinates, it is more difficult to
relate the whole s plane to two w planes, because for one set of coordinate
lines we would use the top and bottom and for the other the right and
left halves of the s plane. The polar-coordinate system shows the rela-
tionship so well that it would be unreasonable to undertake it again for
this more difficult portrayal.
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Note that the real axis of the w plane isin two parts. The right half isa
degenerate case of the system of solid-line parabolas, for » = 0; and the
left half is a degenerate case of the dashed-line parabolas, fors = 0.

This transformation treats the coordinate grid more violently than did
the linear function. The simple idea of a translation, rotation, and
change of scale no longer applies. A somewhat satisfying description of
what happens is possible, however. Suppose that the right-half s plane in
Fig. 3-3a is made of a rubber membrane which can be “fanned out” by
drawing the two halves of the jw axis together as if they were hinged at the
origin. Figure 3-3b would be the result. This picture provides an insight
into the kind of distortion produced. The result of this stretching can
also be seen in Fig. 3-5, where the vertical coordinate lines in the s plane
become bent to form the dashed lines in the w plane.

It is a bit more difficult to picture the distortion of the left-half s plane
to form the w plane. To attempt such a description would not add
materially to the concept we wish to describe.

The rectangular-coordinate portrayal serves to emphasize the distortion
of geometrical shapes when transformed by the function w = s%. An
inspection of the labels on the transformed coordinates shows that the
square area A in Fig. 3-5a will transform to the curvilinear square labeled
A’ in Fig. 3-5b. The important conclusion is that with this transforma-
tion some straight lines can go into curved lines and geometrical shapes
are not preserved exactly.

3-3. Practical Applications. The transformation properties of a num-
ber of additional functions will be considered later in this chapter. But

before going on, a few practical
R m———— -~ R examples taken from the field of

YWY | ! tsolation | o I network theory will be presented,

c | stage ! c showing why these functions, and

°____-[_4:_ {___L their graphical portrayals, are
F16. 3-6. Example of a network for which  useful.

the response function is w = 2% The first exampleisan application

of the function treated in the previ-

ous section. Consider two RC networks connected in cascade by an

isolating stage, such as an amplifier with negligible input admittance, as

shown in Fig. 3-6. The output/input function for each network, as a

function of real angular frequency o, is

= 1/joC 1
T R4+1/50C " 1+ jwRC

and for the combined network the transfer function, assuming unity gain,
is

37

w=z?
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As w increases from zero to infinity, we find that z traces out the semicircle
shown in Fig. 3-7a (proof of this is given in the following section). The
transformation properties of the function w = 2% can then be used to
determine the locus of the response function of the two networks in cas-
cade. Figure 3-7b shows the transformation of polar coordinates of the
z plane and also the transformation of the curve traced out by w as w
varies.

A graph paper with a grid on it like Fig. 3-7b can in this way be used to
find loci of steady-state response functions for two identical isolated
cascaded amplifiers, when the locus for one stage is known. Other func-
tions (23, 24, ete.) could be plotted to take care of more than two sections in
cascade.

@ ®
Fi6. 3-7. Graphical interpretation of the response function of Fig. 3-6.

Steady-state network theory provides other examples of functions
whose transformation properties are worth investigating. In the previous
example the transfer function z can also be written

-1 1
~ RC1/RC ¥ jo

If we interpret s as 1/RC + jw, the locus of z with variable w can be
obtained from a study of the map of the rectangular coordinates of the s
plane due to the function z = 1/s. Thus, the reciprocal function is a
useful aid in the analysis of & commonly used coupling network. The gen-
eral problem of determining an admittance locus from an impedance locus,
or vice versa, is a more general application of the reciprocal function.

The function

w=az+7)1—z=\/g(\/a—bz+7_ia) (3-8)

F
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provides another practical example.

COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

This function gives the impedance

(or admittance) of the series (or parallel) connection of two reciprocally
related impedances (i.e., impedances having & product which is a real

constant).

Two examples are shown in Fig. 3-8, where wis an impedance

Rz bt kGl

L
- - Y G L=
zZ, G=kR C=kL 1 kC,
cz=

Fia. 3-8. Two network applications of the function w = az + 1 /bz.'

in case a and an admittance in case b.

When the locus of z is known, the

transformation properties of Eq. (3-8) will provide the corresponding
immittance locus for the combined network.

This same transformation arises in filter theory, often being described
as the “low-pass to bandpass transformation,” although it is really more

+ +

n
¢
o——-‘ I——o Z, Cn ~ Cpw,
R,
— MWW Zp  ——AMWAA—
R,
(b) Case 1 (c) Case 2

Fra. 3-9. Network application of the
function w = az 4 1/bz, relating band-
frequency properties of one network with
low-frequency properties of another net-
work having a similar structure.

general than this name would imply.
Figure 3-9a represents a general
filter network, which will have a
transfer function

E,

7. =F(Z,,Z,, . ..

7ZN)

where the function F is a rational
function of the Z’s. Now suppose
that each Z of this network has one
of the forms shown at (b) in the
figure, which we shall call case 1;
and then let corresponding branches
have the forms shown at (¢), which
will be called case 2. Note that
there is a systematic transition from
case 1 to case 2; each R is un-
changed, each L is replaced by L

and C in series, and each C is replaced by L and C in parallel, with specific

value relationships as indicated in the figure.

are readily shown to be as follows:

The respective impedances

Case 1 Zp = Lps
1
2= s

Z,=R,
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Case 2 Zm = Law
1
Zn = Caw
Zr =K,
where w=2 42
wo 8

and wo is an arbitrary design constant. This last equation is a special
form of Eq. (3-8).

The above tabulation places in evidence the fact that the functional
dependence of each Z on s in case 1 and on w in case 2 is the same. Also,
since the structure is the same in both cases, the response function is given
by the same function of the Z’s, namely, F(Z,;, . . . ,Zx) defined above.
Therefore, if we define

E, _

B T(s)
for case 1, it follows that

E, _

E = Tl(’ll))

for case 2. 'This response function for case 2 is also a function of s, which
may be designated Tz(s). Therefore, for case 2 we have

Ta(s) = Ti(w)

This information can be useful if a solution is available for case 1.
From this the transformation properties of the function 7')(w) would be
known, giving a map of a coordinate grid in the w plane on the E,/E,
plane. Then, with the known mapping properties of Eq. (3-8), the
coordinate grid of the s plane can be mapped onto the w plane and thence
onto the E,/E, plane.

We see now why the ‘“low-pass to bandpass” designation is not an
adequate description. If T,(s) is a low-pass function, T,(s) will be a
bandpass function. However, T'1(s) is not necessarily low-pass; it could
eliminate low frequencies, and then 7T':(s) would be a bandstop function,

Earlier in this section it was pointed out that z raised to an integral
power arises as the funetion which describes certain cases of networks
in cascade. In many applications it is preferable to write the transmis-
sion function of each of the cascaded sections as an exponential, so that
multiplication of functions is replaced by addition. Accordingly, in net~
work theory we are sometimes interested in the function

w=e (3-9)

and so part of this chapter is devoted to an investigation of its transforma-
tion properties. This function and its related hyperbolic functions also
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arise in the solution of the wave equations, and so we also consider the
function
w = cosh s

in detail ; and from it we deduce the transformation properties of the other
circular and hyperbolic functions.
Finally, we shall consider the bilinear function

_z—1

Tz41

w

(3-10)

which is of interest partly because, if z is replaced by 1/z, w merely
changes sign. Therefore, a graphical interpretation of Eq. (3-10) is use-
ful for finding reciprocals of complex numbers. This function is also
the reflection coefficient which appears in the scattering matrix formula-
tion of the theory of multiport networks. Specifically, the reflection
coefficient of an impedance Z in series with an impedance Z, is

Z—Z, Z/Z,—1
Z¥ 2, Z/Z,F1

which is identical with Eq. (3-10) if we let 2 = Z/Z,. Thisfunction also
plays an important role in the graphical analysis of transmission lines; it is
the function which leads to the “circular” (or Smith) transmission-line
chart.

In presenting the functions to be analyzed, z was used as the independ-
ent variable, as a reminder that the independent variable will not always
be the generalized frequency variable s. However, with this understand-
ing, in the following sections we shall revert to s as the independent
variable, recognizing that in the presentation s is an abstract variable
which can represent any complex variable derived from a physical
situation.

3-4. The Function w = 1/s. It would be easy to get the polar-coordi-
nate map of the function

w = (3-11)

o |

but little would be learned by so doing. Accordingly, rectangular coordi-
nates will be used, giving

(u + jo)(e +jw) =1
from which we get, by equating real and imaginary parts,

U — vw =1

vo +uw =0 (8-12)
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By a purely algebraic elimination of first ¢ and then w, we get the two
families of circles
(o4 L)+ g
2w 402

1\? 1
v+ (“ - 2—.,) = i
The degenerate cases ¢ = 0 and w = 0 cannot be handled by Egs. (3-13),
but from Eq. (3-11) we find that they, respectively, give the two axes
u=0andv =0.
The transformation is shown in Fig. 3-10. Notice that this justifies
using the circle in the previous section in dealing with Eq. (3-7), which is
covered by the present example if s = 1 -4 jwRC.

(3-13;

2

J SN NN APPpE EVEIY RERON

[=}
) ASRpRpR RNyt VU S RPN (U DI PR R

s plane
F1a. 3-10. Map of the function w = 1/s.

The reciprocal function treats the plane more violently than the other
cases so far considered. The “edge of the plane at infinity ”’ is pulled in to
the center, while the center is stretched out in all directions to infinity.
It is perhaps not too difficult to visualize this process and thus to get some
perception as to the reasonableness of the families of curves shown in
Fig. 3-10.

3-6. The Functionw = Y4(s 4+ 1/s). We turn to the case of Eq. (3-8),
which is now written in the slightly different form

w= %(s +- %) (3-14)

where the factor ¥4 is introduced for later convenience in treating the
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hyperbolic functions. This case is analyzed by using polar coordinates,

8=p/¢ (3-15)
which gives

. 1 .1 1\ .
u+3v=%(p+;)cos¢+_7§<p——p)smqb (3-16)

and u =

(p + lp) cos ¢ (3-17a)

1
2
v l
2

(p - %) sin ¢ (3-17b)

The required pair of equations relating » and v, with p or ¢ as parameters,
is obtained by squaring both of Eqs. (3-17) and writing them as elther of
the following pairs:

N = cos? ¢
(P*';)
B nte 3-18)
1 2
(-3
I
u? 1 1
or cos”d>=1(pz+2+;2)
v? _ 1 2 2 + _1_ (3-19)
sinfg 4\’ 2

Respectively adding Eqgs. (3-18) and subtracting Eqs. (3-19) gives
4y? 4y
1\’ + 1\*
Q+9 (‘9
u? v?
cos? ¢ " sin? ¢

=1 (3-20a)

=1 (3-200)

Equation (3-20a) describes a symmetrically located ellipse of major axis
p + 1/p along the u axis and minor axis p — 1/p along the v axis. Equa-
tion (3-20b) represents a pair of symmetrically located hyperbolas with
intercepts on the real axis at 4 = tcos ¢. Notice that Eq. (3-20a) is
unchanged if p is replaced by 1/p and that Eq. (3-20b) is unchanged if ¢
isreplaced by —¢. This, of course, is due to the squaring operation used
in arriving at Eqs. (3-18). We can see from Egs. (3-17) that this ambi-
guity in p and ¢ is spurious. Replacing p by 1/p or replacing ¢ by — ¢
(not both) changes the sign of v, a fact which is not indicated by Eqs.
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(3-20). We shall use Eqgs. (3-20) to give the shapes of the curves but
shall need Egs. (3-17) to help in the process of labeling.

First note from Eqs. (3-17) that if p is replaced by 1/p and the sign
of ¢ is changed there is no change in v andv. Thus, if we keep p = 1 and
let ¢ vary from —x to m, then u and » will each take on all values from
— o to « and w will cover the w plane. (We could also cover the w plane
by restricting ¢ to the range from 0 to = and letting p have all values
from 0 to «.) The former alternative is chosen arbitrarily; and this
means restricting s to points on and outside the unit circle. Clearly to
designate this, let

p=1 0s¢=n

p>1 —r < ¢=T (3-21)
Figure 3-11a shows the portion of the s plane being considered and several
curves of the families for p = constant and ¢ = constant. We must, how-
ever, remove the ambiguity due to the fact that the latter family is
unchanged if ¢ is replaced by —¢. This is easily done by looking at Eq.
(3-17b), which shows that » is positive when p = 1 and 0 < ¢ < r and
negative when —x < ¢ = 0. Thus, each branch of a hyperbola carries
different labels on the upper and lower halves.

The real axis of the s plane (p > 1 still being retained) is a degenerate
case because sin ¢ = sin # = 0 in Eq. (3-20b). For the equation to be
satisfied, v must be zero; but this leaves us with an indeterminate form;
and so we look to Egs. (3-17). When ¢ = OQorrandp > 1,

%(p+lp> $=0
u =

—%( +1p> $=x (3-22)
v=20

The function p + 1/p has a minimum value of 2at p = 1. Thus, the real
axis of the s plane, outside the unit circle, goes into two sections of the
u axis, omitting the space between —1 and +1.

Mapping onto the remainder of the real axis of the w plane is described
by the conditions

p=1 0<¢=mr
It is obvious from Eq. (3-17b) that

v=20
and % = oS ¢
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is obtained from Eq. (3-17a). If ¢ had been permitted the range
TS ¢=7

each value of » between —1 and -+1 would have been covered twice.
This is undesirable; we wish to use just enough of the s plane to cover the
w plane once. Therefore, for the one value p = 1, ¢ is restricted to the
range 0 < ¢ = 7. The dashed part of the unit circle is not used, and so
the line —1 = % =< 1 is the map of the top half of the unit circle of the s
plane. A semicircle in the lower-half s plane just outside the unit circle
goes into half an ellipse just below the —1 = » = 1 segment, as shown in

13.0

©®) w plane

s plane
F1a. 3-11. Map of outside unit circle of w = 34(s + 1/s).

Fig. 3-116. Deleting part of the unit circle is analogous to deleting part
of the jw axis in Figs. 3-3 and 34.

Up to this point we have shown how the portion of the s plane of Fig.
3-11la maps into the entire w plane. We observe that at points s = +1
two curves which intersect at right angles in the s plane transform into a
straight line, the u axis of the w plane.

Finally, we need to know what happens to points inside the unit circle.
The answer was implied when it was noted that % and v are unchanged if p
is replaced by 1/p and ¢ by —¢ (that is, if s is replaced by 1/s). Itis
necessary only to take Fig. 3-11b and change the labels, changing sign on
all ¢ labels and replacing p labels by their reciprocals. The result is
shown in Fig. 3-12. Note that now the top half of the unit circle is
omitted, and accordingly observe that the two portions of the s plane in
Figs. 3-11 and 3-12 are complementary.
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To complete the description, imagine the portion of the s plane of Fig.
3-11a to be made of rubber. If the top and bottom halves of the unit
circle are drawn together, the w plane is produced. Circles in the s plane
go into ellipses and radial lines into hyperbolas. The distortion of the
inside of the unit circle is harder to visualize because as the two halves of
the unit circle are drawn together the center must be picked up and put at
infinity. The best visualization for Fig. 3-12a is to take reciprocals of
points within the unit circle, which reverts back to Fig. 3-11a.

1
3x | x
(@ splane L '/ . . 3
K] 1%
®) 7 w plane
Fia. 3-12. Map of inside unit circle of w = 34(s + 1/s).
38-6. The Exponential Function. The function
w = ¢ (3-23)

is of particular interest because it takes rectangular coordinates in the
s plane into polar coordinates in the w plane. Referring to Chap. 2, we
write

W = et
= ¢’ (3-24)
or w=e/w

and then make the important observation that when w goes through a
range 2r (say from — to 7) the entire w plane will be covered. Thus, the
strip shown in Fig. 3-13a goes into the entire w plane, and the rectangular-
coordinate lines in the s plane go into the polar-coordinate lines shown in
Fig. 3-13b. This is another case where less than the entire s plane is
needed to cover the whole w plane. The line w = — is deleted from the
strip in the s plane in order to avoid double coverage of the negative real
axis of the w plane.

Of course, the function will transform s points outside the strip shown,
A point such as B at s = 2 + j3x/2 goes into the same point in the w



62 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

-’ 1 -nte
(a) s plane

(5) wplane

Fi1c. 3-13. Transformation of a strip of the s plane onto the entire w plane, by the trans-
formation w = e*.

plane as does point C (s = 2 — jx/2). Thus there are an infinite number
of strips in the s plane each of width 2r; and each of them maps onto the
entire w plane. Two more such

strips are shown in Fig. 3-14. Itis

to be emphasized that each strip has

an open boundary at the bottom.

/ The decision to close the strip at the
7 top and leave it open at the bottom

s plane

_3n

was arbitrary.

Two interesting points may be
noted about Fig. 3-13a. First the jw
e axis transforms to the unit circle in
the w plane, and second circles hav-
ing radii reciprocally related in the w

/ plane correspond to vertical lines
Z /é equal distances to the right and left
=3n of the jw axis.

F1c. 3-14. Additional s-plane strips 3-7. Hyperbolic and Trigonomet-
which map onto the entire w = ¢* plane. ric Functions. In this section the

functions cosh s, sinh s, cos s, and sin s will be dealt with as a group, by
relating them to Eq. (3-14), which is now written

w = %( + %) (3-25)
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The change in notation is merely a convenience so that s can be retained
as the independent variable. Accordingly, four cases will be considered,

as follows:

Case a z=2¢ w = cosh s

Case b z = g*tiT/? w = j sinh 8 (3-26)
Case ¢ z = ¢ W= CoS §

Case d Tz = gl—TID w = sin 8

The correctness of the above formulas for w can be checked by using Eq.
(3-25) and referring to Egs. (2-50) for definitions of these functions.

n )
w
x
2 1
L
L4
04—y 2 o
e p—fit—t—— s plane
! H
-n-'- [ E— S
(@
w=53

n I
e e v Bl B T

—nFepn
: v

F1a. 3-15. Plots used to describe the function w = cosh s.

Case a will be considered in some detail, with simple modifications
taking care of the other cases. The graphical interpretations of Fig. 3-11
and 3-13 provide the needed clues. However, the s plane in Fig. 3-11 and
the w plane in Fig. 3-13 will both be called the z plane. In the interest of
clarity both figures are combined in Fig. 3-15, with appropriate changes
in notation. Part of the jw axis is omitted in order to make Fig. 3-15b
look like Fig. 3-11a. The transformation from Fig. 3-15b to 3-15¢ has
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already been treated in Fig. 3-11. Thus, we see that the function
w = cosh s

maps the semi-infinite strip of the s plane at (a) in Fig. 3-15 on the whole
w plane. This strip is open along the dashed edges, thereby avoiding
multiple coverage of points in the w plane. Other similar strips in the
right-half s plane again cover the w plane. Similar strips in the left-half
s plane go into the inside of the unit circle of the z plane, and from Fig. 3-12
we therefore see that each of these strips also covers the w plane. Most of
what we want to portray at present about this function is provided by
Fig. 3-15. Further information relevant to the multiple covering of the
w plane is given in Chap. 6.

w
=X x
- 2 “€2 2 na
T T T 1T
— + L Fl 1_J
) 1 [
T it
H 1 1 g1
1 1 ! | [
' R
i i L N
-nte€)
(a) s plane

(b) wplane
F1a. 3-16. Plot of the function w = cos s.

The other cases are easily handled by successively replacing s by the
modifications indicated by Eqs. (3-26). The plot of sinh s can be obtained
from Fig. 3-15 by rotating the w plane 90° clockwise and also subtracting
x/2 from the label on each curve for constant w.

For cos s, a 7/2 clockwise rotation of the s-plane strip of Fig. 3-15 gives
the new strip, with the results shown in Fig. 3-16. Finally, Fig. 3-16b
can be used for sin s by adding /2 to each label on the curves for
o = constant. Actual plots are not shown for sinh s and sin 8, because
they differ only slightly from cosh s and cos s, as noted above.

3-8. The Point at Infinity ; The Riemann Sphere. In Chap. 2, reference
was made to infinity not being a unique point. In a strict sense this is
correct. However, in considering the transformation properties of a
function, it is sometimes convenient to use the words point at infinity, asif
infinity were a geometrical point. Then it is possible, for example, to say



CONFORMAL MAPPING 65
that the function

1
==
s
transforms the point s = 0 into the point at infinity in the w plane. How-
ever, in this usage, the point at infinity is an abstraction; it cannot be
regarded as a geometrical point. All points on the circumference of an
expanding circle would have to approach the point at infinity, and this is
absurd from a geometrical viewpoint.
The point at infinity is no more a geometrical point than is « a symbol
for a number. Nevertheless, both these vaguely inaccurate concepts, the
“point at infinity” and the “number infinity,” find limited usage in the

Real axis
on sphere
! -
1,7
/ Z \\ Real axis
Imaginary axis &

Fia. 3-17. The Riemann sphere.

language of mathematics. The inability to identify infinity as a geo-
metrical point is related to the fact that operationslike © — « and /e«
Have no meaning. Therefore, the concept of a point at infinity is limited
to nonprecise descriptions of mapping operations.

There is an artifice whereby the point at infinity can be interpreted as
a finite point. This is accomplished by mapping the infinite plane onto
the finite area of a sphere. Such a sphere is called the Riemann sphere
and is constructed by establishing a one-to-one correspondence between
points on the plane and the sphere, in the manner shown in Fig. 3-17. A
sphere sits on the complex plane at the origin, and a ray is drawn from
point N to the point s in the plane. The point ¢ where this ray pierces the
sphere corresponds to the point s. As point s goes to infinity in any direc-
tion, point ¢ moves toward the unique point N on the sphere, which there-
fore is the ““projection’’ on the sphere of the point at infinity. Note that
the real and imaginary axes go into great circles on the sphere.
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All the maps so far presented could be placed on a spherical surface,
and then the peint at infinity would become unique. Of course, the
families of curves would become distorted, and the equations describing
the loci would be changed. Thus, the Riemann sphere is not very helpful
quantitatively, but occasionally it has pictorial and conceptual value.

3-9. Further Properties of the Reciprocal Function. In Sec. 3-4 you
were given an introductory analysis of the function w = 1/s. Now we
shall consider the more general case

_ 1
Ts+1
Study of this function yields further insight into properties of 1/s, and

Eq. (3-27) has the further value that it can be used to construct other
functions, like

w

(3-27)

— 2 -—
s+1 s+1

Turning to Eq. (3-27), if we use rectangular coordinates in the s plane,
the analysis is readily obtained by writing s + 1 = &', thereby reverting
to the earlier case. Then, the s plane of Fig. 3-10 becomes the s’ plane,
and the transformation for Eq. (3-27) is obtained by repeating Fig. 3-10,
but with the label reduced by 1 on each locus of constant . The result is
shown in Fig. 3-18. This simple shift of origin has an interesting effect on
the transformation. Whereas Eq. (3-11) transforms the right-half s plane
into the right-half w plane, Eq. (3-27) transforms the right-half s plane
into the interior of the shaded circle in Fig. 3-18.

All loci in the w plane are circles, if a straight line is regarded as a
degenerate circle. Equations for these circles can be obtained readily
by calculating the intercepts from the original equation or from Egs.
(3-13) by replacing ¢ by ¢ + 1. The new equations are

1\? 1
(r+2s) +o =5

o+ (u - 1 ' _ 1
20 + 2 4(c + 1)?
The situation becomes more challenging when we go to polar coordi-

nates in the s plane. In the usual notation for polar coordinates, Eq.
(3-27) is conveniently written

(u + jv)(1 + pcos ¢ + jpsin ¢) = 1

When the multiplication is carried out and real and imaginary parts are
equated, we get

(oY

-]

1

(3-28)

pucosed —prsing =1 —u

pvcos ¢ + pusin ¢ = —v (3-29)
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Fra. 3-18. Transformation w = 1/(s + 1) for rectangular coordinates in the s plane.

Squaring each of these equations and adding the results gives
wW+v)1 —p) —2u+1=0

and completing the square in u gives

(u - p,)’ +ot = (1 - p,)z (3-30)

This equation describes the family of loei in the w plane for circles of con-
stant p in the s plane, for all but the degenerate case p = 1. For that
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case the original equation shows that the locus is the vertical straight line
u=2%
Examples of these loci are shown by the solid lines of Fig. 3-19.

F1a. 3-19. Map of the function w = 1/(s + 1), using polar coordinates in the s plane.

Loci in the w plane corresponding to radial lines of constant ¢ in the s
plane are obtained by dividing the first of Egs. (3-29) by the second, giving

ucot¢—v=u—1
veot ¢+ u v

and this in turn becomes
u—u+tvt—vecotop=0

Completing the square in both u and » then gives

1\ cot g\t [ 1\
(u_ﬁ) +(v— 2 ) _(2sin ¢) (3-31)

Thus it is found that the radial straight lines (¢ = constant) in the s
plane go into circles in the w plane. When sin ¢ = 0, we get a degenerate
case; but this is the real axis in the s plane, and it has been shown that
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this goes into the real axis of the w plane. Thus, when sin ¢ = 0, the
locus is
v=20

Loci for constant ¢ are shown by the dashed circles in Fig. 3-19. Here
we make the interesting observation that each of these circles is inter-
preted in two parts, an upper part and a lower part, for which the angle
designations differ by 180°. This is a natural consequence of the fact that
each circle is the trace of a radial line passing through the origin of the s
plane; and of course the angular designation for such a line changes as the
origin is passed.

In the w plane we again find the circle into which is mapped the right
half of the s plane. This is the circle carrying the designation +90°,
which of course is the same as labeling it ¢ = 0, as in Fig. 3-18.

This treatment of Eq. (3-27) leads to an interesting general conclusion
about the function

g
]
o | =

Let & describe a circle defined by
s =A + Re?

where the complex A and real R are constants and 8 is variable. Then we
can write

_ 1

" A+ Re®

_1 1

T A1+ (R/|ADe %=

w

where @« = ang A. This is of the form

1 1
il (3-32)
where g = |7R| i (0—a)

We recognize Eq. (3-32) as being similar to Eq. (3-27), and it is recalled
from the analysis of the latter equation that circles centered at the origin
in the s plane go into circles in the w plane. Therefore, Eq. (3-32) yields
& circle in the w plane when s’ describes a circle centered at the origin.
Furthermore, we have defined s’ in such a way that it is centered at the
origin when s describes the prescribed circle. It isconcluded thatw = 1/s
traces out a circle whenever s follows a circular path.
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3-10. The Bilinear Transformation. In Sec. 3-3 it is mentioned that
the function

8+

has important applications in the analysis of linear systems. Because of
this importance, we now give it a brief consideration. Equation (3-33) is
a special case of the general bilinear function

_as+b
T est+d

It is preferable to study Eq. (3-33), and from it we can learn all we need
to know about the general case. The treatment of the previous section
serves as the point of departure because, as was pointed out there, Eq.
(3-33) can be written

@
[

w =

(3-33)

2
s+1

We shall consider the map of rectangular coordinates in the right half
of the s plane. Figure 3-18 shows the transformation of the right half
plane by the function 1/(s + 1). We merely take the mirror image of
this transformation, scaled by a factor 2, and translate it one unit to the
right. The result is shown in Fig. 3-20a. From Egs. (3-28) we get the
equations of the loci by changing sign on u and » and multiplying them
by the factor 34 and by subtracting 1 from % to perform the required
translation to the right. The results are

1\? . _ [1Y?
(-3 ree=()
. _ . 2 _ 1 2
o+ (o 1) (,,+1)
A particularly important portrayal of this transformation is obtained

by using polar coordinates in the w plane. In order to obtain the cor-
responding loci in the s plane, write Eq. (3-33) in the inverse form

1+w 2

w=1-—

(3-34)

S =T —w T+ (=w) |
The term
S
14+ (—w)

is like Eq. (3-27), but with —w in place of s. Thus, to get the loci of the
present s plane, we take the loci of the w plane of Fig. 3-19, with a scale
factor of 2, and with all angle labels changed by +# (to account for s
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(a) Rectangular coordinates
in the s plane

(b) Polar coordinates
in the w plane

Fia. 3-20. Transformation due to the bilinear function w = (s — 1)/(s + 1).
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being replaced by —w). Then the pattern is shifted to the left & unit
distance, with the result shown in Fig. 3-20b. This map is given for
[w] < 1.

The above manipulations of change of scale and shifting can be applied
to Egs. (3-30) and (3-31) to get the s-plane loci in Fig. 3-20b. In so
doing we replace u by (¢ + 1)/2, v by w/2, p by r, and ¢ by 8, where we
are now using the polar coordinates

w = reit
in the w plane. The results, obtained from Eqs. (3-30) and (3-31), are,
respectively,
2\ 2 2

e YTV L e (2

1—1r2 1 -1
1\ (3-35)

2 —_ 2 = —
o + (w — cot 6) (sin 0)

Apparently this transformation also takes circles into circles, as indeed
we can see by recalling that it has basically the same transformation
properties as 1/s.

We conclude this section with a brief discussion of the general case

_as+b
Y= s+d
which can be written

1 bc — ad
w—;(a+ cs+d)

Certainly, if s describes a circle, so does ¢s + d. From previous discus-
sions, we also know that

bec — ad
cs+d

describes a circle, and consequently the w-plane locus will be a circle.
Thus, the general bilinear transformation carries circles into circles.
We can also cast the general case in a form related to Eq. (3-33) by

writing
(¢/d)s — 1]
(c/d)s + 1

The second term is a constant multiplied by (s’ — 1)/(s’ 4+ 1), where
§ = (¢/d)s, and this transformation has been treated. The other term
in the above equation is merely a constant. Thus we see how with suit-
able change of variable the general case can be obtained from the specific
one,

w=%d[(ad+bc)+(ad—bc)
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3-11. Conformal Mapping. In all the foregoing examples it is observed
that in most cases mutually perpendicular lines in the s plane transform
into mutually perpendicular lines in the w plane. However, we find there
are some points in these illustrations where this is not true, the points = 0
for the function w = s? being one example. Here the mutually perpen-
dicular real and imaginary axes in the s plane transform into lines in the w
plane intersecting at 180°, as shown in Figs. 3-3 and 3-4.

Another property exhibited in most instances is that a small geometric
figure, like a curvilinear rectangle formed by four coordinate lines, trans-
forms into a similar figure in the w plane. The corresponding areas
labeled A and A’ in Figs. 3-3 and 3-5 are illustrations. However, again
using w = s® as the example, we find that this preservation of general
shape is not true at the origin. This can be seen by referring to Fig. 3-5
and observing that the rectangle B formed around the origin by the lines
o = 105, o = +0.5 transforms into a figure B’ which has no resem-
blance to a rectangle.

Thus, experience gained from these examples implies a certain geo-
metrical regularity of the transformations, as embodied in preservation of
angles of intersection and approximate geometrical shapes, in going from
one plane to the other. However, we also find certain exceptions. Inthe
present section we shall explain this behavior of transformation maps,
showing why the indicated relationships are usually found and under
what conditions exceptions are to be expected.

The derivative serves as the point of departure. Recall that the
derivative of w = f(s) at a point s, is defined as

Aw
lim — = f'(s
lim 52 = f'(s1)
where As is an increment from point s, and Aw is the corresponding incre-

ment in the w plane. Existence of this limit implies that corresponding
to gn arbitrary small e > 0 there can be found a & such that

A

A—l: —fis)| <e
when jas| < 6
and therefore |Aw — f'(s1) As| < €|As]

This inequality is portrayed in Fig. 3-21, at (a) for |f’(s1)] = 0 and at
(b)for f'(s1) = 0. If we use the notation f'(s;) = Ae’, it is apparent from
the geometry of Fig. 3-21a that

|law] — Alas|| < elas] (3-36a)
and lang Aw — a — ang As| < sin™! ;1 (3-36b)
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It is emphasized that relation (3-36b) is true only if
If'(s)] = A > ¢

This can be understood by referring to Fig. 3-21b. In this case it is
certain that Aw lies within the circle shown, but no estimate of the
angle of Aw is possible merely from knowing the radius and location of
the circle because w; is at the center of the circle.

We now allow ¢ to approach zero, while recognizing that e determines
5 and that |As| < 5. Clearly, we are dealing with increments which
may be required in certain cases to be quite small, depending on the size
of A. However, so long as f'(s1) is not zero, as e approaches zero the

ang (Aw) () f(s1)=0

Fig. 3-21. Transformation of an increment, at a point where the derivative exists.

condition ¢ < A will ultimately be attained and finally the right-hand
sides of relations (3-36) will be considered substantially zero, giving the
pair of approximate equalities

|Aw| = A|As| (3-37)
ang Aw = o + ang As (3-38)

In words, these equations say that if an increment As is formed at a point
8, where w = f(s) has a nonzero derivative, then the corresponding
inerement Aw is obtained from As by scaling its magnitude by the factor
|f’(s1)| and by increasing its angle by the amount ang f'(s,).

Equations (3-37) and (3-38) lead to two important conclusions about
the properties of transformation maps in small regions. In Fig. 3-22a
two curves are shown intersecting at point s,, where ¢’ is the angle of
intersection. Each of these curves is considered to be generated by
increment As; or As; as it approaches zero. Two corresponding incre-
ments Aw, and Aw, trace out a pair of intersecting curves in the w plane,
as indicated in Fig. 3-22b. These curves intersect at an angle . From
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Eq. (3-38) we have two approximate equations
ang Aw, = a - ang As; ang Aws = a + ang As,
and therefore ang Aw, — ang Aw; = ang As; — ang As,

This approximate inequality becomes increasingly accurate as each
increment approaches zero. Furthermore, in the limit, as the increments
approach zero,

¢’ = ang As; — ang As, ¢ = ang Aw; — ang Aw,
Thus, we conclude that
¢I = ol
Emphasis is placed on the fact that this equation is exact. We have
shown that, if two curves intersect in the s plane at a point where a func-
tion has a nonzero derivative, the traces of these curves in the function
plane will intersect at the same angle.

— —

ang (As;)-ang (Asy)

(@ (9]
F1g. 3-22. Preservation of angles at points where f'(s) = 0.

Now consider a small geometrical figure in the s plane, such as the
curvilinear triangle T in Fig. 3-23a, surrounding a point s, where the deriv-
ative exists and is not zero. Assume that the triangle is small enough to
allow Eqs. (3-37) and (3-38) to apply with reasonable accuracy for any
increment As drawn from s, to a point on the periphery of 7. Equations
(3-37) and (3-38) tell us that each corresponding Aw increment is obtained
from the As increment by scaling its magnitude by the same multiplying
factor and by rotation through the same angle . Therefore, the figure
T’ generated in the w plane will be similar, but with changed size and
orientation. However, Eq. (3-37) is only approximate, and so there is a
certain indefiniteness for each Aw, which depends upon the size of T,
and therefore we draw a double line in the w plane in such a way that the
true boundary of 7" is known only to lie between this pair of lines.

This development is based only on the fact that f'(s;) exists and is not
zero. Asa result, we get no econclusion as to the behavior of the boundary
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of T" as it wavers between the two bounding lines shown in Fig. 3-23b.
For example, we have no assurance that the boundary of 7T’ will have
the same angles as T at corresponding vertices, nor are we sure whether or
not the boundary of 7" will be as smooth as the boundary of . We can
say nothing more about the boundary of T without placing greater
restriction on f(s), which we now do by stipulating that f(s) shall have a
nonzero derivative at every point in a neighborhood large enough to
include figure T. Now we can say that angles are preserved at every
point on T, and therefore angles at the vertices of 77 will be the same as for
corresponding vertices of 7. Furthermore, if we take some point b, not
at a vertex, we can interpret this as the intersection of two curves at 180°,
It follows that the curves must intersect at 180° at the transformed point b’

Unknown true

(@) boundary of T’

®

Fie. 3-23. Transformation of a small geometrical figure. (a) The s-plane figure; (b)
the w-plane figure when f’(s:) > 0, but f(s) is not necessarily regular at s;; (c) the
w-plane figure when f(s) is regular at s;.

and therefore that 7’ must be smooth where T is smooth, The result will
be as shown in Fig. 3-23c. However, it is emphasized that 7’ is not an
exact scaled and rotated replica of T and that preservation of angles at the
vertices is dependent upon f(s) having a nonzero derivative in a neigh-
borhood of 's; large enough to include T.

Transformations which have the property of preserving angles of
intersection and of approximately preserving small shapes are said to
be conformal. An analytic function is thus seen to provide a conformal
transformation at any point where the function is regular and has a non-
zero derivative.

In conclusion, your attention is drawn to a comparison of the statements
about angles and shapes. Angles of intersection are preserved ezactly;
but shapes are preserved only approximately. This difference arises
because the angle between As; and As, retains its meaning down to zero
gize for the increments, but, in order to have figures with describable
shapes, the increments must remain finite.
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In the case of w = s? we find that angles are doubled at point s = 0,
and for w = s? it is found that angles are tripled. Furthermore, we note
that w = s? has a zero first derivative at s = 0, and w = s3 has first and
second derivatives which are zero at s = 0. These observations seem to
indicate a general relation between the behavior of angles at a point of
zero derivative and the number of derivatives which are zero. If we
can take w = s" as typical, it has n — 1 derivatives which are zero at
s = 0, and the angle is increased by the factor n (one greater than the
number of zero derivatives). A more general discussion of this topic is
found in Chap. 6.

3-12. Solution of Two-dimensional-field Problems. The conformal
transformation property of analytic functions is related to their usefulness

P
(]
Z P
C
zplane z'plane
(a) ®

F16. 3-24. General transformation 2’ = f(z) for use in solving two-dimensional bound-
ary-value problems.

in arriving at solutions of the two-dimensional Laplace equation
a*u , %u
Fr + F i 0 (3-39)

subject to certain types of boundary conditions. In this equation u
stands for a scalar potential function, like electric potential or temperature.
Referring to Fig. 3-24, suppose that an analytic function

w = g(z') (3-40)
is preseribed. Its real component
u = Re{g(z")] (3-41)
will be a solution of
% u
o o~ (342

and will have a unique set of values at points on curve C’. The imaginary
component v will also be a solution of the Laplace equation. Lines of
constant u and lines of constant v form a curvilinear grid of mutually
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perpendicular lines in the 2’ plane. If u is the potential, then lines of
constant v are flow lines of the field. Now suppose that there is a second
analytic function

Z = f(2) (3-43)

which carries curve C of the z plane into curve C’, with the interior of
C going into the interior of C’. It is assumed that C and C’ are both
simple closed curves. The function

w = g[f(2)] (344)

is an analytic function of an analytic function. It can easily be shown
that this in turn is an analytic function. Thus, again using u to designate
the real component of w, we conclude that u is a solution of

% |, u
Fre + Fr 0

Also, in similarity with the 2z’ plane, lines of constant » (the imaginary
component of w) will be flow lines in the z plane and will be normal to lines
of constant u.

Let point P in the z plane be carried by the transformation 2’ = f(2)
into point P’ in the 2’ plane. At these corresponding points the argu-
ments of Eqs. (3-40) and (3-44) are identical. Therefore, u will have
values on C which are uniquely related to its values on C’. The gist
of these comments is that u is simultaneously the solution of fwo differ-
ent boundary-value problems, depending on whether 2’ or z is considered
to be the independent variable.

This is a useful idea, because the two boundaries are different, making
it possible by using analytic functions to get additional solutions from
one known solution. In the practical application of this principle,
the right half of the 2z’ plane is usually taken for the region *“inside”
C’, so that C’ becomes the imaginary axis.* (In this case C’ is not a
simple closed curve, but this fact is normally unimportant.) It is
also possible to use the unit circle as C’. The significant point is that
C’ is chosen to have a simple geometrical shape. The appropriate pair of
planes for this case is shown in Fig, 3-25.

Now assume that we are to solve Laplace’s equation for the region
inside C, in the z plane. It is assumed that u is the electric potential,
subject to the conditions that u is identically zero on C, and that thereis a
line charge of ¢ electrostatic units (esu) per unit length piercing the z plane

* In much of the literature it is the top half of the 2’ plane that is used. The right
half plane is used here because electrical applications frequently involve analysis of
functions in the right half plane.
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at point Po. The transformation
Z = f(2)

which carries the interior of C into the right half of the 2z’ plane is assumed
to be known at this time. Point P, will be carried into P, and in the 2’
plane the imaginary axis will be at zero potential. The geometry of the
2’ plane is simple, and the problem of finding u as a function of 2’ and y' is
an elementary one in field theory. The potential is equivalent to the
free-space potential of a line charge ¢ at Pj and a line charge —q located

?
zplane

NN
.

(a) ®)
Fia. 3-25. Special case of Fig. 3-24, in which curve C’ is the imaginary axis.

at the image in the j axis of point P;. For the moment, by use of real
variables, this potential is known to be

(@ =2+ (& — y0)?
(@' + 20)* + (¥ — y0)?

In order to cast this into the notation of complex variables, it is neces-
sary to use the logarithmic function, which is defined in the next chapter.
However, we shall use this function, with the suggestion that you look
ahead to Eq. (4-21) for information about its fundamental properties.
From this we find that

W= % log - (345)

g
log (¢ — 2) = 3 log [(& — 25)* + (&' — )] + jtan—1 L.~ 10
0

It is shown in Chap. 4 that this can be considered an analytic function,
provided that we make the restriction

4 —
—r <t LU <, (3-46)
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Thus, Eq. (3-45) can be written in the equivalent form

u—qRe(log ,+z°)

I I

+

In the above, the symbol —Z{ has been used for the image of z;. Note
that when 2z’ = jy' the quantity between the absolute-value signs in
Eq. (3-47) becomes unity, correctly giving zero « on the imaginary axis.

Continuing to assume that f(z) is a known analytic function, Eq. (3-47)
provides

or u = ¢ log (347)

f(2) — 2
e + 2

as the formal solution to the original problem. A simple extension of
this treatment would cover the case of any finite number of line charges
inside C.

Now suppose that the original problem is changed by stipulating that u
is not zero on C but has a prescribed functional variation along C, while
continuing to assume a line charge at P,. The solution given by Eq.
(3-48) ensures proper behavior near P, and is zero on C. We now desig-
nate this solution by the symbol u; and seek a second solution %, which
has no singular point (does not become infinite) inside C and which has the
prescribed values on C. Then, by superposition,

U= U + Uz (3-49)

u = qlog (348)

is the required solution.

The next objective is to determine u.. Continuing to assume that the
transformation 2z’ = f(z) is available, it is possible to determine how
u, varies with 3, on the jy’ axis. Thus, u3(0,5") can be considered a
known function. It is shown in Chap. 7 that, if 4,(0,5') has continuous
derivatives with respect to y/, it is possible to determine an analytic
function which is regular in the right half plane and such that u.(0,y’)
is the real component of this function on the 7 axis. This function is
expressed in terms of the Poisson integrals for the real and imaginary
components. In its entirety, this function would be written

w2 = go(2)
= uy(z",y") + jva2,y") (3-50)

but we are presently interested only in the real component.
Equation (7-48a) is pertinent, and in the present notation it yields

us(z'y') = z /“’ @)? Q_L:((()?;y_) yu)z v’ (3"51)
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This is a solution in the 2’ plane. To get it into the 2 plane, we recall that

7' = Re [f(2)]
¥ = Im[f(2)]

which converts Eq. (3-51) into a function of z and y. In claiming
that u; is a function of Laplace’s equation in the z plane we are relying
on theory presented in Chap. 7 to the effect that Eq. (3-51) is the real
component of the analytic function designated by Eq. (3-50).

By the process just described, two-dimensional boundary-value prob-
tems can be solved for a region inside a simple closed curve C when the
scalar function is prescribed, and not necessarily constant, on C. How-
ever, it has been assumed that the analytic function 2’ = f(z) is known.
We now briefly address our attention to methods of finding this function
for specific problems. You will recognize that certain of the functions
described in this chapter transform a simple closed curve into a coordinate
axis. An extension of this catalogue of such functions would therefoie be
of help. However, there is a general function, known as the Schwarz-
Christoffel transformation, which will transform the inside of a polygon
into the right half plane.* This function can be used in the general case
to get an approximate solution, by choosing a polygon which will approxi-
mate the given curve C.

This section is concluded with the observation that we have provided
here only a glimpse of an extensive branch of applied mathematics. For
further information you are referred to the literature.

PROBLEMS

8-1. For the transformation shown in Fig. 3-2 determine the locus in the w plane
of the curve o = o2

3-2. Show a set of plots like Fig. 3-3 for the function w = s%, but let the range of
angle of w be from 0 to 2x.

8-3. Make sketches of Fig. 3-5, labeling w-plane loci with appropriate values of o
and « such that the w plane is the transformation of

(a) The top half of the s plane
(b) The bottom half of the s plane
(c) The right half of the s plane

. (d) The left half of the s plane

* See, for example, Z. Nehari, “Conformal Mapping,” p. 189, McGraw-Hill Book
Company, Inc., New York, 1952; P. Morse and H. Feshbach, *“Methods of Theo-
retical Physics,” vol. 1, p. 445, McGraw-Hill Book Company, Inc., New York, 1953;
and E. A, Guillemin, ‘The Mathematics of Circuit Analysis,” p. 380, John Wiley &
Sons, Inec., New York, 1949; R. V. Churchill, “Complex Variables and Applications,”
McGraw-Hill Book Company, Inc., New York, 1960.
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8-4. In the notation s = ¢ + jw and w = u + jv, determine the equations in o
and o for curves of constant 4 and constant », for the function

w = gt

Draw a sketch of the s plane, showing two areas and their boundaries into which are
transformed the w-plane square with sidesu =0, 1;» = 0, 1.

8-6. Derive Eqs. (3-13) of the text.

8-6. Obtain a function w = f(s) that will transform the half plane Im 8 > 2 into
the interior of the unit circle in the w plane. Sketch and label orthogonal curves in
the s and w planes showing properties of the transformation.

3-7. In the notation of Sec. 3-3 analyze each of the circuits of Fig. P 3-7for T’ =
E;/E,, and determine values for the unlabeled elements such that T'(s) in Fig. P 3-7a
will be the same as T'(w) for Fig. P 3-7b.

y K 1 X
+ +
15 |5, E 15 g,

Fia. P 3-7

1 2

S
i
N

8-8. Sketch plots of the function

1 1
w——2-(s+;)

similar to those given in the text, but for the following conditions:

(@ 0=2¢<x p#1 0s¢=s7 p=1
B —r26<0 p=1 —T2¢650 p=1

8-9. Use the known properties of w = 34(s + 1/s), as described in the text, to
obtain the transformation properties of

8-10. Use the known properties of w = 4(s + 1/s), as described in the text, to
obtain information about the transformation properties of

G+
w s+ 2

In this problem it is not necessary to use either of the standard coordinate systems in
the s plane.

8-11. From the results given in the text, obtain the lines in the w plane which are
the traces of the polar-coordinate lines in the s plane for the function

4
w=t1
82

8-12. Obtain a function w = f(s) that will transform a general ellipse of major
axis a and minor axis b of the w plane (with axes coinciding with the « and v axes)
into a circle centered at the origin in the s plane.
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8-13. Derive Eqgs. (3-28).

8-14. Obtain a function w = f(s) which will transform the 8 = plane stripes 2 1,
0 < w = 1, into the right half u 2 0 of the w plane. Obtain equations in u and v
of lines of constant ¢ and of constant w. Use the notation 8 = ¢ + jw, w = u + jv.

8-16. For the function

w =e"

specify the region in the s plane that maps into the inside of the unit circle of the w
plane. Specify the equation between o and w (where s = ¢ + jw) for a circle jw| =
R <1.

8-16. Investigate the mapping properties of

(@) w = gin s (b) w = sinh s
3-17. Obtain the mapping properties of the function

w = tanh s
8-18. Derive Eqs. (3-35) directly from the function

w=S" 1

s+4+1
8-19. Determine how rectangular coordinates in the left half of the s plane are
transformed by the function

=s—1
s+1

3-20. Determine how polar coordinates in the s plane are transformed by the
function

w

—8-1
841

8-21. In the s planpe let a circle C; have intercepts at points 5 and 20 on the j axis,
and let a circle C; have intercepts at points 6 and 12 on the j axis. Circles C; and Cy
have centers on the j axis. Find a function w = f(s) that will transform C, into a
circle C; of radius 2, centered at the origin in the w plane, and such that C, is trans-
formed to a circle C; which is concentric with C; and of radius less than 2. Find this
radius.

3-22. Referring to the data given in Prob. 3-21 for circles C; and C; in the s plane,
obtain a transformation that will transform C, into a circle with intercepts 1 and 5
and C; into a circle with intercepts 2 and 3, all intercepts being on the real axis.
These transformed circles have centers on the real axis.

3-28. The function

w

_s8-—1
Y Fl

transforms the right-half s plane inside the unit circle in the w plane. Find a function
z =g(s)

such that the top half of the s plane goes into a circle of radius unity with center at
z=1+413]
8-24. For the general function

=s’+bs+c

where a, b, ¢ are real
s +a s Vs
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show that there is a circle of radius R centered at 4 in the s plane, such that the inside
of this circle and the outside each map onto the entire w plane.

(a) Find 4 and R.

(b) Show that, if a? 4+ ¢ > ab, the j axis of the s plane maps twice on to the j axis
of the w plane and that, if a® + ¢ < ab, the real axis of the s plane maps twice onto
the real axis of the w plane.

3-26. A polynomial function w = f(s) is to have the following properties: Point
8 = 1 shall transform to w = —1, and 8 = —1 shall transform to w = 7; and lines
radiating from point 8 = —1 shall have their angles tripled in the transformation,
and angles radiating from s = 1 shall have their angles doubled.

{a) Determine the coefficients of the polynomial.

(b) Determine how a small figure near 8 = 0 will be transformed.

(c) Sketch w-plane traces of the following s-plane lines: the real axis, the imagi-
nary axis, and the unit circle.

8-26. Investigate the preservation of angles and small shapes for the function

w =3+ st

(@) Ats =0 ®) Ats =1 (c) Ats =3
8-27. Investigate the mapping properties of the function
_ 2543
YEGEF2

8-28. Obtain the solution for the potential due to an infinite line charge of ¢ units
charge per unit length parallel to the axis of a zero-potential infinite circular cylinder
of radius RB. The distance from the center to the line charge is b < B. Show that
the potential inside the cylinder is the same as the potential in free space due to the
given charge plus an image line charge —gq located at a distance R?/b irom the center,
along a radial line through the given line charge.



CHAPTER 4

INTEGRATION

4-1. Introduction. In the usual undergraduate course in calculus the
student often falls into the practice of relating the definite integral most
closely to differentiation, frequently losing sight of the real meaning of the
definite integral. In functions of a complex variable it is necessary
to be more careful about this; and in the following treatment we shall
therefore go back to first principles in defining the definite integral.
Because of the two-dimensional character of complex variables we shall
find some interesting extensions of the concepts of integration which
make it imperative that the definition of the definite integral be thor-
oughly understood. There are significant differences between real and
complex variables as far as theorems on integration are concerned.

4-2. Some Definitions. The primary purpose of Chaps. 2 and 3 is to
introduce the concept of a complex variable and a function thereof. Now
we are ready to start some relatively precise mathematics, and for that
purpose several definitions will be
needed. You will recognize that
some of the words to be defined
here have already been used, with
their meanings left to your in-
tuitive interpretation. With the A
background of Chaps. 2 and 3 (a) Simple arc ‘(b) Not simple arc.s
you should now be ready for more g{:af;sl Example of simple and nonsim-
precise definitions.

Simple Arc, Differentiable Arc, Simple Closed Curve. Imagine a con-
tinuous path in the complex plane starting at a point P, and ending at a
point P,. If there are no multiple points in the path (points through
which the path goes more than once), such a path is called a simple arc.
A simple arc is to be distinguished from paths in general in that the simple
arc has no multiple points. If a simple arc has a tangent at every point it
is said to be a differentiable arc. TFigure 4-1 illustrates the concept of a
simple are.

Consider the definition of a simple arc, and then allow points P, and

P, to coincide. The result is called a simple closed curve (often called
85

Py
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a simple closed Jordan curve). Figure 4-2 gives an example of two closed
paths, one of which is a simple closed curve. At (b) in that figure each
loop can be identified as a simple closed curve, but the complete path is
not a simple closed curve. The point at infinity will not be admitted as
a possible point on a simple closed curve.

(a) Simple closed (b) Not a simple closed
curve curve

F1a. 4-2. Simple and nonsimple closed curves.

Point Set. A point set (or set) is a collection of complex numbers. For
example, all the integers from 1 to 10 form a point set. Another example
would be all the points on the unit circle.

Connected Set. A connected set is a set for which any two points in the set
can be joined by a line such that each point in the line will belong to the set.
The set of integers from 1 to 10 is not connected, whereas the set of points

Boundary
included

(a) Open region (b) Closed region
Every point has Points on boundary
neighborhood in region have no neighborhood
wholly in region

Fia. 4-3. Open and closed regions.

on the unit circle and the set of points inside the unit circle are both con-
nected sets.

Region. Let us imagine a connected set having the property that for
each point in the set there is a neighborhood such that each point of the
neighborhood is also a member of the set. Such a set is called an open
region (or, more briefly, a region). The set of points inside, but not on the
perimeter of, a unit circle is an example of an open region.

The significance of requiring that every point shall have a neighborhood
in the set is illustrated in Fig. 4-3. Aslong as a point is inside the circle,
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a neighborhood can be found which also is inside the circle. This is not
true of a point on the circle itself, as can be seen in Fig. 4-3b.

If the point set used to define a region includes points on the boundary
curve as well as points inside, the result is called a closed region. A closed
region is more complicated than an open region because there are two
kinds of points in the closed region, points ““inside,”
which have neighborhoods in the region, and points P,
on the boundary, having neighborhoods not wholly
in the region.

Order of Connectivity. Regions are classified in (671
still another way, according to their connectivity.

A simply connected region is shown in Fig. 4-4. ) 21

Take any two points P, and P; lying in the region
and two arbitrarily chosen simple arcs joining the
points, as indicated by Cy and C,. If it is possible
to distort one of these arcs to coincide with the other one, without having
it pass out of the region at any time, then the region is simply connected.
Emphasis is placed on the fact that this must be possible for any two
points and any pair of arcs joining them. The full significance of this
definition is perhaps best understood by considering the doubly connected
region of Fig. 4-5a. In this case arcs C, and C: cannot be distorted, one
into the other, without passing over the area in the center, which is not
part of the region.

G
{ON([ &
C,

B
(@) ® (e

F1a. 4-5. Reducing a doubly connected region to a simply connected one.

Fi1a. 4-4. Test for sim-
ple connectivity.

A doubly connected region can be converted to a simply connected
region by excluding from the region a set of points which forms a barrier
line, such as BB in Fig. 4-5b. When this is done, an are such as C, in
Fig. 4-5a is inadmissible, because it will have one point not in the modified
region. Thus, any two arcs between a pair of points in the modified
region can be brought into coalescence, showing that the modified region
is simply connected. Figure 4-5¢ shows an alternative viewpoint.

Regions can have higher orders of connectivity. For example, Fig. 4-6
shows a triply connected region, which can be reduced to a simply con-
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nected region by introducing two barrier lines. These can be any two
of the three dashed lines shown. The order of connectivity is one greater
than the number of barrier lines
required to make the region simply
connected.

Finite Plane, Infinite Plane. In
Chap. 3 the point at infinity was
presented as a concept worth us-
ing occasionally. The finite plane

Fi1a. 4-6. A triply connected region. (sometimes called the entire finite

plane) is the set of all the points of
the complex plane except the point at infinity. When the point at
infinity is included, the result is called the extended plane.

Bounded Region. If a region satisfies the condition

ls] < M

for all points in the region, where M is any fixed number, then the region
is said to be bounded.

Jordan-curve Theorem. We shall now state an important theorem
without proof. For a text at this level the proof is scarcely needed,
because the truth of the theorem seems quite obvious. The Jordan-curve
theorem states that every simple closed curve divides the complex plane
into two regions having the curve as their common boundary and that
one of these regions is bounded. The bounded region is called the interior
of the simple closed curve.

Recall that in defining a simple closed curve the point at infinity was
specifically omitted as a possible point on the curve. This makes it
possible always to designate an inside and an outside. If the point at
infinity were admissible, a line such as the real axis would be a simple
closed curve and, although it would divide the plane into two regions, an
inside could not be identified.

4-3. Integration. We recall from the study of the derivative that the
limit of the differential quotient might depend on the direction from
which the increment of the variable approaches zero. We run up against
a similar situation in defining the definite integral of a function of a
complex variable. In real integration, the variable of integration has a
range on the real axis between the limits of integration. For complex
variables the integration limits are replaced by two points in the complex
plane, and a path of integration* is specified between these points. How-

* A path (or contour) of integration is an oriented continuous line, which is not
necessarily a simple arc or a simple closed curve. By continuous we mean that the
points of the line form a connected set.
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ever, an infinite number of paths lead from one point to the other, and
it is possible that the value of the integral may depend on the path.
You are expected to recall the following rudiments of the process of
defining a real definite integral: The interval between the limits is broken
up into a number of small incre-
ments, the length of each increment
is multiplied by the value of the
function at some point within that
interval, and a summation of these
productsistaken. Then the length
of each interval is allowed to ap-
proach zero, while their number
approaches infinity. If the sum-
approaches a limit, this limit is
defined as the definite integral. If
the limit does not exist, the integral
does not exist. The real definite
integral can be interpreted geo-
mizliilléyczzeazfaﬁ:;lplex integra- Fie. 4-7. Approximation of an integral
along an arc C.
tion no such simple geometrical
interpretation is possible. Figure 4-7 shows a contour C connecting
two points s, and s;. The contour integral of f(s) between the two points
sg and s, in the direction indicated along C is defined as

&=,

n
[c f(s)ds = lim z f(s)) Asi (4-1)
max'i:;ﬁ—oo k=1
where max |Asi] is the maximum value of all the numbers |As:| and
s; is a value of s on the path somewhere between s,_; and s;. Here
|Ase] = |se — 8k-1| is the length of the chord joining two adjacent points
of subdivision on the path. Now write

fls) = wi + jvi (4-2a)
Asg = Aoy + J Awn (4-2b)

so that
Y Je) An = Y (iAo — viAwn) £ ) (uf Ao + v Acr)  (4-3)
k=1 k=1 k=1

Each of the summations involves only real quantities. In the limit these
summations become real line integrals, giving

/c’f(s) ds = fcud” - /c”dw+j(/cud”+ /cvd") (4-4)



v WNZIEAL KALALR VY DRAVADDULS AWNLD 4110 LAY LAVE LIVAIYVDIT VUGG

If the integrals on the right of Eq. (4-4) exist, then the integral in Eq.
(4-1) exists.

In order to understand Eq. (4-4), it is necessary to know the meaning
of a line integral of a real variable. Consider the first integral on the

right of Eq. (4-4),
/ c¥ do

In general, u is a function of ¢ and w, but the notation C implies that o
and w are related by path €. With this restriction, u is actually a
function of s, which might be designated w.(s), and the integral then

]
]
!
]
T b a o
(a) ®
Fi1g. 4-8. How multivalued integrands can appear. (a) For integrals with respect to
w; (b) for integrals with respect to o.

[} PNDECEOMPEE VIR, W,
Obcrrm a2

Qf-=——

becomes an ordinary real infegral. For example, for the path C in
Fig. 4-8a we could write

,/c ude = [ab u.(c) do

A slight complexity arises in a case like Fig, 4-8b, because u.(¢) would
be a double-valued function of o. To avoid this situation, the path C
is broken into two parts, labeled C, and C.. Over each part a single-
valued u, function can be defined, designated, respectively, u.(s) and

u.2(c). Then
/Cudo = _[c,ud”+[c,ud°
and [C wdo = / * ter(o) do + ]cbu,,(a) do
- / * wer(e) do — /b * wes(o) do

In evaluating line integrals, paths may need to be split up into more
than two parts. It is always necessary to reduce the u. function to a
sequence of single-valued functions.

Equation (4-4) contains one other integral with respect to o and two
integrals with respect to w. These are treated similarly. The only
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significant difference, when integration is with respect to w, is that for a
curve like Fig. 4-8a the integrand will be multivalued; and for Fig. 4-8b
it will be single-valued.

From this development it is seen that if the real integrals like those in
Eq. (4-4) exist, then the integral of Eq. (4-1) exists. Furthermore, from
the theory of real integration we know that continuity of the integrand
over a finite interval of integration is sufficient to ensure existence of a
real integral over that interval. It is a simple matter to prove that
uc1(0), Uc2(0), ete., are continuous when f(s) is continuous on C. There-
fore we have the following theorem:

0 1 0 1
(a) ®)
Fi1g. 4-9. Illustrative examples.

Theorem 4-1. If a function f(s) is continuous at all points on a path C
of finite length, then the integral

fc (s) ds

exists.

Much of the subsequent work has to do with theorems which simplify
the finding of integrals; and eventually the real integrals of Eq. (4-4)
will rarely occur. However, in preparation for this later work it is very
important to understand the interpretation of the integral by Eq. (4-4).
To that end, the following examples are given.

Illustrative Examples. 1. Find the integral of the function

f(s) = &

over the path shown in Fig. 4-9a.
Over the vertical part of the path do is zero, and over the horizontal
part dw is zero. Furthermore,

u =9 w?
v = 20w
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Then, from Eq. (4-4)
1 . 1
/cf(s) ds = — fo 20w dw +]/0 (0* — o) dw
+ /10(02 — w?) do +j[l°2w do
In the first and second integral, ¢ = 1; and in the third and fourth

integral, w = 1. Thus,
1 . 1 1] .
tje| —ig| *++ + jo?
0 0 3o 3D 1

/;' Sf(s) ds
=-14+j-4-+1-jj=-%010+)
2. Find the integral of the same function over the path C of Fig. 4-9b.
This example is slightly more complicated, beeause on this path

. w3t o310 0

-w

—a
1

w=1—9¢

so that now

U= —(1—-0)2=20—-1
or Uu=(1—-wl—-—00=—-204+1
and v=20(l — o) = —2¢% + 2¢
or v = 2w(l — w) = —2w? + 20

Now Eq. (4-4) becomes

/f(s)ds=/o(2¢r—l)dv—fl(—2w2+2w)dw
C 1 1]

0
hand /2

1
— w?
0

I

[ 8

1 9.0

1 0
+][/ (—-2w+l)dw+/ (—20'2+2(7)da]
0 1
o

0 2(93 1
T3
1 0
+J (-wz +ow + o? )
o o 3 | 1
—14+14+3234—-14+7(-14+1+2%—1)=-2%01+)
Both examples give the same result; apparently the integral of s?
from s = 1 4 jO to s = 0 4 j is independent of the path. At least the
integral is the same for the two paths tried. One of the theorems to
be developed deals with the question of when an integral between two
fixed points is independent of the path.

The contour integral is seen to be closely related to a set of line integrals.
However,

J 7@ ds

is not itself a line integral although a path C is involved in its evaluation.
To make this distinction in this text, integrals of functions of a complex
variable are called contour integrals.
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It has been implied that a direction along a path (or contour) must be
assigned in designating a contour integral. Thus, whenever a symbol
such as C is appended to an integral sign, a direction must be stipulated,
usually on a diagram or by a statement describing C (for example, “C is
a circle taken clockwise’”). If the direction of integration along a given
path is reversed, the integral changes sign. Proof of this is left to you
as an exercise.

Another important, and almost obvious, property of contour integrals
is that

/c,+c,f(3) ds = /C, f(s) ds + /C, f(s) ds (4-5)

where Cy and C; are two paths having a point common to the end of one
path and the beginning of the other, and where C, 4 C; is the path
consisting of both C; and C; and having the same direction as C, and Cs.

Another property is stated without proof. By going back to the
definition, it can be proved that, if f(s) and g(s) are two functions each
having an integral over a contour C, then f(s) + g¢(s) is integrable over C
and

J U@ + g@1ds = [ () ds + [, g(e) ds (4-6)

The contour integral was interpreted in terms of rectangular coordi-
nates. However, in many situations, particularly when integration
paths are circular arcs, a polar-coordinate interpretation is convenient.
Since

o = pCOsS ¢
w = psin ¢
we have
doc = —psin ¢ de + cos ¢ dp
dw = pcos ¢ do + sin ¢ dp

and Eq. (4-4) can then be written

/cf(s) ds = /C (u cos ¢ — vsin ¢) dp — fcp(u sin ¢ + v cos ¢) d¢
+ 5[ fo (usin 6 +vcos 6) dp + [, o(u cos ¢ — vsin 9) dg] (&)

This looks more complicated than Eq. (4-4), and it is therefore normally
used only for integration along radial lines or along origin-centered
circular ares, in which case d¢ or dp is respectively zero and the remain-
ing integrals reduce to ordinary real integrals. Thus, if C is a radial
path at angle ¢, extending from p; to p2, we get

fcf(s) ds = L:" (u cos ¢o — v sin ¢y) dp +jﬁ:' (u sin ¢o + v cos ¢o) dp



94 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

Also, if C is a circular arc of radius po centered at the origin and extending
from ¢, to ¢;, the integral is

/cf(s) ds = — po /: (usin ¢ + v cos ¢) de + Jpo /: (ucos ¢ — vsin ¢) de

4-4. Upper Bound of a Contour Integral. Suppose, over the contour of
integration, that the function f(s) has the property

If)l = M

where M is a positive constant. By repeated application of inequality
(2-18) we can write, in the notation of Eq. (4-1) and Fig. 4-7,

| s ds|s Y 1Dl 1as] S MY |as

k=1 k=1 k=1

In the limit as n — o« the left side becomes the absolute value of the
integral, and the term in the middle becomes the integral of the absolute
value of f(s), which we write

[, 5@ las

This is a real integral. Furthermore, the sum on the right approaches
the length of C, which we shall designate L., giving

| [, f6) ds| < [, 150}l el < MLe (4-8)

as a generally valid relationship.

4-b. Cauchy Integral Theorem.* We shall develop the Cauchy inte-
gral theorem by first showing it to be true for two simple functions. In
doing so we provide illustrations of the theorem and also obtain results
which are needed in proving the general theorem later on.

Let R be a simply connected region in which lies a simple closed curve
C. Figure 4-10a may be considered typical. Now consider the integral
of f(s) = 1 around contour C, in a counterclockwise (positive) sense.
The integral is broken up into two real integrals, as follows:

]Cds = /Cdo+j[cdw

However, in similarity with Eq. (4-5), we have

fcda= L:’da—ﬁ:da=0 and /cdw=/:'dw—L:"dw=0

* This theorem is frequently referred to as the Cauchy-Goursat theorem.



INTEGRATION
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@) )
F1a. 4-10. Stages in the approximation of a contour integral over a simple closed eurve
by a sum of integrations over a set of triangles.

Now consider f(s) = s, for which the integral is

/Cf(s)ds= /co'da— /cwdw+j(/cwda'+/ccrdw)

The first two integrals on the right are treated like the previous case,
again giving zero. Each of the two remaining integrals is nonzero, but
we are to show that their sum is zero. First look at

[dea=ﬁ‘l"w.,da—ﬁ:"wbda= —/:’(wb—wa)da'

This is clearly the negative of the area enclosed by C. The other integral
gives

/ca'dw=/:’abdw—[:'o'.dw=LT(05—0.,)dw

and this is the area enclosed by C. Therefore, the sum of these two
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integrals is zero. We now have the two specific results

/cds=0 and /csds=0

where C is any simple closed curve such as Fig. 4-10a.*
Now we are ready to consider the general case

/c 7(s) ds

where f(s) is regular in B. From here on, in the interest of being rea-
sonably brief, the proof will be partially intuitive. The first step is to
recognize from the definition of a contour integral, as a limit of a sum,
that curve C can be approximated by a contour ¢’ made up of a system
of contiguous straight segments, in the manner of Fig. 4-10b, so that the
integrals over C’ and C will be as nearly the same as desired. Assuming
that the integral over ¢’ is now under consideration, we draw a straight
line from any one vertex of C’ to each of the other vertices, as shown in
Fig. 4-10c. The integral over C’ will be the sum of the integrals of each
of the triangles so formed, assuming that all integrations are in the
counterclockwise sense. Proof of this statement depends upon the fact
that each internal triangle side will be traversed twice, once in each
direction, as we sum these integrals.

On the basis of the above conclusion, it is sufficient to continue the
proof for a triangular path. Accordingly, consider the integral over path
T shown in Fig. 4-10d. The triangular area is broken up into four sub-
triangles by joining the mid-points of sides of T. If we regard Tai, Tas,
T3, Tas as labels for oriented paths of integration around these respective

subtriangles, then
.[T = /7'.. + /T.. + fr.. + /T...

and el e+ 1 el L e+ e

Let T designate the one of the four paths which gives the largest term
on the right, or if there is no largest term, because two or more unexceeded
terms are equal, then 7, can be any one of these paths which yield equal
integrals. Then we can say

l/Tf(s) dsl <4 , [Tlf(.s) dsl

Now let T serve in place of the original triangle, and repeat the process
to get another triangle T'» which is a similarly defined subtriangle of T',.

* Proof is given for & nonreentrant curve C, one which intersects any straight line
only twice. However, any reentrant closed curve can be subdivided into a number
of nonreentrant ones such that the contour over the given curve is the sum of the
integrals over the others.



INTEGRATION 97

This process can be repeated n times, thereby yielding a triangle T,
such that

| [ 1 ds| s 42| [, f(5) ds| (4-9)

where triangle T, is contained in all previous triangles Ty, . . . , T4, T.
Now let n become infinite. The area of T, approaches zero, and so it is
intuitively to be expected that T, will shrink down to a single point.*
Call this point s and recall that f(s) is regular at so. Therefore, cor-
responding to a small ¢ > 0 there exists a & such that

f(S) —f(so) _f/(so) <e

S§ — 8o
when |s — so| < 8. This can also be written

f(s) _ f(so) _fl(so) — m(s)

8§ — So
where |m(s)| < ¢, and then
f(8) = f(s0) + f'(s0)(s — 80) + m(s)(s — s0)

Now choose n large enough so that P, (the length of the largest side of
T.) is less than 8. The above expression can then be used in the integra-
tion over T,, giving

| 1000 ds| 5 | [ sto0 ds|
+ | /T”f'(So)(s = s0) dsl + , _/T.. m(s)(s — so) ds

if each integral on the right exists. We have already proved that a
closed-path integral of a constant, or of s, is zero; and therefore the first
two integrals on the right are each zero. Thus,

| /T'f(s) ds’ = | /r.. m(s)(s — so) ds' <e [1', |s — sof |ds|

But, from the geometry of 7', when s is on its boundary,

IS - sOI é Pn
and Perimeter of T, < 3P,

1t is also true that, if P is the maximum side of T, then

P
P,.——2—"

* For a proof of this see K. Knopp, “ Theory of Functions,” vol. 1, p. 9, Dover Pub-
lications, New York, 1945.
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Thus, by relation (4-8), we arrive at the estimate
2
l/ 18 dsl <3ZI:

Tn

and from relation (4-9)
| [,7@ ds| < 3eP?

But e is arbitrarily small, and so we have the conclusion

/Tf(s) ds=0

and, by the earlier argument that any curve can be made up as accurately
as we like by segments of straight lines, it follows that

/cf(s) ds =0 (4-10)

for all simple closed paths C in the region of regularity R.

In the proof just completed we were restricted to simple closed curves
and found that in a simply connected region of regularity of f(s) the
integral is zero around such a curve. However, since a nonsimple closed
curve can be made up of a finite number of simple closed curves, with the
integral being zero for each of them, we conclude that in a simply con-

nected region of regularity of f(s)
the integral is zero for any closed
curve. This is a statement of the
Cauchy integral theorem.

4-6. Independence of Integration
Path. Now consider a function
f(s) having the property

/c f(s)ds =0

for every closed curve C in a region
R. [This will of course be true if
Fie. 4-11. Indgpen_dence of path of inte~ {Sg g!;,?m{fynilzi:gigf &?;:ig;) ,ni‘(:i
gration in a simply connected region of / ’
regularity. these conditions are presently not
assumed.]

We take any two paths C; and C, joining a pair of points, as shown in
Fig. 4-11, and let C designate the closed curve formed by C, and C,
taken together. The direction of integration associated with ¢ will be
the same as the direction defined for C, and therefore is opposite to the
direction defined for C,. This choice of directions permits us to write

[t ds = [ f(s) ds = [_ f(s) ds
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and therefore

[, 5 ds = [ 7o) ds (a-11)

When an integral is independent of path, in a certain region R, the
contour need not be designated. Only the beginning and ending points
need to be shown, so long as these points are in B. Therefore, for
integrals such as Eq. (4-11) the notation

/ 1:’ f(s) ds

is commonly used. The lower limit is the starting point. Now you see
why the two examples of Sec. 4-3 gave the same result.

(a) ® (©)

C; and C, are closed.  Cy and Cj'are open at the cut.
F16. 4-12. Consequence of the Cauchy integral theorem in a doubly connected region.

4-7. Significance of Connectivity. In Sec. 4-5, R was carefully desig-
nated as being simply connected. Suppose that a closed curve C encloses
an isolated singular point s; in Fig. 4-12a. Note that C lies in a region
of regularity, between boundaries B; and B,, but that this is a doubly
connected region. The Cauchy integral theorem does not then apply,
and there is no reason to believe that the contour integral around C is
zero. If a barrier is introduced in Fig. 4-12b, to make the region simply
connected, then a closed path like C’ is admissible; but not C, because it
would go outside the region.

One of the purposes in defining connectivity of regions was to simplify
the statement of the Cauchy integral theorem.

Although the contour integral around a path such as C is not neces-
sarily zero, it can be shown to be independent of path for all paths that
encircle the inside boundary B, (that is, for all distortions of C that can
be made without leaving the region of regularity). Consider two such
paths, C; and C; in Fig. 4-12¢, for which the small gaps shown are assumed
closed.
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Join C; and C,; by two auxiliary paths C; and C,, which can be as close
together as we like, and let C} and C} be the same as Cy and C; but with
the slight gaps shown in the figure. Also, put a barrier in the region
between C; and C, so that the path C{ 4+ C3 — C; 4+ C4 is a closed
path in a simply connected region of regularity. By the Cauchy integral
theorem

oS ds+ [ f(6)ds — [ f(s)ds+ [, f(s)ds =0

Now let paths C; and C, come together, and note that they are opposite
in direction. In the limit

Jo 5@ ds+ [, fs)ds =0

because the sum represents two
integrations over a common path, in
opposite directions. Also, in this

C e
limiting process C} approaches C,,
and C; approaches C,, and therefore
Fia. 4-13. Consequence of Cauchy inte- /' _ /'
gral theorem in a triply connected region. c,f (s) ds = c,f (s) ds  (4-12)

This idea can be extended to regions of higher connectivity, as in Fig.
4-13. By cutting the region in much the same way as in Fig. 4-12 it can
be shown that

[ ds = [, 1) ds + [, (o) ds (4-13)
The proof is left to you as an exercise. Similar equations can be written
for a region of any order of connectivity, showing that the integral
around a closed path surrounding a finite number of isolated singular

points equals the sum of the integrals around individual singular points,
with due regard for path orientations.

4-8. Primitive Function (Antiderivative)

Theorem 4-2. Let f(s) be a function which is continuous in an open
region R and which has the property

Jo i@ ds =0
for every closed path C in B. Then, the function

F(s) = /.:f(z)dz soand s in B
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is a single-valued function of s and is regular in R with the derivative

dF(s) = f(s)

The proof begins by noting that F(s) is single-valued because, by Sec.
4-6, the integral is independent of path from s, to s. Next refer to Fig.
4-14, and consider the differential*

F+8) —F@) = ["1@de - [(f@ e = [V de a19)
If we write
[ 5@ de = 5 [TV a2 + [ U@ — 1)) e
= 1@ as + [TV @) — f(9)) da
then Eq. (4-14) becomes
F(s + 88) — F(s) — f(s) as = [ [fz) — f(9)) dz  (4-15)

Since f(s) is continuous, corresponding to an arbitrary small positive
number ¢ there is a number & such that

1f(8) — f@@)| < e

when |s — 2| < 8. Now choose |As| < 3, s+As
which will ensure |s — 2| < & for z on the As
path in question. Therefore, we have s

s+4s

[f(2) — f(s)) dz |
< [5G — 1)l 1del < elas]

and Eq. (4-15) can now be written zplane
— %o
Fs + A:) Fl) _ f(s)| < € (4-16) Fre. 4-14. Derivative of an
s integral as function of upper

when |as] < & limit,.
Since e can be arbitrarily small, we conclude that

F(s+ As) — F(s) _ £(s)
dF(s)

or = f(s) @17

lim
As—0

* An increment As can always be found within R because each point in B must
have a neighborhood also in R, and As can be in that neighborhood.
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This result is obtained for any point in R, and so F(s) is regular in R.
The function F(s) is called the primitive (or antiderivative) of f(s).

If f(s) is regular in a simply connected region R, we know from the
Cauchy integral theorem that the integral of f(s) is zero over any closed
path in R. Therefore, such a function would meet the conditions of
Theorem 4-2. This fact makes it possible to state a corollary to Theorem
4-2, namely, that, if f(s) is regular in a simply connected region R, then
the conclusions of Theorem 4-2 are true.

4-9. The Logarithm. The last section leads naturally to the definition
of an important new function and in the process emphasizes the impor-
tance of connectivity. We begin with the function

1) = 3

which is regular in the doubly connected region outside a small circle
centered at the origin. Now consider the integral

ds

1 2

which would be a single-valued function of s if the path of integration
from 1 to s should lie in a simply connected region. However, referring

(o} Neighborhood of

f_‘ origin deleted
1
§

G z plane

zplane

(@ ®)
F1a. 4-15. Definition of unique path of integration for defining log s. (a) Original
doubly connected region in the z plane; (b) Riemann surface defined to make Eq. (4-18)
single-valued, shown in perspective view.

to Fig. 4-15a, you see that paths C; and C, cannot be brought into coales-
cence while continuously remaining in the region. Thus, there is doubt
whether the above integral is a single-valued function of s.

This is our first encounter with a multivalued function. Figure 4-15b
shows a conceptual device for dealing with the doubly connected region.
The complex plane is expanded into a sequence of overlapping sheets
connected together in helical fashion (like a circular staircase). Now
point s becomes two points (or more, if more sheets are included) labeled
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s and ¢'. Inability to distort C, into C; is now unimportant, because
s # ¢’. This idea can be extended, so that corresponding to any point

8=p/¢

there is a doubly infinite set of points on other sheets having angles
differing from ¢ by integral multiples of + 2.

The surface described above, consisting of a set of connected sheets, is
called a Riemann surface. In Chap. 6 additional functions are considered
for which Riemann surfaces are in-
vented to make them single-valued.

It is now possible to write c,

F(s) = ﬁ ART)

and F(s) will be single-valued on the 1 ¢
Riemann surface of Fig. 4-15b. F(s)
is independent of path from 1 to s, so zplane

long as the path remains in the sur-
face (i.e., winds around enough times - . .

A S . Fia. 4-16. S fi th of int: t
to get to the sheet in which s is foxrcthe funct?:,fll;g]f of integration
located). The path shown in Fig.

4-16 will be used. C, is a radial line, and C; is & circular arc. Two
special cases of Eq. (4-7) are used to evaluate the integral. Along C,

z=1r dz = dr
and along C»
z = pe* dz = jpe® db

where p is the magnitude of s = pe’*. Equation (4-18) now becomes

F(s)=/c+cdz "d"+ /da
=logp +jo

From Theorem 4-2 we know that F(s) is regular in the Riemann surface
and that
dFs) _ 1

ds s (4-19)

Recognizing similarity with the logarithm of a real variable, we are
prompted to use the same notation, defining
log s = [ 'dz—z (4-20)
log s = log p + j¢ (4-21)
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The question arises whether or not log s is the inverse of e* (that is,
whether or not es* = s). To check, we write

elog s = glogpt+id =— plogrpid — pe“ =g (4_22)

28 expected. It follows that the logarithm of a complex number, defined
by Eq. (4-21), can be used in the same way as logarithms of real numbers.
By looking at the logarithm of a produet, the importance of the
Riemann surface is appreciated. Thus, if 81 = p1/¢1 and s; = py/ ¢,
then
log 5182 = log pipz + j(¢1 + 2)
and log s1 + log sz = log p; + jé1 + log p2 + joe
which are the same provided that ¢; + ¢: is not modified by adding or
subtracting an integral multiple of 2x. For example, suppose that
¢1 =7 and ¢; = 7/2. We must then use 3x/2 (not —=/2) for the
angle of s;52. Otherwise the law of adding logarithms would not be valid.
As a useful by-product of this development we are now ready to
consider
ds
c's
where C is a simple closed curve encircling the origin in a counterclockwise
direction. The interpretation given above allows us to write
/‘-ZE = [ log s; — log &}
c s a

Y 2

where s| and s, are two points directly over one another, but on adjacent
sheets of the Riemann surface. Since C is counterclockwise, the angle of
81 is 27 greater than the angle of s;. Thus

ds .
/; 5= 72r (4-23)
Another important case is
ds
c s
where C is the same curve we have been considering and n is a positive or
negative integer not equal to 1. There is no loss in generality if C is the

circle
8 = pe#

Then, if we use the specific values s; = p/—m, s, = p/m, we get

ds _ [=ds _ . [" . ame
/;,sn_ a.’F_J/~1p € d¢

= /_ [cos (1 — m)¢ + j sin (1 — n)¢] do
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which is zero when n # 1 and confirms Eq. (4-23) when n = 1. Thus,
/; — =0 n=1 (4-24)

4-10. Cauchy Integral Formulas. Let a simple closed contour C lie in
a simply connected region of regularity of a function f(s), and let s be a
point inside C. Also, let C; be a
circle of radius r and center at s,
lying wholly within C.

The function

1@

z—38 o c

is a regular function of z, in a
doubly connected region, with a
neighborhood of s deleted, as shown
in Fig. 4-17. Now, by the princi-
ples established in Sec. 4-7, it can
be said that

zplane

1) dz = f @ dz (4-25) F1G. 4-17. Substitution of path of integra-
cZ— 8§ 2 - tion by a circle approaching zero radius.
and then
1@ 4, [ &) +1@) —56) ,,
12— 8 i z—s
_ dz [ f(s) — f(2)
=/ az—8 e 2—8 dz

In the first integral on the right replace z — s by &’ and dz by ds’ to give
an integral like Eq. (4-23), and thus

& = j2ef(s)

To deal with the second integral, note that the only possible point where
the integrand might become infinite or discontinuous is at z = s; but

llmf(s) f(z) — fl()

z—s

which is noninfinite because f(z) is regular at z = s. Thus we can write

f(s) _f(z) < If,(s)l +e=M
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when 2 is on C,, and so

| /C‘f(sz S,

where 7, is the radius of C1. Furthermore, the integral is unchanged if
r1 approaches zero. In so doing M remains constant. The conclusion is
that

< 2W1M

16 ~1@) 4, _

Cy zZ—38
and so, finally,

1 1)
56) = g | T2 e (4-26)
This is the Cauchy integral formula for f(s). Equation (4-26) is not to
be construed as a formula for calculating f(s). It is useful as a representa-
tion for f(s), to be used in later analytical work. Its usefulness stems
partly from the fact that it includes an integral and therefore can be used
to evaluate certain kinds of integrals.
If we look at Eq. (4-26) and formally differentiate under the integral
sign, we get

. 1 1)
J'(a) = o 4/; (z—__—s),dz (4-27a)
7 - 2 f (2) ’
J(s) ppe /; G- s),dz (4-270)
1000 = g2 [ L s (4270

This process is not justified, since the theorem on differentiating under
an integral for real integrals cannot be extended to contour integrals.*
The proof for real integrals depends on the mean-value theorems; and
there is no such theorem for a contour integral of a function of a complex
variable. Therefore, the above process is merely suggestive of the forms
we might expect. The formulas are correct, but for proof we use a
different approach.

We shall prove that Eq. (4-27a) is correct by a procedure which can be
applied repeatedly to verify the formulas for the higher derivatives.
Since Eq. (4-27q) is the anticipated formula, we compare it with the limit

* A theorem on differentiating under the integral for contour integrals can be proved,
but not in the manner of the real-integral case. In fact, the Cauchy integral formulas
are used in the proof. See P. Franklin, “Treatise on Advanced Calculus,” p. 448,
John Wiley & Sons, Inc., New York, 1940; and also Prob. 4-27.
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of the differential quotient. In other words, we are to determine whether

. [fs+4s) —f(s) 1 1) —

o [‘—r o Joe— 97 %] =0

Equation (4-26) provides an integral formulation for the differential

quotient, namely,

fls+4s) —f(s) _ 1 [ __f® y

As T 2%f Jo|As(z — s — As)  As(z — ) dz (4-28)

Inserting this in the relation to be checked establishes that we are to deter-

mine whether or not

i 1 1 1
Al’l“I-I’l" l./; [As(z —s—A4As) Asz—9s) (z- s)z]f(z) dz] =0 (429)

Adding the three terms in the brackets reduces this to the simpler question
of whether or not

lim [/C Asf(2) dz] -0

A0 (z — 8)%(z — s — As)
As f(2) £)]
But l ﬁ’(z — 8)X(z — s — As) dz | < |as] /;|z — |dz|

s|tz — s — As]
and since f(2) is regular on C, we can say that |f(z)] has an upper bound M
on C. Furthermore, referring to Fig. 4-18,
it is apparent that

z—s5= 4

and that we can choose an increment As;
such that

lz—s8— A8 > B when |As| < |Asy

A and B are, respectively, the shortest
lines from point s and from the circle of
radius |As,| to points on C. Since s must be
internal to the region enclosed by C, a circle
of_ rac.liu.s |{lsll can always be t_’ound which g o 4-18. Determination of
will lie inside C. Thus, by virtue of Eq. lower bounds for |z — s| and
(4-8), we have fz — s — asl.

las| /C =y QI 551421 < Ias ML

Uz — s —
when ]As| < |Asy|. The right side has the limit zero as As approaches
zero. Also, the term on the left has been shown to be greater than the
term on the left of Eq. (4-29). Therefore, the limit given in Eq. (4-29)
is correct. This completes the proof of Eq. (4-27a).
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Equation (4-27b) is proved in a similar way, by treating
tim [f’(s +a9) -6 _ 2 [ _f@ dz] ~

A0

As 2mj Jo(z — 8)3

as the limit to be investigated. Equation (4-27a) is used for f'(s 4 As)
and f’(s), and then the proof proceeds in exactly the same way as before.

The formula of Egs. (4-26) and (4-27) are generally called the Cauchy
integral formulas.

4-11, Implications of the Cauchy Integral Formulas. The Cauchy
integral formulas lead to several general properties of analytic functions
of far-reaching importance. One important conclusion is that, if f(s) is
regular at a point 3o, then each of its derivatives exists and is regular at so.
To prove this statement, observe that if s, is regular it will always have a
neighborhood in which contour C can be placed. Then Egs. (4-27)
establish the existence derivatives of all orders inside C, and thus in a
neighborhood of s,. Therefore, f'(s), f”(s), etc., are all regular at so.
This being true for any regular point of f(s), it follows that each derivative
is regular throughout the region of regularity of f(s). Thus, in no case
can differentiation of an analytic function introduce a singularity which
does not appear in the original function. This blanket appraisal of the
properties of an analytic function and its derivatives is an example of the
power of the techniques of analysis we are developing.

Another important conclusion deals with properties of the partial
derivatives du/do, du/dw, dv/dc, and dv/dw. Referring to Eq. (2-42a), it is
recalled that the derivative can be written

ey QU .Y
J'(s) = 3 +3J 3
Now we know that if f'(s) exists so also does f/(s) exist. We can write
f"(s) in a similar fashion, giving
o O 0%
f'(s) = Fy +7 302
Since this exists, we conclude that d%u/ds? and 9%/d0? exist and therefore
that du/d¢ and dv/doc are continuous. A similar conclusion follows for
partial derivatives with respect to w, if we start with
rey _ OV . du
') = 5= —J5

In Sec. 2-8 it was pointed out that we could show that the real and
imaginary parts of an analytic function satisfy the two-dimensional
Laplace equation at all regular points. But in a footnote it was pointed
ont that we had no assurance that these second derivatives exist. Now
we have the proof in a very general way. Given any analytic function,
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its real and imaginary parts are solutions of the two-dimensional Laplace
equation at each regular point.

4-12. Morera’s Theorem. The Cauchy integral theorem states that,
if f(s) is regular in a simply connected region R, the integral of the function
over any closed curve in R will be zero. We shall now show that the
converse is true, that if f(s) is continuous in a region R, and if

Jofe)ds =0 (4-30)

for every closed path C in R, then f(s) is regularin B. Thisis a statement
of Morera’s theorem.*

To prove this theorem, we begin by observing that Theorem 4-2 is
applicable, and so it is known that

F(s) = [ 1) dz

is a single-valued function, regular in R, and having the derivative

dF(s) _
i ®
Since F(s) isregular in R, it is known from Sec. 4-11 that its derivative f(s)
is also regular in B. Thus, the statement of Morera’s theorem is proved.
4-13. Use of Primitive Function to Evaluate a Contour Integral. Let
F(s) be regular in a sim:ply connected region R, having the derivative
dF(s) _
—L = £(s) (4-31)

From Sec. 4-11 it is known that f(s) is regular in R, and then from the
Cauchy integral theorem and Theorem 4-2 we know that

& [ seras = g0 (+32)

where s, is some point in B. Comparison of Eqs. (4-31) and (4-32)
establishes that

5@y dz=F) + K (4-33)
where K is any constant. Now suppose that we are required to find
L f(2) de

where s; and s, are both in B. Let s, be the number appearing in Eq.
(4-33). Then we can write

L f(s) ds = f(s) ds — f(s) ds

* To be an exact converse of the Cauchy integral theorem, B would be required to be
simply connected; and Morera’s theorem is often stated with this condition included.

) o SNSRI L PR T P Y T . IR I Y 1 ¥V U ST N
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and from Eq. (4-33) it follows that
[ 1(s) ds = F(s2) — Fsp) (4-34)

We state the result formally as a theorem, as follows:

Theorem 4-3. If F(s) is regular in a simply connected region R, and if s,
and s; are two points in R, then

f “AF ) 4o Fan) — F(sy)

, ds

This theorem is the complex-variable counterpart of the fundamental
theorem of integral calculus of real variables. This theorem applies
when integration is performed by finding the ‘“antiderivative” and
substituting limits. Whereas the corresponding real-variable theorem is
the fundamental device used in real-variable integration, it is not true
that Theorem 4-3 occupies an equally important position in contour
integration. Most of the contour integrals of practical importance are
amenable to evaluation either by the Cauchy integral formulas or through
principles later to be developed from these formulas. There is no counter-
part of the Cauchy integral formulas in the theory of real variables. This
is one reason why complex-variable theory is so important. In Chap. 8
you will see examples of how the powerful methods available for evaluat-
ing contour integrals can be applied to real integrals by first regarding the
real integral as a special case of a contour integral.

PROBLEMS

4-1. Refer to Fig. 4-2b. Let R be the open region enclosed by the nonsimple
closed curve shown, and let R’ be the corresponding closed region. Are R and R’
connected regions? Explain.

4-2. Suppose that

1) = |sf?

(a) Integrate f(s) over the path shown in Fig. 4-9a.

(b) Integrate f(s) over the path shown in Fig. 4-9b.

4-3. By converting to real integrals, integrate f(s) = sin s along each of the paths
shown in Fig. P 4-3.

Sin
&

(&)

[ .

t o - ———

Fie. P 4-3
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4-4. By converting to real integrals, integrate f(s) = e* along each of the contours
given in Fig. P 4-3.
4-6. Using the paths C; and Cs in Fig. P 4-5, evaluate the following integrals:

@ /C‘ Re s ds ® /c, Im s ds
© /c‘Resdc @ /c’Imsda
c .
-1 1 1
Fi1a. P 4-5

4-8. Using the contour shown in Fig. P 4-6, evaluate the following integrals:

(a) [C eRes ds ®) /0 elm e ds
(c) /cci Res dg @ fc ei Ims dg
(e) fcR/eei'da (62) /c Im et ds
1 C
C
-1 2
Fia. P 4-6 Fia. P 4-7

4-7. Perform each of the following integrations:

8 Re s Im s
(a) ¢ H ds (b) c W ds (C) c W ds

for the path of radius R shown in Fig. P 4-7.

4-8. Prove that the following upper bounds are correct, using the contour C shown
in Fig. P 4-8:

@ ,/c ]a’ldsl < /2 ® M} Isin slds[ <rcoshl
(c) fdlme""dsé < 2¢™? @) I/C c'*"’dcl < xed
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1 —~
C
-z z
2 2
Fig. P 4-8
4-9. Prove the relation
[7@ @ = [ 166) as
4-10. Prove Eq. (4-13).

4-11. In the proof of the Cauchy integral theorem, where do we use the condition
that the function shall be regular on C?

4-12. By performing the integration over each side of the square in Fig. P 4-12,
check the validity of the Cauchy integral theorem, using the function f(s) = 82

2
Fi16. P 4-12
that

4-13. Let C designate the unit circle and C, the top half of the unit circle

it circle. Prove
Jo1®ds = [ 16 - 1o as
if 1) =

Furthermore, if f(s) is analytic, with no singular points in or on the unit circle, and
—f(—s), prove that

[ s ds =0

4-14. Use appropriate principles established in the text to evaluate

[GZi+e) e

where C is a circle of radius 2 centered at the origin and directed counterclockwise
secting these axes at o
clockwise

4-15. Let C designate a square with sides parallel to the coordinate axes, inter-
+4 and o

= +4. The direction of integration is counter-
Evaluate each of the following:

e cos 8
© J‘ smh 2s

@ [,Sa
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4-16. Evaluate each of the following integrals in a counterclockwise sense around a
simple closed path C consisting of a circle of radius 1, centered at s = j:

1 st —1

@ C's’+1d3 ®) c(s +1)’ds
#+1 il o AP
© JoF—1% @ [oaigne
4-17. The nth-order Legendre polynomial can be given by the formula
1 dr "
P,.(s) =2—“n!£;(8’ - 1)

By using an appropriate contour of integration, prove that Pn.(1) = 1 for all n.
4-18. The nth-order Laguerre polynomial can be given by the formula

L,(s) = e ;_s':' (sme™*)

Use appropriate contour integration to prove that L.(0) = nl.

4-19. Take the function f(s) = s3 and check the Cauchy integral formuias for
f(s), f'(s), f''(8), and f"’(s) by actually performing the indicated integrations, using a
circular path of integration.

4-20. Let C be a counterclockwise circular path passing through the origin, with
center on the positive real axis and diameter . Use appropriate Cauchy integral
formulas to evaluate the integrals:

cos 8 cos 8 cos 8
@ JoG=ar® O Joiop% © Joa—ma®

4-21. The paths in the following integrals are described in Fig. P 4-21. Find the
values of the integrals:

8 8
@ JoT=De -9 ® ® Joo—ne-a ¥
© [, s ds @ /;Jsinsds
sinh s
@ Jomraa®
C
C

N

Fia. P 4-21
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4-22. Using a unit counterclockwise circle as path C; or a path C; consisting of a
square of side 2 with the origin of the coordinate axes at the center and sides parallel to
the axes, evaluate each of the following integrals, in the simplest possible manner:

sin? s
@ /c, le*| ds @ JosmFDe D%

4-23. Using the defining formula

1 ‘de
0g8=[l 'z_

prove, by appropriate manipulations of the integral, that
1
log Pl log 8

4-24. Use the integral definition of the logarithm to prove that
log 3" = nlog &
4-25. Use the integral definition of the logarithm to prove that
log s15: = log 8 + log 82

4-26. Let C be a counterclockwise circular contour of radius A < 1 centered at the
point s = 1. Prove that

/ log |s| ds = f2r sin-1 A sin 6 o
cs—1 0 V1 + 24 cos 0 + A?
4-27. Let a function G(s,2) be given such that, if s is fixed in a region R, the func-

tion is regular in z along a path C (not necessarily closed) and, if z is fixed at any point
on C, the function is regular in s, for s in B. Define g(s) by the formula

o(s) = fc Fzds sinR

Use the appropriate Cauchy integral formula (assuming that an interchange of order
of integration is permitted) to prove that

) _ [ 06,

4-28. Let C be a circle centered at the origin and of radius R. Show that

s+a
[oiipe
is independent of a and b, if |b| < R. Also, obtain this integral as a function of a
and b, if |b] > R.
4-29. Use Theorem 4-3 to do Prob. 4-3.
4-30. Use the bilinear transformation to establish the following equality:

I, r S v

where 0 < a < 1.
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4-31. Let f(s) be regular and bounded |f(s)] < M at all points in the finite plane.
Prove that f(s) is a constant. (This is Liouville’s theorem.) [HinT: Use the Cauchy
integral formula for f(z) at two points, say s = 0 and s = s,, using for the contour of
integration a circular path of radius B which is allowed to increase without limit.
This will provide the information that [f(s;) — f(0)] is zero.]

4-32. Let a function f(s) be undefined at a point s, and bounded and regular in a
deleted neighborhood of this point. Prove that

lim f(s)

Land 1}

exists. (HinT: Use two concentric circles centered at s,, and apply the Cauchy
integral formula to the simply connected region obtained by joining these circles
by a barrier. Then let the inner circle shrink to the point.) This result is known as
Riemann’s theorem.
4-33. Given the function
s —a

&) =¥

use the appropriate Cauchy integral formula to prove that the nth derivative at zero is

™) = —211.!(—% )

HinT: In the integral, replace the variable of integration by its reciprocal.



CHAPTER 5

INFINITE SERIES

6-1. Introduction. In our quest of tools for determining the properties
of functions we need a variety of methods for representing a funcuion.
We have the usual formulas (like sin s, ¢*, s? 4- 1, etc.), but by employing
other representations certain properties of the functions are put into
evidence, and also other representations can lead to new functions. The
Cauchy integral formula is one such representation, although its power is
not, yet fully brought out. The infinite-series representation is the next
step.

As you undertake the study of this chapter, it is important to recognize
that infinite series are used as ezact representations for functions. The
series form is important because certain properties of a function are placed
in evidence in the series representation. Series are not used here in the
sense of approximation, as when they are used for computation. Recogni-
tion of this fact is important.

6-2. Series of Constants. Consider an infinite sum of complex con-
stants, which can be written in either of the two forms given on the two
sides of the identity

aG=a+a+t+a+ - (5'1)

k=0

In order to study the series, we define a “function”

n

A..=2ak=ao+a1+---+a., (5-2)

k=0

This is a function of n, having values only when = is an integer. A4, is
called a partial sum. As n increases, A, may do one of the two things-
illustrated in Fig. 5-1. If the sequence of values does not approach a
limit, as at (a), the series is said to diverge. On the other hand, if it
approaches a limit, as at (b), it is said to converge.

We are faced with a situation similar to the limit of a function discussed
in Chap. 2. The only difference is that the function presently being con-
sidered takes on discrete values as a function of the integers represented

116
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by n. The definition of the limit of this function is similar to the previous
one, modified to take care of the fact that now we are dealing with a limit
as the independent variable n becomes infinite. Let ¢ be a small arbitrary
positive number. The sequence A, has a limit A if we can find a number
N, which depends on ¢, such that
|Ads — A < €

when n>N

A convergent sequence is portrayed in Fig, 5-1b. A similarity with
Fig. 2-5b will be noted, although in the present case the function yields
only discrete points. For the ¢ shown, N would be 12. The importance
of ¢ being arbitrary is to be emphasized. No matter how small ¢ is
chosen to be, it must always be possible to find a number N. In general,
N will increase as ¢ gets smaller.

(56-3)

4 3
S R s e
. 413014
2e(me o % o7
etc. 2. 11e lg.l’ah g
. * .9
L[ *® * L] * [ J 10
1 3 5 7 9 11 1,
(a) Diverging (b) Converging

Fie. 5-1. Examples of sequences of partial sums for diverging and converging series
(numbers are subscripts on 4,). Points are plotted in the complex plane.

'We now come to one of the theorems which will be left unproved. The
theorem, which states the Cauchy principle of convergence, is as follows: A
series like Eq. (5-1) converges if and only if, given an arbitrary small
number e > 0, it is possible to find a number N such that

|An - Aml <e

when n>N and m>N (5-4)

You should study these conditions in the light of Fig. 5-1b, so as to appreci-
ate their reasonableness, in the absence of a proof.*

The Cauchy principle of convergence states necessary and sufficient
conditions for convergence, and so either the Cauchy principle or the
definition given earlier can be used interchangeably. The definition,
conditions (5-3), is convenient because it puts the limit A into evi-
dence. However, it is inconvenient in some cases because 4, — A
consists of an infinite number of terms. On the other hand, the condi-
tions of the Cauchy principle are convenient when A is not needed

* E. T. Copson, “An Introduction to the Theory of Functions of a Complex Vari-
able,” Oxford University Press, New York, 1935.
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explicitly and when it is convenient to use the fact that A, — A, contains
only a finite number of terms.
It is often convenient to consider the auxiliary series

z |ak| = |ao! + |¢11| + - (5—5)

k=0

which is simpler than series (5-1) because all terms are positive and real.
If series (5-5) converges, we can write

B = z Iakl

k=0

and the original series is said to converge absolutely. Conditions for
absolute convergence are then obtained from relations (5-3) or (5-4),
where A, is replaced by

B, = |ai| + |ao| + - - - + |aa| (5-6)

and A4 is replaced by B.

The concept of absolute convergence is introduced because tests for
absolute convergence can be drawn upon from the theory of series of real
numbers and because, when a series converges absolutely, it also con-
verges. This we shall prove as a theorem:

Theorem 5-1. A series converges if it converges absolutely.

PROOF. We are given the series
L]

173
k=0

and told that the absolute-value series converges, thus:

B = 2 |l (5-7)
k=0

This means that, given a small positive number ¢ > 0, we can find a
number N such that

[Ba — Bal < €

when n,m>N (5-8)

Let n be the greater of the two numbers m and n, and note that

|B,. - Bm| = Ia,,..HI + Iam+2| + -+ lan‘ (5"9)
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Also, by the law of inequalities for sums we have

lam+l 4+ ampz+ - -+ anl = Ia,,.ﬂl + Iam+zl + - +|anl (5-10)

But the term on the left above is |[As — An|. Thus, by inequality (5-10)
it follows that

|Ax — Am] < e
when n,m>N

Thus, it is proved that if a series converges absolutely it also converges.
If the absolute-value series diverges, it is not necessary that the series will
diverge. That is, the converse of Theorem 5-1 is not true.

We conclude this section by stating two tests for absolute convergence.
These are taken from the theory of series of real numbers and their proofs
can be found in the standard texts on advanced calculus.

1. Cauchy Root Test. A series

G
k=0

converges absolutely (and therefore also converges) if

fim Viaf <1 (5-11)*
and diverges if

Im Vi >1

k— o

2. D’Alembert’'s Ratio Test. The series converges absolutely (and
therefore also converges) if

lim | %+ <1 (5-12)
ke ax
and diverges if
lim | =X > 1
b k

In either case, if the limit is 1, the test fails and gives no information.
The root test is usually the more useful in analysis.

* The symbol Iim denotes the limit superior, which, loosely defined, is the limit
approached by the least upper bound of the set of numbers v/ |ai|, where k > n and n
becomes infinite. The limit superior would enter in the case of a series like

1 1 1 1 1
ttetptatatst -

In this case lim v/a; does not exist, but [im Var = 14, and the series converges.
When the limit exists, it is the same as the limit superior.
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b-3. Series of Functions. In Sec. 5-2 we were dealing with series of
constants. We can also consider series of functions of s such as

go(s) + g1(s) + go(s) + - - - = z gi(8) (5-13)
k=0
The first observation is that for a fixed s such a series reverts back to
the previous case; we get a series of constants. Thus, at a fixed value
of s, convergence of a series of functions of s is defined and tested in the
same way as for a series of constants. Thus, at s = sy,

f(s1) = E gu(s1) ‘ (5-14)

k=0

converges to a number f(s;) if, given an arbitrarily small ¢ > 0, there
exists a positive number N(s;) such that

[Ga(s1) — f(s1)] < e
when ln > N(s1) (5-18)
and where Ga(s) = go(s1) + gi(se) + - - = + ga(s1) (5-16)

The notation N(s;) is used to imply that this number might change if s
1s changed to another value. Now suppose that we try other values in a
region R containing s, and find that the series converges at each value of
8in R. The series is a function of s, and we can write

L

f(s) = Egk(s) sin R (5-17)

k=0

If the series diverges for some value of s, no function is defined by the
series at that s. Convergence in R implies that, given an arbitrarily
small ¢ > 0, we can find N(s) such that

|Ga(s) — f(s)] < e
when n > N(s) (5-18)
and where G,(s) = go(s) + g1(s) + gao(s) + - -+ + ga(s) (6-19)

N(s) is of course also a function of e.

Relations (5-15) and (5-18) are quite similar, but constants are involved
in the former and variables in the latter. Note that as s varies over the
region B there may be a corresponding change in N even though e
remains fixed. Some series have the property that there can be a region
R for which one constant N serves in the above capacity for all values of
s tn R. That is, N would depend on ¢ but not on s. Such a series is
said to converge uniformly in R.
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The idea of absolute convergence applies also to series of functions,
in similarity with series of constants. Also, the Cauchy principle of
convergence applies; i.e., given the usual arbitrarily small ¢ > 0, the
series converges in R if and only if

IGn(s) - Gm(3)| <e (5—20)
when n,m > N(s)

and converges uniformly in R if N is independent of s.

In order to illustrate these relatively abstract ideas, consider the
following example: From algebra we have a formula for the sum of a
geometric progression. Also, since complex numbers obey the ordinary
rules of algebra, the formula can be applied to a geometric progression
of complex numbers. Consider the special case of a geometric series
where the ratio between terms is s. From the formula for the sum of

n terms we have
1 — sn+l
=14+s+s4+ - - 45 (5-21)

1-—38

Now compare this with the infinite series

1+8+82+"‘=28k

k=0

By either the root test or the ratio test this series converges absolutely
(and therefore also converges) for |s| < 1. Therefore, for this range of
s we can use the series to define a function, namely,

fo =Y ¢ lsl<1 (5-22)
k=0

Equation (5-21) is a partial sum of the series in question, and

— gntl
l.iml sttt 1

bm 5—r =y, Bl<1

Thus, we conclude that

o) =y <1

Of course, 1/(1 — s) is also a function for [s| = 1, but f(s) is defined by
the series, and so f(s) = 1/(1 — s) only for |s| < 1.

We already know the series converges, but let us try the definition of
convergence as an exercise and to provide an opportunity to look at
uniform convergence. We are to consider

11— prH!
I—s 1-3s _Il—s

pn+l
=3 = S

(5-23)
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where 8 = pe’*. The inequality on the right follows because, when
Isl <1, '
l—p=1~—|[s=|1-4
If n > N, we have
pn+l pN+l
1-» <1- p
and so, recognizing that ¢ is given, we shall choose N so that

N-
pN+1

i=» <e
or (N 4+ 1)logp <loge(l — p)
Note that log p is negative, because p < 1, and so dividing by log »
reverses the inequality, giving
N+1>08d =0
Ny > 1% o1 5 . (5-24)
or P ———log >

Thus, from the given ¢, a value of N can be found such that

‘1_1_8-—28" <e
k=0 (5-25)

when n > N(p)

Now we have established that in the circular region
lsl <1

the series converges. However, it does not converge uniformly in this
region, because N(p) approaches infinity as p approaches 1. No value N
can be found which will do for all values of s in the region. The region
of uniform convergence is

ls) <o’ < 1 (5-26)

where p’ is a constant. To prove this, note from Eqs. (5-24) that N(p)
increases with increasing p. Therefore, if

p=p
then N(o) = N(¥)

The value N = N(p’), which is a constant, can be used in place of the
variable N(p) in relations (5-25). Therefore, since this value of N is
satisfactory for all s in region (5-26), we can say that this is the region of
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uniform convergence. Note that the region of uniform convergence is
closed.
This section is concluded with another theorem:

Theorem 5-2. If each of the functions go(s), g1(s), ete., is continuous in
a region R where the series

J(s) = Z gx(s)
k=0
converges uniformly, then f(s) is continuous in R.

PROOF. To begin the proof, note that it is quite trivial to prove that, if
each gi(s) is continuous at some point s, in R, then

Ga(s) = go(s) + g1(8) + - - - + ga(s)

is also continuous at s,. The sum of a fintte number of continuous func-
tions is also continuous. (If there is any doubt, you should prove this
as an exercise.) We consider two points, s, and a general point s near s,.
Then pick an ¢ > 0, and determine a fixed number n such that we can
write the three sets of conditions

€

lf(s) — Gu(9)l < 3 (5-27a)
|f(s0) — Gals0)] < 5 (5-27b)
IGa(s) — Ga(so)| < % ls — so| < 8 (5-27¢)

We know that the number n can be found because s, and s lie in the region
of uniform convergence. Also, we know a & can be found for eondition
(5-27¢) because Ga(s) is continuous. In general & would be a function of
n, but n is fixed in this analysis. We are to investigate |f(s) — f(s0)|,
which we write as

I7(8) — f(s)| = I[f(s) — Gu(s)] — [f(s0) — Ga(s0)] + [Gu(s) — Gn(s0)]]

By the usual rule for inequalities, the right-hand side is less than the sum
of the absolute values of the three terms in brackets. But each of these
is represented by one of the parts of relations (5-27) and is less than /3.
Therefore, we have shown that

|17(s) — f(2a)| < e

when |s — 8 < &

which constitutes a proof that f(s) is continuous in R.
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5-4. Integration of Series. The idea of uniform convergence was
needed mainly to permit consideration of term-by-term integration of
infinite series. If the series of continuous functions

&) = Y o)

k=0

converges, we have shown that it is a continuous function in the region
R of uniform convergence. We also know that continuity of a function
is sufficient to ensure integrability. Thus, the integral

[c f(s) ds -

exists for all paths in B. (Nothing needs to be said about regularity to
ensure integrability.) We shall now prove the following theorem:

Theorem 5-3. If the given series converges uniformly to f(s) on a
path C of finite length, then

jc f(s) ds = i /c gi(s) ds (5-28)
k=0

PROOF. The proof begins by observing that for a finite number of
terms it is permissible to interchange integration and summation, as
follows:

n

i /c gi(s) ds = /0 [ z gk(s)] ds (5-29)
k=0 0

k=

Therefore we can write

[.16e) ds — 20 [on@ s = [[1& = Y o] ds  (5-30)

E=0
The series is uniformly convergent, and therefore, given an arbitrarily
small € > 0, there can be found a number N such that

n

|76 = Y ao)| <e

k=0

when n > N for all s on C. Also, the above quantity is the absolute
value of the integrand on the right of Eq. (5-30). We can therefore use
the upper bound of an integral, established in Sec. 4-4, to give

I/c [f(s) - é_:o g»(s)]ds! < el
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where L is the length of integration path. In view of Eq. (5-30), then
also

l[cf(s) ds — ,Zofcgk(s) dsl < eL

when n > N. Since ¢ is arbitrarily small, eL is also an arbitrarily small
number and so conditions are established whereby the right side of
Eq. (5-28) converges to the left side.

It is almost trivial to point out that, if a series is uniformly convergent
in a region R, it is also uniformly convergent on any curve C lying in R.
Thus, a series may be integrated term by term in any region of uniform
convergence.

Applications of integration of series will appear in the following section.

5-b. Convergence of Power Series. Series of the form

fle) = z ar(s — so)* (5-31)
E=0
are of great importance in the theory of functions of a complex variable.
From the root and ratio tests we find that the series converges (in fact,
converges absolutely) if, respectively,

Gx+1

<1

|s — so| im v/Jax] <1  or |8 — 8| lim
ko k— o

Thus, if we define a number B; by
either of the following:

= i - L
fim Vial = g,
or

1

a-L“ —_ = o,
7 (632

ax

lim
b w

then the series converges when

ls — so] < Ro

This is a circular region, as illus- Quyergence

trated in Fig, 5-2. Signce ,the above &\ \\\\‘\\\\\\\

analysis is based on absolute con- Fie. 5-2. Regions of convergence and di-
vergence, we are interested in know- o Borc® of a power series.

ing whether there is some point outside the circle where the series con-
verges in the ordinary sense. Assume that s; is any point such that

z ak(sl - 80)"

k=
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converges. From the Cauchy formulation

n
l ak(sl—so)"I <e n,m>N
k=m-1

where N is a number depending on the small arbitrary positive e. This
relation is true for the particular case n = m 4 1 = k, giving

lax(sr — 80)¥| < € k>N

Each number of the set |ax(sy — so)*|, k = 1,2, . . ., N, is finite, and
therefore in view of the previous relation there is & number K such that

for all &k
lax(s1 — so)| < K

Now choose a general point s, where |s — so| < |81 — 50|, and consider

L] w0 & o«
2, -2, <x)
k=0 k=0 k=0
The last series on the right converges, since |s — so|/]s1 — so| < 1, and so
the series converges absolutely at point s ¢f it converges at s;, where

8§ — 8o *

81 — 8o

ar(s — so)F ax(s: — so)*

8 — 8
81 — 8o

[s — so] < |s1 — 8o
Now suppose that s, is outside the previously defined circle of radius R,,
and assume that the series converges at this point. A point s can be
found such that

Ry < |8 — 80| < |81 — 80l

leading to the contradiction that the series would have to converge
absolutely outside the circle. Thus, ordinary convergence is not possible
at any point outside the circle. However, ordinary convergence at some
points on the circle is a possibility, since no contradiction ensues if s, is
on the circle. Ry is called the radius of convergence of the series. The
series converges absolutely inside the circle and diverges outside the
circle, and may or may not converge on the circle. These conclusions
are summarized in Fig. 5-2.

Next we consider uniform convergence of power series and for that
purpose shall need the following theorem:

Theorem 5-4. If in a region R there is a sequence of positive constants

M, such that
lgx(s)| < M, (5-33)

and if z M, (5-34)

k=0
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converges, then

z gx(s) (5-35)
E=0
converges uniformly in E.
PROOF. Since series (5-34) converges, from the Cauchy principle of
convergence we know that corresponding to ¢ > 0 there exists a number

N such that
DESHEAESFE?
k=m

k=0

whenn =2 m > N. However, in view of the inequality rule for absolute
values of sums and relation (5-33), it follows that

I 5: 9"(3)| s i lg:(8)] = zﬂ M. <e
k=m k=m k=m

when n, m > N, for all sin B. However, this is the same as

| z yk(s)l -—I z gi(s) — 2 gk(s)l <e

which is the Cauchy principle of convergence. Convergence is uniform
because N is independent of s when sisin B. Theorem 5-4 provides the
Weierstrass M test for uniform convergence.

Now return to the series of Eq. (5-31), having a known radius of
convergence By, We write

|8 - 80| Ro < R(l
and define My = |a(Rp)*

giving S . - Z las| (B2
E=0
Note that the series on the right is known to converge because Ry < Ro.
Also, if
ls — sof = R}
la,,l [s - Solle = M,
and so, by Theorem 5-4,

z ax(s — 8o)*

£=0
converges uniformly in the region
|8 — 80| < Ry < Ro (5-36)
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6-6. Properties of Power Series. Asan immediate consequence of the
uniform convergence in region (5-36) we can say from Theorem 5-3 that

[ 1) ds = 2 [ axts = 0 ds (5-37)
k=0

where C is any curve of finite length inside region (5-36). Furthermore,
if C is a closed curve, each integral

[0 ax(s — s9)*ds =0 (5-38)
and so fcf(s) ds=0

and from Morera’s theorem it is concluded
that f(s) is regular in region (5-36).

Now let s be a point in region (5-36) and
C a circle also lying in the region, as shown
in Fig. 5-3. From the Cauchy integral
formula for the derivative,

df(s) _ 1 f(2)
W = 27]L(Z — 8)2 dz (5-39)

and the integrand can be written

F16. 5-3. Region of uniform con- /(2) = ai(z — so)* (5-40)

vergence of series (5-40). (z — 9)? g (z — s)?

The series in Eq. (5-40) converges uniformly in the doubly connected
closed region shown shaded in Fig. 5-3. This is true because -

ax(z — so)* | _ |aa|(R)*
(z—98% | = red
and LR AL
T02 k o

converges. Therefore, we can use Theorem 5-3 (note that the theorem
does not require C to be in a simply connected region) to obtain

1 [ f@)dz _ E 1 / u(z = so)*
2rj Je(z —9)? = 2rj Jo (2 — 8)?

Each term under the summation is the derivative of ai(s — s0)¥, by the
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Cauchy integral formulas, and so

4 _ z kax(s — sof* (5-41)

k=0
where s is in the open region
js — sl < R}

Note that this region cannot be closed with an equality sign, because if s
were to be on the boundary circle

ls — sl = Ry

it would be impossible for C to be in the shaded region. Of course, B} can
be arbitrarily close to R, the radius of convergence, and so we can state
the following theorem:

Theorem 5-5. A function represented by a power series expanded
about a point so, with radius of convergence R,, is regular for |s — 8] < R,
and therefore possesses all derivatives for |s — so] < Bo. Furthermore,
the nth derivative of f(s) is given by the series obtained by term-by-term
differentiation of the original series n times; and the radius of convergence
of the series for the derivative is also R,.

6-7. Taylor Series. In the previous section it was established that,
within its circle of convergence, a power series defines a function which is
regular at each point where it is defined. We also emphasized that the
series is specified first and that the
series defines the function. Now we
approach the converse situation,
where f(s) is specified in some form
other than the series

z ar(s — 30)*
£=0
We are to determine whether this
form can be an expression for the
function over any part of the com- Fia. 5-4. Contour of integration used to
plex plane. The way to proceed is develop the Taylor series, and region of
to see whether the coefficients a; can ~ %°"VeT8%"%¢ of that series.
be determined from the given f(s) and whether the series converges to f(s).
Assume that f(s) is analytic, select any point where the function is
regular, and designate this point as s,. In general, f(s) will have some
singular points s, s,, ete., but, in view of the definition of regularity,
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there must be a neighborhood of g in which there are no singular points.
Let R, be the distance from s, to its nearest singular point. Referring
to Fig. 5-4, let C be a circle centered at so, with radius R < Ry. Then,
in the region

[s — 8| <R
the Cauchy integral formula
f()-— sz(_z)s (5-42)

is a valid representation for f(s). The next step is to write

1 1 1 1

z2—8 2z—8S +8—8 z—381—(s— 8)/(z— s0)

Although we have stipulated [s — so] < R as the range of s, now choose
a number R’ < R and restrict s to the region

ls— s SR <R

In the integral of Eq. (5-42) z is confined to the circle |z — so| = R
and so

8 — S R’

< v
z—s8| = R <1
In Sec. 5-3 it is shown that
L= ldetet oo <1

and therefore in this series we can replace s by (8 — 80)/(z — so) to give

1 _ 8—80’ L.
1 — (s— 80)/(z — 80) 1+z—so+(z—so) +

when |(s — s0)/(z — so)| < 1. Furthermore, since R'/R < 1, we know

that
R'\?
1+ +(R)+...

converges and thus (R’/R)* can serve as M; in the Weierstrass M test,
proving that the above series converges uniformly for

RI
=%

8 — 8o
2 — 8

and therefore for
{8 — sl < R’
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when |z — so} = R. This latter condition is satisfied for the integral in
Eq. (5-42), and so we can replace the integrand of Eq. (5-42) by the series

f(Z) = f( ) z (28_—3:)012“

and then perform a term-by-term integration, with the result

f(8)=§;1r3-,‘2)(8—80)"/;(2£(—:)0)mdz ls — s < R

This is a series in powers of (s — 89)*, where the integral factors are
constants. R’ can be as close as we like to R,, and so the radius of con-
vergence of this series is Ro. Finally, this result is conveniently written

f@s) = Z a(s — s0)* |8 — 8] < Ro (5-43)
- =0
where a = Q—}T] L (z—f(gw dz (5-44)

Certainly these coeflicients exist, since the integrand is regular on the
path of integration.

It is to be observed that Eq. (5-44) is very similar to the Cauchy
integral formula for the kth derivative, differing only in the absence of
the factor k!. Accordingly, we can write

(k) 0.
=7 k(!S) 7 (545)

which is identical in form to the usual formula for the coefficients of a
Taylor series in real variables. Accordingly, the series expansion
given in Eq. (5-43) is called the Taylor-series expansion of f(s) about
point so.

In the derivation leading to Eq. (5-44) we designated C as a circle of
radius B. However, Eq. (5-44) is invariant if C is distorted into any
simple closed curve inside the circle of radius R but still enclosing so.
Thus, in Eq. (5-44) we arrive at the final interpretation of C as any simple
closed curve enclosing point so but not large enough to enclose any points
where f(s) is singular.

By virtue of this proof we have shown that the series in Eq. (5-43)
converges in the region |s — 8| < R, and, furthermore, that it converges
to the original function f(s). The series now becomes a new representa-
tion for f(s), valid in the circle of convergence. This development is
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important because it shows that for any analytic function a power-series
expansion is possible about any point where the function is regular.

The information provided about the radius of convergence is especially
important. In the process of arriving at Eq. (5-43) it was established
that R,, the radius of convergence of the series, is the distance from s, to
the singular point closest to so. Thus, if the locations of singular points
of f(s) are known, it is immediately known from simple geometry in the
complex plane what will be the radius of convergence for a Taylor
expansion about any point; there is no need to carry out a convergence
test.

As you develop an understanding of the implications of Eqs. (5-43) and
(5-44), it is especially important to understand that Eq. (5-43) is a new
representation of f(s), differing from the original representation which is
used for f(z) in Eq. (5-44). The original representation can be a *closed-
form” representation [like sin s, s/(s + 1), etc.], or it can be a series in
powers of s — s;, where s; is some point other than s,. However, in the
latter case s must lie in the region of convergence of the given series.
Since the region of validity of Eq. (5-43) is generally different from the
region of validity of the original representation, it is very important that
the region of validity shall always be stipulated as part of the formula,
as shown in Eq. (5-43).

In the above statement of possible original representations, the
possibility'that f(s) may originally be represented by a series in powers of
8 — 8o was omitted, in anticipation of a special consideration of this case.
Suppose that f(s) is defined by a convergent series

o

&) = ) ais — s

k=0

having a finite radius of convergence. This function is a candidate for
representation by Eq. (5-43), and accordingly we seek the a. coefficients,

1@ — 0"
ax = 213 Joz — s°)k+1 z L s ;k+1 dz (5-46)

where C is a small circle centered at s, within the region of convergence.
The interchange of integration and summation operations is justified by
Theorem 5-3. Furthermore, from Eq. (4-24) it is known that

& [0 =k
c(z — st | 2nf n==k

Therefore, Eq. (5-46) yields

a = a,



INFINITE SERIES 133

This result may seem obvious and trivial, but it expresses the important
principle that there is only one power-series expansion about a given
point which converges to a given function, and this is the Taylor series.
This fact is important because Eqs. (5-44) and (5-45) do not, in most
practical cases, offer the simplest procedure for finding the coefficients.
If some other procedure can be found to give a series which converges to
the required function, this series must be identical with Eq. (543). In
this statement there is no deprecation of Eqgs. (5-44) and (5-45). On
many occasions they are indispensable because of their generality,
particularly in the subsequent proofs of general theorems.

As an illustration of the convenience of using alternative methods of
obtaining a Taylor series, consider the function

1 1
&= G=De-9 " F=m 2

expanded about the point so = 0. We can perform a division algorithm
as follows:

26 + 34s + 14s?
2 —3s+ 821
1 — 34s + 1482
34s — Los?
34s — s* + 34¢°
48t — 348
Tas® — 214s® + Tgst

I54s® — 145

For the finite number of steps shown,
1 3 4
116) = 6 + 3 + Tt + (20255
where the quantity in parentheses is the remainder term. Without

carrying out the details, it is apparent that for small |s| the remainder
approaches zero as the algorithm is continued; the series

%+3/4s+%82+1%688+ « o .
converges to f(s) for |s| < 1, and therefore it is the Taylor expansion
about the origin. Since f(s) is singular at s = 1 it is known that the
radius of convergence is 1. From an inspection of the above series,
it is apparent that, in the notation of Eq. (5-43),
|

g = .__._2."_H_
The same formula for ax would be obtained from Eqgs. (5-44) and (5-45),
but with considerably greater difficulty.
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5-8. Laurent Series. We begin this section in much the same way as
thelast. Itisassumed that an analytic function f(s) is given. However,
in this case the function is assumed
to be regular in a doubly connected
region bounded by two concentric
circles, such as the dashed circles
in Fig. 5-5. There are singular
points outside this region, desig-
nated by sy, . .. ,8. Inthisexam-
ple R, and R, are respectively the
distances from s, to s; and s;. The
point at the center, so, may or may
not be singular. The region is
made simply connected by the
barrier shown at the left in the
figure. The Cauchy integral form-
ula can now be applied to represent
F16. 5-5. Integration contours used in de-  f(s) at point s. The closed path of
veloping the Laurent series, and region of  jntegration can be a closed curve
convergence of that series. such as €’ enclosing s, in the simply

connected region. Thus, f(s) can be represented by

56 = o [ 19 g (547)

27j Jorz — 8

The two portions of this path parallel to the barrier can be brought
arbitrarily close together, and they ultimately cancel out. Therefore,
the above can be rewritten

L[ f@ 4 L[ @ 4 (5-48)

] .2 — 8 27 Je.z — 8

fGs

The development given for the integral of Eq. (5-42) applies to the
above integral around C,. Accordingly, we can immediately write

__L f(z) 2 (s — so)* L, G _{(2)"*_1 dz |s — 8o} < R:

2nj Je.z — s

(5-49)

A similar treatment can be applied to the integral around C:. In this
case we write

1 1 1 1
zZ—8§ Ss—S—2+8 8s§—s|1—(z—s0/(s— s)




INFINITE SERIES 135

and, by arguments similar to those of the previous section, the quantity in
brackets can be expressed by the series

1 =1+z—so+(z—so)’+_._

1 — (2 — 80)/(8 — s0) 8 — 8 s — 8o

which converges uniformly for*
ls—s| 2R >R>R:

when |z — so] = R, the radius of C,. Therefore, term-by-term integra-
tion is permitted, giving

1 @) , B
"% Joz—s %" 2 z G — sot / (z — 80)*7' f(2) dz (5-50)

Equations (5-49) and (5-50) define two functions

Ja(s) = z ar(s — 8o)* Is — so] < Rs

o (551
fiols) = Zb,, (s 1 80)" ls — sl > R
Py}
vt mi s .
b = 3 / (z — s)* 1 f(2) dz
and from Eq. (5-48) we see that
f(8) = fa(s) + fo(s) Ri<ls— 8| <R, (5-53)

Note that f,(s) has no singularities inside circle R, and f:(s) has no singu-
larities outside circle B,. Equation (5-53) can also be written

F&) = ) bals— s+ ) als — sob
k=—1 k=0
when Ry <|s— 3| < Ry

This form is of interest because it leads to further simplification, as we
shall now see. Let C be any simple closed path lying between circles C,
and C,, as shown in Fig. 5-5. Each of these circles can be distorted into C

* (R/R’)* serves as M, in the Weierstrass M test, in similarity with the development
following Eq. (5-42).
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without passing over any singularities of f(z). Therefore, from Eqgs.

(5-52),
1 @ 1 1)
a = 217 Je, Gz = sl dz = P /(:, Gz — sg)FFi dz
bao L[ @ 1 / 1)
277 Jo, (2 — so)*t! 2x5 Jo (2 — so)*t!

Thus, it is seen that a; and b_; are given by the same formula, and so f(s)
can be written

f(s) = z a(s — so)f Ry < s — 8| < Ry (5-54)
k= —w
where a = 2—;7 CG%H'—I dz (5-55)

The series expansion in Eq. (5-54) is called a Laurent expansion of the
function. In a sense it is a generalization of the Taylor series; if f(s) has
no singularities inside circle B., then Eq. (5-55) gives zero for each a; when
k < 0, showing that in such a case the Laurent series reduces to the
Taylor series.

Equations (5-44) and (5-55) are similar in appearance, but in the latter
case no formula like Eq. (5-45) giving a, as a derivative of f(s) can be
given, This is because, when f(z) has singular points inside C, Eq. (5-55)
is not a Cauchy integral formula.

By a proof exactly similar to the one given for the Taylor series, it can
be shown that any series like Eq. (5-54) which converges to f(s) must be
the Laurent series, with coefficients given by Eq. (5-55). For a given
annular region, the Laurent series is therefore the only expansion in
positive and negative powers of s — so. Most frequently the coefficients
of a Laurent series are obtained for a specific function by some process
other than Eq. (5-55), by an algorithm division, for example. Other tech-
niques of obtaining the coefficients are illustrated in Sec. 5-9.

6-9. Comparison of Taylor and Laurent Series. In general, an analytic
function has a variety of representations in various regions in the s plane.
Three specific representations have now been developed, the Cauchy
integral formula, the Taylor series, and the Laurent series. From the
viewpoint of developments in this chapter, the Cauchy integral formula
representation is important because it leads directly to the Taylor and
Laurent series. Therefore, continuing with emphasis on series, it is
helpful to make a comparison between the two types.

We have seen that an analytic function has many series expansions.
Particular circumstances determine which series is obtaiued in a given
situation. These circumstances are specifically:
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1. The choice of s,

2. The required region of convergence of the series, in relation to loca-
tions of singular points

If so is not a singular point, we can have both a Laurent and a Taylor
expansion, but they are valid in different regions.

As an example consider

fle) =

1—35
From previous treatment of this function we know that

1

1+s+s2+4+ - Is| <1 (5-56a)

1—3s
1
l1—3s

=_<§+s_12+---) I > 1 (5-56b)

Equation (5-56a) is a Taylor expansion with s¢ = 0. Its region of con-
vergence is shown in Fig. 5-6a, showing a radius of 1 to the closest singular-
ity. Equation (5-56b) is the Laurent series for the same function about
the same point (so = 0). It converges outside a circle passing through
the singularity at s = 1, as shown in Fig. 5-6b.

v

7

(a) Taylor (b) Laurent
Fia. 5-6. Regions of convergence of Taylor and Laurent expansions of 1/(1 — s).

Now consider the general case of a function having more than one
singular point in the finite plane. For each s, there can be at most one
Taylor expansion; but more than one Laurent expansion is possible.
The number of Laurent expansions depends on the number of singular
points.

To illustrate this, consider

1
& ==n6-2

having the singular points shown by crosses in Fig. 5-7. Expansions
are to be about the point s, = 0. There is one Taylor expansion, con-
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vergent in region 1, and there are two Laurent expansions, convergent,
respectively, in regions 2 and 3.
This is the function for which the
Taylor expansion is obtained in Sec.
5-7 by the method of long division.
Here we shall use a different method,
starting with the recognition that
the given function can be written

1
f8) = 77— — '—_ﬁ—" (6-57)
. 1~8 1-—5/2
F1a. 5-7. Regions of convergence of expan-
sions of 1/(s — 1}(s — 2) about the non- gach of which can be expanded
singular point s = 0. independently. In the manner of
Eqgs. (5-56), we have two series for each part, as follows:

1 14+s+s2+ - - |s] <1
= 1 1 1 (5-58)
1, s, 8 ¢
—(5+i+g+5+ ) ld<z
-4 (2 4 8 16 )
and ey (5-59)

1 2 4 8

For the Taylor series (region 1) we need |s| < 1 and therefore we add
the first series of each of these sets to get

Sile) =Y + s+ 7482 + 13468 + - - - sl <1 (5-60)

which is identical with f(s) for the region specified. The fact that this
is actually the series representation of f(s) is summarized by writing

&) =fils) sl <1

In Sec. 5-7 a special subscript was not used to designate the series repre-
sentation. In fact, the special designation is not ordinarily used; but
in the present instance it is simpler to use this notation in order to stress
the concept of having many representations for a single function.

For region 2 we have 1 < |s| < 2, and so the appropriate series are
picked from Egs. (5-58) and (5-59) to obtain

1 1 1 1 2
MQ=—(“'§+?+§+§+§+%+'H
1<|s| <2 (5-61)

This function is defined only for the region specified, but in that region
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it is identical with f(s). Thus,
J(8) = fo(®) 1< s <2
Finally, for region 3 the condition |s| > 2 is met by picking the second
series in Egs. (5-58) and (5-59) to get
1 1
O A b (5-62)
and therefore
) =fa(s)  s| > 2
In summary, we have obtained a set of three series representations
which, taken together, define f(s) throughout the s plane, except on the

two circles separating the regions. We can now write f(s) in two alter~
native forms:

1
f(s) = G=DG=9 (5-63)
fils) sl <1
or f(s) = 1 fa(s) 1 <]s| <2 (5-64)
fs(s) sl > 2 '

Later on we shall see how the second representation also establishes values
of f(s) at nonsingular points on the boundary circles.

5-10. Laurent Expansions about a Singular Point. In recalling the
steps that went into deriving the Laurent expansion you will note that
so could coincide with one of the singular points without invalidating the
derivation. If s should be a singular point, then a Laurent series is the
only possible expansion; there is no Taylor series.

As an illustration consider the function of Eq. (5-63) again, but this
time taking sy = 1, a singular point. In this case expansion will be in
positive and negative powers of s — 1. Accordingly, it is convenient to
write

1 1 1
s—D6E—2 s—1|1—(—-1
and then to expand the bracketed term in the series which we know, from
Eq. (5-56a), as follows:

1

W—T):—s‘é—l[l-k(s-—l)—}—(s_l)%_i_,,_]

O<|ls—-1 <!
Thus, if we define
f4(s)=—[;—_1_—1+1+(8—1)+(s—1)’+"']
' 0<|s—1 <1 (565)
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it is concluded that

f8) =fu(s) O<js—1/<1 (5-66)
In a similar way we get a series for |s — 1| > 1 by writing
1 1 1 1 1
G-DGE=92 s-—l[s—l+(s—l)’+(s—l)3+ - }
ls — 1] > 1
or
‘ 1 1 1
Js(s) = (3_1),+(s_1),+(s_1)‘+ e Js=1l>1 (5-67)
and
J(8) = fs(s) ls— 1] >1 (5-68)

Thus, in addition to Eqs. (5-63) and (5-64), we have a third way to
specify f(s), namely,

_ | fu® O0<ls—1<1

f(s) Ts(s) [s—1>1

where fi(s) and fs(s) are specified by the above series. Compare the
regions of convergence of fi(s) and fs(s) as shown in Fig. 5-8 with the
regions of Fig: 5-7. From these two sets of expansions of the same
function you should get some feeling for the variations possible with
different choices of s,. Another set corresponding to fi and f; could be
obtained using 8o = 2. You can work this case out for yourself.

fs(s)
fa(s)

(5-69)

Fi1a. 5-8. Regions of convergence of ex- Fia. 5-9. Two regions of convergence for
pansions of 1/(s — 1)(s — 2) about the Laurent expansion of 1/sin s.
singular point s; = 1.

These examples have been relatively simple rational functions having
a finite number of singularities. The singularities have been points
where the functions become infinite. We shall now consider two
examples of transcendental functions.

First look at

f(s) = 5?1“3 (5-70)

There is an infinite number of Laurent expansions of this function, two

which is singular at + integral multiples of r, as shown in Fig. 5-9.



INFINITE SERIES 141

of which will be obtained, for regions R, and R;. First consider region
Rs.

The integral formulas for the coefficients are difficult to evaluate, and
so we shall take the reciprocal of the Taylor series for sin . Thus,

1
fl(3)= 1 1 1
8_3_!83+5_!85_ﬂ87+...
1 1 1 1 1 2 1
=z+3—z*+(§m‘5)8’+(3—z3z3:‘31—5:+ﬂ)8‘+

(5-71)

converges if 0 < |s] < . For region R: we use the fact that, except
for change in sign, the Taylor series about 8 = = has the same coefficients
as the Taylor series about s = 0. Therefore, we can immediately write

0 == - f 6 =0~ (g~ ) 6~ o

12 1
- (3!3!3! ~3m T 7‘!) (s =m* (5-72)

which converges for 0 < |s — x| < ». This can be done for an infinite
number of regions. For the two regions considered

1 [ fi(s) 0<|s| <=

sing | fi(s) O0<|s—n| <= (5-73)

As another example take

f(s) = sin% (5-74)

which is singular only at s = 0. The Laurent series is easily obtained
by writing the Taylor series in 1/s, giving
1 1 11 11

ain—=————+5—!§

s§ s 3l + ls| >0 (5-75)

In each of the cases presented so far, there was only one singular point
encircled by the ring of convergence. The singular points in these
examples are isolated. Now consider the function

1
fs) = sin (1/8)

which is singular at each point for which

1 .
8§ = oy n integer
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The point s = 0 is not an isolated singularity, as evidenced by the fact

that any neighborhood of s = 0 must contain an infinite number of

singular points. A Laurent expansion of this function about s = 0 is

possible in any region described by

1 1

mrDr <l <a

but there is no region extending down to the singular point s = 0 in
which a Laurent expansion exists.

6-11. Poles and Essential Singularities; Residues. In the previous
section you were shown various examples of Laurent expansions about
singular points. In general, if there is more than one singular point
encircled by the ring of convergence, there are always an infinite number of
negative-power terms. All cases are the same in this respect. However,
if we confine our attention to isolated singularities and consider the
specific Laurent expansion for which the singularity in question is the
only one encircled by the ring of convergence, we find a significant
difference between examples like Egs. (5-65), (5-71), and (5-72), on the
one hand, and Eq. (5-75). Examples of the first type have a finite num-
ber of negative-power terms (one, in these cases), whereas in the last
example there are an infinite number of negative-power terms.

In order to discuss this more precisely, let us write a general case,

f(s) = fa(s) + fu(s) 0<|s— s] <R (5-76)

where fals) = E ax(s — so)* |s — so| < Ry
k=0

fuls) = 2 (?f_;’;m 0 < s — sl (5-77)
k=1

Keep in mind that this is the expansion for which s, is the only singular
point encircled by the ring of convergence. The difference between the
various examples described in the previous paragraph is in terms of the
function f»(s). Because of its importance in characterizing a function,
fs(8) is called the principal part of f(s) at the singularity s,. A function
will have a different principal part at each of its isolated singular points.

We can now define two classes of isolated singular points, as follows:

1. If the principal part has a finite number of terms, of highest negative
power n, then s is said to be a pole of order n.

2. If the principal part has an infinite number of terms, then s, is said
to be an essential singularity of the first kind.

Careful attention should be given to the fact that the “ principal-part’’
designation is used only for the particular Laurent expansion which is



INFINITE SERIES 143

about a singular point and for which there is only one singular point
encircled by the convergence ring. Other Laurent expansions have parts
which look like fi(s), but they are not principal parts, and they do not
yield information about the nature of the singular points.

If a singularity is not isolated, the above comments do not apply.
Such a point is called an essential singularity of the second kind. It
cannot be recognized by looking at the character of a principal part of a
Laurent expansion, because such an expansion does not exist. An
essential singularity of the second kind is recognized by showing that
any neighborhood of the point must include other singular points.

The point at infinity can be a singular point of a function. Further-
more, such a singularity can be classified in the same way. In order to
tell whether or not a function is singular at infinity, and to identify the
nature of such a singularity, we consider the properties of f(1/s) at
8 = 0. f(s) is regular or singular at infinity in accordance with whether
f(1/s) is regular or singular at zero. If f(1/s) has a pole of order n (or
essential singularity) at s = 0, then f(s) has, respectively, a pole of
order n (or essential singularity) at infinity.

These remarks all apply only to functions which are single-valued in
the neighborhood of the singular point in question. This fact was
implied in Chap. 2 by the statement that the word function would imply
a single-valued function. However, it is well to stress the importance of
single-valuedness in considering classifications of singularities. The
above classification exhausts the possibilities for single-valued functions;
but when the concept of a function is extended to include the multivalued
functions, we find a new class of singular points.

If f(s) has a pole of order n, in its closest ring of convergence

&) = gt et

—_ So)" (3 — so)n—l

+ o ta b —a) +
and (s — 80)"f(8) = a_n + Gns1(8 — S0) + - - -
4+ a_1(s — s0)® '+ ao(s — so)» + - - - (5-78)

Thus, (s — so)"f(s) is described by a Taylor series and has no singularity
at so. An essential singularity cannot be dealt with in this way, a fact
which lends meaning to the word essentfal. Multiplying f(s) by (s — s¢)*
is a useful way to check whether a singular point is a pole or an essential
singularity. The lowest integer n, such that (s — s0)"f(s) has a limit as
s approaches sq, is the order of the pole; and if no such value of n exists,
the point s is an essential singularity.

Turning to the examples of the preceding section, 1/(s — 1)(s — 2) is
seen to have a pole of order 1 at s = 1 because there is only one term to
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the principal part of Eq. (5-65). Also, if the function is multiplied by
8 — 1, the pole is removed. When a function has a rational algebraic
factor in the denominator, we see that the resulting singularity is a
pole; the factor can be canceled by putting a like factor in the numerator.
However, transcendental functions can have poles too, as in the case of
1/sin 8. Its Laurent series about the origin is given by Eq. (5-71) and
shows a principal part consisting of one term. The singularity is a pole
of order 1. 'We can confirm this by recalling that s/sin s approaches 1 as
s approaches zero. Equation (5-75) provides an example of an essential
singularity; the principal part has an infinite number of terms.
Now consider the formulas for the coefficients given by Eq. (5-55),

- f(s)
G = 277 Jo (s — so)**! ds

where C encircles s, (and no other singularity) in a counterclockwise
direction. If k = —1, we get

4y = 2%] /C £(s) ds (5-79)

which places particular emphasis on a_,, showing that, if we integrate
around one singular point, the result is 2xja_;,. The important idea here
is that no other coefficient in the series contributes to this integral.
For this reason a_; is called the residue at singularity so.

Others of the negative-order coefficients can be described in the guise
of residues. For example:

a—: is the residue of (s — 80)f(s)
a_; is the residue of (s — s0)%/(s)

as may be seen by looking at the expansion or at the integral formula
for a.

Usually we wish to find the integral like Eq. (5-79) by knowing the
residue; this is the essential idea of the * calculus of residues.” Thus, we
are interested in means independent of the integral formula to find a_,.
We have seen some methods in the last section for finding the Laurent
series without using the integral formulas for the coefficients. Equation
(5-78) provides a method which will always work for finding the residue
at a pole of order n. As a Taylor series, its coefficients are given by the
customary derivative formulas. Thus, a_, is the coefficient of then — 1
degree term in the expansion of (s — 8¢)"f(s), and therefore, at an nth-
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order pole,

1
(n — 1)' ds,,_ (8 80)"f(s) o=t (5'80)*
In a like manner, for the general coefficient ax, we get
i +k
a; = ORI (s — 80)"f(s) s (5-81)

Formulas (5-80) and (5-81) are valid only at a pole; they do not apply if
8o is an essential singularity.

5-12. Residue Theorem. A fundamental problem in the analysis of
linear systems involves the evaluation of a contour integral over a closed
path. We have already found some
ways to do this for particular cases.
Equation (5-79) provides a general
procedure.

Let f(s) be an analytic function
having isolated singular points.
Also, let C be a simple closed curve
inside of which there are n singular Fic. 5-10. Contour around a finite num-
points, as shown in Fig. 5-10. Ac- ber of singular points replaced by con-
cording to Sec. 4-7, the integral of toursaround the individual singularities.
f(s) around C can be written as the sum of n integrals, as follows:

/0 f(s) ds = /c. f(s) ds + [C’ fe)ds+ - - - + /C_‘f(s) ds (5-82)

Equation (5-79) applies at each singularity. In order to simplify nota-
tion, let the symbol d; denote the residue at the kth singularity. Then,
from Eq. (5-79)

/c. f(s) ds = 2mids
and Eq. (5-82) becomes

2mj di (5-83)

k=1

JoFe) ds

* In the case of a simple pole, if f(s) can be written as a ratio p(s) /¢(s), this equation
can be written in an alternative form. We note that g(s) has a simple zero and there-
fore can be written as the series

g(8) = (8 — s0) [q’(So) + LI;'L') (8—8)+ - ]

When this is substituted into Eq. (5-80), we get

P(s0)

g = q'(s0)
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This result is known as the residue theorem. It is an important theorem
because of the ease with which residues can be found at poles. Residues
at essential singularities are not so easily found, but often the Laurent
series can be obtained by the method used to get Eq. (5-75).

As an application of the residue theorem, we shall find the integral

1/s
/ccos w(s — 14) ds

where C is a counterclockwise simple closed curve enclosing the singular
points — Y4, 0, 34. The residue at the singularity at O is obtained from
Eq. (6-78) as

Residue = /2
Ats = =14
. _ e L s+ Y _ 1/s __4
Residue = lim & o e =10 ~ o0 =) oo~ 7
and at s = 34
. .1 e=34 1/s _ 4
Residue = lim = e 10 = SreinaG =30 hey; ~ 3¢

For the last two cases we have used the Lhopital rule to evaluate an
indeterminate form (see Prob. 5-48 for justification). The residue
theorem gives the result

[ty s = ite /B -8 - 39

If a function has a finite number of singular points and is singular at
infinity, it is sometimes convenient to define a ‘“‘residue at infinity.”
This residue is defined in such a way that the residue theorem can be
generalized to apply to the Riemann sphere. On the Riemann sphere
(see Fig. 3-17) a closed curve C has no outside; it has two “insides,” one
of which includes the point at infinity. If integration around C is in a
positive sense with respect to one or more finite-plane poles which would
be enclosed by C in the plane, then this integration encircles the point at
infinity, on the Riemann sphere, in the negative sense. If the point at
infinity is the only singular point so encircled, an extension of the residue
theorem to this case would therefore yield

[c f(s) ds = —2mj[residue at infinity]

However, the above integral is 2xj times the sum of the finite-plane
residues, leading to the definition

Residue at infinity = — [sum of finite-plane residues]



INFINITE SERIES 147

We have seen that the integral around a circular path enclosing a pole
is independent of the radius of the path. If the path is a nonclosed are of
a circle, the integral along such an arc is in general a function of the radius.
However, if a pole is simple, as the radius approaches zero, the integral
approaches the product of the angle subtended by the arc multiplied by
the residue (see Prob. 5-33).

6-13. Analytic Continuation. In the discussion of power series you
were shown that a series like

au‘(s o 81)"
k=0

may have a region of convergence; and when it does, this region is a circle
centered at 8. Let the coefficients be such that there is a region of
convergence of finite radius B;. (The sym-
bol R, will also be used to denote the
region.) The series represents a function
within its region of convergence; thus, we
can define

fils) = 2 an(s — s s — 81| < Ra
k=0

This specific function is not defined on the Fre. 5-11. Overlapping regions
circle |s — 8| = Ryorin the region external of convergence of two Taylor
to B.. expansions.

Now look at fi(s) at some point such as s,, inside but near the periphery
of the circle of convergence. From Sec. 5-6 we know that fi(s) possesses
all derivatives at s;, and so we can write the new series

k=0 k=0

which will converge at least in a circle lying entirely within B;. How-
ever, at the moment we have no reason to believe that the second series
may not converge in a larger circle R, as shown in Fig. 5-11. The radius
R, is controlled by coefficients which can be found, and so we see that
R is determined by the given function fi(s). We proceed, assuming that
R is known and large enough to carry region R, outside of region R,.

In the second circle we have a second function

fa(8) = z an(s — 82)* |8 — 8] <R,
K=o
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Since the above is the Taylor expansion of f;(s), it must converge to f1(s)
wherever fy(s) is defined and so in the shaded region

Ji(s) = fa(s)

Thus, for the case assumed, fi(s) completely determines a function
which is identical to it in the original region but which extends into a new
region. Now suppose that this is done again, to obtain a succession of
circles of convergence of a sequence of functions: fi(s), fi(s), fs(s), ete.
In all but very exceptional cases an infinite sequence of such functions
is possible, so that ultimately the finite plane is covered by overlapping
circles.

Supposing this to be the case, we now define a function f(s), where s
covers the finite plane, by the sequence of formulas

Si(s) ls — 8| < Ry
_ ) Je(s) [s — 8ol < Re
=150 Js— sl <R

(5-84)

Each of the functions fi(s), f2(s), etc., is called an element of the analytic
function f(s). The sequence of elements which defines a function by
analytic continuation is not unique. For example, f(s) depends on the
choice of s;, which is arbitrary within the circle of convergence of fi(s),
and so on.

We now envision the possibility that, starting with the same function
f1(s), we might proceed in the same manner as above, but choosing a new
set of points s}, sj, etc., for the centers of circular regions of convergence
of a sequence of elements g.(s), gs(s), etc. Then we would obtain an
analytic function g(s) defined by

f1(s) [s — 81| < Ry
_ ) g28) ls — s3] <R
@V ne  ls-dl <

(5-85)

Now suppose that there is a region ¢ which is common to the two
regions throughout which f(s) and g(s) are defined by the two processes of
continuation just described. Certainly R; is part of @, and furthermore,
since f(s) = fi(s) and g(s) = fi(s) for s in R,, it follows that

f(s) =g(s) sinR, (5-86)
We proceed to show that f(8) and g(s) must be identical throughout G.

Since f(s) and g(s) are regular in G, each can be expanded in a Taylor
series about some point s, in RB;. Explicit expressions for these series
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can be written as follows:

Ja(s) = z an(s — &)*
k=0 (5'87)

g.,(s) = z aﬂk(s - sc)k

k=0

Observe that these two series are elements, respectively, of f(s) and g(s),
and not continuations of fi(s). This fact enables us to say that each
series in Eq. (5-87) has a circle of convergence R. extending to the

Fia. 5-12. Construction for proof of uniqueness of analytic continuation.

boundary of @, as shown in Fig. 5-12. Equation (5-45) provides the
formulas for the coefficients in these series, giving

ap = | IO 4 “"’“—l"/c'_&)_“ds

21l'] c (8 —_ 8¢)k+l (8 — 8¢)k+l

where C is a small circle centered at s, and lying wholly in R,, as shown
in Fig. 5-12. Path C can always be designated, because s, is not per-
mitted to lie on the boundary of B,. By choosing C to lie in R, we can
now use Eq. (5-86) to establish that the above two integrals are equal
and hence that a; = ag,. Therefore,

fa(s8) = ga(s) sin R,

Also, each of the series f,(s) and g.(s) must be identical, within its circle
of convergence, with the function from which it is derived. Therefore,
we conclude that

J(s) = g(s) sin R,
But R, extends outside of R;, and thus it is seen that f(s) and g(s) are

equal at least in part of G. This process can be repeated, each time
getting a new circle which includes more of G than the previous one. All
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of G can be covered in this way, and thus we conclude that
J(s) = g(s) sin@

This is an important result, for it shows that if a function is defined and
regular at a point it is then uniquely determined in any region into which
it ean be analytically continued.

This brief treatment leaves many questions unanswered. In par-
ticular, in this proof we have shown that f(s) = g(s) in G only if such a
region G exists; and we did not prove the stronger property that continua-
tion of fi(s) by either of the routes leading to f(s) or g(s) must yield the
same region in each case. In other words, it is true, but not proved here,
that region @ includes all of each of the individual regions over which f(s)
and g(s) are independently defined.

In the treatment up to this point it has been implied that a region G,
larger than R,;, can always be found. However, this is not true. For
example, the function

fils) = ) o (5-88)
k=0

converges within the unit circle but cannot be continued beyond. The

unit circle is said to be a natural boundary of this function. Such examples
as this are a curiosity so far as we are
concerned.

When the radius of convergence of

\ f1(s) is finite, there will always be at
/ least one point on its circle of con-
vergence which cannot be covered by

‘ any circle. Such an exceptional point
will be on the boundaries of other
circles, but never inside a circle. In

()
Fig. 5-13 s, is such a point. In

F1e. 5-13. Boundaries of convergence attempting to approach s,, the bound-
:l‘:;’;ﬁ"‘g;; s?llleg’;‘le;t;ogt .{Es) Passing  ary of each region of convergence will

pass through s,. For the function
f(s) to be defined at a point, that point must lie inside the region of con-
vergence of af least one of the elements. Since s, lies in no such region,
the function is not defined there and so s, is a singular point.

You may have wondered, in the process of developing the sequence of
elements, what would determine each radius of convergence. We now .
have the answer: each circle extends to a singular point of f(s). Note
that this is a singularity of f(s), not of the element. This must be said
because an element is not defined anywhere on the boundary of its region
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of convergence, and therefore no particular point on the boundary can be
singled out as a singularity of the element.

To summarize these ideas, we now view an analytic function in a
slightly different light from the original one, and, in fact, we extend the
definition to include a new concept. Originally, in Chap. 2, an analytic
function is defined as a function having at least one regular point. Now
we see that regularity at one point is sufficient to give a Taylor expansion
at that point and from that an analytic continuation to the finite plane, or
to a natural boundary. We see that an analytic function can be defined
as the collection of all its elements. Only in some cases can it be writlen
as a single formula.

For a specific example let us consider the analytic continuation of

HG)=1+s+s24+ - lsl <1

From previous discussions we suspect that the continuation can be
written

1
1—3s

f(e) =

which is singular at s = 1. However, from the viewpoint of analytic
continuation the location of this singularity would not be known. We
use knowledge of it only to save the very considerable trouble of finding
a sequence of elements and their respective radii of convergence. In a
true analytic continuation process we would start only with the fact that
the radius of convergence of fi(s) is 1. The start of one set of elements is
shown in Fig. 5-14. There is at least an intuitive feeling that this system
of circles can be continued to cover the finite s plane and that the point
s = 1 is the only finite point excluded.
We can then write f(s) in either of the forms

f1(s) ls| <Ry =1
J(8) = { fals) |s — 82 < R, (5-89a)
or 1) = 1 (5-89b)

Both representations express identical functional relationships. A
formula like Eq. (5-89b) is called the global definition.

In this single example of analytic continuation we did not actually
find a sequence of elements, intimating that to do so would be too much
of a chore. The implication is that it would always be too difficult to
accomplish, but this does not detract from the usefulness of the concept.
Later on, particularly in Chap. 10, this will be an important conceptual
tool.
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Throughout the discussion of analytic continuation, we dealt only with
the finite plane. In the Riemann-sphere interpretation this excludes only
the point at infinity. The idea of analytic continuation would be some-
what more complete if the point at infinity could be included. This can
easily be done by looking at f(1/s) at the origin. If f(1/s) can be con-
tinued to include the origin, then we say that f(s) can be analytically
continued to infinity.

R,

S2

Fia. 5-14. Regions of convergence of a possible sequence of elements of the function

[ =1/ —3).

b-14. Classification of Single-valued Functions. We are gradually
developing the idea that singularities are important characteristics of a
function. This can be carried a bit further by introducing some termi-
nology whereby functions are classified according to kinds, numbers, and
locations of singularities, as follows:

1. Analytic. An analytic function can now be defined more completely
than in Chap. 2, as an element plus its analytic continuation. Now we
see that a function like f(s) = sfor |s| < 1and Ofor 1 < [s|is not analytic
although it is regular everywhere except on the unit circle. Analytic,
centinuations of this function are possible across the unit circle, but they
do not yield the function specified.

2. Meromorphic. A meromorphic function is an analytic function
which has no essential singularities in the finite plane. It can have an
essential singularity at infinity. The number of finite-plane poles can
be infinite. An example is tan s.
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3. Rational. A rational function belongs to a subclass of the mero-
morphic functions in which there are a finite number of finite-plane poles
and at most a pole at infinity. A rational function can be expressed as a
ratio of polynomials.

4. Entire. A function having no singularities in the finite plane is
called an entire function. Unless it is a constant, it will have at least a
pole at infinity, or it may have an essential singularity at infinity.
Examples are: for a pole at infinity, & polynomial; for an essential singu-~

larity at infinity, sin s.
This classification can be tabulated as follows:

Analytic Meromorphic Rational Entire
) @ 3) )
Finite-plane singularities. .| Any number, | Any number, | Finite number, | None
poles or es-| poles only poles only
sential
Singularity at infinity.. ... Pole or essen- | Pole or essen- | Pole only Pole or
tial tial essential

65-16. Partial-fraction Expansion. Suppose that a function f(s) has n
singular points at s, 82, . . . , 8. The point at infinity may also be
singular. We use the same starting point as in Sec. 5-8, namely, the

f(2)

Cauchy integral formula in the form
SRR TEDW

where sis in the region shown in Fig. 5-15, which is made simply connected
by the barriers shown. Circle C is centered at the origin and has a radius
large enough to enclose all singular points.

The integral

FIONS)

2—8

(5-90)

@ 4,

cz—s

21-7
is treated by the same process used in Sec. 5-8 to arrive at Eq. (5-49).

In the present case the former so and C: are replaced, respectively, by
0 and C, giving

@ , y | J()
21r] cz—s 2;2()/2"+1d
= Ayst
E=0
e wfa) 2.01)
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Circle C can have an arbitrarily large radius, since all singularities except
infinity are inside it, and so the power series for r(s) has an infinite radius
of convergence. Thus, r(s) is an entire function.

Fia. 5-15. Integration contours used in derivation of partial-fraction expansion.
Now consider the sum of integrals in the last term on the right of

Eq. (5-90).* The integral around (1 is a typical case. Comparing with

Eqgs. (5-50) and (5-77), and recognizing that s, is singular, shows that

T2 Jerz—s

N
L[ J& g ) (5-92)
k_zl (s — &)

is the principal part of the Laurent expansion. N is the order of the pole;
and if s; is an essential singularity, N becomes infinite. This term is
defined for all values of s for which

0 < ‘ls b Sll
because it is a series in negative powers of s — s,. The principal part
just described will be called gi(s). A similar result is obtained at each of
the singular points, giving

1 Sz , _
_Eﬁ_/c'.'_dﬁ—gl(s)

Z— 8
1 f(2) —
I Jorz — 502 = 9209 (5-93)
1 ()

i
bl
3
—~~
L)
~
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It is important to understand that each principal part arises from an
expansion about a different point. The results are summarized by sub~
stituting Eqgs. (5-91) and (5-93) in Eq. (5-90) to give

f(8) = 91(8) + ga(8) + - -+ ga(s) +7(s) (5-94)

This is another representation for f(s), called the partial-fraction expan-
sion. It is valid throughout the plane, and if any of the terms are series,
the right-hand side of Eq. (5-94) converges everywhere except at the
singular points.

If f(s) is a rational function (ratio of two polynomials), all singularities
are poles. Then each principal part consists of a finite number of terms.
Also, a rational function has at most a pole at infinity, and the last term
on the right of Eq. (5-94) will reduce to a polynomial, or to a constant if
there is no pole at infinity.

The partial-fraction representation is particularly important in Laplace
transform theory. It is important to know the actual coefficients in the
expansion, and so methods of finding them are important. Equation
(5-81) can be used to find the coefficients of all the principal parts at poles.
For the function r(s), Eq. (5-91) would be the general form. However,
it is better to recognize r(s) as a Taylor series for f(s) — [sum of principal
parts]. Thus, the principal parts should be found first, so that the
entire function r(s) can be obtained by applying the usual derivative
formulas for coefficients of a Taylor series. In the case of a rational
function, 7(s) can be found by using a division algorithm until the
remainder is a rational function with numerator lower in degree than the
denominator. This process yields r(s) directly.

These two cases are illustrated by the following examples:

Ezxample 1. Expand

_ §* 48 + 452
& =sgre—s=1
_ 8t 45 + 45
“ G-Iy
in partial fractions.
Performing two steps of division gives

28 + 45+ 3
(s — D(s+1)?
The resulting rational function has no entire function in its expansion,
because the function approaches zero as s becomes infinite. 'We need the
principal parts of its Laurent expansions at —1 and +1. The required
coefficients are easily found from Eq. (5-81). At -1 there is only one
coefficient :

f(s) =8+ 3+

2s* + 48+ 3

9
C+1D2 |1 4
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and so at this pole the principal part is
%

s—1

At —1 there are two terms in the principal part,

a_s a—y
GrDitafi
and the coefficients are
G = 23?4+ 45 4+ 3 1
2T T s =1 -1 2
oy = d (2s* + 45+ 3
-1 ds\ s—1 p=—1
=(8—1)(48+4)—(28’+48+3) _1
(s —1)* s=—1 4
The partial-fraction expansion of the function is therefore
4 3 2 9
st+4st4+4s2 N 14 %+3+s

#+st—s—1 s—1 (+1)?¢ s+1
Ezxample 2. Expand

e ¢
JO) = g s -1 - G=-DEFIr

in partial fractions.
The principal parts will be obtained first. At pole s = 1 the principal
part is

e’ e
(3'*'—1)2- sm] = Z
At pole s = —1 there are two terms having coefficients
e—l
a—2=8—1.__1= _7
01 = %E—g—i b1 %"_21))% -—1 e

The sum of the two principal parts is
e/4  3/4e  1/2¢ _ (e* — 3)s* + 2(e? — 1)s + (e* + 5)
s—1 s+1 (s+12 de(s — 1)(s + 1)?
Subtracting from f(s) gives the entire function

_ et — (2 — 3)s? — 2(e* — 1)s — (2 + 5)
r(s) = 4e(s — D)(s + 1)?




INFINITE SERIES 157

The numerator of the above expression has zeros of appropriate orders
at 8= 1 and —1, and so r(s) has no poles, in the finite plane. The
Taylor series for r(s) is not required. Thus
e _1f e 3 2
G-DGEF+D? Ze|ls—1 " s+1 (+1D)0
+ 4ett! — (62 — 3)s? — 2(e? — 1)s — (e? + 5)
(s — 1)(s + 1)2

is the required partial-fraction expansion. Of course, the last term could
be expanded in a Taylor series about s = 0.

- o oy

]
1
1
[}
$, [}
5
[}
[}
x I
8 ]
2 Xsg |
T +
x

! b3 s ]
1 St s34 !
i x !

!
1 G !
1 ]
i ]
]
I & I
I ]
[N SR 4

F1a. 5-16. Sequence of contours for derivation of partial-fraction expansion of mero-
morphic functions.

5-16. Partial-fraction Expansion of Meromorphic Functions (Mittag-
Leffler Theorem). The development of Sec. 5-15 does not apply to the
general meromorphic functions, because meromorphic functions have an
infinite number of poles. However, these poles are isolated, and this fact
makes it possible in some cases to get a partial-fraction type of expansion
which takes the form of an infinite series.

As a result of being infinite in number and isolated, the sequence of
singularities extends to infinity. (This conclusion is based on the
Boltzano-Weierstrass theorem, not proved in this text.*) As shown in
Fig. 5-16, let there be a sequence of square closed contours Cy, Cs, . . . ,

*E. T. Copson, “An Introduction to the Theory of Functions of a Complex Vari-
able,” p. 17, Oxford University Press, New York, 1935.
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each one enclosing more singular points than the previous one, and with
no singular points on the contours. Also, let G.(s) denote the sum of the
principal parts for all poles between C,—, and C,. Thus, the sum of
principal parts for all poles inside C, is
n
z G.(s)
v=1
It is also assumed that f(s) is regular at s = 0 and that there is a constant
M such that
I < M

for s on all of the square paths C1, Cs, . . . .

Choose s typical curve such as C,, and write an equation like Eq. (5-90).
Here the summation will be over all poles inside C,, and the integrals in
the summation may be replaced by principal parts, as in the previous case.
Thus, for s inside C, and not at a pole, in similarity with Eq. (5-90),

16) = 55 [ 2D as + ZG (®) (5-95)

Since f(s) is regular at the origin, we can also write

10 =g [ Do + ZG © (5-96)

and therefore

s f(2)
f(s) = f(0) = G /; 2s— %t z [G.(s) — G.(0)]  (5-97)

Now allow n to increase. The summation becomes an infinite series,
and we are interested to know whether or not it converges. Convergence
is investigated by looking at

‘ E[Gc(s) — G,(0)] = [f(s) _f(())]' ’ / 8 f(Z)  dz ' (5-98)

v=1

Let s be inside the curve designated by C, and let n be greater than some
number N > N'. Also, let A; be half the side of square Ci. From the
geometry of Fig. 5-16 it is found that forn > N

Ay
<\/§A"
1 1
IZ—8|<AN—AN'




INFINITE SERIES 159

and we also know that on C,
f) <M

Thus, ifn > N
s f(2) | 1 s| 1f(2)] V2ZM  Ay(84.)
/;.zz—sdz =% /c,. z |z—s|dz < Tor A(Ay — Aw)
SMA x

T V2r(Ay — Aw)
Now note that, if an arbitrary small number e is given, then
SMAy
V2n(Axy — Ay)
if An > An +

1
2%

(5-99)

<e€

SMAx
V2 xe
By way of the numbering on the sequence of curves Cy, Cs, . . . , this
will establish the number N such that
1 / 8 1@ 4] <
27| Je.zz — 8
when n>N

(5-100)

Thus, we have convergence and

16) = §0) + Y [Gu(s) — Go(0)] (5-101)
v=]
Furthermore, by relation (5-100), N is a function of N’ and e. If s
remains within square Cn-, then one value of N will serve. We conclude
that convergence is uniform for s within any square (and consequently
within a circle also).

In this development each @ function consists of one or more principal
parts. Therefore, in the infinite sum there will be no change if we go
back to the notation g,(s) for a single principal part. This is desirable
because the groupings to form @, were arbitrary and necessary only to
account for the possibility that we might not always be able to increase
the size of the square by an amount to include only one additional pole.
It is more appropriate in the final result to revert to the previous nota~
tion, giving the Mqttag-Leffler theorem, which states that f(s) can be
represented by

L)

1) = 10 + ) [9.(8) = g:(0)] (5-102)

vl

if f(s) is uniformly bounded on a set of curves such as shown in Fig. 5-16.
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If the series

Yol ad ) O

ye=1 v=1

converge, then

EM®—MM=Em®—Zm®

v=l vl v=1

and we get the simpler form

76 = ) 9:(9) (5-103)

vm]

by equating constant terms and terms which vary with s.
Equation (5-102) is not valid if f(s) has a pole at s = 0. Now suppose

that f(s) has such a pole, with principal part go(s). Then
f1(s) = f(s) — go(s) (5-104)

has no pole at the origin and can be expanded in accordance with Eq.
(5-102) to give

£ = £:0) + Y [9.(5) — u(0)] (5-105)

v=1
®

and 1) = 110 + go() + ) [g(s) — 9.(0)] (5-106)

v=1

We note here that g,(s) is the same for f1(s) as for f(s) because subtracting
a principal part at s = 0 has no effect on principal parts at other poles.
Now, if

5: g«(s) and i g+(0)

vl v=1

converge, Eq. (5-105) can be replaced by

18 = Y 0:(6)

v=]

and then, referring to Eq. (5-104),

&) = ) 9.(9) (5-107)

v=0

Thus, for the case where the series of principal parts converges, the
restriction that there shall be no pole at the origin can be dropped.
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Example 3. Find the partial-fraction expansion of

1
sin 8

f(s) =

This function has first-order poles at s = Fnx for integral values of =.
The square contours may then be as shown in Fig. 5-17, and we need to

Cs

Cz

G

F1a. 5-17. Contours used in obtaining the partial-fraction expansion of 1/sin s.

check whether or not f(s) is uniformly bounded on these contours. This
18 checked by looking at

sin s|* = [sin ¢ cosh w + j cos ¢ sinh w|? = sin? ¢ + sinh? o

On’ a vertical side ¢ = +(2n + 1)x/2, and on a horizontal side w =
+(2n 4 1)x/2. Therefore, respectively,

sin (211.*-2#% =1 vertical side
[sin 8| 2 9 ]
sinh (—"—;L——)T >sich > 1 horizontal side

Thus, on each contour shown in Fig. 5-17,

fl =1

which establishes that the conditions of the Mittag-Leffler theorem are
satisfied.
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At each pole the residue is

s — nw 1
m —— = = (-1
sonx SIN S cos nw

It can be shown that

3 " 1 1 _ } (—-1"(2s)
zl(_l) (s—n-;r-i_s+n1r)_zlsz—n’-n-2

converges, and so the following representation is valid:

1 —1)"2
&) =5+ %,-% (5-108)
n=]i
PROBLEMS

6-1. Given the series
B+A -+ A +3)s*+ (0 —He)s*+ - - -

(a) Write this as a summation of a general term.
() Determine its radius of convergence.
6-2. Investigate the convergence properties of:

© 3

(a) z ns" ) E 2ngn
n=1 n=0
© z nlgn @ 2 nY gn
n=0 n=0
5-3. Investigate the convergence properties of:
" ]
@ ) =5 ® ) me-3r
n=2 n=1
3 5" C n!
© ), Tog @ ) G
n=2 nw=(
n!
@ ) 5
ne]

b-4. Determine the regions of convergence and uniform convergence of the series:

@ Y e ®) i(:;}"
[

n=0 "=




INFINITE SERIES

5-6. If each of the series of constants

converges, and if ¢z = ax + ba, prove that
2 cr = 2 a; + 2 by
k=0 k=0 k=0

6-6. Referring to the notation in Prob. 5-5, assume that

Ck
=0

L

converges. Show, by a counterexample, that it is not necessarily true that

«©
k=
converge.

6-7. Show that the series in Eq. (5-88) converges for |s| < 1.
6-8. Prove that, if two series

ax and z b
[ k=0

z gi(s) and i hi(s)
k=0

k=0
converge uniformly in respective regions R; and R,, then the series

Y oxls) + hate)
k=0

163

converges uniformly in the region common to B, and R: (the intersection of B, and R,).

5-9. Given the real series

prove that this series converges for —1 < z < 1 and converges uniformly for —1 <

2z <1

5-10. Starting with the power series for 1/(1 + s), obtain the binomial expansion

A48 = z (n(n_+—k_1;'_kl')—' (=s)* integern >0
k=0

(Hint: Consider term-by-term differentiation.)
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8-11. By following the pattern

s (148 1 sf(l1+422* 1 (1438 s 1
foatoa=032 g [OT0 Slea-032 25

atc., derive the binomial formula (for integer n > 0)

" \ n!
d+o = kzom;.—:m"

56-12. Starting with the power series for 1/(1 + s), obtain a series for log (1 + s).
Justify your steps, and state the region of convergence of the new series, explaining
how this region of convergence was determined.

6-18. Given the series

2331 | 24
cog 28 = 1 — “ET +'n'

obtain series expansions for
(a) sin? s (b) cos?s (c) sin s cos s

(HinT: Consider term-by-term differentiation.)
56-14. Given the power series
. gt | st
sms=a—m+3-l .-

8 s
0088=1—§—!+a"'

(@) Determine the radius of converg/ence of each series.

%) Sta.rting‘ with these series, and without squaring the cosine series or without
using the derivative formulas for the Taylor coefficients, obtain three terms of the
power series in s for

1
cos? s
and find its radius of convergence by any justifiable method.

6-15. Do Prob. 5-14 by evaluating the first three coefficients of the Taylor series.
§6-16. By any method obtain series expansions, in powers of s + 1, for the following:

1 1
(@ ] @ 15 — st

In each case specify the radius of convergence. .
6-17. Use the Cauchy integral formula for the nth derivative of a function f(s) to
prove that for a Taylor series
16 = ) aals = a0
A=Q
the coefficients obey the inequality

M,
laal é";;

where M, = max |f(s)| on |s — 8| = r < [radius of convergence].
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5-18. Given a polynomial

N
f(s) = Zans"
0

Use appropriate ideas relating to series to show that it can be written
N
6 = Y Auts — 1*

k=0
N

nla,
where Ar = z,‘ Fln — B!

nae

5-19. Given a Laurent series

as*

k= —o

which converges for RB: < |s| < R:. Determine its region of uniform convergence.
6-20. For the function
8t +s+4+3
83 4+ 282+ s+ 2

obtain the following expansions, and in each case establish the region of convergence:

(a) Taylor expansion about 8 = 0

(b) Taylor expansion about s = —1

(c) Laurent expansions (two of them) about s = 0
(d) Laurent expansion about each singular point

6-21. Carry out the tasks specified in Prob. 5-20, but for the reciprocal of the func-
tion specified in that problem.
5-22. You are given the function

1
O =6 -1

For each of the following cases specify the region (or regions, if more than one series
is possible) of Taylor and/or Laurent expansions. The cases are for expansions
about the following points:

(@ s=0 ®) s=1
(c) s= -3 d s = -2
6-23. The function
1
sin (1/8)

is singular at the origin. Show that the Laurent expansion about the origin for this
function has zero radius of convergence (i.e., such an expansion does not exist).
5-24. Obtain the appropriate series expansion for
. x
f(s) = sin =1
(a) Expanded about s = 0 (b) Expanded about s = 1
(¢) Expanded about s = 2
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5-25. For each of the following functions, locate the singular points, and identify
whether they are poles (and of what order) or essential singularities (and of what
kind):

(a) %. (®) etl

~tis g
(c) et (@ (s* F 1)3
(e) sin s (f) sm—lhs

6-26. For each of the following specify whether the function is regular or singular
at infinity, and if it is singular, specify whether it is a pole or an essential singularity
and, if the latter, what kind:

© = ® 573
() e —e (d) tan s
(o Sk () 2o
6-27. Find the residues at the indicated singular points for the following:
(a) Si;s ats =0 ) ‘9,—17 ats =1
(© l_—;‘e_‘__" ats =0 (d) :;:ls,: at s = x
(e)(s—f_”l—); ats =1 (f)(——lt-a_——n:‘)' ats =0
5-28. Given the function
1) = o

(a) Locate and classify its singularities.

() Evaluate the residues at these singular points.

(c) Evaluate the integral of f(s) in a counterclockwise direction around a circle of
radius 5, centered at the origin.

6-29. (@) Use the method of residues to evaluate the integral

/ sds
cl —e
where C is the rectangular path shown in Fig. P 5-29.

(b) Let I, designate the answer to part a. In terms of I, what is the above integral
if the contour is changed (1) to C; and (2) to C;?

8 8
¢ 4

= g -8 8 -4 3
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5-30. Evaluate the integral

41
foe=beTn%
where C is a counterclockwise circle centered at 2 and of (a) radius 2; (b) radius 4.

5-31. Let C be the unit circle, with counterclockwise sense of integration. Evalu-
ate each of the following:

S:_' d3 1/s
(@) ca’ds ®) Ccs8sin 8 © fcse ds
5-82. Evaluate the integral
_ds
ccosh s

over each of the following counterclockwise paths:

(@) Cs, a unit circle centered at s = 0
(b) Ci, a unit circle centered at s = j
(¢) C., a circle of radius 2 centered at s = 0

5-33. Let C designate a semicircular arc of radius R, centered at a simple pole s,
and subtending an angle 8,. Let A, be the residue at the pole. Prove that
tim [ 5(6) de = jood,
R—0JC

6~84. You are given the series

< Kl —1
i

P
k=0

Determine its radius of convergence, and obtain a “global” representation. Also,
obtain a series for the element of this function expended about point 8 = —14,
8-86. Obtain a global formula for the function defined by the series

( — l)nenl

na(

5-36. Show that the two series

o6+l

\ 3
file) = - (8 — D
1,20 (=2*

and Ho = Y [(-3) -2(-3)T]e-2

k=0

are elements of the same analytic function, (For a hint, see Prob. 5-10.)
5-87. Obtain the partial-fraction expansion of the function given in Prob. 5-22.
6-38. Obtain the partial-fraction expansion of the function given in Prob. 5-20.
5-39. Obtain the partial-fraction expansion of the reciprocal of the function given
in Prob. 5-20.
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5-40. Obtain two terms of the Taylor expansion for r(s), in powers of s, for Example
2 in Sec. 5-15.
5-41. Obtain the partial-fraction expansion of

sin 8
8(s — 1)(s — 2)2(s - 3)*

including two terms in the Taylor expansion of 7(s), in powers of s.
5-42. Obtain the partial-fraction expansion of

€os §

1) = G =36 =96 =%

including two terms of the Taylor expansion of r(s), in powers of s.
5-43. Derive the formula
L]

tan s = z 1 8
- nx? 1 ~— (28/nr)?
(odd)
6-44. Derive the formula

L]
ts =1 z L_L
cots =5 nx?1 — (s/nr)?

3
L]
-

~5-46. Obtain the Mittag-Leffler expansion for

6-46. From the formula given in Prob. 5-44 derive the infinite-product representa-~

tion
sin 8 = 8 H (l—n—,’_,)

n=1]

[HinT: Observe that cot s = d(log sin 8)/ds.]
5-47. From the formula given in Prob. 5-43 derive the infinite-product representa-

tion
cos § = (1 - Ae )
nir?

( odd)

[HinT: Observe that tan s = —d(log cos 8)/ds.]

6-48. Suppose an analytic function f(s) = p(s)/q(s) has a removable singularity
at a point so due to p(s) and ¢(s), each having a zero of order n at s,. Prove that f(s)
approaches the limit
M (s)

(") (8) le=#

hm f(s) =

Note that this has the appearance of Lhopital’s rule applied to a function of a complex
variable.



CHAPTER 6

MULTIVALUED FUNCTIONS

6-1. Introduction. Having established the concept of a single-valued
function, w = f(s), we now naturally ask whether such a function can
always have an inverse whereby s can be specified as a function of w. In
those cases where several values of s yield identical values of w we are in
trouble, for then the inverse cannot be single-valued, and in the true
sense of the word an inverse function does not exist. The main task of
this chapter is to develop a method of analysis which will permit “multi-
valued functions” to be treated at least partially like single-valued
functions.

We can draw some examples from the realm of real variables. The
function

y =sinz

is single-valued, but the inverse
z=snly

is multivalued, as illustrated in Fig. 6-la. The same comments can be
made about

y=2*
and its inverse

z =y

which is shown in Fig. 6-1b. Probably your experiences with the square-
root function, and the problem of choosing signs in the case of real
variables, has pointed up the need for isolating these cases.

In each of the above two examples a given function is single-valued,
and its inverse is multivalued. There are other cases which are multi-
valued “both ways.” An example is

yr= 2zt —1

which is shown graphically in Fig. 6-1c.

When dealing with complex variables we sometimes find multi-
valuednesr which does not appear in the real-variable counterpart. For
example, in Chap. 4 we met the multivalued function log s. However,

169
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log = (where z > 0 and real) is not multivalued. Thus it is apparent that
graphical illustrations like those of Fig. 6-1 are inadequate for the general
case of a function of a complex variable. It is hoped that ultimately you
will conclude that multivalued functions are simpler to understand when
the variable is complex than when it is real. This simplification comes
about through the concept of a Riemann surface. You met this briefly in
the discussion of log & in Chap. 4 and will see much more of it in this
chapter.

t "\ Multiple
H values
[}

) §
(a) x=sinly ®) x=y2 (©) y2=x2-1
F1a. 6-1. Examples of multivalued functions of a real variable.

6-2. Examples of Inverse Functions Which Are Multivalued. Perhaps
the simplest multivalued function is the inverse of

w = gt (6-1)

»

[

which will be written

s = w

The exponent 14 in the above equation is defined as a notation which
implies the inverse of Eq. (6-1).

The necessary ideas for studying the inverse of Eq. (6-1) were antici-
pated in Figs. 3-3 and 3-4. If the two w planes of those figures are
regarded as being identical, areas A’ and B’ are identical and the above
functional relationship would carry this area into area A or area B of
the s plane. From the formula alone there would be no way to differ-
entiate between areas A and B.

We could continue to regard w as the independent variable when
analyzing the inverse of those functions which have previously been
considered. There would be some advantage in doing this, particularly
in considering mapping properties, because then labels on the planes
would remain unchanged. However, there are advantages in always
using s as the independent variable; and since we shall be considering
functions other than the inverses of previously treated single-valued
functions, we shall continue to use s as the independent variable.
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Accordingly, the inverse of Eg. (6-1) is now written with s and w
interchanged, as follows:
w = gh (6-2)*

This function is described by Figs. 3-3 and 3-4 if the w- and s-plane labels
are interchanged, so that now there will be two s planes which map onto a
single w plane,

We shall now exploit the idea of having two s planes. If somehow a
distinction can be made between these two s planes, we could then regard
overlying points in the two planes as being different, and the function

= §* would appear to be single-valued. To do this necessitates over-
coming an obstacle introduced by the wedge-shaped cuts along the
negative real axis. The difficulty is surmounted by the ingenious device
of imagining the two planes to be attached along the cut edges. Referring
to Fig. 6-2, for each pair of edges consisting of one edge from each plane,
one solid line and one dashed line fit together. Then curves such as C
and €’ do not cross a cut but pass continuously from one plane to the
other. When the two s planes are joined in this way, they form a
Riemann surface. Each of the s planes is called a sheet of the Riemann
surface; and the cut in each sheet is called a branch cut. A point like s,
in Fig. 6-2 is called a branch point. That portion of the function described
when s is in one sheet is called a branch of the function.

Suppose that there are two points s; and s} similarly located in the two
sheets of Fig. 6-2. The Riemann-surface interpretation allows them to
be regarded as different points. In this way w, = f(s;) and w] = f(s})
are clearly distinct because ang s] = 27 + ang s;. 'With this interpreta-
tion f(s) becomes single-valued. Many theorems originally proved for
single-valued functions now become applicable in the multivalued case.

Since it is important to be able to identify a point with a particular
sheet, it is necessary to have a method of keeping track of this. We do
80 by considering the angular position of a line drawn from the branch
point to the point in question.t In the case of Fig. 6-2 this is merely
the angle of the variable s. In sheet 1 this angle (¢) lies in the range
—7 < ¢ = 7, and in sheet 2 the range is v < ¢ = 3r.

In order further to explain these concepts, consider neighborhoods of
points s and §’, where the unprimed value is always in sheet 1 and the

* The notation w = 4/3 is purposely avoided. In this chapter the v/ symbol
will be reserved for use with positive real numbers, and when the symbol is used, a
positive sign will be understood. In Chap. 10 the symbol 4/s is used, but with a
specific meaning defined there.

{ Polar coordinates centered at the origin can be used to identify which sheet a
point is in only when there is & branch point at the origin. When 2 branch point is
at some other point, as in some of the later examples, an auxiliary polar-coordinate sys-
tem is centered at the branch point in order to accomplish this task.
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primed one is in sheet 2. Each of these neighborhoods will be trans-
formed into neighborhoods of corresponding points in the w plane. A
few particular cases are considered, beginning with points s; and s).
There is no possibility of the neighborhood of s; becoming confused with
the neighborhood of s;. This permits us to use the definition of con-
tinuity without being bothered by multivaluedness.

Riemann
surface

Area of map | Area of map
- of sheet 2 of sheet 1

®
F16. 6-2. Riemann-surface interpretation of the function w = g%,

A point like s; on a “solid-line”” edge of a branch cut cannot have a
neighborhood wholly in one sheet. Its neighborhood must be in two
sheets, as indicated by the two shaded areas in Fig. 6-2. This neighbor-
hood goes into a neighborhood of w.: in the w plane. The corresponding
point s, has a neighborhood consisting of the two nonshaded circular
segments, which transforms into a neighborhood of wj. Although the
neighborhoods of s; and s; are each in two sheets, the function is single-
valued in each neighborhood.*

We now come to the unique feature of a branch point. If we try to
put a small circle around s, in sheet 1, we find that points @ and b cannot

* Later on it is shown that choice of the branch cut is arbitrary. For a different
choice, say along the positive real axis, s; and s; would each have a neighborhood in
a single sheet.
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be connected ; from point @ we must proceed into sheet 2. If points @ and
b are allowed to approach each other, the corresponding points in the
w plane approach a’ and b’, which are at the ends of a semicircle, as shown
in Fig. 6-2c. A small circle which encircles a branch point only once
cannot transform into a closed figure in the function plane. Two or
more circuits (two in this example) around a branch point are required to
give a closed figure in the function plane. Branch points are designated
by an order number. The order is one less than the number of circuits
around it required to give a closed figure in the function plane.

The above description brings to light other distinctive features of a
branch point. Unlike points such as &, and s, a branch point cannot be
assigned to any one sheet of the Riemann surface, and therefore it cannot
have a neighborhood lying in only one sheet. That is, it is impossible
to define a neighborhood of a branch point in which the function is
single-valued.

The fact that encircling a branch point only once does not close the
figure traced in the function plane can be used to test whether or not a
given point is a branch point. As an example, we shall test whether
s = 0 and s = 1 are branch points of the function

w = g
At s = 0 we write
8 = pi* w = re®
giving r2ei® = peit

and r=4/p o=32§

If ¢ is increased by 27, so that point s = 0 is encircled once, 6 will increase
by », which will carry w only halfway around the origin. Thus, s = 0is
a branch point. Now look at the pair of points s =1and w =1. In
their neighborhoods we wriie

8 =14 pei* w =1+ re
and 1 + 2rei® + 72720 = 1 + pe'*

As r is made very small, the 72 term approaches zero faster than r and so
the above approaches
2re’® = peid

showing that point w = 1 is encircled only once when s = 1 is encircled
once by a small circle. Thus, s = 1 is not a branch point.

We have seen that the function described by Eq. (6-2) has a branch
point at 8 = 0. If the Riemann-sphere interpretation is introduced, we
can also identify a branch point at the point infinity. A small circular
path enclosing the point at infinity on the Riemann sphere becomes a
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large circle in the flat plane. Thus, to test whether the point at infinity
is a branch point, we look at the figure traced in the function plane as we
follow one circuit around a large circle (approaching infinite radius) in the
s plane. If the function-plane figure does not close, the point at infinity
is & branch point. The point at infinity can also be investigated by
examining f(1/s) at the origin.

Thus it is concluded that the function w = s% has branch points of
order 1, at s = 0 and at infinity. They are located at ends of the branch
cut. Every multivalued function has a branch point at each end of a
branch cut. As we shall see later, some functions have branch cuts
extending between pairs of finite branch points.

We can learn a bit more about inverse functions by considering the
inverse of

8 =wt (6-3)
which is conventionally written
w = gh (6-4)

where the exponent 14 is defined to mean the inverse of Eq. (6-3). In
this case the Riemann surface has three sheets, each of which maps onto
one-third of the w plane. With a little thought you will see that it is
necessary to encircle the point s = 0 three times in order to get a closed
figure in the w plane. Also, it is evident that infinity is a branch point
and that both branch points are of order 2. The interconnection of edges
of branch cuts is illustrated in Fig. 6-3 by curves C, C’, and C’’ and by
the sequence of numbers. Points 2 and 3, 4 and 5, and 6 and 1 are,
respectively, connected together.

As a final example in this section consider a multivalued function
having an inverse which is also multivalued. The case in point is

w=s8—1 (6-5)
which can be written w? = (s — 1)(s + 1) in order to show that, if either
point 8 = 1 or ¢ = —1 is encircled twice, then point w = 0 is encircled

once. Thus, points —1 and -1 are first-order branch points in the
s plane. These are the branch points of w as a function of s. To get
the branch points in the w plane, for s as a function of w, we write

s = (w+j)w —j)

which shows that in the w plane there are branch points at j and —j.
The complete representation of this function requires Riemann surfaces
of two sheets for each variable, as shown in Fig. 6-4. Branch cuts are
indicated by the double lines. This situation is too complicated to admit
a complete graphical picture. We shall consider only the transformation
from s to w. Branch points at 8 = +1 and —1 are enclosed by four
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circles, which go into the four semicircles with similar labels in the w plane.
A few rectangular-coordinate lines in the s plane and their traces in the
w plane are also shown.

The distortion of the s plane in going to the w plane can be visualized
by thinking of the two sides of the branch cut being pulled apart in the
direction of the arrows, while the branch points move together. Further
interpretation of the mapping of this function is obtained by considering

Range for
sheet 2
Cl
Range for
3 2\C sheet 1
4
5
o\l
¢
Range for
sheet 3
w-plane

Sheet 3

F16. 6-3. Riemann-surface interpretation of the function w = s%,

what happens in going from one sheet to the other at the branch cut.
For example, when going from A to A’ in the s plane the corresponding
w point goes along the line with similar labels in the w plane. At A’ the
branch cut is encountered in the s plane, and a continuation of this line
must be BB in the other sheet. The corresponding line is also shown in
the w plane. Thus, in going along a vertical line in the s plane which
““crosses” a branch cut (not actually crossing, but transferring to the
other plane) we find that we go to the w-plane branch point at w = j and
transfer there to the other surface in the w plane. This is consistent
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with the interpretation of w = +4j and —j as branch points in the
w plane. Lines CC’ and D’'D show what happens in a more general case.
6-3. The Logarithmic Function. The function

w = log s (6-6)

was introduced in Sec. 4-9. An introductory discussion of the reason
for defining the Riemann surface, and a perspective portrayal of the
Riemann surface for the logarithmic function, is given in Fig. 4-15.

A
! C |
1
! |
! T
; et
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T | Sheet1 0N Sheet 1
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s-plane surfaces w-plane surfaces
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~
1
1
&)
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.: Sheet 2 / .  Sheet2
I

F1a. 6-4. Riemann surfaces in the w and s planes for the function w? = s — 1.

Also, the function w = e is treated graphically in Chap. 3; and if we
write s = ¢” instead, we have w = log s as its inverse. Thus, Fig. 3-13
describes the logarithmic function if the s and w labels are interchanged.
The graphical interpretation of Eq. (6-6) is shown in Fig. 6-5, which may
profitably be compared with Figs. 3-13 and 3-14.

It is to be emphasized that there are an infinity of sheets in this Riemann
surface. Each sheet maps onto an infinite strip of the w plane. If the
branch cut is along the negative real axis, the w-plane strips have edges at
odd multiples of x, as shown.
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A path encireling the origin in the Riemann surface of the s plane
produces a vertical line in the w plane. Thus, for a finite number of
encirclements the path in the w plane does not close. But by admitting
the point at infinity in the w plane this vertical line may be said to close
at infinity, after an infinite number of encirclements. Thus, it is reason-
able to designate the s-plane points at zero and infinity as branch points

of infinite order.
//%% % e of

-------- | e
G \\\\\ -

/ Range of

w-plane
F1a. 6-5. Riemann-surface interpretation of the function w = log s.

6-4. Differentiability of Multivalued Functions. We recall that if a
function is to have a derivative it is necessary that the limit

i 15 — S(s0)

230 8 — 8o

shall exist. In general, this limit cannot exist if f(s) is not a single-
valued function of s, because the choice of f(s) would not be unique.
However, let so be defined to be in one sheet of a Riemann surface, like
s; in Fig. 6-2, and let s be in its neighborhood in that sheet. Under these
conditions, f(s) — f(so) is a unique function of s, and the limit of the
differential quotient can exist. When it does exist, it is called the
derivative of the function. Now suppose that sy coincides with a branch
point. As previously shown, at a branch point it is impossible to define
a neighborhood in which the function is single-valued. Therefore, the
differential quotient has no unique value, and no limit can be taken. On
the basis of the above arguments it is concluded that no derivative can
exist at a branch point. Thus, in addition to poles and essential singu-
larities we have a third class of singularities, the branch points.

In considering the question of differentiability at a branch point it is
necessary to mention that a certain point may be a branch point with
respect to several sheets of the Riemann surface but may be a regular
point in other sheets. You will find an example of this phenomenon in
Sec. 6-8.
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As we discuss the general case, let an n-valued function have a branch
point of order m at s,. From the known properties of a branch point we
can say that s, must lie in m + 1 sheets. However, it is possible, as in
Fig. 6-6, for n to be greater than m + 1, in which case there will be
n — m — 1 other sheets in which the corresponding point is not a branch
point. The function may have a derivative at these other points. Thus,
we need to include the above qualification when stating that a function
has no derivative at a branch point. The statement is true without
qualification only if the order of the branch point is exactly one less than
the multiplicity of the function.

It is important to observe, referring to Fig. 6-6, for example, that there
must be two or more branch points in sheet 3, because that sheet must
share a branch cut with at least one other sheet.

Not a
gBranch point Branch point gbranch paint
=3, j Jso %o
Sheet 1 Sheet 2 Sheet 3

F1G. 6-6. Example of a first-order branch point for a three-valued function. No
derivative can exist at so in sheets 1 and 2, but it can exist at  in sheet 3.

Two important conclusions are derived from the above discussion, one
being that at points other than branch points the derivative of a multi-
valued function might possibly be multivalued, and the other that there
can be no derivative at a branch point.

Although we keep in mind the definition of the derivative as a limit
process in the various sheets, we can use already existing knowledge of
the derivative to obtain the derivative in the various sheets. All cases
of interest can be written in the implicit form

g(s) = h(w) (6-7)

where g(s) and h(w) are analytic functions of s and w, respectively. At
corresponding points s and w satisfying Eq. '(6-7), and where the deriva-
tives ¢’(s) and A'(w) exist, it follows from the theory of derivatives that

gs) = W) 32
giving ‘;—z-: = }%((1% (6-8)

The function
s =w?
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is an example of Eq. (6-7), and from it we get the derivative of w = 8% by
using Eq. (6-8), as follows:

dw _ 1 _ 1
ds 2w 2%
d(s¥) 1

or Tds 23"

This result is in agreement with the usual rules for differentiation. Note
that the derivative is multivalued. Let ¢ bein therange —x < ¢ < wso
that in sheets 1 and 2 s is designated, respectively, by pe? and pei+2%),
Then the derivative is, respectively,

1
2 \/; eibl?
1 1
and =

20 d@D 2 1/p el
in these two sheets. In these formulas \/p is always interpreted as
positive.
Another example is

from which we get
d(logs) 1 1

ds ev 8

The general point s is given by

8 pei (¢+2n7)

where n is an integer depending on the sheet in question. In a philosophi-
cal sense the derivative

eiHn) — 1
P

W | —
© j-

is different in each sheet. However, the above formula shows that the
same numerical value is obtained. All values “ differ”” only by an integral
multiple of 27 in the angle.

Finally, let us consider the derivative dw/ds for the multivalued func-
tion defined implicitly by Eq. (6-5). We get

dw

dw _ s
ds w

8
(s — )*(s + 1)*%

which is double-valued. In each of these cases we observe that the for-
mula indicates nonexistence of the derivative at a branch point.
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6-6. Integration around a Branch Point. As a further illustration of
the usefulness of a Riemann surface, consider the integrals

/c s¥vds and / 8% ds

where C is a counterclockwise closed curve encircling the origin once

Both curves —
together form C

F16. 6-7. Separation of paths of integration in the sheets of a Riemann surface.

and C’ encircles the origin twice. For simplicity, take each curve as a
circle of radius p, as shown in Fig. 6-7. For the first case, taking s = pe’®,

/c ¥ ds = /_" V/p €41 (jpeit) dob
g vemn] = —jtg Vi
For the second case,

/C’ s% ds = ;,é ‘\/;)-8 ei3e/2 Ia: = 0

Two tentative conclusions are reached from this example. First, the

integral once around a branch point is dependent on the radius of the

path, This was not the case for integration

around poles or essential singularities, where

Cy  path dimensions are unimportant. The second

point of interest is that in going around a second

. time the integral is the negative of the first,

giving a total of zero. With other types of

singularities, the same value is obtained for each

of any number of encirclements. Of course,

the difference arises because the two sheets of

Fio. 6-8. Effect of radius of  {}, Riemann surface are not equivalent; and

integration path. - N . .

this is precisely the point being stressed.

As a final comparison of a branch point with a pole (or essential
singularity) let us investigate how it is that one integral is independent
of the path radius and the other is not. Refer to Fig. 6-8, which shows
two closed curves C; and C; (closed except for the small gap) enclosing
an isolated singular point in a region where the function is otherwise
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regular. There possibly is a branch cut between C;and C,. The Cauchy
integral theorem gives

[ot@ds— [ s ds+ [ s ds+ [ f)ds =0  (6-9)

Furthermore, if f(s) is single-valued, we can let C; and C, approach each
other and, in the limit,

Jo S ds = — [ f(s) ds (6-10)
Then Eq. (6-9) becomes
[0 56 ds = [, f(s) ds (6-11)

showing the integral to be independent of radius of the path. However
if the paths enclose a branch point, there must be a_branch cut, which we
shall put between the paths Cs and C..

Now C; and C, are on opposite sides of _G -~ Branch cut
the branch cut, and therefore they —

cannot be brought together. Thus, Fro. 6.9. Inteer :tion aths on two
although Eq. (6-9) is still true for the sides of & bra.ngch eut. P
multivalued function, Eq. (6-10) is not

necessarily true, and consequently Eq. (6-11) is also not true, in general.
It is suggested that you perform the integrations along all these paths for
w = 8% to confirm these statements.

One of the essential ideas to be gained from this discussion is the fact
that integrations in opposite directions along opposite sides of a branch
cut do not cancel. Thus, if there are two arcs such as C, and C; in Fig,
6-9, in the general case we must expect that

/C‘ f(s) ds + [C’ f(s) ds %= 0

in contrast to the situation if there were no branch cut between the two
paths. Here we are assuming that the integration paths are actually on
the edges of the branch cut, and, in fact, one of them must be in a dif-
ferent sheet of the Riemann surface, since each sheet has only one edge at
the branch cut. That is, the two arcs form the same line when the two

sheets are superimposed.
As another example of integration around a branch point, consider the

integral
__ds
c(s® — %

where C is the path shown in Fig. 6-10. The sheet shown in this figure
will be regarded as sheet 1 of Fig. 6-4. Pertinent parts of Fig. 6-4 are
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redrawn in Fig. 6-10. The integrand is multivalued, being the reciprocal
of w as given by Eq. (6-5). Branch points and the branch cut are shown
in Fig. 6-10. No singularities will be passed over if the path is distorted
to ¢’, and so the integral around €’ will be the same as around C. C’ con-
sists of two segments of opposite edges of the branch cut and circles of
radius p around each branch point. Let C; be the circle around point

ilite,

s-plane w-plane
Fia. 6-10. Integration around branch points of the function w = (s* — 1) .

8 = 1, and introduce the notation s — 1 = pe™*, ds = jpe™* d¢. Since C,
is in sheet 1 of Fig. 6-4, it follows that —x < ¢ < v, and

- psin ¢

(82 — 1)% = v/pe*2 /(2 + p cos ¢)% + p? 8in® ¢ej% e e 8

The condition p < 1 ensures that (s? — 1)* will have a positive real part.
The absolute value of the above expression is greater than v/p(2 — p),
and so if the small gaps in the circles are negligible, the following upper
bound is obtained:

ds 2r Vo

<
a (=D " v2 -

In an exactly similar way it can be shown that

ds 2r \Vp

W@ - D% 5=,

These estimates will suffice for the integrals around C, and C..
Now consider paths C; and C4, on which we shall write s = r, where r
varies from 1 — pto —1 4+ p. On C; we then have

(¢ ~1)% = j /TP

since Cj; is in sheet 1. On C,, which moves into sheet 2 upon being
brought into coincidence with C;, we have

(@ - = —jT=7
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It follows that*

—14p
/c.+c (s* "1)” / Vl—f’ /1+p l—f’
=i 1=p dr
-7 [—1+p\/1 -
= j2[sin~! (1 — p) — sin~! (—1 + p)]

Finally, we conclude from the equivalence of paths C and C’ (= C, +
C:+ C; + C,) that

l/(sz_ — j2[sin~t (1 — p) — sin~! (—1 + p)]
4r /p

ds
4/;':+C: (82 - 1)” A4 2 — P

Now let p approach zero. The right-hand side approaches zero, and

therefore
ds .
/;(82 D% j2m

If C had been in sheet 2, the sign would have been negative. Note that,
although the integrand becomes infinite at the branch points, these are not,
poles. We see that the integral around these branch points approaches
zero as the radius approaches zero. This would not be true for integra-
tion around a pole.

As another example of integration around a branch point, consider

fc log s ds

where C is a small counterclockwise circular path around the origin. We
again designate a point on this circle by

8 = pei* log s = log p + jo
giving [c log sds = jplog p ﬁf' et de — p /;2' o’ do

For finite p the first integral on the right is zero, and the second one is not
zero, showing that again in this case an integral around a circular path
centered at a branch point depends on the radius and that the integral
approaches zero as the radius approaches zero.

Sometimes integration is wanted over a portion of a small circle around
a branch point, particularly a semicircle. Consider each of the integrals

fcs"ds [cs"logsds

* In evaluating this integral by substituting limits we must use the same branch of
gin~! r for each limit.

<
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where C is a circular are, as shown in Fig. 6-11a, and where 7 is a real
number (not necessarily an integer) in the range —1 < n. With the
same notation as before, it is evident that

/c g ds = jor+! ﬁ)"’ i HD8 g (6-12a)

/c s log sds = jp**+! log p L P it e g — pnl /o‘" Pei DS g
(6-12b)

Since —1 < n, the factor p**! in Eq. (6-12a) approaches zero as p
approaches zero. The first integral

e C C .
¢1)*/P/)\ mx on the right of Eq. (6-12b) is not

Pl - .
7} T A necessarily zero. However, the
@ ® factor o* log p approaches zero as p

F1a. 6-11. Integration contours consist- approacheszero whenk > 0. This
ing of circular arcs. can be established by applying the
Lhopital rule. Thus, in each case the following is true,

lim s"ds =0 (6-13a)
p—0JC

li nlog sds = 0 —l<n

lim [ & log s ds = (6-13b)

for any circular arc of radius p centered at the branch point at s = 0.
For Eq. (6-13a) the origin is a branch point only if n is not an integer.
We note that these branch points do not need to be at the origin. The
same conclusion is reached if s is replaced by s — so, where s, is a branch
point.

Now suppose that F(s) is an analytic function which is regular at so,
and let » be restricted to the range —1 < n < 0. Each of the functions

f(8) = (s — s0)"F(s) and f(s) = log (s — so)F(s) (6-14)

will have a branch point at s, and an integral, over any ecircular arc
centered at so, which approaches zero as the radius approaches zero.
This can be seen by expanding F(s) in a Taylor series about s, integrating
term by term, and then applying the above result to each term.

By allowing F(s} in Egs. (6-14) to be singular at so, we note that a
branch point can also be a pole or an essential singularity. The functions

= (%) (log s)eV

are two examples. If F(s) should be singular at s, it would expand in a
Laurent series with one or more negative-power terms. Then the condi-
tion —1 < n stipulated in Egs. (6-13) will not necessarily be satisfied for
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every term, and we cannot conclude that the integral over the path
stipulated will approach zero.

If a function can be written in either of the forms in Eq. (6-14), and
if 8o is a regular point of F(s), then the branch point s is also called
an algebraic singularity or a logarithmic singularily in the two cases,
respectively.

A particularly interesting result is obtained if s, i8 an algebraic or
logarithmie singularity and the arc is part of a more extensive contour.
Since the integral approaches zero as the radius of the arc approaches
zero, this means that we can integrate “through” such a singular point
without need to consider the circular arc at all. For example, referring
to Fig. 6-11b, suppose that s, is at the origin, and let C, be the complete
contour. In view of the above results it follows that

lim [, 76 ds = — lim [ [ "Ff(e) do + [* 1(0) de]

In this chapter we are not in a position to give practical examples lead-
ing to integrations of this type. However, such integrals do arise in the
solution of partial differential equations by the Laplace transform method
and also in some of the theorems presented in Chap. 7.

6-6. Position of Branch Cut. In the examples so far given the branch
cuts were taken as straight lines between branch points. However, a
branch cut can be any simple arc connecting two branch points; branch
points are unique, but branch cuts are not. It is always best to choose
the simplest branch cuts possible, as we have done in the examples.

6-7. The Function w = s + (s*> — 1)%. A particularly interesting
multivalued function arises from the inverse of

1 1
8='2-( +1;)

w—2ws+1=0
or w=2s+ (s~ )% (6-15)

This expression indicates that there are branch points at s = +1 and
—1, since there the function is single-valued. There is no branch point
at infinity because w goes either to zero or to infinity as s approaches
infinity.

It is suggested that you now look at Figs. 3-11 and 3-12. Taking into
account the interchange of symbols w and s, it is seen that the branch
points and branch cut joining them (between —1 and +1 on the real
axis) were anticipated in those figures. The important features are
redrawn in the present notation in Fig, 6-12a, where the branch cut goes
from 8 = —1 to 8 = +1 by the most direct route. Another viewpoint

which reduces to
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is shown in Fig. 6-12b, where the branch cut goes via the point at infinity.
Although this particular branch cut goes to infinity, it does not terminate
there; it comes back on the other side, confirming that the point at infinity
is not a branch point.

—foo == = Sheet 1 ::T.-:———(iz—.
{

(@) )
Fra. 6-12. Two positions of branch cuts for the function of Eq. (6-15).

6-8. Locating Branch Points. By now presumably you appreciate
that branch points are important in the appraisal and analysis of multi-
valued functions. So far we have considered relatively simple functions,
for which the branch points are easily located.

In Sec. 6-7 we used the characteristic that the function has fewer values
at a branch point than at other points. In that case, the function was
single-valued at the branch point. However, the function

w = [s+ (s2 — 1)M]*

is four-valued, in general, and double-valued at s? = 1. Thus, the points
8 = +1 are branch points at which this particular function is not single-
valued.

In many cases an explicit expression is not available from which branch
points can be recognized in the above manner. For example, it is often
known only that a multivalued function

w = g(s)
is the inverse of a single-valued function
s = f(w)

When this is the case, it is possible to find branch points of g(s) from the
properties of f(w).

Let wo be a regular point of f(w) at which the first n derivatives are zero.
Such a point in the w plane is called a saddle point of order n.* Since w,is
a regular point, a Taylor-series expansion is possible,

8 = () = 6o + Gars( — W)™ + Gups(w — W™ + - - - (6-16)

* For a discussion of saddle points see E. A. Guillemin, “The Mathematics of
Circuit Analysis,”” pp. 298-302, John Wiley & Sons, Inc., New York, 1949.
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When w is near wo, this can be reduced to the approximate equality

s — Qo = aanar(w — wo)™!
or W — Wo = (Any1) VOF(s — go) /@ +D
This relationship indicates the presence of a branch point of the inverse
function at s = ao. The branch point is seen to be of order n, because
point s = a, must be encircled n + 1 times for point w, to be encircled
once, this being accurately true only
as w is a vanishing distance from w.

If at least the first derivative of Sheetl =======
f(w) is zero at a point w,, we con- “> )
clude that this is sufficient for point Branch point Regular point
ag = f(we) in the s plane to be a 2
branch point of the inverse function “'eet2 T----- RS
g(s). Since this condition is merely

. . . Regul int Branch point
sufficient, it will not necessarily find cettar pom eren pomn
all the branch points of g(s). Sheet 3 —

It has been observed that the order l
s-plane

(n) of a branch point may be smaller

than one less than the number of Fie. 6-13. Pos51bl_e arrangement of
. . branch cuts for the inverse of 3 = w? —

sheets in the Riemann surface. In g3, +1

that case, point s = ao will be a

regular point in some sheets. As a pertinent case, take
s=w—3w+1

£=3w’—3=0 when w = +1
dw
d?s
and 5 = +6 when w = +1
dw
Thus, since the second derivative is not zero, it is seen that s = —1 and

3 = 3 are first-order branch points, each at the end of a branch cut
between two sheets only. However, since this is a cubie equation, the
inverse is triple-valued and there must be three sheets in the s plane.
These three sheets, and one appropriate set of branch cuts, are shown in
Fig. 6-13. Points s = 3 and s = —1 are regular points, respectively, in
sheets 1 and 3. This is a specific numerical example of the principle
originally illustrated in Fig. 6-6.

To find another sufficient condition for a braneh point, suppose that
f(w) has a pole of order n + 1 at we. The Laurent series about w, is

8 = f(w) = bapr(w — o)~V + bu(w — w) ™ + - - - (6-17)
When w is near we, this can be reduced to the approximate equality

8 = bapi(w — we)~ Y
or W = Wy = (b ) D ()M (6-18)
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Equation (6-18) implies a branch point of order » at the point infinity in
the s plane. No branch point occurs if the pole is simple. This gives
another sufficient condition for a function g(s) to have a branch point,
namely, if f(w) has a pole of order greater than 1. The order of the
branch point is one less than the order of the pole.

This condition can be extended to include poles of f(w) at infinity, but
Eq. (6-18) does not handle that case. When f(w) has a pole of order
n + 1 at infinity, for large |w| the approximation

s = f(w) = Ayuntt
can be used. A is a constant. Solving for w gives

w = (A)—ll(n+l)(s)1/(ﬂ+l) (6_19)

which implies a branch point of order n at the point infinity in the s plane.
When n = 0 [a first-order pole of f(w) at infinity], there is no branch point
of its inverse at infinity.

Finally, when f(w) has an essential singularity at some point w,, we
should expect its inverse to have an infinite-order branch point, because
then the Laurent series about a finite point has an infinite number of
negative-power terms like Eq. (6-17). If there is an essential singularity
at infinity, the Taylor series has an infinite number of positive-power
terms in w and this also indicates the presence of an infinite-order branch
point. Although it is true that the inverse function will have branch
points related to essential singularities of f(w), the function f(w) is of no
aid in finding the branch points, because f(w) approaches no unique point
on the Riemann sphere at an essential singularity. (A function is not
infinite at an essential singularity, except when approached from a
certain direction.) The function s = ¢ is a pertinent case. Its inverse,
log s, has infinite-order branch points at zero and infinity, but these
values are not derivable from the essential singularity of ¢*, which is at
the point infinity in the w plane.

According to these briefly outlined ideas, we can find branch points of
a function g(s) in many cases by looking at the function f(w) of which g(s)
is the inverse. However, this will not find all the branch points, if f(w)
has an essential singularity; but it does suffice in many cases. The pro-
cedure is particularly useful for the important case where f(w) is a rational
function.

6-9. Expansion of Multivalued Functions in Series. An expansion of
¢(s) in a Taylor series about a point sg is possible if sy is in one sheet of the
Riemann surface. Of course, g{(s) must be regular at so and the expan-
sion, which is single-valued, will represent the function only in the sheet
in which s, is located. Branch points are singular, and so radii of con-
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vergence will be limited by branch points in the same way as by other
singularities.
As an example, we shall expand
g(s) = ¥ (6-20)

about the point s = 1 (for sheet 1) and s = €7 (for sheet 2). The
derivatives are
g'(s) = Jgs7%
g'(s) = —lgs%
¢"/(s) = 34 (¢-21)

giving the following values for the two sheets:

Sheet 1 | Sheet 2

8o 1 ei2r
g(so) 1 -1

g’ (30) 3 -3
g"'(s0) -4 M
g’ (s0) 3 -3

The following two series are obtained:
gls) =14 34(s — 1) — 26(s — 1)* + He(s — 1)°
+ - - about g = 1 (6-22a)
g(s) = —1 — M(s — 1) + 34(s — 1)* — J{e(s — 1)*
R about s§ = e** (6-22b)
The radius of convergence is 1, because of the branch point at s = 0.
The function
g(s) = log s (6-23)
provides another example. Points on all the infinite number of sheets
corresponding to point 8 = 1 on sheet 1 can be written ¢**, where n is a
positive or negative integer. The derivatives are
g(s) = s
¢"(s) = —s~*
g (s) = 253

and at s, = &2

g(s0) = 2mn
g(s0) = e =1
¢"(s0) = —eirm = —1

glll(so) = Q20 = 9
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and the series for the various sheets are represented by the one formula
gis) =72mm + (s — 1) — (s — 12+ 4G — 1)+ - - - (6-24)

As we should expect, on the various sheets the function differs only in the
imaginary part. The radius of convergence is 1, as determined by the
branch point at 8 = 0, and as can also be seen by looking at the coeflicients.
These two examples show how the Riemann-surface concept serves to
clarify the writing of series for multivalued functions. Without the

Riemann surface a Taylor series would be impossible.
6-10. Application to Root Locus. The theory of multivalued inverse
functions is of practical value in predicting stability as a function of gain
in a single-loop feedback system.

EA(s) In the system portrayed in Fig, 6-14
E, E; the output/input function is
E kA(s
) PO = 5 = T pawEw ¢
Fia. 6-14. A single-loop feedback sys- where kA(s) is the transmission

tem.
function of the amplifier and H(s) is

the transmission function of the feedback path. The real number & is
introduced to represent a gain adjustment.
The roots of the equation

1 — kA(s)H(s) = 0 (6-26)

are the characteristic values which determine the form of the natural
response. Roots having positive real parts indicate instability. We are
interested in determining the locus of roots of Eq. (6-26) as k varies.
This is one type of problem in the category of root-locus problems wherein
loci of roots are plotted as functions of some variable parameter.

Now define the functional relationship

w = A(s)H(s) (6-27)
and consider the multivalued inverse function
s = f(w) (6-28)

In general A(s)H(s) is a ratio of polynomials. Roots of Eq. (6-26) are all
those values of s determined from Eq. (6-28) when w = 1/k. Ask varies,
w ranges over the real axis in the w plane. Therefore, we shall learn
much about the roots by finding the lines in the s plane which transform
into the real axis of the w plane. These lines are the root loci. Knowl-
edge of properties of multivalued functions, and particularly an under-
standing of behavior near branch points, helps materially in finding the
root loci.
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Branch points of f(w) on the real axis and at infinity are significant.
From previous discussions we know that the portion of the real axis in
the neighborhood of a branch point w, on the real axis transforms into a
system of radial “spokes,”” as shown in Fig. 6-15, for the case where the
corresponding point so is finite. The number of spokes is 2(n + 1),
where n is the order of the branch point. Alternate spokes correspond
to portions of the real axis to the right and left of wo if w, is finite, and to
portions of the real axis extending to + o and — o if w, is at infinity.
Thus, at any finite point 8o corresponding to a branch point w, the root-
loci curves will intersect in the manner of Fig. 6-15.

7’

s-plane

®
Fia. 6-15. Mapping of the real axis in the neighborhood of a real branch point in the
s plane. (@) Second-order branch point; (b) third-order branch points.

Now suppose that A(s)H(s) has a pole of order = at infinite s. Then
infinity in the w plane is a branch point of order » — 1. Consider a
Laurent expansion of A(s)H(s) about the origin, in the region outside all
singularities,

w= -+ B g tast - - 4o +ast (6-29)

Behavior at infinity can be roughly estimated by keeping only the last

term,
W = Q8" (6-30)

and taking w = re*, where v is any integer, which ensures that w will be
real. Corresponding values of s are

1\ ,
8= (Z) rlingorin (6-31)
This shows that loci approach infinity along the equally spaced radial lines
specified by Eq. (6-31) for successive values of ». Alternate lines corre-
spond to positive and negative parts of the real axis, corresponding,
respectively, to even and odd values of ». This analysis does not locate
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the center of this star of radiating lines. To get this, look at the two-term
approximation

An_15™1 4 a,8” (6-32)
pe’ + B

which, for constant ¢ and variable p, represents a line radiating from
point s = B. Substituting in Eq. (6-32) gives
reir = a,(p"e™* + nBprlgfnDé 4 - . ) 4 g, (p"lei DS 4 . - 0

= @™ + (nanB + an1)p" eV £ - - - (6-33)

With increasing p we see that the angle of the right-hand side approaches
an integral multiple of = most rapidly if the second term is zero. Thus,
the asymptotes are given by

B + l Hn rlingioxin
Gn

where B=— :—t;—;l (6-34)

w
and try 8

8

The point s = = can correspond to a branch point in the finite w plane,
say wo. In such a case the above analysis can be applied to the function
1/(w — wy) in order to locate the asymptotes of the root loci. The above
treatment applies only if w, is real.

These ideas may be reinforced by considering some examples. First
consider

s(s+ 2
w = AWHE = 2
By inspection it is seen that there are a third-order pole at s = —1 and

therefore a second-order branch point at w = .
Other branch points are obtained by setting the derivative equal to

Zero,
dw _ (s + 1(s+ 1)(2s +2) — 3(s* + 25)] _ 0
ds s + 1)
giving s2+2s—-2=0
s=—14++/3, —1—-4/3

Corresponding values of w, the branch points, are, respectively,

w = 0.385, —0.385

A test will show that these are first-order branch points.

The Riemann surface in the w plane has three sheets, and therefore we
expect to find three lines in the s plane, corresponding to the real axis in
each of the three sheets. It is perhaps preferable to think about the posi-
tive and negative parts of the real axis separately. We start at the origin
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in the w plane and move along the positive real axis, assuming simultane-
ous motion in all three sheets. Corresponding points will move from
zeros of A(s)H(s) in the s plane (the pointss = «, —2 and 0). Arrows
in Fig. 6-16 indicate this progress of s-plane points as they trace out the
locus, while w moves toward infinity along the positive real axis. Note
the behavior at the branch point, showing a right-angle turn in each of the
s-plane loci. Without precisely defining the correspondence of s-plane
points with points in the three surfaces, it is impossible to specify which
locus turns upward at s = 0.732. The one coming from 8 = «» was
chosen arbitrarily. A similar analysis applies for the negative real axis,
yielding the loci shown dashed.

The system would be unstable for all values of w = 1/k corresponding
to loci points in the right-half s plane. Suppose that k starts at 4 « and
moves toward zero. Then w moves in the direction described above,

Branch points

w=2ero
ats=oco

s-plane

F16. 6-16. Root loci for s(s 4 2)/(s + 1)3.

branches at point s = 0.732, and at some value of w = w; (where
8 = jwy, —jwi) crosses over into the left half plane. The corresponding
value k, = 1/w, is the upper limit of gain for stable operation.

In this case k,; can be found rather easily, although a similar computa-
tion will often involve the solution of a high-degree equation. At point
s = jw; we know that w is a real number 1/k. From the original equation
k and o are obtained as solutions of

1 _ jo(@ + jo)
ko (14 jw)?
which gives the two equations
kot = —(1 — 3w?)
2kw = (Bw — w?)
when real and imaginary parts are equated. Eliminating k yields the
equation
7 W4+ 3w —=2=0
having the positive solution
w? = 0.561
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The negative solution is of no value because w must be real. Thus, we
have found w; = 4/0.561 = 0.749. The corresponding value of k is

With the aid of the root-locus diagram we see that the system is stable if
k<122

As you appraise this development, you may wonder why this solution for
limiting value of k& could not proceed without help of the root-locus dia-
gram. It is certainly true that the critical value of k is found by a purely
algebraic process. However, this algebraic process would merely give

Branch points

w-plane

Fi16. 6-17. Root loci for s(s — 2)/(s + 1)3.

s-plane

the value of k when s is purely imaginary. It would not tell in which
direction s is moving as k varies. In other words, the root locus tells us
which way to place the above inequality sign. It also provides assurance
that there will be no other critical value of k. The root-locus plot is a
kind of picture of the function which provides certain key information at
a glance. Cases which are complicated bring advantages of the root
locus into sharper focus.

Before going to a significantly more complicated case, consider what
changes ensue when the previous case is replaced by the nonminimum
phase function
s(s — 2)

(s + 1)

An analysis exactly paralleling the previous one shows that the inverse
function has branch points at w = —0.236 and +0.070, for which the
corresponding critical points in the s plane are, respectively, 0.355 and
5.65. Thelocus is shown in Fig. 6-17. In this case there are two values

w= A(s)H(s) =



MULTIVALUED FUNCTIONS 195

of k for which there is a transition across the jw axis. To find them, we
set

1 _ jo(=2 + ju)

k (1 + jw)?
and proceed as before to solve for k and w. With the stipulation that
each shall be real, we get

Wt — 902 +2=0

which has roots w? = 8.77 and 0.225. Both of these are positive, and so
we get
w; = 2.96 wy = 0.475

with corresponding values
ky = 2.89 ks = —1.39

Negative k of course represents a reversal of connections somewhere in
the system. Inspection of the direction of motion on the locus shows
that we move in the direction of stability with decreasing k at both k, and
ks (decreasing in an algebraic sense). Therefore, the system would be
stable in the range

~139 <k <289
As a final example, consider
- _ss+ 1
w= A(s)H(s) = s T2
There is a fourth-order branch point at infinite w, due to the multiple pole
at s = —2. There is also a second-order branch point at w = 0, due to

the multiple zero at infinite s. The other branch points are found as
before, by setting derivatives of A(s)H(s) equal to zero. By routine
algebra it is found that the first derivative is zero at s = +0.82, giving
corresponding branch points at w = 0.00837 and —0.0646. The second
derivative is not zero at either of the above values of s, and so it follows
that these are first-order branch points.

The branch point at w = 0 is of second order and causes the loci to
radiate toward infinity asymptotically along 60° radial lines, as shown in
Fig. 6-18. The point of intersection of these asymptotes is found from
Eq. (6-34) after suitable manipulation of the given function to castitina
suitable form for recognizing the coefficients a, and a,—,. Equation (6-29)
is written for a function having a pole at infinity, but in the present case
there is a zero at infinity. Accordingly, we look at the reciprocal, in
expanded form,

1 _ 88+ 10s* + 40s® + 80s? + 80s + 32
A(®H(s) 2+ s
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By division, the two highest-order terms are

8. + 98’ + .« ..
and so the intercept of the agymptotes is at

This information is enough to establish the general form for the loeci
shown in the figure. Two critical values of k are found by finding real

V4

%
/
4

Branch points
PN
-0.06 -0.04'-0.02 0.02

w-plane

F1a. 6-18. Root loci for s(s + 1)/(s + 2)8.

values of k and  which are solutions of

1 _ jo(l + ju)
k@ e

Routine algebra yields the following pair of equations,

wt — 40w+ (80 — k) =0

R TR B

which combine to give
Wt —30wt+32=0
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having approximate roots w? = 1.05, 29.7, —1.02. Positive values give
intercepts on the w axis as follows:

wi =105 =1.026 w =+/297 =545
The corresponding values of & are, respectively,
ki, =29 k, = —225
and the system is found to be stable in the range
—225 <k <39

In each of these examples, along with the limiting values of gain, we
also obtained corresponding values of w. These values of w are the
imaginary parts of the characteristic values of the system and, in the
light of information given in Chap. 1, give the frequency at which the sys-
tem would oscillate as it goes into the region of instability. Thus, if &k
moves farther than —225 in the negative direction, the system will begin
to oscillate at an angular frequency of 1.025. Moving in the other direc-
tion at k = 39 would give oscillations at an angular frequency of 5.45.

Root locus is one of those areas in which complex-variable theory makes
a great contribution. Central in this contribution are the properties of
branch points and the concept of conformal mapping. From the theory
of mapping we know that the locus curves can cross only at zeros, poles,
or branch points. In fact, since zero and infinity in the w plane are on
the real axis, the locus curves are conveniently regarded as curves going
from zeros to poles (two curves from each zero to each pole, corresponding
to positive and negative parts of the real w axis) and passing through and
branching at s-plane traces of the real branch points. Branching takes
place at equal angles, in the manner already indicated. The knowledge
that loci can cross only at branch points, zeros, or poles is very helpful in
estimating the curves qualitatively from a very small amount of data.
In these examples we have deduced the essential characteristics of the
curves from the computation of singular points and the critical points
where they cross the jo axis. These are relatively simple calculations,
and so by using this viewpoint a relatively large amount of qualitative
information is obtained economically.

PROBLEMS

6-1. Referring to Fig. 6-4, how do rectangular coordinates in the w plane transform
to the s plane?
6-2. For the function

wi=3—-1
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show traces in the s plane of small circles around the branch points at +j in the w
plane.
6-3. Consider the function

s=w+w

and write w as an explicit function of s. Then sketch w-plane loci corresponding to

the circles |s| = 3¢, 14, 4.
6-4. Prove by using the test for encirclements that the function given in Eq. (6-15)

has no branch point at infinity.
6-6. The Riemann surface for

w=sn"lg

has an infinity of sheets. Show three sheets, and indicate how they are joined at
appropriately chosen branch cuts. Sketch some curves in the w plane corresponding
to rectangular coordinates in two of the s-plane sheets.

6-6. Investigate the mapping properties of

w = e(l)”

6-7. Obtain three terms of the Taylor expansion of the inverse of s = w?* — 3w + 1,
expanded about 8 = 3 at the point in the sheet in which s = 3 is not a branch point.
6-8. Considering w = f(s) to be the inverse of 8 = w® — 3w + 1, obtain three
terms of each of three Taylor series for f(s), expanded about point 8 = 0. In each
case specify the radius of convergence. Roots of this equation are w = —1.8794,

+0.3473, +1.5321.
/C s¥i ds

6-9. Obtain the integral
by converting to a real integral, where C is a counterclockwise circle of radius unity,
centered at the origin. Do this for the following cases:
(a) C begins and ends at point 8 = —1, starting in the sheet for which (—1)% = j.
() C begins and ends at point s = 1, starting in the sheet for which (1)¥% =1,
(c) Repeat part b, but using the sheet for which (1)% = —1.
6-10. Consider the function

et
& = G¥ G +Omr
and let C, and C: be circles, of radius 0.5 centered at the origin, in the sheets which
correspond, respectively, to (1)} =1 and (1)} = —1. Let C; and C, be similar
circles of radius 2, in the same respective sheets as C; and C:. (C; and C, cannot be
completely closed, because each encounters a branch cut.) Assuming counterclock-
wise integration, find:

@ [, 10 ds ® [, 10 ds
@ [, 10 d @ [, s ds

6-11. Find the integral
[ooas
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where g(s) is the inverse of 8 = w? — 3w + 1, and where C is a counterclockwise
circle centered at the branch point at s = 3 and of radius 2. Integration starts and
ends at point 8 = 1. (HinT: Convert to a real integral, and, by looking at the graphi-
cal interpretation of an integral as an area, convert to an integral which can be
evaluated.)

8-12. The function

8 = f(w) = 3w* + 4w? — 6w?* — 12w + 9
has zeros at w = 0.6767, 1.0961, —1.5530 + j1.2775. The inverse

w = g(s)
is multivalued.

(a) Locate the branch points of g(s).

(b) In the w plane sketch the loci corresponding to the positive and negative real
and imaginary axes of the s plane. Along with this, clearly indicate the saddle
points (traces of the branch points) and the zeros of f(w). Also, show the pertinent
asymptotes.

(¢) Consider three circles of radii 0.5, 1.0, and 1.2 centered at the origin in the w
plane. Sketch their traces in the s plane.

6-18. For the multivalued function

10 = =

(a) Obtain the Laurent expansion about point 8 = 1, in thesheet for which (1)% = 1.
(b) Obtain the Taylor expansion about point s = 1, inthe sheet for which (1)}% = —1.
6-14. For the multivalued function

1

7(s) ='logs—l

(a) Obtain the Laurent expansion about point s = ¢, in the sheet for whichloge = 1.

(b) Obtain the Taylor expansion about point 8 = e, in the sheet for which log ¢ =
1 + 2r.

6-15. For the two functions

(a) fa(s) = sin 8% (B) fs(s) = cos s¥%

obtain Taylor-series expansions about 8 = x, and specify the radius of convergence
of each. Also, consider the possibility of expanding about 8 = 0 in each case. Are
these functions both of the same kind?

6-16. One formula for the nth-order Tchebysheff polynomial is

(—2)mn!
(2n)!

Ta(s) = R

By using the known series
(L4 8% =14 3s — Je* + Hes> + - - -
obtained from Eqs. (6-22), employ the Cauchy integral formulas to prove that

Ta(0) =1 n even
T.(0) =0 n odd
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6-17. Sketch the root locus for the following functions:

s(s + 1) s(s -1

s(s+1)
L ® & o

(s +2)¢

and determine the range of gain for stable operation as well as the natural frequencies
at the points of transition to instability.
6-18. Let the loop-gain function of a feedback system be

k
(8*+ 43 +5)2—4

(a) (c)

Sketch the root locus, and determine the range of k for stable operation.
6-19. The following nonminimum phase system function

_ s —15
T (8 +0.5)( + 1.5)

is used in a feedback loop. Determine the eritical points from which the root locus

can be estimated, and sketch the root locus. Determine the range of k for stability

and the natural frequency at the point of transition from stability to instability.
6-20. An open-loop unstable system is described by the function

A(s)H(s)

s+ 1.5

AGH®) = 056 — 15)

Determine the critical points from which the root locus can be estimated, and sketch
the locus. Determine the range of k for closed-loop stability and the natural fre-
quency at the point of transition from stability to instability.



CHAPTER 7

SOME USEFUL THEOREMS

7-1. Introduction, Much of the theory of linear system performance
deals with the properties of a certain limited class of functions of a com-
plex variable. In this chapter we shall state and prove a few of the
theorems which apply to the more important of these classes of functions.
These theorems therefore are grouped with that part of the book given
over to the basic theory. Of course, they are only a small part of the
many theorems which can be proved; but they are theorems of particular
interest because of their wide applicability.

7-2. Properties of Real Functions. A real function of a complex vari-
able s is defined as a function which is real when sis real. As illustrated
in Chap. 1, polynomials with real coefficients are important in the study
of linear systems. Such polynomials are real functions. Other examples
of real functions are ¢* and cos s.

Real functions have certain simple but important properties, which
will now be discussed. Our attention will be confined to functions which
are real, single-valued, and analytic, henceforth referred to as real analytic
functions. We begin with the following theorem:

Theorem 7-1. If f(s) is a real analytic function, then all its derivatives
are real analytic functions.

PrROOF. Let oo be a real point at which the derivative exists. The
differential quotient can be written in two ways, as follows:

lim oot 48) = flo)) _ (. floo + Ao) — f(o0)

As—0 As Ar—0 Ao

The limit on the left is df(s)/ds, and the limit on the right is df(s)/dos.
Thus,

df(s)
ds

= o)

vmes . (7-1)

o =09

But f(o) is real, and so its derivative with respect to the real variable ¢ is

also real. The process may be continued for all derivatives.
201
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The second theorem is as follows:

Theorem 7-2. If f(s) is single-valued, regular, and real over a segment
of the real axis, then at all regular points

| 1@ = @) (7-2)
and f(s) is a real analytic function.

PROOF. Since the function has points of regularity, by definition it is
analytic. If g9 is a real regular point interior to the defined interval of

f(8)=1s)

Fic. 7-1. Analytic continuation of a real function into symmetrical (mirror-image)
regions.

regularity, we can obtain an element of f(s) by expanding as a Taylor
series about oy,

1ils) = floo) + F'lo)(s — o) +LED (o — oyt - - - -

within circle Coin Fig. 7-1. The subscript on f,(s) implies an element of
f(s). By a proof similar to that of Theorem 7-1, each coefficient is real.
Therefore, for the general term

200 4 _ g - 2600 G
It follows that
f18) = 7i(s) (7-3)

which may also be written
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J® =76 sinCo

Now choose a complex point s; within this circle of convergence, and
expand in a new Taylor series about s;, to give a second element,

£28) = filo) + s — )+ s —syr k- )
Also expand about §, to give a third element,
fi(s) = fi(E) + A6 — 8) +E S (s —gpr 4 oo (75)

These will converge, respectively, inside circles C and C’. At the moment
we do not know whether B = R’. However, all derivatives of f(s) can
themselves be expanded in series which converge inside Co. The coeffi-
cients in these series are real, and so Eq. (7-3) applies to each derivative,
giving

f1G) = i)

(&) = fT(s)

and so f:(3) =fls) sinC (7-6)

Therefore, whenever s is in the circle of convergence of f2(s), § will be in
the circle of convergence of f3(s), showing that R = R’. The two circles
of convergence are mirror images of one another, reflected in the real axis.

This process of analytic continuation is repeated indefinitely, to cover
the whole s plane. Always a pair of symmetrically located circles will be
obtained, showing that for the general case

® = f (7-7)

A point s = ¢, outside the original region where f(s) is specified as real,
is a special case of the general point in Eq. (7-7). But 1 = o3, and so
f(e1) = f(ey), and this is possible only if f(s1) is real.

There are three important corollaries to this last theorem:

Corollary 1. At all regular points of a real analytic function,

1) = Js)

Corollary 2. Complex zeros and singular points of a real analytic func-
tion occur in conjugate pairs.

Corollary 3. Corresponding coefficients in two Laurent expansions
about a pair of conjugate points of a real analytic function are complex
conjugates.
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The part of Corollary 2 relating to zeros follows directly from Eq. (7-2);
if 8, i8 a zero of f(s), then 8, must also be a zero of f(s). To prove the part
relating to singular points, observe that

@ =76 (7-8)

and suppose that s, is singular and that
% is not singular. From Eq. (7-8) we
would get

(&) = F(&)

The right-hand side would exist, while
the left-hand side would not, showing a
contradiction, which proves that 3 must
be singular if s, is singular.
Fic. 7-2. Integration contours for In order to prove Corollary 3, think of
evaluation of coefficients of Laurent  the formulas for the coefficients of the
;’;ﬁ;ﬁwm at a pair of conjugate 7., rent expansions about the pair of
) conjugate points s, and §., using the cir-
cular integration contours shown in Fig. 7-2. The coefficients of the nth
terms are, respectively,

1 1@ .
gl’j ¢ (z—-—s,)"“ dz for point 8.
A
! i) a7 for point 3,

§1r—j ¢ (# — g )nt1
Note the minus sign in the second case, which arises because (" is oriented
in the negative sense. In these two integrals, respectively, let

z2 =8 + re? dz = jre® do

2 =5+ re? d2’ = —jre’® do
and then the above two integrals become, respectively,

* f(sc + re’®) * f(& + re¥)
gy g end g ] @

The integrand of the second integral is the conjugate of the integrand of
the first, and both integrals are with respect to the real variable 6.
Therefore, the integrals are themselves conjugates, and we write the

equation
1 f(z) , 1 f(2)
T Jo @ =¥ = 2 /e &= g &

which shows that the coefficients bear a conjugate relationship.
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7-3. Gauss Mean-value Theorem (and Related Theorems). In this
section we shall prove the following theorem:

Theorem 7-3. Let f(s) be regular inside and on a cirele C with center at
8o = oo + jwo. Then, in the notation f(s) = u(o,w) + jv(o,w), if u, and
v, are, respectively, the averages (with respect to 8) of v and v on C, it is
true that
u(oo,w0) = Ug
v(ao,w0) = ¥,

PROOF. The conditions stated in the theorem permit us to write the
Cauchy integral formula for f(so),

_ 1 f(s)
f(so) = o7 Jos — s ds (7-9)
But C is a circle of radius r, and so we have s — 8y = re?? and ds = jre# dé,
giving

flso) = % ﬁ'f(so + ré) dé (7-10)

This is equivalent to the pair of expressions

i
u{oo,wo) = % ﬁ u(og + r cos 8, wo + r sin 6) do

2%
v(og,wo) = %r ﬁ v(oo + 7 cos 0, we -} 7 sin §) do

(7-11)

The above integrals are, respectively, the averages u, and v,, taken with
respect to 6.

Another useful theorem can be derived, as follows:

Theorem T-4. Let f(s) be regular in and on a circle C with center at
8o = oo + jwo. Also, let M, and m, be, respectively, the maximum and
minimum of %(s,w) on C (and similarly let M, and m, be the respective
maximum and minimum of » on C). Then

my < u{og,we) < M,

my —é_ U(D’o,wo) =< M' (7-12)

with the equality signs holding simultaneously in both equations (if at all)
if and only if f(s) is identically constant.

PROOF. The functions u(s,w) and v(s,w) on C are functions of the single
variable 8. The average of such a function must lie between its minimum
and maximum; thus the inequality signs are established. Furthermore,
the average is equal to the maximum (or minimum) if and only if the
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function is constant, and therefore the equality signs apply simultane-
ously on each side of each equation. We have yet to prove that the
equality signs apply simultaneously in both equations and that this is true
if and only if f(s) is identically constant. Now assume that u(s,w) is
constant on C, and let f(s) be written in a Taylor series, for s on C, as
follows:

£6) = flso) + oo + L pagme 4 1)
from which the real component on C is seen to be
u(o,w) = u(oo,wo) + |f'(s0)|r cos (6 4 ay) + Lfogﬂr’ cos (20 4 az) + - - -

where a;, a2, etc., are, respectively, the angles of f'(so), f’(s0), ete.
The above expression is constant if and only if each coefficient of the
6-dependent terms is zero. Thus, all derivatives must be zero at f(so),
and so f(s) is identically constant. A similar proof would apply for the
imaginary component. Thus, the theorem is proved.

A corresponding theorem can be proved for the function [f(s)], as
follows:

Theorem 7-5. If f(s) is regular in and on a circle C with center at s, and
if M and m are, respectively, the maximum and minimum of |f(s)| on C,
then

m = |f(s)] S M (7-14)
if f(s) has no zero inside C, and
[f(s)] = M (7-15)

if f(s) has a zero inside C, the equality signs holding simultaneously (if at
all) if and only if f(s) is identically constant.

PROOF, If M is the maximum of f(s) on C, from Eq. (7-10) we get

If(eo)] = 5 ﬁ " f(so + re®)| d6 < M

Furthermore, if f(so) has no zero inside C, a similar relation for the func-
tion 1/f(s) gives

1 1 [z 1 1

— < — e df S —

‘f(so) R ﬁ [f(so+re®)l ™ T m

Thus, if f(s) has no zero inside C, we have shown that

msfls) S M (7-16)
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If f(s) is identically constant, m = M and the equality signs apply on
both sides of Eq. (7-16). Now suppose f(s) is not identically constant.
Since there is no zero of f(s) inside C, we know that f(so) cannot be zero,
and one other term in Eq. (7-13) must be different from zero. This
equation then shows that |f(s)| cannot be constant on C, and therefore
that it must have an average on C lying between m and M. Thus, we
have

60l = o [ 1fGoo + roml s < 21

A similar development establishes that

m < |f(s0)]

if f(s) is not identically constant. We have pyoved that neither equality
sign applies in Eq. (7-14) if f(s) is not identically constant, and that both
equality signs hold if f(s) is identically constant.

If f(s) has a zero inside C, the Cauchy integral formula does not apply
to 1/f(s), and so we get Eq. (7-15) instead of Eq. (7-14). If f(s) is
identically constant (and therefore zero), the equality sign obviously
holds. Now assume that f(s) is not identically constant. If f(so) # O,
the previous argument yields the information that [f(s¢)] < M. How-
ever, it is now possible to have f(s) = 0, in which case Eq. (7-13) shows
that |f(s)| will be constant on C if all derivatives except the first are
zero at s,. Thus, for this particular case the earlier argument that
|7(s)| cannot be constant on C does not apply. However, since f(ss) = 0,
we must have [f(so)] < M unless
M = 0, in which case f(s) is identically
constant, contrary to the original as-
sumption. Thus, the equality sign
in Eq. (7-15) applies if and only if
f(s) is identically constant and equal
to zero.

7-4. Principle of the Maximum and
Minimum. Theorems 7-4 and 7-5

Fia. 7-3. A simple closed curve in the
N N . s plane lying in a region where f(s) is
give estimates of a function at the regular. ving & 4

center of a cirele, in terms of values on
the circle. 'We now extend these two theorems to regions having bounda-
ries which are noncircular simple closed curves, like Fig. 7-3.

Theorem 7-6. Let R be the region consisting of C and its interior, and
let f(s) be regular and not identically constant in . Then the maximum
values of |f(s)|, u(r,w), and v(c,w) in R occur on boundary C; and the
minimum values of u(s,0) and v(s,w) in R oceur on boundary C. If f(s)
has no zero in R, |f(s)| also attains its minimum in R on boundary C.
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PROOF. The proof is exactly the same for all three functions. Suppose
that we assume that there is an internal point s at which |f(so)| attains
the maximum of |f(s)| for sin B. By Theorem 7-5 there is a point s} on a
circle centered at so having the property

|f(so)l < [f(s0)]

But this contradicts the assumption that |f(so)| is the maximum in R, and
s0 no internal point can be a maximum of |f(s)|. If f(s) has no zeroin R,
we assume that |f(so)| is 2 minimum and are again led to a contradiction.
Similar results are obtained for the functions u(s,w) and v(s,w) by using
Theorem 7-4.

The principles of the maximum and minimum have very simple geo-
metric interpretations. Think of the contour C in the s plane and its
trace in the f(s) plane. Two cases are illustrated in Fig. 7-4, at (b), where

c f(s)-plane f(s)-plane
s-plane ém,,
my M,
@ | ® k““l{

F1a. 7-4. Geometrical illustration of principle of the maximum and minimum.

f(s) has no zero inside C, and at (c¢), where there is such a zero. We are
using here the fact that the inside of C maps into the inside of its trace, if
there is no singular point inside C, a property yet to be proved. If you
accept these pictures, you see that for case ¢ the minimum of |f(s)[ is zero

d does not occur on C.

7-5. An Application to Network Theory. An example of the usefulness
of the principle of the maximum can be taken from the class of positive
real functions, the driving-point impedance and admittance functions of
network theory. From various considerations of the physical properties
of networks it can be shown that such a function Z(s) is analytic and has
the following properties:

Re{Z(s)] =2 0 when Re s = 0

Z(s) is real when s is real (7-17)

These conditions define a positive real function. We shall now demon-
strate the interesting fact that, if Z(s) is positive real, then

lang Z(s)| = |ang s
(7-18)

w x
when —§éangs§§
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The proof depends on the principle of the maximum and on the trans-
formation properties of the function

N
(="

w =

z+1 (7-19)
which are presented in detail in Chap. 3. We need the following proper-
ties of this function:

1. The j axis of the z plane becomes the unit circle of the w plane.

2. The right half of the z plane goes into the inside of the unit circle in
the w plane.

) z-plane

lzl=1

\

F1a. 7-5. Pertinent properties in the z plane of the transformationw = (z — 1) /(z + 1).

3. A circle |w| = bin the w plane goes into a circle in the z plane having
intercepts (1 + b)/(1 — b) and (1 — b)/(1 + b) on the positive real axis

4. The circle |z2] = 1 is orthogonal to all circles of the family described
in (3).

Figure 7-5 illustrates these properties. For proofs you should consult
Chap. 3. A further property of the transformation is evident from the
figure. This property is:

5. If welet zy = efn, z3 = e be two values of z on the unit circle, and if

lwa| < fwi
then it is evident from Fig. 7-5 that
laa] < |

This property results from the fact that-circle |ws| = constant lies.inside
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circle Jw;| = constant and that each of these circles is normal to the circle
2] =
Now use the transformation
_s/R—-1
T s/R+1
where R is a positive real number, and adopt the notation U(p) = Z(s),
from which we have U(0) = Z(R) 2 0. Equation (7-20) is of the form
w=(z—1)/(+ 1), and s0

Res =0 ol £1

(7-20)

and therefore, since Z(s) is positive real,
Re[Z(s)] = Re[U(@l 20 |p| =

U
and Re U((g; 20 ol <1

From the above result, and again using the properties of

_z—1
Y=o
we get
U(p)/U@©) — L
T@/TO) F1 1 =t b=t
Up)/U@©) -1 -
and U(p)/—U(O)-F_i m =1 Ipl =1

Thus, on the unit circle in the p plane this magnitude has a maximum of 1,
and from the principle of the maximum modulus we can say that the
last relation is true for |p| = 1. Of course, this theorem applies only if
the function in question is regular for |p| < 1. That this is the case can
be seen by observing (1) that Re [U(p)] 2 0, preventing the factor
U(p)/U(0) 4+ 1 from becoming zero, (2) that any pole of U(p) will not
be a pole of the bilinear function, and (3) that the pole of 1/p is canceled
by the numerator.* Thus, we can also write

U(p)/U(O) -1 < | l
Ulp)/U@©0) +1|%

Now write this result in terms of s variables, as follows:

Z(s)/Z(R) ~ 1 s/R—~1
Z(s)/Z(R) + 1 /R +1

o] =1

Res2 0 (7-21)

|s

* It can be shown that U(p) can have poles only on the circle [p] = 1.
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In the earlier notation we can let

S R (O}
'R > Z(R)
and from property 5 of the function
z—1
z+1
lang zo| < lang 2| (7-22)

but since R and Z(R) are real, this is the same as
lang Z(s)| = |ang s (7-23)

which is the required resuit.
7-6. The Index Principle. Let f(s) be an analytic function having a
zero of order n, at 8 = 8,. Then we can write
f(s) = (s — 8,)™F(s) (7-24)
where F(s) is nonzero and regular at s = s,. Observing that the deriva-
tive is
f(8) = ny(s — 8)™"'F(s) + (s — 3p)™F'(s)

we get the new function

J'(s) _ mp F'(s)
m s — 8p + F(s)

Recalling that F(s,) is not zero, it is evident from the above that f’(s)/f(s)
has a simple pole with residue n, at s = s,.

Now suppose that f(s) has a pole of order m, at s = s,. Following the
same pattern as above, we can write

(7-25)

1

f6) = =5 G (7-26)
where G(s) is nonzero and regular at s = s,. In this case the derivative is
’ 1 ’
8 = (—WG(S) + (——s—,)—"‘wG' (s)
and L@ =me 4 G @-21)

fa)  s—s&  G(s

Thus, in this case the function f'(s)/f(s) has a simple pole with residue
—mgat s = g,

With Eqgs. (7-25) and (7-27) established, we now consider a posi-
tively oriented contour C in the s plane enclosing N zeros of orders
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ny, N, . . . , ny and M poles of orders my, ma, . . . , mu. By using
the caleulus of residues, it follows that

ff((;)) ds = j2r (2 ny — z ) (7-28)

: dllog f(S)] _ I
Since ~ds =T

the above integral can also be evaluated in terms of this antiderivative if
curve C can be interpreted as lying in a simply connected region of regu-
larity of f’(s)/f(s). This we do by
identifying a starting point s; and
an ending point s] which are infini-
Zeros and poles of f(s) tesimally close, but on opposite
sides of a barrier, as shown in Fig.
7-6. Thus we can say

L) 45 = log (s}) — log f(s:)

¢ 7(s)
= log |f(s1)| — log |f(s1)|
F1a. 7-6. Use of a barrier to allow C to +jlang f(s]) — ang f(s1)] (7-29)
lie in a simply connected region of regu-
larity of f'(s)/f(s). But log |f(s})] = log |f(s1)], and the

imaginary component is the increase
in angle of f(s) as s moves around C from s, to s;. Therefore, combining
Egs. (7-28) and (7-29) gives

Increase in angle of f(s) in going around a curve C

—2#(2 ny — Z m)  (7-30)

p=1

If both sides of the above equation are divided by 2w, the result is the
number of times f(s) passes around the origin. This result can be stated
as follows:

Theorem 7-7. If s travels a simple closed curve C in the s plane, and if
there are no singular points other than poles inside C, and no singular
or zero points on C, then the number of times f(s) passes around the origin
is equal to the weighted sum of the number of zeros inside C' minus the
weighted sum of the number of poles inside C, where in each case the
weighting number is the order of the zero or pole. In this statement
positive encirclement is counterclockwise.
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This theorem admits of a simple geometrical interpretation. Referring
to Fig. 7-7, we can see that, if a point a; is inside C, as C'is traced in a
positive sense the angle of a quantity (s — a;)* will increase by 2wa;.
But if a; is a point outside C, there is no net angle change as C is traced.
Similarly, if b is another point inside C, the quantity (s — bx)~ will
decrease in angle by an amount 2x8, but will have no net angle change if
by is outside C. Now, if f(s) is a rational function,

_ (S —a )al(s — az)aa PR (8 _ an-)au
e e N (= A = W=

we can apply the above reasoning to each factor of the numerator and

denominator. If ax or b, is inside C, c

the corresponding term contributes

+2ra; or, respectively, —2x8; to the a

total angle change of f(s). From this ang (s-a,) ™

observation we are led to the conclu- _ih anees 2 ey

sion stated in Theorem 7-7, but the

above analysis applies only if f(s) is a

rational function. ang (s—-a)™ has zero change
7-7. Applications of the Index Prin- a7~

ciple, Nyquist Criterion. Let f(s) bean Fia. 7-7. Effect, on angle of f(s), of a

analytic function, and in the s plane zero or pole being inside or outside a

. .. . simple closed curve C.

choose a point s, inside a simple closed

curve C. Furthermore, assume that there are no poles or other singular

poiats inside or on C. We form the new function

w(s) = f(s) — f(s0)

which has a zero at so. There may be some other values sy, 8, . + . , 84
inside C such that

f(s) = f(s2) = + -+ = f(sn) = f(s0)

Then w(s) hasn + 1 zeros inside C, and by Theorem 7-7 we know that the
w point will encirele the origin n + 1 times as stravelsovercurve C. The
corresponding f(s)-plane curve is the same as the w(s)-plane curve, except
that the origin is shifted an amount f(so). An illustration is shown
in Fig. 7-8.

Point sy is a typical point inside C, and from the above we conclude that
the inside of C maps into the inside of the trace of C in the f(s) plane.
Note, however, that this is true only if f(s) is regular inside and on C.

Another interesting observation shows that, when C is traced with its
area on the left, the area is also on the left in the f(s) plane,
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If point f(so) is encircled more than once, as in the case of Fig. 7-8, the
inverse function which transforms from the f(s) plane to the s plane must
be multivalued and that part of the area which is enclosed twice must lie
in two sheets of a Riemann surface. Consequently, a branch cut must be
crossed twice in the course of a complete traversal of the curve. This is
possible only if there is a branch point inside the double part of the curve.
Higher numbers of encirclements would correspondingly indicate more

s-plane f(s)-plane

c
w(s)-plane

' f(s0)
F16. 7-8. Relationship between enclosed areas in the s plane and the f(s) plane.

than one branch point, or a higher-order branch point, inside the curve.

The principle enunciated above, that in both planes curves are traced
in the same direction relative to their enclosed areas, is useful in plotting
of immittance- and response-function loci. These are functions having
no poles in the right half plane. In practical cases these functions are
finite when s is infinite, so that the jw axis of the s plane goes into a bounded
closed curve in the function plane. We can consider the right half plane
to be “enclosed” by the jw axis plus a large semicircle to the right,

f(s)-plane

Ucreasing

w

F1a. 7-9. Locus of the jw axis for a positive real function.

as implied by Fig. 7-9. Then the right-half s plane maps into the interior
of the function plane; and, furthermore, thé s-plane area is encompassed
in a clockwise direction, and therefore the same will be true in the function
plane. Thus, we have shown that for real frequencies (imaginary s) the
loci of immittance functions and response functions of stable systems are
traced out in such a way that the curve moves in a clockwise direction
as w increases. This idea comes in handy in plotting experimental data;
the constraint on direction of encirclement can sometimes help in deter-
mining where the locus goes when the data points are too few to determine
the curve from the points themselves.
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The Nyquist criterion for stability of a feedback system is another exten-
sion of the index principle. In Chap. 6 it is pointed out that the response
function for a system like Fig. 6-14 is*

_ kA(s)
F@) = 1246 Hm)

Assume that A(s) and H(s) are the response functions of stable systems.
Then, the single-loop system is stable if there are no zeros of 1 4+ kA (s) H(s)
in the right half plane. As in the previous example, if A(s)H(s) is finite
at infinite s, the jw axis may be regarded as enclosing the right-half s plane;
and we know that this right half plane will map onto the inside of a locus
in the plane of the function

w(s) = 1 + kA(s)H(s)

If this locus does not encircle the origin of the w plane, there are no zeros
in the right half of the s plane and the system is stable. The process of
plotting this locus and checking for encirclements of the origin is the
‘Nyquist test for stability.

Note that the origin of the w plane goes into the point —1 in the plane
of the function kA(s)H(s). Therefore, we can just as well plot the latter
function, taking s = jw, and check whether or not the resulting locus
encircles the point —1. This is the usual form in which the Nyquist
criterion is employed.

This theory, presented here in only its simplest form, can be extended
to the case where either A(s) or H(s) is open-loop unstable (see Prob.
7-18).

7-8. Poisson’s Integrals. Recall the Cauchy integral formula

10 = 5 [ L as (@-31)
where s is a point inside a closed curve C and f(s) is regular in the closed
region consisting of C and its interior. This formula is interesting because
it shows that specification of f(s) on C also determines f(s) inside C. Fur-
ther interpretation of this formula can be obtained by specifying C to be a
circle centered at the origin, with no loss in generality.

In Eq. (7-31) let

2 = Re# '
dz = jRe?® d0 = jz do (7-32)
8 = pet

* A 4 sign appears in the denofninator in order to conform to the usual treatments
of the Nyquist criterion. This change means that a — sign would appear in the circle
which symbolizes combination of the two signals in Fig. 6-14.
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as.shown in Fig. 7-10. Now write the factor 1/(z — s) appearing in the
integrand of Eq. (7-31) as follows,

z 1 1 2z
z—8 2z2z—3s
R
6 and develop it by the following
£ f d sequence of steps:
i z2(z - 3)

z—s z(z— 8 — 3
22 — 25 + 8§ — §§

C = z2(z — 8)(Z — 3)
_ 22— 3+ 3(s—2)
T2z —9)(E -39

Fia. 7-10. Definition of s and z for deriva- _R-0 1
tion of Poisson’s integrals. 2z — s 'z — 22/3

If this is substituted in Eq. (7-31), we get

1 (R2 — ) f)dz | 1 I
f&) = 2x7 lz —s|2 =z + 2n] Jez — 2%/3
From Eq. (7-32) it is seen that dz/z = j d6, and so the first integral
reduces to a single real integral. The second integral is zero because the
singular point at zZ/3 = R?/3 lies outside the circle. Thus, we have the
result

dz

£s) = [)  (R* — p)f(Re®) (7-33)

|Re® — s|?

This may appear to be a more complicated formula than Eq. (7-31), but
it is amenable to a particular interpretation because, as will now be shown,
it can be written as the sum of two real integrals. In Eq. (7-33), z is on
circle C, and accordingly it is appropriate to adopt the notation

f(Re”) = Re [f(Re®)] + j Im [f(Re#)]
f(8) = u(o,w) + jo(o,0)

giving the pair of equations
2 (B* — p) Re [f(Re")] 0

ulo,w) = 2‘” [Rel? — off (7-34a)
2r (R? — p2 I Rei®

Thus it is seen that the real (respectively imaginary) ¢component of f(s)
can be determined at points inside C in terms of a real integral of the real
(respectively imaginary) component of the function on C,
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A second pair of relations is obtained by writing

1 =1(1+ s)
z—s 2z z—s

which can be modified as follows:

1 1 8(2 — 3)

z—s—;+z(z—s)(2—§)
_1+sE—s§+z§—z§
Tz 2(z — ) - %)
_ 1 z#—25—5z—3s)
Tz 2(z — 8)(Z — 3
1 .2Im (@) 1
T2 =8P T 2 — 22/

When this is substituted in Eq. (7-31), the last term yields zero because
the pole is not enclosed by the contour. Also,

1 [ 1@,
o [, 2 - 50
and Im (25) = Rp sin (6 — ¢)
Equation (7-31) then gives

_ 1 [?7 Rpsin (6 — ¢)f(Re") :
f(s) = f(0) + o A Re? = 3 de (7-35)

Again the factor multiplying f(Re®) in the integrand is real, and so real
and imaginary components can be separated, as was done in the previous
case. The following pair of formulas is obtained:

u(o) = u(0,0) + 1 [) “ Epein (TR;,@_I:’P LR 4 (7-36a)
v(o,w) = v(0,0) — % [) ¥ Rp sin (oiR_;i"d))—liT” L/(Ee™)) d8 (7-36b)

Equations (7-36) have an interpretation similar to Egs. (7-34), but an
interchange of real and imaginary components has occurred in the inte-
grand. The integrals in Eqs. (7-34) and (7-36) are called Poisson’s
integrals.

Further interpretation is possible. Note that Eq. (7-34a) and Eq.
(7-36b) together give the real and imaginary components of f(s) in terms
of only the real part of f(Re?). Similarly, a combination of Eqs. (7-34b)
and (7-36a) gives f(s) in terms of the imaginary component of f(Re®).
Two more formulas are therefore possible, as follows:
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1(6) = o(00) + 5 [) L = ) = 2Ry oin @ )] Re (RN
(7-37a)

£ = u(0,0) + 5 [’ > [2Rp sin (9 — ¢)l zg;ff(fzsﬁ o)1 Im [f(Re)]
(7-37b)

These formulas are important because they show that f(s) is completely
determined inside C by having either the real or imaginary component of
f(Re”) specified on C.

The derivation of these formulas is based on the condition that f(s)
should be regular on the circle [sj = R. Now suppose that a function
h(6) is given, without specifying it to be the real or imaginary component
of an analytic function, and let this function h(8) be used in either one of
Eqs. (7-37) in place of Re [f(Re®)] or Im [f(Re®)]. If h(6) has isolated
singular points (discontinuities, for example) but is integrable, then either
of Egs. (7-37) will yield a function which can be shown to be regular for
|s] < R. However, on the circle |s| = R this function will be singular at
the points s = Re’, where h(#) is singular. Thus, the integral formulas
in Eqs. (7-37) define functions for |s§ < R which were not included in the
original derivation.

Further insight into the above question is acquired by considering the
general function h(6) and looking at its Fourier series

B0 = Y et mcot Y coomt 3 oo

nm o0 n=1 n=1]1

which is assumed to exist. Since A(9) is real, it is known that ¢, is real and
also that

Cn = Cn

Therefore, h(§) = (c—2° + z c,.e""") + (—0—29 + z éne‘f"’) (7-38)
n=1 nml

is a possible representation, which is useful because the second term is the

conjugate of the first.
9 ind
5 + z Cne
n=]

If the series
converges, so also will
Co Cn n
5t 2 RS
n=1
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converge in and on the circle s = Re?, since if s is on the circle the two
series are identical and we know that a power series converges inside any
circle on which it converges. Now we can use this series to define the

analytic function
f(s) = 2 (”—2" + 2 ;—", s") (7-39)

ne}

which will have the property, put into evidence by Eq. (7-38), that

wy = LB+ i)

= Re [f(Re™)]
Note that Eq. (7-39) is an alternative form for Eq. (7-37a). It also gives
f(s) in terms of its real component on the unit circle, although in this case
the real component enters by way of the coefficients of the Fourier series.
The series presentation is useful because it provides a condition on a
given h(6) function (namely, that the positive-power series shall converge)
which is sufficient to make it serve as the real component, on a circle, of
some analytic function which will be regular inside and on the circle. If
the positive-power series does not converge, the f(s) function will be
singular at some point on the circle |s| = R.
In place of Eq. (7-39) we could have written the different function

1) = 72 (°—2° + 2% s») (7-40)

In this case, Eq. (7-38) gives

(R | (TR
h(O) = =5; +[ 5 ]

_f (Re’) £'7 f(Ee*) = Im [f(Re?)]

and Eq. (7-40) becomes an alternative to Eq. (7-37b) for finding f(s) from
the imaginary component on a circle. Again convergence of the positive-
power series of Eq. (7-38) is seen to be sufficient for A(#) to serve as the
imaginary component of f(Re’), such that f(s) will be regular on the unit
circle.

A digression into the subject of Fourier series would be out of place here,
and so we shall close this discussion by considering the square-wave
function

1 0<6<n~
h(0)=[0 7 <60<2r
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This is not continuous and possesses no derivative at the points of dis-
continuity at 8 = 0, ». The series representation is
h(®) = %(sin 6+ 14sin360 + 14sinb50 4+ - - )
= 2 (ejﬂ _|_ %ejso + %6‘7'50 + “ e e — e—jﬂ — }ée—jav — %e—jﬁa —_— . .)
Jr

and it converges. However, the series

14_? (eJO + %ejsﬂ + %e.isﬂ + .. .)

does not converge for 8 = 0 or § = ». Likewise, the complex series

S+%83+%85+"'

diverges for s = +1 but converges for |s| < 1.
If the above h(6) is used for Re [f(Re?)] or Im [f(Re’*)] in Egs. (7-37),
the integrals will still exist and will yield functions which are regular at
points inside the circle. However, this

B S analytic function cannot be analytically

z continued to all points on the boundary;

os it will be singular at points where k(9) is
singular.

R 7-9. Poisson’s Integrals Transformed

to the Imaginary Axis.* The imaginary
axis is a degenerate case of a circle, and so
we might reasonably expect to be able to
write formulas similar to the Poisson’s
integrals by employing an integration
along the imaginary (or possibly the real)
axis. However, we cannot expect the
-R formulas to look the same, because R,
F16. 7-11. Closed contour C con- Which appears in the formulas, must be
Bisgntg % arc Cy and j axis from  jnfinite. Also, since integration will then
0 & be carried to infinity, it will be necessary
to restrict f(s) to being regular at infinity and at all points on or to the
right of the j axis.
The easiest way to proceed is to start again, by applying the Cauchy
integral formula to the path of Fig. 7-11. The integrand can be written

1 1 z2+5_24+5+s—s
z—s z—38z+35 (z—29(z+3

* Reference to Chap. 8 may be helpfulin dealing with the improper integrals occur-
ring in this and subsequent sections.
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and by writing s + § = 20 and s — § = j2w the above becomes

| 20 1
z—8 2Z2—o¢?—wt—j2wz 243

(7-41)

In Fig. 7-11 let C; be the arc of radius R, and let C be the closed curve

traced in a clockwise direction. The point z = —3 is not enclosed by C,
and so
@) dz _
2T 0 (7-42)

Therefore, writing z = jy on the portion of the integration on the imagi-
nary axis, and noting that the direction of integration is in the negative
sense, we get

f&) = — - [ T@ 4, -1 / 2 of (jy) dy

2rj Jez—s 7 J_ro%+ o+ y? — 20y
1 af(2) dz
j ﬁl 2 — o2 — w? — j2wz (7-43)

Since f(2) is regular at infinity, it must approach a constant there.
Therefore, as R approaches infinity, the integral over C; behaves as
follows,

/2 iy P it
lim af(z) dz _ Igim i f of(Re’®)Re?® do -0

Bow Jo, 22 — 02 — w? — 2wz —x/2 R2ei2®
1 /.

where in the second integral we have used z = Re®, dz = jRe’ df and all
terms except 22 in the denominator are omitted because they become
negligible as R approaches infinity. Therefore, in the limit,

_1 ° of(jy)
f(s) - TI'PV /_c d2+ (w _ y)zdy
“The principal value occurs here because the integration is always from
—R to R.* However, since f(jy) approaches a constant at infinity and
the 'denominator goes to infinity as 32, the integral will converge without
taking the principal value. Thus, we have the final form

f(s) = }r /_: 07% dy (7-44)

By now we have become accustomed to pairs of formulas, and so a sec-
ond formulation for f(s) is to be expected. To get this, we write

1 _ 1 z24+8_2+4+8+tz—2z+s—3s
z2—8s z—sz+3 - 38)(+3

* See Sec. 8-4.
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and again use s + § = 20 and 8 — § = j2w to give

1 2z — j2w _ 1
z2—8 22—o?~w?—7 2wz 243§

{7-45)

Equation (7-42) applies, showing that the integral of the last term is zero
for contour C of Fig. 7-11. Therefore, f(s) is given by

-1 fe) 1 (B (w—yfiy)dy
) = 2xj cz—-sdz—rj —ro*+ o 4+ ¥ — 20y
_1 (z = jo)J(2) dz
] /c;, 2? — o — w? — 2wz (7-46)
As the radius R approaches infinity, the integral over C; approaches
.1 [~"2Re*f(Re®)jRe? . "\ 1 [~ o _
im 5 [ B = i L[ ke a0 = i)
Therefore, for this case we get
_ 1 ® (w—y)fGy)dy
56 = f(=) + Z PV /.. e (7-47)

Here the principal value must be retained, because the integrand
approaches zero only at the rate 1/y and f(«) is not necessarily zero.

Equations (7-44) and (7-47) break down into two pairs, using real and
imaginary components, as follows:

u(o) = - /_: LGl gy (7-480)
o(oyw) = ;1 /_: 5%%‘2 dy (7-48b)
and u(o,0) = u(=,0) + }r /_: (“’a,_ _f) (im_[fy(;,y)] dy  (7-49a)
o(o,w) = v(,0) — }r / _: (“’d: f)(fe_[f;ff)] dy  (7-49b)

Finally, combining a real and imaginary component from each pair, we
get two more formulas:

f(s) = ju(=,0) + % [_”. o =l = I Re FGI 3, 750

o’ + (0 — y)*
and  f(s) = u(w,0) + 1 /_: eoyrimliily oy

In appraising these results it is necessary to understand that f(s) must
be regular on and to the right of the j axis and that in these formulas s is
in the right half plane.
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With these results the utility of this work begins to become apparent.
If we are dealing with a frequency-domain response function, w is the real
frequency variable (imaginary component of the generalized frequency s).
The last two formulas show that, if either the real or the imaginary com-
ponent of a response function is specified along the j axis (i.e., for real
frequencies), then the response function is completely determined. Of
course, these formulas give f(s) only in the right half plane. But by
analytic continuation we know that the function would be completely
determined.

7-10. Relationships between Real and Imaginary Parts, for Real Fre-
quencies. In the previous section u(s,») and v(s,w) are given in terms of
Re [f(79)] = »(0,y) and Im [f(jy)] = v(0,y). The integrands contain
functions of the real frequency variable y, but the functions obtained
from the integrals are functions of the two variables ¢ and ». For practi-
cal cases, in which we are interested in functions of real frequency, it is
important to know whether we can set ¢ = 0, in order to relate u(0,w) to
v(0,w), or vice versa.

From Eqgs. (7-49),

— o) =11 1 (_w_f_y_)_vgg’l) -
u(0,0) — u(0,0) = Im(} —PV /_., T F (o —)° dy (7-52a)
v(0,0) — v(0, ) hnoleV /_w ¥ (0 — y)2 dy  (7-52b)

where we have written u(0,») in place of u(«,0) and similarly for v.
This is permissible because f(s) has a finite value at infinite s and therefore
must be the same for s = © and s = j»,.

There is no doubt about these limits existing under the conditions for
which the formulas apply; but the limits cannot be found from these
formulas by setting ¢ = 0 in the integrands, because then we get

lpy / "0 5 and - lpv / ° w0y 4
T oW — Y T oW — Y

respectively, for the two cases. These integrals do not exist, because the
integrands become infinite at ¥y = w. In order to find a satisfactory
formulation, note that

w—Yy
PV/_.,m—_y)zy 0

as can be seen by carrying out the indjcated integration. Therefore,
from the respective integrals in Eqgs. (7-52) we can subtract

1 ® (@ — Yv(O,w) 1 (@ — y)u(0,0)
;PV = oy pra y)zdy and PV /_wu—’ ey g y)zdy
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without changing the results, and then

: ° (0 —=y0y) . _ ® (@ = 9)[2(0,y) — v(0,w)]
eV [ S - iy [ =R e,

: * (o—yu@y) . _ . (@ — y)[u(0,y) — u(0,w)]
%Pvf—wc2+(w—y)2dy—kﬁpv,/—o o' + (0 — y)? %

Now we are in a better position because, when ¢ = 0, these integrands
have no pole at ¥y = w. The numerator is zero at that point. Thus, if
we are permitted to take the limit inside the integral sign, an integrable
function will be obtained. As a result of f() being a constant and the
fact that

1 1
T O

it can be shown (see Chap. 8) that the above two integrals are uniformly
convergent for ¢ = 0. This being the case, the o — 0 limit can be taken
inside the integral, and the results are

u(0,w) — u(0,) = }rPV /” 20y — v0,0) 4

— w—Y

(7-53a)

2(0,0) — (0, ) = — i—PV /_” ’L(O—’%TZ(L"") dy (7-53b)

We shall now develop an equivalent way to write these formulas. Since
they are similar, only the first one will be treated. The integral in Eq.
(7-53a) can be written

PV /_Q.. "0 = 200) gy — yim [* "+ / + / N

The integrand has a removable singularity at y = o, and so the integral
fromw —etow + ¢ approaches zero as e approaches zero. For the other
two integrals we have

/“,,_. 2(0,y) — v(0,0) dy /"’—’ v(0,9) dy + »(0,w) log ﬁ_

—A4 w—Y -4 @
[ Ho = s0m) 4 mmd+mwm .
e w—Y wte @ —

and therefore

“=«9(0,y) v(0,) 4 -
f + f+= /A oyt Lr.w y @+ v(00) log 7 +
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As A approaches infinity, the last term approaches zero and so

Py [T MO =008y _ iy [0 gy [* 20,
w-te

—w w—Yy —0 4 0 —Y w—Y

Ao w

- = v(0y)
- @ [T X0

The symbol (PV), signifies the principal value in two senses, with respect
to the infinite limits and also with respect to the pole at y = w. Thus,
Egs. (7-53) can be changed to the fqrms

u(0,6) — u(0, =) = 1 (PV), /_"; :L(l’-y—; dy (7-540)
100) = 00,2) = =2 PV [~ U0 gy

The functions defined by the above integrals are called Hilbert transforms.
Interestingly enough, they look almost like what would be obtained by
putting ¢ = 0in Eqs. (7-52). The only difference is the double principal-
value designation, and it was to arrive at this feature that the extra work
was required.

If u and v are the real and imaginary components of a real function

f(8) = u(o,w) + jo(o,w)
then, since f(5) = J(s), it follows that

u(o,w0) = u(o,—w)
v(o,0) = —v(o,—w)

That is, u is an even function of w, and » is an odd function of w. These
properties can be used to modify the integrals of Eqs. (7-53), as follows:

PV,/” Md

w=y

= lim [/Av(Oyi_l;(Ow)d +/ u(o,yl_;(ow)d ]
= ATv(0,—y) — v(0,0) , v(0,y) — v(0,w)

- ‘11}2’ 0 [ oty + -y ]dy

- ® yl(0y)] — wlo(0,0)] ,

=2 /; Wt — gt dy

In a similar fashion it can be shown that
PV/ u(O’y) u(o “’) dy / u(Oyy) - u(o "’) d
w—y ) -y
All these formulas are subject to the condition that f(«) shall exist.
Since we have shown that v is an odd function of w if f(s) is real, the only
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way for v to be finite at w = « is for it to be zero there. Furthermore,
since % is an even function, it is not necessarily zero at w = «. Accord-
ingly, we can now write

u(0) — u(0,) = / L) Bl CLUC)) AT

0 w2 -_— y2
2w = u(0,y) — u(0,
v(0w) = — 22 [) w0y = v08) ay  (r-550)
A similar procedure applied to the integrals of Egs. (7-54) yields
2 = (0,
u(0) — u(0,») = 2PV [) wlf-(_—zl);dy (7-560)
2 = u(0,y)
2(0w) = — =PV j; Ll (7-56b)

It is emphasized that the last two sets of formulas apply only if f(s) is a
real analytic function. In Eqgs. (7-56) the PV designation refers to
integration through the pole at ¥y = w.

Equation (7-55b) can be changed to still another form by first writing

_ 2 [~ u(0,y) — u(0,0)dy
v(0w) = 2 L ylw —wfy
and then making the change of variable o = log (y/w), giving

_2 [= uw(0we?) — u(0w) _ 1 = u(0,we*) — u(0,w)
20w =2 /... e — e da =2 /_.. sinh o da

If the last integral is written as the sum of two integrals, one from — « to
0 and the other from 0 to =, and if a sign change is made in the variable of
integration of the first integral, the resulting form is

00y =1 [ M08 = w0,

sinh «

This can be integrated by parts, using the relation

dllog coth (e/2)] 1
da "~ sinha

with the following result:
A
v(0w) = lin:) {[u(O,we—“) — u(0,we?)] log coth %]
A—w ¢
1 [= du(0,we*) a
+;[) —d;—log COth—2-da

_ 1 = du(0,we) a
- [) —~da log coth 3 da (7-57)
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Each of the three terms on the right of Eq. (7-57) will be considered
separately. The first term approaches zero at the upper limit, as A
approaches infinity, because u(0,) and u(0,0) are both finite and
log coth » =1log 1 = 0. At the lower limit it is convenient to replace
log coth (a/2) by log cosh (a/2) — log sinh (a/2), giving

[u(0,we) — u(0,we*)] log coshg + [4(0,0e=*) — u(0,we*)] log sinh%

The function u(0,we*) is a continuous function of we*, because it is the real
part of an analytic function which is regular on the jy = jwe= axis. Since
e* is a continuous function of «, it follows that «(0,we*) is a continuous
function of «. Therefore, each of the above bracketed expressions
approaches zero. This means that the term containing log cosh («/2) is
zero when a goes to zero. The other term is indeterminate, because
log sinh («/2) approaches infinity. The limit is found by first multiply-
ing and dividing by sinh (a/2), to give

u(0,we™*) — u(0,we*) .o« .o
[ sinh (@/2) ] [smh 5 log sinh 2]

After replacing o by the lower limit ¢, the left-hand bracketed expression
can be evaluated by the Lhopital rule as follows,

du(0,we™)  du(0,we?) _9 du(0,we*)
lim de de - lim de - —9 du(0,we®)
—0 cosh (¢/2) " <o cosh(e/2) de =0

which exists. Furthermore, the second factor approaches zero as e
approaches zero, and so the entire expression approaches zero. Thus,
under the conditions stipulated on u, the first term in Eq. (7-57) is zero.
Now look at the last integral in Eq. (7-57), and make appropriate variable
changes to get

L[ )y [ 0 g | 2

T da 2 da
_ 1 {0 du(0,we*) @
= 1—|' /_” —da—logcothl§1da
Combining this with the other integral in Eq. (7-57) gives the final result
_ 1 [= du(0,we) a
v(0,w) = - /_. B log coth ‘ 5 l da (7-58)

or the equivalent form

_1 [= du(0y) Ig
v(0) = /_ S 1og coth 2lda
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Although this formula may appear to be more complicated than the
others, it is useful because it yields readily to interpretation. Let y be the
usual frequency variable, and think of « plotted as a function of log y, as
in Fig: 7-12a. The horizontal axis can also be used for the variable

a=Ilogy —logw

by allowing its origin to change with w. The integration called for in Eq.
(7-58) is performed for some given value of w, which would fix the origin
of the « axis in Fig. 7-12a. The
integrand consists of two factors,
the slope of this curve and the
factor

o
log coth l§ ‘

(@) which is sketched in Fig. 7-12b,
with the a origin shown coincident
with the origin in Fig. 7-12a. The
nature of Fig. 7-12b is such that the
integral is predominantly influenced
by the range of integration near
a = 0. Aswisallowed to change,
= the point & = 0 shifts, carrying the
® . curve of Fig. 7-12b with it. Thus,
F1a. 7-12. Graphical interpretation of Eq. we seo that th? value of 2(0,w) is
(7-58). roughly proportional to the slope of
the u versus log y curve near the
point ¥ = w. You may find it instructive to sketch curves for a simple
cdse, to confirm this conclusion that » is large in regions where v is rapidly
changing.

A result similar to Eq. (7-58) can be obtained in which the derivative
is with respect to the frequency variable, rather than with respect to the
logarithm. In Eq. (7-58) change the variable back to y, by making the
substitutions

i
I
1
i
1
!
i
1
0
™
g w
I
|
[
|

Of = w2

du(0,we) _ du(0y) dy _ du(0,y)
do dy da Y dy
dy

@ = —

eal2 + e—alz
ex/? — g—al?

coth,gl=

w1 ==

e — 1 Yy —w
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The result is

2(0w) = /0 du(Oy) g’y+w|dy

& (7-59)

7-11. Gain and Angle Functions. The formulas developed in the pre-
vious sections are valid for relating real and imaginary components of
analytic functions which are regular on and to the right of the j axis. If
g(s) is a network response function, it is often convenient to deal with the
derived function

f(s)

whose real and imaginary components are the gain and angle functions,
respectively. This function raises an interesting question because its
singularities are relatively mild, being logarithmic singularities (branch
points of the logarithm) at zeros
and poles of g(s). As a first obser-
vation, we immediately see that the
previous formulas do not apply if
g(s) has zeros in the right half plane,
This is the genesis of the often-
quoted statement that gain and
angle functions are related only for
minimum-phase networks.

Suppose that g(s) has zeros on
the jw axis or at infinity. This is
an important practical possibility,
and therefore the formulas would
have serious limitations if such
zeros are not admissible. But since

= log g(s) (7-60)

the logarithm at a pole behaves
the same as at a zero, we can also
simultaneously treat poles on the j
axis or at infinity. Zeros and poles

-R

Fi6. 7-13. Contour for deriving formulas
relating real and imaginary parts of func-
tions having logarithmiec singularities on

A A N R the j axis.
occurring on the imaginary axis can

conveniently be considered by going back to the original formulation.

Now suppose that points jw; and —jw; are nth-order zeros or nth-order
poles of g(s). Each of these points is a branch point of log g(s), and for
each we can extend the branch cut to the left so that a closed curve C’ can
be formed with indentations into the right half plane, as shown in Fig.
7-13. C’ lies in one sheet of the Riemann surface and is the same as C
of Fig. 7-11 except for these indentations. The manipulations leading to
Eqgs. (7-43) and (7-46) are still valid if in each case the real integral from
—R to R is replaced by a contour integral along C”, from —jR to jR.



230 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

This contour includes the indentations; and that is why the integral can-
not remain real.

In Chap. 6 we showed that an integral over a small circle around a
branch point of the logarithmic function approaches zero as the radius of
the circle approaches zero. It will also be zero, in the limit, for the semi-
circle of Fig. 7-13. Thus, we can let the radius of these semicircles
approach zero, and the result will be identical with Eqs. (7-43) and (7-46).
The integral from —R to R can be taken through the branch point.*

Since Egs. (7-43) and (7-46) have now been shown to be valid even when
there are logarithmic singularities due to zeros or poles of g(s) on the
j axis, we conclude that all the formulas developed from them are also
valid. Of course, throughout this discussion proper behavior at infinity
was assumed. This leads us to the question of whether or not we can
allow g(s) to have a logarithmic singularity at infinity. We shall find
that Eq. (7-44) and the formulas derived from it are valid, but not Eq.
(7-47). One could not expect the latter to be applicable, because it
includes f( ).

We look at Eq. (7-43) and consider whether or not the process leading
to Eq. (7-44) can still be employed. The important consideration is that
for large |2|

f(2) = *nlog lz| + jn tan -

respectively, for an nth-order pole or zero at infinity. Thus, for large |y,

fGy) ~ yrloglyl  .nw

o + o + 4% — 20y iT ijy_2§
It is known that (log |y])/y approaches zero as y becomes infinite. There-
fore, log |y|/y? is integrable to infinity. Also, the factor 1/y% ensures
that the imaginary term is also integrable to infinity. On the basis of
these facts, we conclude that R can be allowed to approach infinity and
the first integral of Eq. (7-43) will converge. For the second integral,
around C., we let z = Re and as R becomes infinite, this integral

approaches
~*2nlog R + jné , ., .
,[r/z ~Rrgw (JRe”) b

which approaches zero, because (log R)/R approaches zero as R becomes
infinite. Thus, the limit processes leading to Eq. (7-44) are valid. It
follows that Eqs. (7-48) are valid, but not Eqgs. (7-49). Therefore, the
formulas developed in Sec. 7-10 do not apply to the logarithm of a response
function that has a zero or pole at infinity.

* Refer to Sec. 6-5 for a detailed account of integration through a branch point.
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PROBLEMS

7-1. Check the relation _
F@) =S

for the following:
(@) f(s) = &~ (®) f(s) ==ins (c) f(8) = cosh s

7-2. If f(s) is a real analytic function, show that Re [f(jw)] and Im [f(jw)] are,
respectively, even and odd functions of w.

7-3. Assuming that f(s) is a rational function with real coefficients, prove that
(8 = f(s), without relying on Theorem 7-2.

T-4. Find the residues at each pair of poles, for the function

2s% - 8s? + 30s 4 20

J&) = —ar2s + 50

and observe that the residues are themselves conjugates.
7-6. Find the residues of

cos 8

sinh s

f8) =

at the conjugate pair of poles nearest the origin, and observe that the residues are
themselves conjugates.
T7-6. If f(s) is a real analytic function, prove that

F(s) = f(a)f(—s)

is a real analytic function of a complex variable  (where s = jw), and furthermore
show that
F(jw) = |f(je)?
where w is real.
7-7. Prove Schwarz’s lemma, a statement of which follows: Let f(s) be regular
inside and on the circle |s] = R, and let it have the property

[f(Rei®)| < M
and f(0) = 0. Then it is true that

[f)l < M |si<R

3
R

7-8. Prove that, if a rational function is positive real, the coefficients of the numer-
ator and denominator polynomial must be real and positive.

T7-9. Prove that, if f(s) is a positive real function, any pole on the j axis must be
simple and must have a positive real part.

7-10. If f(s) is given by

1 a + jb

_ a —jb
& =srmitiyeas

s+2—~-7

+

where a and b are real, determine the ranges of a and b such that f(s) will be positive
real.
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7-11. Compute and plot loci of
f(s) = 4 4 68 + 45% + 8*

for s on each of the three circles |s| = 1, |s| = 2, |s| = 3, determining how many
zeros are inside each circle.

7-12. Use the index principle to prove the fundamental theorem of algebra, namely,
the number of zeros of & polynomial is equal to the degree of the polynomial.

7-18. Use a Nyquist plot to determine the range of k¥ for stable operation for a
feedback loop having the system function

s(s +2)
s+ 1}

and compare with the result obtained by the root-locus method in Sec. 6-10. (Note

the change in sign of k.)
7-14. Do Prob. 7-13 for the system function

s(s + 1)
(s +2)s

A(S)H(s) =

A@)H(s) =

and compare the result with See. 6-10.

7-16. Do Prob. 6-17 by making a Nyquist plot.

7-18. Do Prob. 6-18 by making a Nyquist plot.

7-17. Do Prob. 6-19 by making a Nyquist plot.

7-18. Derive and state a modification of the Nyquist criterion where the system is
open-loop unstable, meaning that A(s)H(s) has right-half-plane poles. In this
theorem you will use a number N, the sum of the multiplicities of the right-half-plane
poles of A(s)H(s).

7-19. Referring to Prob. 7-18, use the Nyquist plot to solve Prob. 6-20.

7-20. Let the function

1-20  o0s6sx

k.3

1+§9 —-r=<6s0

h(0) =

be given, representing the real part of f(s) on the unit circle. Obtain a power-series
expansion about the origin, for f(s). Is f(s) regular at all points on the unit circle?
Let the function
1 0<o<r
o={1 25058

be given, representing the imaginary part of f(s) on the unit circle. Obtain a power-
series expansion about the origin for f(s). Is f(s) regular at all points on the unit
circle?

7-21. By considering the function f(s) = e*, prove that, for 0 <o < 1,

l[zf (1 — o* — j20 sin 8)e>*? cos (sin 8) do = &
2% Jo 140 —25cos 8

By considering the function f(s) = s, prove that, for 0 < w < 1,

= juw

l/z'[-&" cos 8 + j(1 — w?)] sin oda
2x fo 1 4+ w? — 2w sin 8
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7-22. Check both of Eqs. (7-55) on the function

6 = 75

7-23. Check both of Eqgs. (7-55) on the function

8

&) =115

7-24. Check both of Eqs. (7-55) on the function
_l1+s
f6) =3 T

7-25. Check both of Egs. (7-55) on the function

1
10 = T+

233



CHAPTER 8

THEOREMS ON REAL INTEGRALS

8-1. Introduction. The application of the theory of functions of a
complex variable to the analysis of linear systems is the main subject of
this text. One of the most fruitful ways to go from the system equations
to formulations in terms of complex variables is by way of the Laplace and
Fourier integrals. However, a reasonably complete understanding of
this process requires a good understanding of the Fourier integral theorem.
The Fourier integral theorem takes us into some rather subtle mathe-
matical principles because it is stated in terms of improper integrals.
Therefore, before going on to the study of the Laplace transform, we shall
turn our attention away from complex variables long enough to present
some preparatory material on improper real integrals.

A modern mathematical treatment of this subject should be given in
terms of Lebesgue integration. However, for engineering applications a
satisfying degree of rigor can be attained within the conceptual frame-
work of Riemann integration. This will necessitate restricting the treat-
ment to a limited class of functions and in some cases will result in proofs
which are partially intuitive. In fact, the proofs (or partial proofs) given
in this chapter are offered mainly to help illuminate the principles
involved. An understanding of the concepts in the various theorems is
‘more important than the proofs themselves. But this understanding
cannot be acquired without some sort of proof, even though it may not be
the most general one possible.

8-2. Piecewise Continuous Functions of a Real Variable. In his use of
the calculus of real variables in engineering problems the applied scientist
may easily fall into the habit of thinking only of the most “ well-behaved’’
functions, functions which are continuous and have continuous deriva-
tives. These are functions like ¢ and z», upon which we can operate
unquestionably with the various standard processes of the calculus, such
as the rules for differentiation and integration by parts.

For certain good reasons it is customary to consider certain discontinu-
ous functions as idealized excitations for linear systems. Two examples
are the step function and the periodic square wave. These are conceptu-
ally simple (it is easy to draw their graphs and to visualize what they look

234
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like). However, the derivative does not exist at points of discontinuity,
and this fact gives us reason to be careful when using discontinuous func-
tions in the usual processes of the calculus.

A function g(x) is said to be piecewise continuous in an interval if in that
interval all points of discontinuity are isolated and if the function
approaches a finite limit from each side of the point of discontinuity.
Isolation of the discontinuity means that there is an interval around each
discontinuous point such that the function is continuous at all other
points in this interval. If a function is piecewise continuous over the
interval — o < z < «, we say that it is a piecewise continuous function.

Let f(z) have an isolated discontinuity at ;. The single-sided limits
mentioned in the above paragraph are defined formally by the following
formulas,

lim f(zo + ¢) = flzo+)
lim f(xo — €) = f(zo—)
—0

where ¢ is positive. On the other hand, if f(z,) exists and both limits
equal f(x,), the function is continuous at zo. The symbols written on the
right of the above two equations
will occasionally be used to imply
the limit process shown. Since the

f(xo+) \I/\/
]
df(x) !

|
= f(x0) =3z » biecewise continuous
1
1

(8-1)

f(x), continuous

Nf(& -)

xo
F1a. 8-1. Definition of a function at a dis- Fia. 8-2. Example of a continuous func-
continuity. tion having a piecewise continuous de-
rivative.

S —

limits exist on each side of the discontinuity, and the function is con-
tinuous otherwise, it follows that a piecewise continuous function is
bounded in any finite interval.

In many cases it is satisfactory to leave the function undefined at a
point of discontinuity. However, when Fourier integral formulations
ave used, it is convenient to define a piecewise continuous function at a
point of discontinuity as the average of the above two limits, as follows:

flao) = @A) J@0) ®2)

These ideas are illustrated graphically in Fig. 8-1.
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We shall also deal with functions which are continuous but which have
a piecewise continuous first derivative. An example is shown in Fig. 8-2.
A continuous function does not necessarily have a piecewise continuous
derivative. This question is discussed later, and an example is shown in
Fig. 8-3.

8-3. Theorems and Definitions for Real Integrals. It is important
briefly to consider a few fundamental theorems as applied to piecewise
continuous functions. For the most part these theorems will look famil-
iar, but we emphasize that now we are considering a fairly general class of
functions. As you study these theorems, you should recognize how it is
possible for them to be true under the conditions stated.

Theorem 8-1.* If a function f(x) is piecewise contmuous in the interval
a £ z £ b, then both the integrals

[[f@dz  and  [1fe)lda
exist and

IRC BN C . 3)

Theorem 8-2. If, in the interval a £ z £ b, h(z) is a continuous func-
tion having a piecewise continuous derlvatlve

dh(:c)

fz) =
then [a" i) dz = h(b) - h(a) , (8-4)

Theorem 8-3. Integral as a Function of the Upper Limat. 1If f(z) is
piecewise continuous, ¢ £ = < b, and { is a number in this same interval,

then

FO) = [f() da (8-5)
is a continuous function of { and
O _ s (8-6)

at all points where f(£) is continuous in the interval a, b.

Theorem 8-4. Integration by Parts. If two functions f(z) and g(z) are
each continuous in an interval a £ « < b, with piecewise continuous
derivatives, then

[10 %2 4z - jwo) - starte) - [o ERax )

* In this and following theorems, the intervala < « < b can be replaced by a < z
< b if the pertinent functions approach limits at a and b,
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Theorem 8-b. Integral over a Set of Measure 0. Over the interval

a < z = b let there be isolated points 21, 2z, . . . at which f(x) is nonzero.
Let f(z) be zero everywhere else in the interval. Then
b
[Ji@ =0

This theorem states, in effect, that the integral of any function is inde-
pendent of the definition of the function at one or more isolated points.
For example, if we integrate over a discontinuity, the integral is independ-
ent of how we define the function at the point of discontinuity. The set
of points defined in the theorem is an example of a set of measure 0.*

8-4. Improper Integrals. Improper integrals are of two kinds. In the
first kind the integrand remains finite, but the interval of integration
extends to infinity. In thesecond kind the interval of integration remains
finite, but within that interval the integrand becomes infinite.

Improper Integral of the First Kind. Let f(z) be piecewise continuous
in the interval @ £ z £ A, where 4 is as large as we like. If the limit

L= lim [*f@) do (8-8)
Ao JOC
exists, we define this as the integral
L= [ 1@ d (8-9)

Whenever you see an integral written like Eq. (8-9), it should be inter-
preted by the limit appearing in Eq. (8-8). This is an improper integral
of the first kind. Recalling the definition of a limit, it is evident that an
improper integral of the first kind converges if, and only if, corresponding
to an arbitrary ¢ > 0 there exists a number X such that

|[aAf(x)d:c—-Il <e
when A >X

This formulation serves as the precise definition of convergence. Note
the similarity with convergence of a series.

In order to illustrate improper integrals of the first kind, consider the
three cases f(z) = 1/z, f(z) = ¢, and f(z) = sin z, each integrated from
1to . In the first case

4
/; i—:=logA—log1=logA

* A set of measure 0 is more general than this, but this is the only case we shall
encounter.
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This does not approach a limit, as 4 becomes infinite, and so the integral

~dz
1 2

does not exist. In the second case
/IA e=dr = —e 4+ ¢!

As A approaches infinity, the above approaches 1/¢ and so we have

/“e"zdz=l
1 e

This improper integral converges. Finally, for the third example,
/lAsinxdz = —cosd + cosl

which does not approach a limit as A becomes infinite. Note that the
first example does not approach a limit because log A — . On the
other hand, in the third case cos 4 remains finite, but it approaches no
limit.

In the Fourier integral theorem we encounter improper integrals like

[2. t@) dz

Such an integral is defined by using the above definition twice, once at
each limit. Thus, when it exists,

[C. @ dz = lim [*f)ds+ lim [° fz)ds  (3-10)

In some cases this limit does not exist, except for the special case A = B.
In other words, integration is then always performed over an interval
centered at the origin. This is called the principal value of the integral
and is written

PV /_‘: fz) dz = lim /_‘A f(2) dz (8-11)

If the limit in Eq. (8-10) exists, it is the samé as the principal value. As
an example, consider f(z) = sin . The infinite integral does not exist,
but the principal value does exist (having the value zero), because sin z
is an odd function, and the integral from — A4 to A is always zero.

Improper Integral of the Second Kind. Let f(z) be piecewise continuous
in the interval @ £ z & ¢ < b, where ¢ is arbitrarily close to b, and where
f(b) is infinite. If

I; = lim / * f(z) dz (8-12)
c—b /e
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exists, we define this as the integral
I = [ f) do (8-13)

and we say the integral converges. This is an improper integral of the
second kind.  Again referring to the definition of a limit, we find that such
an integral converges if, and only if, corresponding to an arbitrary ¢ > 0
there exists a positive number & such that

|/acf(x) dr — I,| < e
when 0<b—c<$é

A similar statement would be possible if the integrand were infinite at the
lower limit.

Two examples will suffice to illustrate this kind of improper integral,
namely, f(z) = 1/z and f(x) = 1/4/z. Integration isfrom 0to 1. The
integrand becomes infinite at 0 in each case. For the first example

Vdx
] ?—logl—-logc
which approaches infinity as ¢ approaches zero, showing that the integral
diverges. The sccond exa.mple gives a converging integral because

=2(v1 = Vo)
,\/
approaches 2 as ¢ approaches zero.

Absolute Convergence of Improper Integrals. For either type of improper
integral, if

/ﬂ" |f(z)| dz (first kind)  or /..b |f(z)| dz (second kind)
exists, then the integral is said to converge absolutely. Absolute conver-

gence is a more stringent property of a function than convergence. For
example,

/ 'EP—— dz converges but /
1]

The concept of absolute convergence is sometimes useful, particularly as
it appears in the statement of sufficient conditions for applicability of the
Fourier integral theorem. The following theorem is useful:

sin T

dz does not

Theorem 8-8. If a function f(z) has an absolutely converging improper
integral, then the corresponding integral of f(z) also converges.

Cauchy Principle of Convergence. As in the case of infinite series, there
is an alternative way to state necessary and sufficient conditions for con-
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vergence of an integral, in which the limit value is not needed. Using the
same terminology as for series, this is called the Cauchy principle of con-
vergence. We shall state it for each of the two types of improper integrals,
in the notation of Eqgs. (8-8) and (8-13).

The integrals in question converge if, and only if, given an arbitrary
small ¢ > 0 for type 1 there exists a number X’ such that

I @) dz| < e
when A,A"'> X'
and for type 2 there exists a number & such that
[ @) dz| < e

when 0<b—0,0b-¢)<¥
Recall that in type 1 the upper limit is infinite, and so X’ is a large number.
In the second type the integrand is infinite at the upper limit b, and ¢’ is
small. (The lower limit a is assumed to be less than the upper limit b.)

8-6. Almost Piecewise Continuous Functions, In defining piecewise
continuous functions it was stipulated that each discontinuity should be
finite. Having now considered improper integrals of the second kind, we
can admit certain cases where the function becomes infinite at isolated
points. First we observe that, if n < 1,

b_,. xl-n b bhr—n
/;2 dx_l—no_l—n

exists,
Suppose that z: is a singular point of f(z) but that in some neighborhood
lz — x| < 8
the function has the property
M
[f@)| < m n<l (8-14)

where M is some constant. Then, since the right-hand side of the
inequality is an integrable function, it follows that |f(z)| and f(x) are
integrable over z:. As an example, consider
sin z
z) _— e——
B¢ Vz

where integration is from 0 to 1. For this interval,

<L

vz

sin z

Vz

and therefore the integral exists.




THEOREMS ON REAL INTEGRALS 241

The objective is to define a class of functions slightly less restricted than
the piecewise continuous functions, but sufficiently restricted so that
Theorems 8-1 through 8-4 will still apply. If integration over a finite
interval encounters a finite number of points like z:, and if the function is
otherwise piecewise continuous, it will be integrable over each singular
point and therefore will be integrable over the interval. _

We now define almost piecewise continuity as follows: A function f(z)
is almost piecewise continuous in a finite interval if there are a finite number
of points z1, . .., %, . . ., o~ such
that at each of them behavior of the
function is described by relation
(8-14) and if the function is piece-
wise continuous in every interval
not containing these points. If a
function is almost piecewise con-
tinuous in every finite interval it
will be called an almost piecewise |
continuous function. ‘%(:—), almost piecewise

Reference to these two types of continuous
functions will be made repeatedly,
Therefore, in the interest of brevity,
abbreviations will often be used
henceforth. We shall designate a
piecewise continuous function by
PC and an almost piecewise con-
tinuous function by APC.

You will note that an APC func-
tion is defined in such a way as to
ensure integrability over any finite
interval. Whether or not it is
integrable over the infinite intfef.val Fia. 8-3. A continuous function having an
depends on convergence conditions glmost piecewise continuous derivative.
as previously described for im-
proper integrals of the first kind. By defining the class of APC functions
we make it possible to eliminate concern about convergence of the second
kind.

Further insight into the meaning of the APC property is afforded by
Fig. 8-3, which is to be compared with Fig. 8-2. Figure 8-2 is an example
of a continuous function which has a PC derivative. By inventing the
APC class of functions we admit cases like Fig. 8-3, where f(z) has one or
more points z; where the derivative becomes infinite while the function
itself remains finite.

This section is concluded by pointing out that we have indeed defined

f(x), continuous

i
—

e e S
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an APC function in such a way that Theorems 8-1 through 8-4 can be read
with the word almost preceding the words piecewise continuous in each
instance. Proof of this statement is left to you as an exercise.

8-6. Iterated Integrals of Functions of Two Variables (Finite Limits).
In the development of the theory of the Laplace transform there are many
instances in which a function of two variables is integrated first with
respect to one variable and then with respect to the other. Adequate
treatment of the subject sometimes requires inversion of the order of
integration, a process which is not always justified. Therefore, we shall
need some theorems stating certain conditions which are sufficient to
ensure validity of inversion of the order of integration. In most cases at
least one of the integrals is improper.

If we are given a function f(z,y) of two real variables which meets cer-
tain conditions of integrability, we can perform the following two
operations,

[la [ rwnae [a [ s ay

which are basically different. The question then arises: Under what
conditions do these two operations give results which are identical? The
question can also be formulated for the case where f(z,z) is a function of
the real variable z and the complex variable z and where integration with
respect to z is along a contour C. Then we want to know when the two

operations
/c dz f:f(:v,z) dz /ab dz /c f(z,2) dz

yield identical results. The problem is further complicated by the fact
that in our applications the real integral can have infinite limits.

This is a sophisticated mathematical problem; and we shall make no
attempt to give it a completely general treatment. We begin by recalling
that in typical semielementary texts it is proved that the order of inte-
gration can be inverted if the limits are fixed and if f(z,y) ¢s simultaneously
continuous in both variables. But our problems do not fit into this simple
category: our functions can be discontinuous, and the integrals can be
improper.

This is one of the questions anticipated in the introduction for which
Riemann integration is really inadequate. Accordingly, we shall be
satisfied with a “proof’’ which is largely intuitive. In general, we shall
be satisfied to deal with the question of whether

[fay ['1@p e and  ['dz [*fy)dy
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are equal for those cases where, except at a finite number of points, f(z,y)
is almost piecewise continuous in each variable when the other is held con-
stant. An example would be
1

Viz+y—2[vV[z -9

which is APC in z and y, with singular points on the loci £ = y and
z =2 —y. Except when y = 1lorz = 1, the function is APC in z, with
y held constant, and in y, with z held constant. If we put 2z = 1, we get

) = E—i—”

fzy) =

and when y = 1,
1
f(z,1) = [z — 1]

neither of which is APC. The loci of singular points for this case are
shown in Fig. 8-4a.

Loci of
singular points

[
®

] 1 2
(@) ®

Fi1e. 8-4. Illustrations of how the points where f(z,y) is discontinuous or becomes

infinite can be described by alocus in the zy plane. (a) The example given in the text;

(b) & more general case.

Thus, we intuitively expect that f(z,y) will be characterized by loci of
singular points as indicated for a more general case in Fig. 8-4b. These
lines could be loci of points where f(z,y) is discontinuous by finite jumps,
but this case is trivial, and so we assume that they are loci in the same
sense as in Fig. 8-4a. An infinite discontinuity of the type permitted by
the APC condition is experienced as the locus is crossed in a direction
parallel to either axis. However, we do not expect APC behavior as
point A is crossed in either direction. Of course, much more complicated
situations than this might be envisioned in which the loci of singular
points would form a network of lines covering the rectangle and in which
more than two lines might intersect at a point.
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In preparation for the intuitive proof, we need the following lemma.:

Lemma A. If we consider a rectangle B, with sides parallel to the
coordinate axes, and if this rectangle is subdivided into a set of sub-
rectangles R,, then if the iterated integral of f(z,y) exists over R, it
equals the sum of the iterated integrals over B,. That is,

[orfie=Y ] o[
and jdzjdy=g/dz[dy

R

PrROOF. For a proof, we shall show this to be true for the single sub-
division shown in Fig. 8-5a. It will be quite evident that a similar proof
holds for Fig. 8-5b and that the proof can be applied repeatedly to take
care of further subdivisions.

d
ca X b
@ ® ¥
F1a. 8-5. Iterated integral over two con- F1a. 8-6. Isolation of the loci of singular
tiguous rectangles with sides parallel to points by a set of small rectangles.

the coordinate axes.

From the definition of an integral, we have

/cddyﬁbfdx=/cddyﬂz'fdx+/;ddy/:fdx
and L”dx/c"fdy=L”‘dx/c"fdy+/:dx/c"fdy

Each of the integrals on the right is an iterated integral over one of the
subrectangles, and hence the lemma is proved.

Now let the loci of singular points be enclosed by an array of rectangles,
as shown in Fig. 8-6. These rectangles can be made arbitrarily small.
Corresponding to this, the rest of the area is divided into strips, as indi-
cated in the figure. The strips can be either horizontal or vertical. Let
R, represent members of the set of rectangles in which there are no singu-
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lar points, and let S, represent members of the set of rectangles which do
contain singular points. According to Lemma A,

d b =
L@mew—g[@[mma g[@/mma

and

[ oo [P1@mdy =) [do [fanydy =) [ dz [ f@y) dy
Rn Sn

Each of the summations over the R, set of rectangles exists, and they
are equal, because f(z,y) is simultaneously continuous in z and y over
these rectangles. Therefore, if the right-hand sides of the above equa-
tions can be shown to approach zero, as the rectangles are made smaller
while becoming infinite in number, we shall have established that

/cd dy /abf(x,y) dz and /ab dx /cdf(x,y) dy

both exist. Furthermore, since it has been pointed out that

Y[y [s@nde=Y [do [ @y dy
Ra Ea

we also have

| [“ay [ 1@ do — [ dz [* 1) dy
<[> [ [senda|+|Y [ @ [ fmo dy| @-15)
Sn Sn

We shall outline what is involved in proving that each term on the right
side of Eq. (8-15) approaches zero. Two typical rectangles, labeled 1 and

(¢]

1)
Ay

(x131) Ax (x232)

(@ ®)
F1c. 8-7. Approximation of the locus of singular points, within a rectangle, by straight
lines (a) where there is a single locus line, (b) where two lines intersect.

2, are magnified in Fig. 8-7. They are also slightly modified to the extent
that it is assumed that the recrangles are small enough to allow the loci to
be approximated by straight lines. In these two rectangles, owing to
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APC properties, we can use the following estimates:

M
z—z1— ki(y — )™
N
T — T2 — ka(y —yd)|" Iz — 22 — ka(y — )

over (1)

|[fz )] < l
|f(z,9)] < l

in which M and N are constants and m, n, and p are cach between 0 and 1.
The numbers ky, ks, and k; are reciprocals of the slopes of the lines. The
first of these can be integrated with no difficulty, and an upper bound can
be found for the second (see Prob. 8-27). We find

over (2)

[ ay [ @y da | < (constant)(ag)r-

|/vih+bv dy /:’Hzf (z,y) d:vl < (constant)(Ay)*»—»

Similar results are obtained for integration in the reverse order. Asthe
rectangles are made smaller, their number increases in proportion to 1/Ay.
Thus, the contribution of the integrals of type 1 varies as Ay* ™. DBut
1 — m > 0, and so this contribution can approach zero as Ay approaches
zero.* The number of rectangles of type 2 remains constant as Ay goes to
zero. Thus, their contribution goes to zero, because 2 — n — p > 0.
If the function has finite discontinuities on these loci, there is no difficulty
in showing that the contribution of the S, rectangles approaches zero.

In this brief discussion we have omitted many details. In particular,
we did not take into consideration the special case where the loci may be
either horizontal or vertical. This causes no difficulty but does not fit
into this analysis because it would give k£ a limiting value of 0 or =.
However, to a degree we have established the following:

Theorem 8-7. If f(z,y) is almost piecewise continuous in z and y in the
intervalsa £ z £ band ¢ £ y < d, except at possibly a finite number of
points, then

[lay [(s@wydz and  [ds [*fay)ay

both exist, and they are equal.
An example may be helpful. Let

r_
Vie =1l

* This brief intuitive argument assumes that a single multiplying constant M in the
above appraisal will suffice at all points. Otherwise, this argument is not valid. In
view of the intuitive nature of this proof, it would be inconsistent to pursue this ques-
tion in detail.

flzy) =
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which is APC, with a singular point at # = y. The locus of the singular
point is a line at 45°. Let us check whether or not

[of st = [af 2%

are identical. For the first one,

zdx v zdzx 1 zdx
_~_+/ = S5y*
/\/Ix—yl ovVi-z Jyvi-y °
+2%0+2V1—y

and, for the second one,
‘xdy=’:cdy+1xdy
o Vlz—yl Jovzi-y J.Vy-=
by ordinary processes of integration. Integrate the first from 0 to 1, with
respect to y, giving

%[ v+ 3% [0+ vT—ydy
=4 [l v ay+ % [ G - 20) Vi dv
=%/oly%dy—%folw“ dw
+2 [ Vodw=2['vuwdw = 4

where w = 1 — y is used as a variable change. The second one, inte-
grated with respect to z, gives

=22% + 2241 — 2

2]o‘x§fdx+2/o‘z\/1“—7dz =2[o‘x%dx+2[o‘ (1 — w) vV dw
=2/01:c%dx —2[01w’fdw
+2/o‘\/5dw =2/0‘\/Edw =44

wherew = 1 — z. Both results are the same, in agreement with Theorem
8-7.

8-7. Iterated Integrals of Functions of Two Variables (Infinite Limits).
As an extension of the previous section, suppose that

IG) = [, fzy) ds (8-16)

converges for some range of ¥, say ¢ < y < d. The question is whether
or not

/cddyﬂ)"f(z,y)dz and /;.dx/cdf(:v,y)dy
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are equal if f(z,y) meets the conditions given in Theorem 8-7, for every
finite rectangle. You may recognize here a resemblance to the term-by-
term integration of series, as discussed in Chap. 5.

Suppose that, given a small arbitrary positive number ¢, it is possible
to find a number X, which depends only on ¢, such that

4
| [ar 1) dz| < e

when A, A" >X
for all y in the range ¢ £ y = d. If this is possible, the integral is said to
be uniformly convergent with respect to y, in the range specified. (This
is the Cauchy version of the definition of uniform convergence.)

Now assume that the integral with respect to z is uniformly convergent,
and observe that the integral can be written as a series

[ faw dz = Y Baw) (8-17)

n=0
where Ba(y) = ﬂ"”’ f(z,y) dz (8-18)
and the sequence 0 = By < B1 < B2 < 85 - - - is any infinite ascending

sequence of numbers starting from zero. Let such a sequence be chosen,
and choose a number N such that

By > X

Then, because the sequence of §’s is ascending, it is true that
ﬁv+l: ﬁu > X
when u,v >N

We arbitrarily let v be the larger of the two nambers u and v, if they are
not equal. Note also that

> f(ay) do = 2 Ba(y)

However, owing to uniform convergence of the integral and the appropri-
ate choice of » and v indicated above,

l/ﬁ"‘f(x,y) d:cl <e

Bs
when u,v >N

and consequently
i J

lZB.(y)|<e

Nm=y

when u,v>N
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Thus, it is seen that uniform convergence of the original integral ensures
uniform convergence of any series constructed from it in accordance with
Eqgs. (8-17) and (8-18). From Theorem 5-3, it is known that a uniformly
convergent series can be integrated term by term, and so we have

[l [ s@w s = [ ay Z B.(3)
n=0

= i [c" Ba(y) dy

n=0
= ’20 L ¢ dy /:m fz,y) dz
= 3 [ aaf o) ay
n=0
We now recall that the sequence By < B; - - - is arbitrary, and under
this condition the summation of the last expression yields
Joax [ 1) ay

Thus, we have proved the following theorem:

Theorem 8-8. If f(z,y) meets the conditions given in Theorem 8-7, for
every finite rectangle in the zy plane, and if the integral

[, few) da

converges uniformly with respeet to the upper limit, in the range
¢ £y =d, then

[Py [ fayydz = [ do [*flzy) dy

A similar theorem can be proved regarding inversion of the integration
order of

/a dz [;f(x,z) dx

where f(z,z) is a function of a real variable x and complex variable z.
However, there is a slight difference: almost piecewise continuity has not
been defined for a function of a complex variable, and so this is avoided
by requiring f(z,z) to be continuous in z for all values of z for which the
function is defined. The proof follows by recognizing that a contour
integral can be written as the sum of four real integrals and then by
applying Theorem 8-8 to each of the real integrals. The result is stated
as follows:
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Theorem 8-9. If f(z,2) is APC in z for fixed z and continuous in z for
each z for which the function is defined, and if

[\ 1@ da

converges uniformly with respect to the upper limit, for z on a curve C,

then
[c dz /0' f(z,2) dzx = [o' dz /c f(z,2) dz

8-8. Limit under the Integral for Improper Integrals. In dealing with
the Laplace integral we shall have occasional need to know whether or
not, given a function of two variables f(z,2z), we can write

lim [°f(z,2) dz = [” lim f(z,z) dz

—20

In order to appreciate that this is a question of interest, consider the

integral
* gin y d
ﬁ y ¥

which is evaluated in Sec. 8-12. Now let z > 0 be real, and let y = 2z,
giving

However, if we take the limit before integrating, we get

“© . 8lnzz
bhm de =0
0 -0 x

showing that different results are obtained depending on whether we take
the limit first or integrate first. Therefore, conditions arec wanted which
are sufficient to permit an interchange of the limit and the integral.

It is a simple matter to show that these limits can be different only at
points where the integral is a discontinuous function of z. In the above
example, if z approaches zero from the negative side, the integral
approaches —x/2, confirming the above statement for this example.

The following theorem is adequate:

Theorem 8-10. Let a function f(z,z) be of the form
f(z,2) = g(z,2)h(x)
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where z is complex and g(z,z) is continuous in each variable when the
other variable is held constant and where h(z) is APC. If the integral

/0" f(z,2) dz

converges uniformly with respect to the infinite limit, in a region R, it is
true that

lim [* f(z,2) do = [” lim f(z,2) dz

if z¢ lies in R, and z lies in R as it approaches z,.

We shall omit the proof of this theorem with the comment that two
considerations are necessary. Since the integrand is APC in variable z,
it is necessary to consider the validity of the result in the light of singular
points of the integrand at finite values of z, where the integral is improper.
By restricting behavior at these points to being of the APC type these
singular points cause no difficulty. Then it is necessary to consider the
effect of the infinite limit, and in doing this it is found that uniform con-
vergence is sufficient. The proof of this is similar to the proof of con-
tinuity of an infinite series of continuous functions, Theorem 5-2.

The example given earlier does not meet the conditions of the theorem.

The integral
/ © gin zz dz
0 x

converges uniformly for z = 2’ > 0, but not for z = 0.

8-9. M Test for Uniform Convergence of an Improper Integral of the
First Kind. Since uniform convergence of an improper integral occa-
sionally arises as a needed condition, it is important to be able to test a
given integral for this property. The situation is much the same as for
series, and so for an intuitive understanding you are referred to Theorem
5-4.

The case of an improper integral of the first kind is dealt with by the
following theorem:

Theorem 8-11. Let M (zx) be a function which is positive for all x and
such that

If(z,2)| £ M(z)
for all z in a region R. Then, if
[0“ M(z) dz
exists, it can be concluded that
[\ @) da
converges uniformly with respect to the infinite limit, for z in R.
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8-10. A Theorem for Trigonometric Integrals. The integrals

/: f(z) sin yx dz
Lbf(x) cos yz dz

are functions of y. In the proof of the Fourier integral theorem we shall
need to know the limit approached by these functions as y becomes
infinite. An intuitive preview of the answer can be gleaned from the
observation that, as y increases, the areas of sin yz and cos yz, over any
finite interval of x, approach zero because the period approaches zero.
Ultimately this action becomes dominant, causing the integrals to
approach zero.

In proving that these integrals approach zero we are faced with a
slightly complicated situation because the oscillatory nature of the
integrand is essential to the behavior of the integral, and so an appraisal
must be used which does not depend upon the absolute value of the
integrand. 'We shall outline the proof, assuming that f(zx) is piecewise
continuous between a and b. It is possible to subdivide the interval of
integration into N increments with end points . and to establish a set of
constants 4, which will determine the staircase function

Al a<z<xy
0@ =14 mlrsm
AN xN‘1<x<b

which will approximate f(z) in the sense that, for any small arbitrary
positive number ¢, it will be true that

b €
[ 1@ = gt ez < 5

For all values of y it is true that

- l[le(x) sin yz dz
S ve - s@nsmviz| s [150 - ol as < 5

l /;bf(x) sin yz dx

=

and from this we have

b
<§+’/ g(z) sin yz dz

/ ' f(z) sin yz dx
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But the integral on the right is subject to the appraisal

N
b et
/g(:c) sinyxd:c|=' E A,,/ sinyzdzl
a z»
k=1

N
_ I z 4, SO8 YT — cos Y| 2NM
y vl

k=1

where M is an upper bound of the set of Ax numbers. The numbers N
and M are fixed, and so if

4NM
lyl > —
we have 2NM <z
vyl ~2
and therefore | fnb f(zx) sin yz dx I <e

Since ¢ is arbitrarily small, this shows that the integral approaches zero.
Obviously the same result would have been obtained if cos yz had been
used. This completes the proof for the case where f(z) is piecewise con-
tinuous and the limits on the integral are finite. However, the proof can
readily be extended to include improper integrals if f(x) is APC and if it is
absolutely integrable to infinity. Suppose that the APC function f(z)
becomes infinite at zo and that

[ i@ d=

exists. Then, by virtue of the definition of convergence of an improper
integral, we can choose numbers X,, X, and X;, where

X1 <z < X,
and such that

X1 X2
I / f(@) sin yzxdz| < / |f(z)| dx < £
X1 X1 4
l/ f(2) sin yxdz‘ < / If(z)| dz < <
X3 X, 4
Then we can use the previous result to show that

< when y > o

X
ﬁ f(z) sin yz dz

LK

X
and ' [vz flx) sinyzdz| < when y > y,

B m
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If yo is equal to the larger of the two numbers y, and y., then we have

| [, #@ sinyzdo| < e
for Y >
and again we have shown that the integral approaches zero as y increases.
In the most general case, where f(x) is not necessarily APC, this result
is known as the Riemann-Lebesgue theorem for trigonometric integrals. We
now state the result for the restricted conditions used here, as follows:
Theorem 8-12. If f(x) is piecewise continuous, in the interval from a to
b, then
lim f(x) sin yrdr = 0

ol (8-19a)
Illxm f(:c) cosyrdzr =0
yl—>
Furthermore, if f(z) is APC, and if
[ 1@l de
exists, then
lim f(x) sinyrdr =0
lvl== (8-19b)
Illlm f(:v) cosyrdr =0
y|— =

8-11. Theorems on Integration over Large Semicircles. In later work
there are frequent occurrences of improper integrals falling into one or the
other of the following two categories:

Case a Py /_: H(jy) dy
Case b PV [ = H(jy)ew dy

where H(z) is an analytic function of z. It is possible for H(z) to be
multivalued, but if this is the case, it is important to arrange branch cuts
so that the jy axis will lie wholly in one sheet of the Riemann surface.
Branch points and essential singularities, but not poles, can occur on the
Jy axis.

The general plan of procedure is to recognize these integrals as limits of
complex-plane contour integrals, as follows:

Case a PV /_‘ H(jy) dy = —j lim /c H(z) dz (8-20)
Case b PV [_. H(jy)ew dy = —j lim [c H(z)e? dz (8-21)
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where b < 0 and C is the contour shown in Fig. 8-8a, extending along the
j axis from —jR to +jR.* Then the path is closed by a contour C,, as
shown in Fig. 8-8b, or by C, -+ C’, as shown in Fig. 8-8¢, if H(%) has a
branch cut extending to infinity. Then we can use the calculus of residues
to write, for case a,

—j [c H(z)dz =j / . H(z) dz — 2x[sum of residues inside closed curve]
(8-22)

or —j [c HG) de = fc. H()dz +j [, H) dz
— 2x[sum of residues inside closed curve] (8-23)

A similar expression can be written for case b. In these equations the
signs are predicated upon the usual convention in which a positive direc-
tion of integration is one in which the enclosed area is on the left.

JR .-~N\\ F S~ ~
N N
A Cy Gy
c c A c \
=\ R\
’
\ c
1 D i il 1
T 1
1
ll 1
,I ,l
/s P4
s e
JR -7 =7

(a) ®) (c)
Fi1a. 8-8. Various contours used to evaluate an integral with two infinite limits.

As R is allowed to approach infinity, as required in Eqs. (8-20) and
(8-21), the right-hand side of Eq. (8-22) reduces to an integral over a
semicircle of radius approaching infinity, minus 2r times the sum of all
residues in the right half plane. In making this statement we assume
that the number of poles is finite, and so ultimately all right-half-plane
poles will lie within the closed curve, as R increases.

Presently we shall stipulate properties on H(z) which are sufficient to
ensure that

’i_iﬂ /C‘ H(z)dz=0 or él_rg o H(z)e*dz =0
Then only the sum of residues remains, unless H(z) is multivalued, necessi-

tating additional arcs such as C’ as part of the closed path. It was stated

* The more usual notation, as used in mathematics books, is obtained if z is replaced
by jz, with a corresponding 90° rotation of the contours. The form used here is more
natural for practical problems arising from the Fourier integral theorem.
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that there should be a finite number of poles of H(z) in the right half plane.
However, if H(2) is meromorphic and can be expanded in a Mittag-
Leffler expansion (see Sec. 5-16), then it can be shown that the present
theory is applicable by virtue of a term-by-term integration of the series.

The above discussion sets the stage to show why it is important to
investigate integrals over large semicircular arcs. We continue to con-
sider the two cases, showing what conditions on H(z) will make the inte-
grals over the semicircular arcs approach zero as the radius approaches
infinity.

We now assume that

hm RH(Re#*) = 0, uniformly — 12—r =60= g for case a (8-24)
and Ilzlm H(Re) = 0, uniformly — § =0= g for case b (8-25)

where in each case zero is approached uniformly with respect to . This
means that corresponding to an arbitrarily small positive ¢ we can in each
case find a number R, such that

R|H(Re®)| < e for case a (8-26)
when B > Roand —n/2 £ 6 £ /2 and
|H(Re®)| < € for case b (8-27)

when R > Ry and —7/2 < 6 < /2. Beyond this point the proofs for
the two cases are different.
Consider case a; making the variable change

z = Re® dz = jRe® d

we get /c. HG) dz = —j /_: jz Re®H (Re™) do
and so, invoking relation (8-26),
| / H(z) dz, < / ,RIH(Re™)| d6 < e (8-28)

if R > R, where R, is the value defined in relation (8-26). Since e is
arbitrarily small, it is established that
lim H(z)dz =0 (8-29)
R— Ch

Proceeding in a similar way for case b, we have
[o B@ede = —j [ RePH(Reit) g in? dp
and [ / H(z)e> dzl < [ , R|H(Rei")|e*2==® do (8-30)
Now let R be greater than R,, so that |[H(Re/®)| < ¢, by relation (8-27).
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Also, note that the exponential is an even function of 8, so that for B > R,
we can write

| /Cl H(z)e> dz 1 < 2Re [o /2 gbReent dg (8-31)
At this point we refer to Fig. 8-9 for an estimate of cos 8, namely,

cosoél—_’%ﬂgo 056=

cos 8

0 9 — x

Fic. 8-9. Replacing cos 8 by a linear function which is always less than cos 6.

Therefore, assuming b < 0,

ebRno-O é ebRe—2bR0/r 0 é ]

1A
[T

This estimate is used on the right side of relation (8-31) to give

weebR

-b

/2 /2
2Re -[) etReon b df < IRecbR ﬁ g 2RéIT g — (e?® - 1)
e TE
—_ 1 — pbR < et
B 49 <@

Thus it has been shown that, if the arbitrary small positive number re/[b|
is chosen, there is & number R, such that

H@erdz < = b <0
o 18]
when R > R,, and thus it is proved that
Jim /C‘ H(2)¢*dz =0 b<0 (8-32)

In appraising these conclusions, we must keep in mind the restrictions
on H(z) and also the condition b < 0 in case b. Exactly similar pro-
cedures apply, under appropriate conditions, leading to the use of a semi-
circle in the left half plane. It is found that if

Jim RE(Re®) = 0, uniformly % < 6 < 3-2’—' for case @ (8-33)
and Rlim H(Rei®) = 0, uniformly% 0= %I for case b (8-34)
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then, referring to Fig. 8-10 for the definition of Cs, we get

Igim e H(z)dz=0 for case a (8-35)
lim [ H(z)e"dz =0,b>0  for case b (8-36)
R—o JC3

Note that b > 0 when the semicircle is in the left half plane.

- -

-~ -
e s
PR
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! ! ¢
| [ e
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\ \
\\ \‘Cz
N,
\\\\ \\\\

Fiqa. 8-10. Alternative contours to be used in certain cases for evaluating integrals with
two infinite limits.

If there is a branch cut, C, or C:refers to the complete semicircular are,
excluding the gaps at the branch cuts and excluding whatever additional
arcs (such as C’ in Fig. 8-10) may be needed in order to keep the complete
closed contour in one sheet of the Riemann surface.

These results are so important that we now state them formally as two
theorems:

Theorem 8-13. If H(z) is an analytic function having the property

T kg
-3 =0= 5
lim RH(Re®) = 0 or (8-37)
- T<o< 3r
2= 2
uniformly with respect to 8, then
lim [ H()dz=0 (8-38)
R—w Cy
or lim H(z)dz=0 (8-39)
Row JCr

where C, and C; are semicircles in the right and left half planes, respec-
tively, centered at the origin and of radius E.
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Theorem 8-14 (Jordan’s Lemma). If H(z) is an analytic function having
the property

-r< T

lim H (Re’®) =0 or (8-40)
Tcg<m
2="="3

uniformly with respect to 6, then, if b is a nonzero real number,

Igim e H(2)et*dz = 0 ifb<0 (8-41)
or gim o H(2)e*dz = 0 ifb>0 (8-42)

where C; and C, are semicircles in the right and left half planes, respec-
tively, centered at the origin and of radius R.

These theorems have been presented in terms of semicircles in the right
and left half planes. However, by means of a variable change to provide
a rotation in the complex plane, it is possible to state these theorems for
semicircles having any arbitrary orientation. In fact, these theorems are
usually stated for semicircles in the top and bottom half planes. For
the generalization of Jordan’s lemma to any semicircle centered at the
origin, see Prob. 8-24. Also, it scarcely needs to be pointed out that
for the conditions stated in Theorems 8-13 and 8-14 the integrals over
arcs smaller than the semicircles also approach zero. Very often, as in
Example 3 in the following section, an integral over a quarter circle is
encountered.

8-12. Evaluation of Improper Real Integrals by Contour Integration.
The two theorems presented in the previous section find many applica-
tions in later chapters. However, rather than refer ahead to these
applications, we present here three arbitrarily chosen examples.

In each example we start with a real integral in the variable y. Then,
in order to fit the examples to the theorems, it is convenient to write the
given integrals with jy as the variable. Doing this yields integrations
over semicircles in the right and left half planes, in similarity with the
theorems as stated.

Ezxample 1. Evaluate the integral

© dy
—wa®+ 9yl
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The integrand can be converted to a function of jy by writing y* = — (jy)?,
and therefore we formulate the problem as follows,

W _ipm [ %
—_— av2 - (j?/)2 R—w Ca'2 - 22

where path C is defined in Fig. 8-8. At infinity the integrand behaves in
the manner described in Theorem 8-13, for all directions of approach to
infinity. Thus, integrals over both C; and C, approach zero as R
approaches infinity. C, is arbitrarily selected, which means that C + C,
encloses a right-half-plane pole at z = @, with residue

Thus, if H(z) = 1/(a® — 2?),
. . . 1
im [ B d = - [ He e - 2~ )

and, using Theorem 8-13 to eliminate the integral over C,, we have

@ dy _ I

—eatt+ 3y a
The same result would be obtained by integrating over path Cs. Then
integration is in the positive sense, but the residue at the pole at —a is
1/2a. These two sign changes cancel, giving the same result. Note that

this integral can be integrated directly, by substituting limits in the
inverse tangent function.

Ezample 2. Evaluate the integral

® gin y
—2d
[» y ¥

The function (sin y)/y is an even function, and so

* gin y 1 = siny 1 [= eV —eW
—dy =3 —2dy =3 —s—0d
o ¥ o 2/-.. y Y 2/-- 2y Y

. . [ et~ . . [ sinh 2z
_gﬂ(_JL 4z dz)“éﬂ" c 22 dz
This would suggest a separate integration of each term in the integrand,
but then each integrand would have a pole at the origin, on contour C, and
80 Theorem 8-14 will not apply. However, (sinh 2)/z has no pole in the
finite plane, and so the path C can be distorted to one side of the origin, as
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. * sin
Fig. 8-11. Contours used in evaluating /;) Ty dy.

shown in Fig. 8-11, without changing the integral. Thus,
sinh z sinh z & et
/(; 22 dZ—/;o 2z dZ—LuagdZ Aoﬁdz
N e’ N g

The quantity b of Theorem 8-14 is +1 and —1 for integrals 4 and B,
respectively. Therefore

. e*
o [ gm0 i [ G
and so for integrals 4 and B the path C, is closed, respectively, to the left
(C2) and right (C,). Path Cy + C; encloses no pole, and so integral B
approaches zero as R becomes infinite. Path Cp 4 C:encloses the pole at
z = 0 with residue }4. Thus,

sinh z . e .

|y BT hm | %® I3
and finally [) SIZydy— Ilelﬂ—]/;'snégzd =’2_'

The same result would be obtained by using a path distorted to the left
of the origin, rather than Co. A double sign change would occur, because
the direction of integration would be changed, and because of a change in
sign of the residue.

Ezample 3. Evaluate the integral

/ _cosy dy
—e \/y’-l-l
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Since (sin )/4/y? + 1 is an odd function of y, we have
® siny
e VY EF1

This fact allows us to write

y =0

_cosy ° i dy
v == Gl v
We want the integrand as a function of jy, and so this is changed to
L e—jy « e—}y
—= VY + 1 -« V1= (3y)?

. e
L ey

1

Now, referring to Fig. 8-12, we have

/C'+ C|+

But the integral over C, is zero, by Theorem 8-14, and so we look at

e—?
J, @ Somee - 1‘3%2f V=1

1i 2
T ) V@t t ann

2% e—le—a(eo- 0+5sin O)jaeiﬂ

~
N
C
C ‘\l
\
Branch point \
Radius \ Branch cut
A VAT~
N ]
II
R\ﬁ/
’/
/G
7
e e = -
08 Y
F1a. 8-12. Contours used in evaluating / 71 = 3y

The last integral on the right approaches zero because the integrand
approaches zero as v/a. Now we have

® CosS Yy . e’
——Zdy = — lim e TIN1E
v L i M e

© ez
=2 —
/1 Va1

dz
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In this example we did not attain a numerical result directly. How-
ever, this integral is a special case of one of the integral representations of
the Hankel function Ho®(jw), which is*

By = [T

Thus, we have the resultt

cos ¥y . .
dy = 2ajH,®
ﬁ,vw+1 )
2r(0.268) = 1.685

Suppose that we had not succeeded in reducing the new integral to a
known function. Then a numerical approximation could have been used.
It is instructive to observe that the new form is more amenable to calcula-~
tion than the original. The new form is better because the oscillating
cosine of the original form has been replaced by the rapidly decaying expo-
nential e==. The algebraic singularity at z = 1 in the new form would
offer no difficulty, because near x = 0 the integrand can be approximated
by

e . 1

Vit—1 +z—-1

which can be integrated analytically over a small interval.

PROBLEMS

8-1. For each of the following, obtain an explicit formula for the function:

@ fH® = /o'asin ® - ) dz ®) £(0) = /O‘asin ® — z) da
© 50 = [ asin 6 - @ @ £ = [fasin b -0@
© fo®) = /o’i“'asintda @ foty = /_tzasin ®—z)db
8-2. Consider the two functions
ﬂt)={§—: (1)2 ié "(‘)={Z.;-11.5¢ 22:2;

Evaluate

directly, and also by Theorem 8-4.

* 8ee Courant and Hilbert, “Methods of Mathematical Physics,”” p. 479, Inter-
science Publishers, Inc., New York, 1953.

t Numerical values for HoV(jw) are found in Jahnke and Emde, “Tables of
Functions,” Dover Publications, New York, 1945.
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8-3. Determine which of the following improper integrals exist. It is not neces-
sary to evaluate those which do exist, but you should give logical proofs of existence
or nonexistence.

@ /0 ® edz ® /0” L
© /”Si”dz @ /fﬂe”dx
(e) / ey ' cos z dx (62] /_: z cos z dz
8-4. Do Prob. 8-3 for the following integrals:
ol o [

2 1
© f log z dz @ L by e
© j-llog:c @ /01 olln dz

8-6. Assuming that
ﬁ) *f@)ds and [0” o(@) dz

both converge, prove that

J7 U@ +o@1de

converges and is equal to the sum of the first two integrals. Also, by means of a
counterexample, show that convergence of the last integral does not imply conver-
gence of the other two.

8-6. For the following functions, catalogue them according to whether they are
continuous, piecewise continuous, almost piecewise continuous, or none of these.
Answer for each of the intervals 0 £ z £ 10and 0 <z = 10:

(a) z sin% (b) tan z
© Vicot z (d) log z
(e) sini 62 :_t

8-7. Use the fact that

to show that
g/”sin wT g
xJO z

is a function of w whichis —1 for w < 0 and +1 for w > 0.
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8-8. Check whether or not the question marks may be replaced by equality signs
in the following:

(a) [ol dy /01 zloglz —yldz ? /01 dz /01 zlog |z — yl dy
o [l =t [ =] B
© [Fa[lre-ne t [Ta [ re-nay

where f(z) = 1/4/|z| when 0 < |z] < 1 and f(z) — 1/4/2 — z when 1 < [z| < 2.
1 2 dz 2 1 dy
0 o VI1 = 2% 0 o VT = z%7
In each case determine whether the integrand is APC in each variable, as required

in Theorem 8-7.
8-9. Determine whether the integral

L]
/o yeve dz
converges, and converges uniformly, in the intervals
@o0=y=1l ®1=<y=s2

8-10. Referring to Prob. 8-9, compare the following:

(@) lim / ° yev= de and / " lim ye~v= dz
y—0 0 0 y—0

®) lim / “yevds  and [ * lim ye v dz
y1 0 0 vl

and relate your findings to the convergence properties obtained in Prob. 8-9.
8-11. Referring to Prob. 8-9, compare the following:

1 © © 1
(a) /0 dyﬁ] ye v dz and /0 dz /0 ye vz dy

2 w0 @ 2
®) /‘ dy/o yevidz  and fo da:/l yeve dy

and relate your findings to the convergence properties obtained in Prob. 8-9.
8-12. For each of the following cases check whether or not the question mark can
be replaced by an equality sign:

1 w0 . « 1 —n

(a) /0 dy/o esgingyds ? /o da:/oe sin zy dy
1 w o 1

®) /0 dy/o zevids 1 fo dz/o geve dy

Relate your conclusions to convergence propertieg of the integrals.
8-18. If f(z) has the property that

JAEIE
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converges, prove that

fon fz +y)dzr

converges uniformly, @ < y < yo, where a and y, are arbitrary real numbers.
8-14. For each of the following integrals, use the M test to determine a range of y
for which the integral

[, st az
converges uniformly:
@ f) = (ﬂlx?l’)’ ®) f(@9) = cos (a* + y)e-ttn

© flz,y) = Py + 7
8-16. Let f(z) be APC, and assume that
- 2
Jo @ieas
converges. Use appropriate theorems in the text to prove that

im [° f +0)f@) ds = [ @I da

y—0
8-16. Use contour integration to evaluate the following integrals:

sin y eiv ® dy
@[ T+57 ¥ o [T rFpw © [Z i
8-17. Prove the identity
©giny + ycosy = e
/o 14+ & ./0 1+zdx

8-18. Evaluate the integral

/ b dz
0 Vz(l+2)
by the following two methods.

(a) Contour integration on the integral as it stands. (HinT: Put a branch cut
along the positive real axis. After obtaining the answer in this way, decide whether
a branch cut along the negative real axis could have been used.)

() Let z = s?, and obtain a new integral, which is then evaluated by contour
integration.

8-19. Evaluate the integral

A
0o Vi(l+2)
where +/z is positive. (HinT: Use a branch cut along the positive real axis, and then
decide whether or not you could get the same result by using a branch cut along the

negative real axis.)
8-20. Use the principle of contour integration in the complex plane to evaluate the

integral
©  gin xy
—_— d
/0 a—-pm*
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8-21. Verify both of Egs. (7-54) for the function

@ =7 +s

(HinT: Use the principles established in Sec. 8-12, with a semicircular indentation
around the pole at ¥ = w. The PV, integral does not include the integral over this
semicircle, and so the portion due to it must be subtracted out.)

8-22. Verify both of Egs. (7-54) for the function

1
16 = a3
(See hint in Prob. 8-21.)

8-23. Let Z(s) be the impedance of a capacitor in parallel with a series RL branch.
Take each element value as unity. The real component of this impedance (for real
frequencies) is

1
ulw) = 1 — w? + wt

and the imaginary component is
3

W) = = T

Show that both of Eqs. (7-55) are satisfied in this case.
8-24. Define a semicircle C’ centered at the origin and of radius R, and give con-
ditions on H(z) and specify the orientation of the semicirele such that

lim H(z)e*dz = 0
R—awdC’

where ¢ is the complex number }c|ei.
8-26. As an alternative to the method given in the text for finding

= gin y
d
/o v Y

“’smy —e giv we:v
/0 y dy_hm?](/ Y +/ )

and then use Jordan’s lemma and the results of Prob. 5-33 to evaluate the quantity
on the right.

8-26. Let a rational function F(s) have at least a second-order zero at infinite s.
This means that the degree of the denominator must be at least 2 greater than the
degree of the numerator. Use an appropriate theorem to prove that the summation
of the residues over all the poles is zero.

8-27. In the discussion leading to Theorem 8-7, the following properties of iterated
integrals over the rectangles in Fig. 8-7 are stated:

ity z1+-Az dx
< tant) (Ay):—m™
/ dy ./ [z — 21 — kily — yo)|™ (cons )(8y)

v +Ay d z3+ Az dzx
[vs / g — 22 — ka(y — )"z — 22 — ka(y— y2)|?
< (constant)(Ay)?™"?

show that

Carry out these integrations, establishing the correctness of the above results.



CHAPTER 9

THE FOURIER INTEGRAL

9-1. Introduction. In this chapter we deal with perhaps one of the
most important single topics in the theory of the Laplace transform. In
Chap. 1 you were given a nonrigorous development which formally states
that under certain conditions, given a function f({), we can form the
function

§(jw) = [ 7, fe at (9-1)
and then recover f(f) by the inversion formula
i@ = 51; PV f " (jw)e do (9-2)

This is a statement of the bare essentials of the Fourier integral theorem.
In these formulas w and ¢ are real, and so these are real integrals. In
linear system analysis, ¢ is usually time, but of course this is incidental,
and ¢ is regarded as merely a real variable in this discussion.

With the background of the present chapter we are now prepared to
give a proof which is mathematically more rigorous than the proof given
in Chap. 1, and also we shall have a precise statement of sufficient condi-
tions on f(#) to ensure validity of the Fourier integral theorem.

9-2. Derivation of the Fourier Integral Theorem. Sufficient conditions
will be developed as we progress; and then the results will be collected
and stated as a theorem at the end. The first condition is that f(¢) shall
be APC and the integral

[2. 1) e
shall exist. Then, by Theorem 8-11, the integral
[ " fWe e dt

will converge uniformly with respect to the upper and lower limits, for
all w.
The proof of the theorem consists in proving Eq. (9-2) to be true. As
a first step we substitute $(jw), as given by Eq. (9-1), into the integral of
268
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Eq. (9-2). By omitting the factor 1/2w, the right side of Eq. (9-2) becomes
« . . 4 © o
PV /_” Fjuw)e®t dw = }1_130 /_A et duw /_” f(r)e=# dr

The pair of iterated integrations can be inverted, by virtue of Theorem
8-8, giving

w0 P A
PV / G(Jw)ent dw = lim / f(f) dT / e:'w(t—r) dw
g — — —A

sin AE .,.— T) dr

lim 2 / " 1)

Ao —_ t

sin Au

lim 2 /_: S+ Fd (99)

The last step is arrived at by changing the variable in accordance with
u = v — ¢ and regarding ¢ as constant.

Now assume that ¢ is a value at which f(t—) and f(¢+) exist. We write
this integral in three parts, as follows:

2 /_" f(u + t) Mdu = L(AD) + LA + Is(4,0)  (9-4)
where I,(Ag) =2 / flu +t) ———
sin Au

nag =2 [ a0 ta o)
I(4,0) = 2[’ fu + t)%u“l—“du

sin Au

The Riemann theorem for trigonometric integrals (Theorem 8-12) applies
to I,(A,t) and I;(A,) because f(u + ¢)/u is absolutely integrable over
intervals which avoid the origin. Now we have

lim Iy(4,0) =
lim Ii(4,) =0

and so, from Eqs. (9-3) and (9-4), we are left with

© 8 1
PV / §(ju)em do = lim 2 / Jw+ SmuA“ du  (9-6)
If f(¢) is discontinuous at the value of ¢ in question, then f(u + ) is dis-
continuous at 4 = 0 and this would lead to difficulty in a later step if the
integral were left in this form. This trouble can be avoided by writing
it as the sum of two integrals,
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2 /_:f(u +9 8B A gy = o /: fu+ o B4 g,

2 [ 1o+

=2 [(fw+ 0 + (- +ms““‘“

sin Au

(9-7)

Now change the variable to w = Awu, giving

2/jsf(u+t)%—4'—‘du=2/;5A[f(t+g—>+f(t—%)]SinTz')dw

Let A approach infinity, without justifying the step, to get a clue to the
answer. Justification will come later. This yields the tentative guess
that the right-hand side of the above equation is

sin w

2t +) + ft—)] / dw = wlfEF) + =) (98)

Now we shall prove that this is correct.
The sine integral is the starting point, and we proceed by modifying it
as follows:

® sin w . 4% gin w . dgin Au
dw = lim dw = lim du
0 w u

A—» JO w A—ow JO

Therefore, the term on the left of Eq. (9-8) can also be written as
follows:

sin Au

hm 2 / (fi+) + f¢—)) ——

A check on the correctness of the tentative answer given by Eq. (9-8) is
obtained by computing the difference between the above expression and
the right side of Eq. (9-7). By omitting the factor 2, this difference
is

lim [/:'M)—J-—-@ sin Audu + -/:w sin Au du]

A=

As u approaches zero, each of the quantities f(¢ 4+ %) — f({-+) and
f(t — v) — f(t—) approaches zero, because f(f) is piecewise continuous.
Thus, there is the possibility of the above quantities, when divided by u,
being integrable over the interval indicated. However, they will be
integrable only if the numerators approach zero as fast as, or faster than, «.
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As a sufficient condition assume that we can find numbers K and a such
that

17t + w) — fE+)| < Kyux ©.9)
1ft — u) — f(t—)| < Kqu
when u<s

and where a; and «; are each greater than zero. This will ensure integra-

bility. For example, then,

s _ ) ‘,,
/ fetw) = 1) 4 | o / Koumt dy = K18%
0 u 0 a

1

and similarly for the other integral. Relations (9-9) are called Lipshitz
conditions of order o and are a property of f(¢) which we now require, in
addition to the original condition of being APC.

Assuming that conditions (9-9) are satisfied, Theorem 8-12 can now be
used to arrive at the results

e+ W SO G Audu =0

lim
A—e JO u
] i — -
lim / ui(t_)sm Audu =0
A—e O U

This confirms the earlier guess that the right side of Eq. (9-8) is a cor-
rect evaluation of the right side of Eq. (9-6), and therefore also of the left
side of Eq. (9-3). In other words, we have proved, for the conditions
assumed, that

MR T702) _ Lpy /_: §(juw)e™t do (9-10)

at any point where f(¢) satisfies Lipshitz conditions of order &« > 0. Of
course, at any point where f(¢) is continuous, [f(t¢+) + f((—)1/2 = f(1),
and so Eq. (9-2) is an adequate representation if

is used for the definition of f(f) at points of finite discontinuity.

A few words about the physical meaning of the Lipshitz condition may
be enlightening. Existence of right- and left-hand derivatives at each
value of ¢ would be sufficient to carry out the concluding steps of the
proof, without explicitly stating the Lipshitz condition. Infact, existence
of the single-sided derivative is equivalent to the Lipshitz condition of
order 1. Most practical functions, like the examples in Fig. 9-1, do have
right- and left-hand derivatives. However, we would like to be a bit
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more general and include functions like Fig. 9-2. Here there are points
where the function remains finite, may or may not be discontinuous, but
where the single-sided derivative becomes infinite. These functions

BN

Fia. 9-1. Examples of functions having finite single-sided derivatives.

‘ _/

A ”

VT

F1e. 9-2. Examples of bounded functions which have derivatives (or single-sided
derivatives) which become infinite.

satisfy the Lipshitz condition, and so the Fourier integral theorem is valid
for them.*
We now state the Fourier integral theorem as follows:

Theorem 9-1. Let f(¢) be a function which is almost piecewise continu-
ous, which satisfies the Lipshitz condition of order « > 0 at each point
where the function is finite, and for which the integral

[ @)

converges. Then,
§(je) = [ feyes dt
defines the function $(jw) by an integral which converges uniformly with

* The function 1/+/ —log [f| does not satisfy a Lipshitz condition at the origin.
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respect to the infinite limits, for all real w. Furthermore, f(¢) is related to
F(jw) by
MR +76=) _ Lpy / F(ju)e™ da

at all points where f(f) is not infinite. The first integral is called the
Fourier integral, and the second integral is called the inversion integral.

9-3. Some Properties of the Fourier Transform. For further appraisal
of the Fourier integral theorem we consider two examples. As the first
one, take the even function

f@) =e*  a>0 (9-11)
for which F(jw) = /_°w glo—iot gt 4 [o“ e—(e i)t gt
a—jo  a-+jw
2a
Tat o (6-12)

As the second example, consider the odd function

fo={25 15 (9-13)

which gives  $(juw) = — /_"w e@-it dg 4 [0” @i gy

1 1

= _a—jw+a+jw
. 2w
—J g T o (9-14)

In each case note that F(jw) is an analytic function given by a compara-
tively simple formula which has meaning for all values of o, real or com-
plex. On the other hand, if w = = 4 jy, the Fourier integral becomes*

[, fyeves

Introduction of the factor ¢¥* may prevent this integral from converging
for certain values of y. Thus, although the integral may not converge for
all complex values of w, we seem to get a function from the integral which
is defined for all values of w, complex as well as real. At least this is true
for the examples given.

The above facts point up the reason for making a distinction in termi-
nology between the Fourier integral and the function §(jw). The latter

* Here we are making an exception to the practice otherwise followed in this text,
that o shall be real.
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is called the Fourier transform of f(£). It is a function of » in which no
integral need appear. The transform is a function which can be repre-
sented by the integral for certain ranges of complex » but which can exist
for other values of w.

‘We shall now briefly consider a few of the universally important proper-
ties of the Fourier transform function $(jw), as they are related to proper-
ties of f(¢).

1. Properties of Real and Imaginary Parts of F(jw). In the first example
J@®) = f(—¢), and we found that F(jo) is a real function of w having
the property F(jo) = F(—jw). In the second example f(f) = —f(—1¢),
and the corresponding F(jw) is imaginary and has the property

F(jw) = —F(—jw). These are specific examples of a general property
which can be derived by writing f(¢) as the sum of even and odd parts:

(@) = f(&) + fo() (9-15)
where 1. = &szf(___t) f8) = -&‘L"Tf(__t) (9-16)

Then the Fourier integral can be written

o[ et = [T (5(—0e + fOe ] dt

F(jw) = 2 / * fu(t) coswtdt — j2 f ® £.(t) sin wt dt ®17)

o (4]
Thus, when f(¢) is real, the real part of F(jw) is always an even function of
w, and the imaginary part is always an odd function of w. Furthermore,
if f(t) is even, F(jw) is real (and also even), and if f(¢) is odd, F(jw) is
imaginary (and also odd). A good way to summarize these properties is

to write
F(jw) = F(—jw) w real (9-18)

In the terminology of Chap. 7, §(jw) is a real function of jw.
This general case, for a real function f(#), can be summarized by defining
two transform functions, as follows:

F(jw) = F.(jw) + jF:i(jo) (9-19)
where F(jw) = 2 /0«, Se(t) cos wt dt
® (9-20)
Fi(jw) = — 2 /o fol®) sin ot dt

2. Differentiability of the Fourier Transform. If f(t) satisfies the condi-
tions of the Fourier integral theorem, as stated by Theorem 9-1, we know
that

§(jw) = [ f®e dt
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converges uniformly for all w. Uniform convergence is sufficient to allow
us to write

§(ja) — F(jue) = [ fOeH — e dt

and to take the limit as w approaches wo. This is by virtue of Theorem
8-10. The integrand approaches zero, and so it follows that the trans-
form is a continuous function of the real variable w.

Now apply the Fourier integral theorem to the function ¢f(f), and adopt
the notation

F,(jw) = f " tf@edt

This function can be integrated under the integral with respect to w, by
Theorem 8-8, and so we can write

Jo s da =g [ st - 1) a
= j{8(jw) — 5(0)]

Now differentiate with respect to w, to obtain
Fi(jo) =J—3-" (9-21)

Since F1(jw) exists and is continuous, we see that F(jw) has a continuous
derivative with respect to the real variable w. A similar result can be
obtained if £*/(¢) satisfies the conditions of the Fourier integral theorem, in
which case the second derivative of F(jw) is found to be continuous. We
summarize by stating that if {*f(¢) is absolutely integrable from — « to «,
then the nth derivative of F(jw) with respect to « is continuous and is
given by
43 (ju) _
do®

j_isn(jw) (9-22)

In the above, » must be real because uniform convergence is assured
only for real w. Thus, in Eq. (9-21) we can say that the derivative exists
for real w but not necessarily for complex w. Consequently, this equation
does not establish that F(jw) is analytic.

To show that F(jw) is not necessarily analytic, consider the function

sin bt

R )
By routine integration, the Fourier transform is found to be

b )
F(jw) = ;<1+c051rl—)) 0= lwl =0
0 lw] > b
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For this example, $(jw) has a continuous first derivative, but the second
derivative is not continuous, and higher-order derivatives do not exist.
If we check the absolute integrability of #f(f), we find that absolute
integrability is retained when n = 1 but not when n = 2. Hence, it is
to be expected that the first derivative will be continuous but not neces-
sarily the second.

The case where f(f) is identically zero for || greater than some fixed
value is of particular interest. For such a function the Fourier integral
has finite limits, and so £f(¢) is absolutely integrable for all n. We con-
clude that in this case its Fourier transform is indefinitely differentiable
with respect to w.

Many other properties of the Fourier transform function can be derived,
but the same information can be obtained more easily from the Laplace
transform, because the theory of functions of a complex variable is then
more extensively applicable.

9-4. Remarks about Uniqueness and Symmetry. For a given f(f), its
transform F(jw) is uniquely determined by the Fourier integral of f(¢).
Therefore, each Fourier integrable function has one and only one trans-
form function $(jw) as its “mate.” We now ask whether or not two
different f(¢) functions could ever produce the same F(jw) function. Sup-
pose that f1(¢) and f»(¢f) are two different functions but that the transform
of each is the same function F(jw). Since F(jw) is the same for each, an
identical inversion integral is obtained for f1(f) and f2(¢). Therefore, from
Eq. (9-10) it follows that f1(2) and f.(f) must satisfy the equation

At any continuous point of a function f(t),

£ 102 _ g ©24)

and therefore Eq. (9-23) tells us that
Hi®) = f2(8)

except possibly at isolated points where one or the other function might
be defined arbitrarily. The inversion integral can give no information
about whether or not fi(f) and f.(¢) are equal at such isolated points.
This is to be expected, because the set of such isolated points is a set of
measure 0. We recall from Theorem 8-5 that an integral is unaffected
if the integrand is defined arbitrarily over a set of measure zero, Thus,
the Fourier integral can yield the same $(jw) function for two f(¢) func-
tions which differ over a set of measure 0, and the inversion integral will
be insensitive to this difference. This possible difference between two
functions having the same transform is primarily of academic interest.
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In fact, if we continue to agree to define a function at a discontinuity as
the mean of the limits approached from the two sides, then f(t) is uniquely
related to F(jw).

This property of uniqueness is very important. It means that tables
of paired functions can be constructed which are solutions of the pair of
integral equations

F(jw) = /_’ f@) et dt (9-25a)
&) = 2l1r1>v /_" F(jw)e™ dw (9-25b)

where Eq. (9-24) is understood to define f(¢) in the second equation.
Because these relationships occur in pairs, and because we have estab-
lished uniqueness, it follows that if one of these integrals is known the
other one is automatically known. For example, in Sec. 8-9 we obtained
the formula
20 _ / " gmaltlgiot g (9-26)
a? 4+ »? —w

In view of the above property we immediately know the value of an addi-
tional integral, namely,

et = %r L TT o + 5 €9 dw (9-27)
The usual PV designation is not needed here because the integral con-
verges as it stands.

In this way we see that the Fourier integral theorem has the effect of
doubling the size of a given table of integrals like Eq. (9-25a). If we have
a table of integrals representing integrals like Eq. (9-25a), we also
implicitly have a table of integrals like Eq. (9-25b). Except where the
PV designation is needed, these two integrals are essentially the same.
Let us consider this statement a bit further. Equation (9-27) can be
made to look like Eq. (9-25a) by replacing by ¢ and ¢ by —w to give

ge’“'“' = /_. aTl$? et di (9-28)

If Egs. (9-27) and (9-28) are typical of all cases, it would appear that to
obtain one pair of functions satisfying Eq. (9-25a) is to obtain a second
pair. In this case the two pairs are:

§{0)] F(jw)
2a
e—sitl m
1 f e—slwt

at + 2 a
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One naturally asks whether this illustrates a generally valid conclusion.
As was mentioned above, the integral of Eq. (9-25b) cannot be made to
look like the integral of Eq. (9-25b) unless the PV designation can be
omitted from the latter. Also, this example is a special case in the sense
that F(jw) isreal. Consider the general case of Eq. (9-25b), in which the
integral converges without taking the principal value. Then, if ¢ is
replaced by —¢, we can write

(=) = o [_‘Z 5 (jw)e do
and if ¢ and w are now interchanged we get
2af(~w) = / " S(jtye i dt (9-29)

If $(jt) is real, this last equation looks like Eq. (9-25a), except for inciden-
tal differences in notation. If F(jt) is complex, f(—w) is neither even nor
odd and, in the notation of Eqs. (9-19) and (9-20), the above equation
reduces to the pair

wlf(—w) + f@)] = [, Sty at (9-30a)
alf(—a) = f@) = [ 7 Sie dt (9-30b)

Each of these is similar to Eq. (9-25a).

No condition has been stated whereby we can know when an arbitrarily
given §(jw) function will be the Fourier transform of some f(¢). In view
of the symmetry properties mentioned above, we can at least say that if

[~ 5G| de

converges, then $(jw) is tlhie Fourier transform of some f(¢) function. This
gives no information about the case where the inversion integral con-
verges only in the principal-value sense. In that case, if

% PV /_: F(jw)e®t deo

converges to a function f(¢), this function can then be tested to determine
whether or not it has a Fourier transform.

These remarks are of more than academic interest, as we can see by
consideration of the following example. In system analysis we often deal
with a rectangular pulse defined by

R RS
f(t)_lo it|>1
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Its Fourier transform is readily found to be

'.’.F(jw) Y sin w

This function is not absolutely integrable. Thus we have an example

where a function which is not absolutely integrable is a Fourier transform,

emphasizing the fact that absolute integrability is sufficient but not

necessary. By invoking the ideas of symmetry, we can also conclude that
sin ¢

t

has a Fourier transform. This function does not satisfy the sufficiency
conditions of Theorem 9-1.

9-b, Parseval’s Theorem. Consider two functions f(t) and g(f) having
the property that the integrals

Jo li@lde and [T o) at

exist, and let one of these functions be PC and bounded for all ¢, and the
other APC. From these we define a third function

@ = [ 1t + 0 dr (9-31)

Ultimately we shall want the Fourier integral of r(f), but first we investi-
gate convergence of the defining integral. Suppose that g(f) is the
bounded PC function. Since it is bounded, for all ¢ and 7 we can say that
there is a constant M such that

lgtr + )| < M
and therefore (g + D] < M|f(7)]

forallz. The term on the right is absolutely integrable, and therefore, by
Theorem 8-11, it follows that the integral in Eq. (9-31) converges uni-
formly for ali 2. If f(¢) is the function designated as being PC, we replace
7 + ¢t by » in Eq. (9-31) to give

@) = [ fu = 0g(uw) du

which can be treated by a similar argument.

Since Eq. (9-31) converges uniformly, we can obtain r( ) by allowing
¢ to become infinite under the integral. If g(<) exists it must be zero,
otherwise g(¢{) would not be absolutely integrable. In that event
r() = 0. It can also be shown that r(¢) is continuous (see Prob. 9-23).



280 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

We shall show that r(f) has a Fourier transform by investigating the
integral

[ re s = élzxtn [Lea [ foge +0dr  (932)

By virtue of uniform convergence of the last integral on the right, the
order of integration can be changed, giving

[ e d = tim [ f)dr [ ot + e a

B— e

Now change the variable of integration in the integral with respect to ¢,
by making the substitution « = r + {, as follows:

[ourorm = i [ s [ 45 gm0

The integral of a nonnegative function over finite limits is not more than
its integral over infinite limits. Therefore, for all values of A, B, and 7,
it is true that
A+ w©
[ el du < [~ o) du

and with this information we can write the following sequence of inequali-
ties for the absolute value of the integrand of the r integral in Eq. (9-33):

| s [0 gwesmdu| s 15 [2)7 lowldu 5170 [ o)) du

The integral on the right is constant, and f(7) is absolutely integrable.
Therefore, by Theorem 8-11 we can say that the integral on the right of
Eq. (9-33) converges uniformly with respect to either A or B. According
to Theorem 8-10, it is possible to place the limits shown in Eq. (9-33) inside
the 7 integral, giving

/ —: rte*dt = / _: fr)edr dr iim / _AB'ZT g(u)e—on dy

B—x
= / Z f@e dr / " glwe s du

If we let $(jw) and G(jw) represent the respective Fourier transforms of
f(t) and g(t), we see that the two integrals on the right above are, respec-
tively, §(—jw) and G(jw). We have now proved the interesting result

[2. r@e dt = 5(—jw)§(je) (9-34)
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The inversion integral can be applied to the right-hand side of Eq.
(9-34) to give

/_1 J@)glr + 8 dr = %PV /_2 F(—jw)G(jw)et dw (9-35)*

Since r(¢) is continuous Eq. (9-35) is valid for all values of t. For the par-
ticular value ¢t = 0,

f_”_f(r)y(r) dr = 2—11rPV /_: F(—jw)G(jw) dw
= 2—1,;1"’ /_: F(jw)§(—jw) dw (9-36)

This result has a particularly significant physical interpretation if f(t)
and g(t) are identical. This function is necessarily PC and bounded,
because in the derivation of Eq. (9-36) we established that only one of
the two functions could be APC. We also note that §(—jw)F(jw) is an
even function of w, and therefore an integral of this function cannot
depend upon odd-function properties to make the principal value exist in
- the absence of ordinary convergence. Accordingly, the principal value
called for in Eq. (9-36) is not required. Equation (9-36) now becomes

/_: U@ dr = o /_: §(jo)5(—jw) d (9-37)

This can be written in another way by recalling that §(—jw) is the conju-
gate of F(jw), so that

| 5(j)F(—ja) = [5Ga)]?
and finally /_’ @2 dr = -21; [_" |5 (j2)|? doo (9-38)

The result just derived is summarized in the following theorem:

Theorem 9-2. Parseval’s Theorem. If f(f) is piecewise continuous,
absolutely integrable, and bounded, and if its Fourier transform is des-
ignated by F(jw), then f(¢) and F(jw) are related by the formula

[ vora =g [ st da

* Equations (9-34) and (9-35) were derived on the assumption that one of the two
functions is PC, while the other may be APC. It can be shown that these equations
are still valid if both of these functions are APC, if one of them remains bounded as {|
becomes infinite. However, in that case, 7(!) will be APC. In the present discussion
we want r(f) to be continuous, and so we adhere to the original conditions on f(t) and
g(t). This footnote is intended primarily for later reference, which occurs in Chap. 11.
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A physical interpretation of this theorem is possible. If f{t) represents
a time-varying physical quantity, under certain conditions the left-hand
integral is a measure of the energy transfer. The right-hand integral is a
summation of the energies of the differential components of the Fourier
spectrum of the function. Engineers are familiar with the Fourier-series
counterpart of this, that the power associated with a periodic function
equals the sum of the powers associated with its harmonic components.

PROBLEMS

9-1. Determine whether or not the following functions meet the conditions of the
Fourier integral theorem:

1 <1 et t>0
@) = ltlx 1< ero={", 120
() f@&) = 1’;1 d) f{t) = tre®
@ 1) =25t 0 10 = 385
9-2. Check the function
0 1t >1
) =1 -1 -1<t<0
1 0<t<l1

in the Fourier integral theorem. That is, find F(jw), and then recover f({) from the
inversion integral.
9-8. Do Prob. 9-2 for the function

0 t<0,t>2
=4 -1 0<t<l1
1 1<t<2
9-4. Do Prob. 9-2 for the function

ks

0 el > 3

f@) = -

cos ¢ It < 5

9-6. Do Prob. 9-2 for the function

n

(0 I > 3

0 = :

cos?t Il < 3

9-8. Do Prob. 9-2 for the function

10 g >1
1@ {1+z tl <1
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9-7. Do Prob. 9-2 for the function

. sm 13
0= mrm

9-8. Do Prob. 9-2 for the function

O =7 +t‘

9-9. For the function
f) = e

g(]w) q; e—wlda

(HinT: Use the property d¥/dw discussed in Sec. 9-3, and then integrate by parts.
Also, observe that ﬁ) e dr =+/7/2.)
9-10. For the function

where ¢ > 0, show that

1) = te
show that

. )
S0 = Tt o

(a) By actually performing the integration indicated by the Fourier integral.
(b) By using the result stated in Eq. (9-26).
9-11. For the function

f@) = |tle

. 2(1 — »?
o) = oy

show that

and use the inversion integral to recover f(f).

9-12. Prove that, if f(¢) meets the conditions of the Fourier integral theorem, then
F(jw) approaches zero as « becomes infinite.

9-13. If f(t) and its first n derivatives are absolutely integrable from minus to plus
infinity, and if the nth derivative is APC, show that

[ 1@ de = Gy

where F(jw) = / __: Feiot dt
9-14. Consider the function

> 1
J@@) = {(t’— » -1sts1

where n is even.

(a) Show that this is an even function and that the first n — 1 derivatives are
continuous.

(b) Obtain the function F(jw) from the Fourier integral.

(¢) Check whether or not (w)"F(jw) goes to zero as w becomes infinite, as would be
indicated by the result stated in Probs. 9-12 and 9-13.
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9-15. Using the idea presented in Prob. 9-13, and using the functions given in
Probs. 9-10 and 9-11,
(a) Obtain the Fourier transforms of

fO =@ —=ne™  and  f@) = (1 ~ e

(b) Using the jw functions obtained in part a, recover the given f(t) functions,
through the inversion integral.

9-16. If f'(f) becomes infinite at ¢ = &, but in such a way that f(¢) is APC, show
that f(¢) satisfies a Lipshitz condition at ¢,.

9-17. Show that, if f() has a derivative at fo, then at this point it satisfies the
Lipshitz condition of order unity.

9-18. Show that the function

1

does not satisfy a Lipshitz condition at { = 0.

9-19. Referring to the statement of the Fourier integral theorem, we note that
(sin t)/t does not meet the condition stated in the theorem. Nevertheless, it is found
that ‘this function satisfies the integral relationship stated in the theorem. Discuss
whether or not the theorem is stated in such a way as to permit this special case.

9-20. If f(¢) is made up of the finite sum

o«
f(t) = z A,.e""'"l
n=1
where each b, is real and positive, show that F(jw) is a rational function having simple

poles at jo =", b, etc.
9-21. Use the Parseval relation to evaluate the following integrals:

© fgin z\?2 gin? ¢
@ /—-»( z ) d ® / A = 4
9-22. Use the principles established in Sec. 9-5 to evaluate the integrals
sin ezl
(“)/.x(1+z=) (b)/.,1+x=

9-28. Prove that the function
'@ = [ 1096 +0 dr
is continuous at each value of ¢ under the conditiong given in the text.
9-24. Obtain the Fourier transform for

sm bt

@ =




CHAPTER 10

THE LAPLACE TRANSFORM

10-1. Introduction. The Fourier integral theorem occupies a central
position in the theory of linear integrodifferential equations. This fact is
brought out in Chap. 1, and the development given there may be con-
sidered motivation for the present chapter.

Three basic tasks lie before us. As is stated in Chap. 9, the Fourier
integral theorem is restricted to functions which approach zeroatt = + «
fast enough to make the Fourier integral converge. One task is to show
that this restriction can be removed. The second task is to extend the
Fourier integral theorem to those cases where we want to investigate the
response of a linear system to an excitation which commences at ¢t = 0.
The third task is to develop certain properties of the resulting modified
transforms, which are relabeled Laplace transforms. The properties to
be investigated are those which make the Laplace transform a useful tool
in the solution of linear equations.

Another introductory noteisir der. In Chap. 8 several theorems on
real integration are enunciated, .uch as the theorem on integration by
parts. In Chap. 10 we shall use these theorems, but frequently the inte-
grand will be a complex function of a real variable. A complex function
g(z) of a real variable z can always be written

g(x) = g1(z) + jga(z)

where gi(z) and g.(z) are real. Since these various theorems on real
integration apply to each of the functions g:(z) and g.(x), the respective
theorems apply also to ¢g(z).

10-2. The Two-sided Laplace Transform. In Chap. 9 we saw that for
certain functions f(¢) the Fourier integral

§(ja) = [, fOe dt (10-1)

exists and yields a transform which is a complex function of the real vari-

able w. Now we allow « to be complex, but for later convenience it is

better to let jw be the general complex number s. Then, in a purely
285
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formal sense we can replace jw by s in Eq. (10-1), giving
§(s) = [, f®e dt (10-2)

where the function ¥(s) is represented by the integral for any value of s for
which the integral converges. &(s) is the two-sided Laplace transform of
f(®), and the defining integral is the two-sided Laplace integral. A detailed
consideration of convergence of this integral will take some time to
develop. Initial insight is gained by writing s = ¢ + jo, so that Eq.
(10-2) becomes

F(s) = [ = fete dt (10-3)

which is the Fourier integral of the function

fe

From the Fourier integral theory we can say that at least a sufficient
condition for the existence of the integral in Eq. (10-3) is that the integral

[, 1@l e
shall exist.

We immediately sense that for a given f(¢) this integral can exist for
certain values of ¢ and not for others. In particular, it may converge for
certain f(t) functions which are not themselves absolutely integrable.
This would be the case for the function

f(t)={:. L

for which [ ° fyetdt = [° etmdt+ [ e at

The first integral on the right converges if ¢ < 1, and the second integral
converges if ¢ > 0. Therefore, the combination convergesif 0 <o < 1,
showing that the integral of Eq. (10-2) converges in a vertical strip in the
s plane. Later on it will be shown that this is the general situation, that
in all cases the integral of Eq. (10-2) converges in a vertical strip. How-
ever, this strip may range from the whole plane down to a single vertical
line, depending on the nature of f(f). The function

sin bt

10 = =75

which appears as an example in Chap. 9, is a case where the strip of con-
vergence is reduced to the imaginary axis. Later on we shall find that,
if the integral in Eq. (10-2) converges in a strip of finite width, then F(s)
is an analytic function of s.
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We could go on to develop a detailed analysis of the two-sided Laplace
transform. However, a better procedure is to recognize that the defining
integral can be written in two parts, as follows:

[ iwema = [° jemdt+ [ fear
= [T f=vedr + [ 7 ftye dt

'Therefore, it will be sufficient to study the single integral
/0 f(O)e at

Having done this, with due regard for sign changes, we can apply the
results to

[ ° ferdt = /0" F(—t)er dt

and in this way we can get the information we want about the two-sided
Laplace transform from properties of integrals from 0 to .

10-3. Functions of Exponential Order. In a series of steps we shall
investigate convergence properties of the integral

F(s) = [o" F(t)e dt (10-4)

F(s) is called the one-sided Laplace transform of f(t), or merely the Laplace
transform. It is represented by the integral in Eq. (10-4), which we shall
call the Laplace integral, for all values of s for which the integral converges.
As a first step a new class of functions is defined. Let f(t) be APC, and
let it have the further property that there is a real number o, such that

Iim f(t)e~ = when a > ap (10-5)

— o

and with the limit not existing when a < ap. A function satisfying this
condition is said to be of exponential order «y. Note that Eq. (10-5) is not
necessarily satisfied if @« = «y. Henceforth, we shall often abbreviate the
phrase exponential order ao by the symbol EO,a,.

Functions occurring in the solution for time response of stable linear
systems are of exponential order 0. Such variables as current and velocity
always remain finite, which means that f(¢) is bounded. The product of
a bounded function by e~ approaches zero for all « > 0. Thus the order
for such functions is 0. Other variables like electrical charge and
mechanical displacement may increase without limit, but always eventu-
ally in proportion to &. However, such a function is also of exponential
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order 0, as we see by observing that
lim te== = 0 when a > 0

t— o

In fact, {» is of exponential order 0. In an unstable system a function
may increase as ¢*, and we see that

lim ee—2t = 0
t— o
if @ > a. Thus, the function e* is of exponential order a.

The order number a, will be — « for all functions which are identically
zero beyond some finite value of {. Thus, we may expect a, to lie in the
range

—o S g < ® (10-6)

10-4. The Laplace Integral for Functions of Exponential Order. We
now consider convergence of the integral in Eq. (10-4) when f(¢) is APC
and EO,ap. From Theorem 8-6 we know that

/o” f(t)e dt
converges if

[ 1f e dt = [7If@ledt o= Res

converges. Convergence of the integral on the right will be investigated

for ¢ in the range
a <o (10-7)

For any o in this range we can pick a number a, such that ay < a; < 7,
and since f(f) is of exponential order o, it is known that for any given
small positive number ¢ there exists a Ty such that

[F@®)]e = < e when ¢t > T
Therefore,

[ 150ledt = [ 7 |@leove et dt < ¢ [ oot (108)

The integral on the right exists, and so we have established absolute and
ordinary convergence with respect to the infinite limit in the region
Re s > ao.

For uniform convergence, an integrable function independent of s (or o)
is needed for use in the test given in Theorem 8-11. Let a; be a number
greater than aqg, and let ¢ be in the range

ag < oy g (10'9)

For any choice of «; we can find a number a, such that ey < a; < ;.
Relation (10-8) is again valid, by use of the presently defined «.; and with
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the introduction of a,, this inequality can be extended to
[r Ol <e [~ etrdt < e [ etorerar

The integral on the right converges and is independent of s. There-
fore, by Theorem 8-11 the Laplace integral converges uniformly for
Res 2 a1 > a.

‘We have proved the following theorem:

Theorem 10-1.* If f(f) is APC and EO,a,, then the integral which
defines the Laplace transform (the Laplace integral)

Ji 1weat
converges and converges absolutely for
ay < Re 8
and converges uniformly with respeet to the infinite limit for
ay < ay £ Res

10-6. Convergence of the Laplace Integral for the General Case.
Theorem 10-1 tells a great deal about convergence of the Laplace integral
for practical functions. In the process, we have gained the important
idea of a half plane of convergence. For functions which are not neces-
sarily of exponential order, the following slightly different theorem is
possible. Assume that f(¢) is APC and that for some complex number s
the integral

[0'° Ft)e st dt

converges. We shall show that it converges for Res > Re sy, The
proof requires an auxiliary function

w(t) = [‘ ° f(r)e dr (10-10)

This is a continuous function of ¢, and its derivative is

W) = —f)e
and in terms of this the Laplace integral can be written
[o" fetdt = [0‘” fOestemdt = — /0” w' (e dt (10-11)
* Obviously the APC condition is for £ = 0. We omit this qualification in this and

following theorems because it would amount to a trivial redundancy, integration
being always from 0 to <.
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where the complex variable & has been replaced by 8 = sy + 2. The
Cauchy principle of convergence will be used to establish conditions for
convergence of the integral on the right of Eq. (10-11). Thus, we are to
show that corresponding to an arbitrary small ¢ > 0 we can find a number
T, such that

| /AA, ft)e dtl = | [ Lwtendt| < e (10-12)
when ALA>T,

The above integral satisfies the conditions for integration by parts,
given in Theorem 8-4, subject to the comments given in Sec. 10-1 relative
to e~* being a complex function of the real variable {. Thus,

/ ; w'(t)e dt = w(t)e j + 2 f A‘, w(t)e™ dt )
= —'U)(A’)e_fA’ + W(A)e_'A + z /A’ w(t)e—sl dt (10_13)

The absolute value of the right-hand side of Eq. (10-13) is less than the
sum of the absolute values of individual terms. Therefore,

| [2 50 at| < lw(a") e + [w)le=t + 2] [ lw@edt (10-14)
where z = Re z. Since the integral

/o"’ f(r)eo dr

converges, it follows from the definition of w(¢) that, given an arbitrary
small ¢ > 0, we can find a number 7, such that

[w®| < ¢
when t> T,

Thus, if A’, A > T, we have
(4], lw(4)| < ¢
and if z > 0 and if A is the larger of A and A’, then relation (10-14)

becomes
4
/ ftyet dt
&

which in turn is less than

< 6, [e—zA’ + e—zA + % (e—zA’ — e—zA)]

, 2\ _
€ (2 + -a?) = ¢ (10-15)

This can be the ¢ of relation (10-12).
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For any fixed value of z, with £ > 0, the above quantity in parentheses
is finite, and by making ¢’ small enough the whole quantity (¢) is arbi-
trarily small. Since ¢’ determines To, we see that

fo” F(t)et dt

Re s > oy

converges When

where o9 = Re sp. This condition on Re s comes from the condition
z > 0, since x = Rez = Re (s — 380).

The above discussion provides the range of s for ordinary convergence.
This is not the range for uniform convergence, because 7'y is dependent
upon |z|, through Eq. (10-15) and the dependence of Toon ¢’. In order to
get the region of uniform convergence, let 6 be the angle of 2z, and observe
that

ol _

x

_1
cos 6

when x > 0. If 6 is restricted to the range

<g <7
0] £ 8 <2
we see that
o1
cos @ = cos @
_ l2l / b
and e—e(2+x)§_e<2+cose,)

The quantity on the right is independent of z. Therefore, if ¢ is given,
we can now find ¢, and then 7. Thus it is established that relationship
(10-12) can be satisfied, showing that the Laplace integral converges uni-
formly in an angular sector jang (s — so)} = ¢ < x/2.

The following theorem has been proved:

Theorem 10-2. Let f(¢) be an almost piecewise continuous function for
which the integral

fo"’ F()et d
converges. Then the Laplace integral
jo " fertdt

converges When
Res > Re g

Furthermore, convergence of the Laplace integral is uniform with respect
to the upper limit when

Jang (s — 8))] £ ¢ <

[}
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Note that we do not get convergence when Re 8 = ¢o. This means
that, although the integral converges when s = g, it does not necessarily
converge for some other s having the same real part as so. A simple exam-
ple can be given to illustrate this point. Let

0 0=st<1
J® = % 1<t

Then for s = 0 + jwo the integral

© ,—jugt © L P
e? di = COS wol dt —j sin wel di
1 i 1 i 1 t

converges, but it diverges at sy = 0. This one point on the jw axis makes
it impossible to say that the integral converges for Re s 2 0.

Theorems 10-1 and 10-2 are similar to the extent of identifying a half
plane of convergence for the Laplace integral. Theorem 10-2 includes the
functions of exponential order, which are the sole concern of Theorem10-1;
but Theorem 10-2 also covers certain functions which are not of exponen-
tial order. Perhaps this remark would seem to imply that Theorem 10-1
is a special case of Theorem 10-2. There are two reasons why not. In
the first place, Theorem 10-1 not only tells us that the Laplace integral
converges in a half plane; it also gives a specific number (ao) for the
abscissa of a left-hand boundary of such a half plane. Theorem 10-2
merely states convergence to the right of any point where we happen
already to know that the integral converges. In fact, some functions of
exponential order exhibit Laplace integral convergence to the left of
abscissa a,, in which case Theorem 10-2 would establish a half-plane
boundary to the left of the one given by Theorem 10-1. For example,
ag = 0 for cos (¢f) but there is convergence for Re s > —1. In the
second place, the regions of uniform convergence are specified differently
by the two theorems. Even though a function of exponential order
satisfies Theorem 10-2, this theorem tells us only that the Laplace integral
converges uniformly in an angular sector of the right half plane. Theo-
rem 10-1 indicates uniform convergence in a less restricted region, namely,
a half plane.

Thus we see that the two theorems are essentially different, but are
similar to the extent of establishing regular convergence in a half plane.
The smallest coordinate defining such a half-plane of convergence is called
the abscissa of convergence and designated ¢, The numerical value of
o, depends on charaeteristics of f(¢) which influence convergence of the
integral. In terms of ¢, we now state the region of convergence of the
Laplace integral as follows:

Res > o,
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If f(t) is EO,p, Theorem 10-1 provides the additional information
O¢ é [+7)]

We observe that a is obtained directly from the function, through rela-
tion (10-5). In any case, to obtain the abscissa of convergence o, it is
necessary to determine the set S of values of oo for which the integral
converges. The set S may be open or closed at the lower end (¢4 > Oand
oo = 0 being respective examples of S sets which are open and closed at
the lower end). In either case, o. is the greatest lower bound of set S.
Both the sets specified in the above parenthetical example have ¢, = 0.
If the set S is closed at the bottom, the Laplace integral converges at
least for some points Re s = ¢.; and if S is open at the lower end, the
Laplace integral converges for no

points for which Re s = o.. x/.é/éf’c’éﬁﬁérgéﬁ/{e”/
In connection with the question /
of convergence for Re s = o, we

note that neither theorem estab- egion °f Converge
blishes whether there will be con-
vergence at points on the vertical
line Re s = ¢.. The integral must
be evaluated to determine this.
Earlier we saw an example where

the Laplace integral converges for 7 //

= for s = 0. Th
Re s 0, ¢ except . 211 ®  Fre. 10-1. Region of convergence of La-
abscissa of convergence in thiscase place integral.

is 0, a fact which could be deter-
mined by inspecting the function and determining that it is EO,0. But
this would not give information about convergence for Re s = 0.

It has been mentioned that the numerical value of o. depends on certain
characteristics of f(f). A few cases are illustrated in the following table:

/

oz (absassa of convergence Z

f(t) Oc
et 1
sin ¢ 0
1 ]
et -1
1 0=st<1 —w
0 1<t

It is often convenient to refer in geometrical terms to the half plane of
convergence and to the vertical line s = ., which is its left-hand boundary.
This line is called the axis of convergence. The ideas relevant to regions
of convergence are illustrated in Fig. 10-1,

10-6. Further Ideas about Uniform Convergence. Theorem 10-1 states
that for a function of EO,ay convergence is uniform for Re s = a; > ao.
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But for such a function o, < a, and so we can obtain a statement of
the region of uniform convergence in relation to the abscissa of conver-
gence as follows:

Res = a1 > ap = o, (10-16)

This is for a function of exponential order. This region is closed on the
left, in contrast with the region of ordinary convergence, which is open on
the left. For the case of a function having a convergent Laplace integral
at some point 8, but not of exponential order, Theorem 10-2 specifies the
region of uniform convergence in relation to the abscissa of convergence.
The region is an angular sector formed by two lines radiating into the right
half plane from a point s’ and making an angle 26’, where ¢ < 90°. The

. Z//
1 %0n left) /

convergence (close
on left)/”

(a) Function of exponential {b) General case
order

F1a. 10-2. Regions of uniform convergence of the Laplace integral. In case b, &’ may
be to the right of the axis of convergence. Case a is shown for g = .

region consists of the points on and to the right of these lines. Two cases
can occur. If there are any points Re s = o, where the integral con-
verges, s’ can be one of these. If there are no such points, s’ is any point
for which Re s’ > .. Regions of uniform convergence are illustrated in
Fig. 10-2. :

Up to this point we have been considering convergence with respect to
the infinite limit. In addition, since f({) may be APC, it is necessary to
consider convergence with respect to points where f() becomes singular.
The APC category of functions is defined in such a way that, if 4 is a
singular point, the integral :

/; ttd f( t) dt

r—31
exists, where 8, and §; are arbitrary small positive numbers. If o, is any
real number, we see that

545 f@letntedi 5 eetcutso [44

| 78| de
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also converges. If Res = oy,
.If(t)e—-ul = If(t)le—n. (2)¢ é 'f(t)le]a,]t
and so by Theorem 8-11 it follows that

/l “EE yee dit

k— &y

converges uniformly for Re s 2 ¢,. Since o, is any number, the Laplace
integral converges uniformly with respect to finite singular points of
f(t) for s in any right half plane.

10-7. Convergence of the Two-sided Laplace Integral. In Sec. 10-2
the two-sided Laplace integral was shown to be the sum of the two
integrals

[o 10 = [T i0emdi+ [T f—verar @o-17)

The two-sided Laplace integral converges if each of the two integrals on
the right converges. The first of these converges in a right half plane.
The second integral is similar but has the exponent +s instead of —s.
This makes the second integral converge in a right half of the minus
s plane and thus in a left half of the s plane. The given integral will con-
verge if these two half planes overlap.

To pursue this in more detail, suppose that

/0’ F(—t)e dt

has an abscissa of convergence —o.2. It converges for

Re s > —Te2
Then ﬁ) ® f(~t)e* dt
converges for —Res =Re(—s8) > —oes
or Res < oc2

Now suppose that the first integral on the right of Eq. (10-17) has an
abscissa of convergence o.;. Then the two-sided integral will converge in

the strip
o1 < Res < Tc2 (10-18)

provided that ¢.; < o.2; otherwise there would be no overlap of the two
half planes. Egquation (10-18) suggests that two abscissas of convergence
(0.1 and ¢.2) are defined for the two-sided Laplace integral.

All the discussions of the single-sided Laplace integral given in Sees.
10-3 through 10-6 apply to the second integral on the right of Eq. (10-17).
It is necessary only to consider f(—¢) and to change the sign of s. The
abscissa of convergence o.; can be determined by the conditions of either
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Theorem 10-1 or Theorem 10-2. Theorem 10-1 applies if f(—¢) is EO,a,
where then o.. equals —a,. Theorem 10-2 applies if

/0 " f(—t)emt dt-

exists, and then g, will be the least upper bound of admissible values
of Re se2. Thus, 0.2 can be found from properties of f(—¢), and then the
range of convergence given by relation (10-18) is established.

Some f(f) functions will yield strips of convergence of finite width, and
others will not. The function

e 0<t
f(t)={e,,, t<0

has a convergence strip of finite width, if @ < b. Recalling a previous
example, f(¢) is EO,a and f(—¢) is EO,—b. Thus,

Oy = @ g2 =0
and the range of convergence of the two-sided integral is
a <Res<bd (10-19)

Examples of various cases of this function are shown in Fig. 10-3. Note
that the left-hand and right-hand abscissas of convergence (o1 and o,
respectively) are influenced \by the behavior of f(f) as {— 4+« and
t— — o, respectively. '

!

A \‘__b<a (no region
\ \ of convergence)

W\

0>b>a \\

s (region of
b=-a>0 a<0 convergence
a <Re(s)< b) a<0

Region of convergence
a< Re(s)<b

F1a. 10-3. Examples of exponential functions which do and do not have regions of con-
vergence for the two-sided Laplace integral.

Uniform convergence of the two-sided Laplace integral occurs in the
sort of region we should expect to get by superimposing two regions like
Fig. 10-2, one of them being reversed. Two cases occur, where f(f) and
f(—1) are both of exponential order, and where the two integrals

ﬁ) " f()e-mtdt  and ﬂ) ® f(—t)em dt

converge, where Re sy < Re sg.. Corresponding regions of uniform
convergence are shown in Fig. 10-4.
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7

.

Fig. 10-4. Examples of regions of uniform convergence of the two-sided Laplace
transform.

10-8. The One- and Two-sided Laplace Transforms. In Chap. 9 you
were introduced to the notion of the Fourier transform as distinct from
the Fourier integral. Also, in Secs. 10-2 and 10-3 the Laplace transform
is described as the function of s obtained from the Laplace integral. We
are now prepared to deal with these transform functions in more detail.

First we summarize the facts known at this point. Under certain
conditions on f(¢) we know that the integrals in the formulas

5(s) = j " fWedt (10-20)
F(s) = /0" f(t)e dt (10-21)

have certain regions of convergence. In those regions of convergence,
the appropriate integral represents F(s) or F(s). However, we are not
satisfied with Eqs. (10-20) and (10-21), for several reasons. In the first
place, an integral is not always the most convenient type of formula, par-
ticularly because it does not clearly put into evidence the properties of the
function it defines. Second, it is valid only in a restricted region. If
%(s) or F(s) is analytic, it will exist outside the range of convergence of its
integral representation and can be uniquely determined by analytic
continuation.

Let us consider whether or not %(s) and F(s) are analytic functions.
Assume that each of them has a region of convergence, thereby eliminating
the special case where the two-sided Laplace integral converges only on a
vertical line. We have shown for the one- and two-sided cases that there
is then also a region of uniform convergence in the s plane. Perform a
contour integration with respect to s over an arbitrary simple closed curve
C in the region of uniform convergence. By virtue of Theorem 8-9, the
order of integration may be inverted, and we get

[.5@ds= [~ 50 ([, ends)dt =0
J.F@ds =[50 ([, ends)dt =0
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Zero is obtained in each case because, by the Cauchy integral theorem,
/ e*tde =0
c

Since path C is arbitrary in the region of uniform convergence, Morera’s
theorem establishes that F(s) and F(s) are regular inside the respective
regions of uniform convergence of their defining integrals. The functions
can therefore be extended outside these regions by analytic continuation.
The continuity required for Morera’s theorem is established by Theorem
8-10.

With the revelation that $(s) and F(s) are analytic functions, we can
now see a reason for making a distinction between the Laplace integral
and the Laplace transform. Up to this point in the text the words have
been applied, respectively, to the right and left sides of the equation

F(s) = fo‘” fedt Res> o,

but until we were able to show that F(s) exists outside the region Re s > o,
and can be expressed by formulas other than an integral, there was no
reason in evidence for making a distinction between the transform and the
integral.*

This property of analyticity of F(s) provides the necessary vehicle for
gaining insight as to why the Laplace integral lends power to the Fourier
integral theorem. We now have a precise statement of a condition suffi-
cient to make F(s) analytic: the two-sided Laplace integral of f(f) should
have a strip of convergence of finile width. In Chap. 9 we obtained a
result related to this. There we found that F(jw) is indefinitely differ-
entiable if £f(¢) has a Fourier integral for all values of n. However, the
new result is a stronger one, because analyticity is more restrictive than
existence of all derivatives with respect to the real variable w.

The above discussion has established that F(s) and F(s) are regular at
all points in the region of convergence of the integral representation.
However, they can have singular points outside the region of conver-
gence. Thus, F(s) can have singular points to the right and left of the
strip of convergence and F(s) can have singular points to the left of the
half plane of convergence. The region of convergence extends to the
nearest singular point.

10-9. Significance of Analytic Continuation in Evaluating the Laplace
Integral. The Laplace transform is defined by the integration process

F(s) = /0" ftyet dt

* We now see that Eqgs. (10-20) and (10-21) are incomplete as written, since
abscissas of convergence are not stipulated. However, in those cases where the
specific value of o is not required, the designation Re 8 > o, may be omitted without
difficulty, so long as its implied existence is recognized.
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When it comes to a question of finding explicit transforms, we need to
perform this integration by standard methods of integration. How-
ever, these methods apply to real integrands, whereas ¢ is complex.
One way to proceed would be to use

e = ¢~ cos wl — je~ sin wi

which yields two integrals, each with a real integrand. However, this is
more complicated than necessary. An easier method, and one which is
conceptually more satisfying, is to use the fact, which has been proved,
that F(s) is analytic. This means that if we know F(s) we can get F(s) by
replacing o by s.

In most cases this formality is not necessary; seemingly it amounts
merely to a change in symbol. But without analytic continuation we
could not regard replacing ¢ by s as a mere formality. Therefore, even
though we might manipulate the defining integral as it stands, with com-
plex s as the parameter, the concept of analytic continuation lurks in the
background. In particular, those cases leading to multivalued F(s) func-
tions cannot be treated without giving heed in detail to the difference
between ¢ and s. An example is given in Sec. 10-11.

Since it has been shown that the two-sided Laplace transform can be
written as the sum of two one-sided transforms, these comments auto-
matically apply also to the two-sided case.

10-10. Linear Combinations of Laplace Transforms. Now that the
Laplace transform has been identified as an analytic function, we shall be
interested in its various properties. Notation will be simplified by intro-
ducing & new symbolism to imply the Laplace transform. If $(s) and
F(s) are, respectively, the two- and one-sided transforms of f(¢), we shall
write

F(s) = £4[f(t)] (10-22)
F(s) = £[f(®)] (10-23)

The notation using £ and £; is a convenience since it implies the pertinent
function of . But you must always regard a symbol like £[f(¢)] as a
function of s.

Linear combinations of functions are completely treated if we consider
two situations, multiplication by a constant, and the sum of two functions.
Let f(f) have a Laplace transform, and let & be a real constant. From
the defining integral,

@] = [, ke dt = k [ feye at
Thus it is obvious that

£lkf(0)] = kelf(1)] (10-24)
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Now let g(t) be a second function, also Laplace transformable. The two
functions f(f) and g(¢) will have abscissas of convergence o; and ¢, respec-
tively. If oy £ o, let o, be the greater. Then we can write

£l +g®) = [, O + o)l de
= [ f@emdt+ ["gWerdt  Res>q,

The condition Re s > o, is important in the sense that this condition can
always be satisfied. The abscissa of convergence of the Laplace integral
of the sum of two functions will be the larger of the two abscissas of the
individual functions. Thus, if £[f(f)] and &£[g(¢)] each exist, then
L[f(t) + g(?)] also exists and is given by

S[f(@) + 9] = Llf/®] + £lg(D)] (10-25)

The situation is somewhat different for two-sided transforms. It is
merely a detail to show that Eq. (10-24) can be modified for £[f(¢)],
giving

Lolkf ()] = kL[f(D)] (10-26)
but there is no general theorem for addition of two-sided Laplace trans-
forms. The reason can be found by considering the formal expression

[o g0 a [T gwemdi = [T 110 + gl ds

Even though each of the integrals on the left might converge, the integral
on the right exists (and an equality sign can be used) only if there is an
overlap of the strips of convergence of the integrals on the left. Thus, if
the two-sided Laplace integrals of () and g(f) have overlapping strips of
convergence, it is true that f(¢) 4+ g(f) has a two-sided Laplace transform
given by
L&) + g(8)] = Lalf(O] + Lafg(?)]

If there is no overlapping strip of convergence, the above sum on the
right will exist but the left side will not exist. The right side will be the
two-sided transform for some function other than f(f) 4+ g(¢). Further
explanation of this statement is found in Secs. 10-16 and 10-17.

10-11. Laplace Transforms of Some Typical Functions. Later on we
shall develop some general properties of Laplace transforms. For the
present, some feeling for these functions will be obtained by working out a
few examples.

1. f(t) = e**. Convergence is for Re § > a. We shall follow the plan
of Sec. 10-9, first integrating the defining integral with s real, as follows:

® —(o—a)¢ |®
/ etoongp = — " 1
0

ag—a o g—4a
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Replacing ¢ by s gives
1
—a

£(e*) = ; (10-27)
2. f(t) = 1. Convergence is for Res > 0, and this case can be
obtained from the above by taking ¢ = 0, giving

() =1

(10-28)

3. f(¢) = sin bt, and cos bt. Convergence is for Res > 0. Again
using s real, we get the following:

° ot s _ € (—a sin bt — b cos bt) [°
/; (sin bf)e—* dt = gy .
_ b
Y :
® e as _ €% (—0 cos bt + b sin bt) |7
/o (cos bf)e™* dt = gy .
_ o
= A

Again replacing ¢ by s, we have the results

£(sin bt) = (10-29)

b
s* + b*

£(cos bt) = (10-30)

s
s
4. f(t) = ¢** sin bt, and e* cos bi. This is a special case of a general case
to be treated later, where a ¢ function, having a known transform F(s), is
multiplied by an exponential. For the above three functions, conver-
gence is for Re s > a. The required integration is readily performed,
being basically the same as case 3, but with —o replaced bya — ¢. Thus,
referring to that case, we have
e—)[(a — o) sin bt — b cos bt} |*
(0 — a)? + b2
b

/; (sin bt)e—* dt =

0

it
) oyt g — €“I(a — o) cos bt + b sin bi]
/; (cos bt)ele—¢ dt T
c—a

"o e

0
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In each case the results are dependent upon the fact that ¢ > a. Nowe
is replaced by s, to yield

£(e* sin bi) = (s_—al;z_“TB‘z (10-31)
£(e* cos b) = (—s—sa;)za-ﬁiz (10-32)

5. f(t) = t*, Wheren Isan Integer. Convergenceisfor Re s > 0. The
defining formula can be integrated by parts, giving

b n,—at | * «
/ prevtdt = — 2| 40 f trte~et dt
1] 4 (1]

0 I'd
The integral on the right exists, and the lower limit can be used in the
first term, if n = 1. Since o > 0, the exponent in the first term goes
to zero as ¢ goes to infinity. Thus we have the formula

£t = sﬁ,c(tﬂ) (10-33)

Case 2 is the same as the present case, if n = 0. Thus, Eq. (10-33)
leads by induction to the sequence

o) = 3

20 = 5

2 = g2i (10-34)
L) = 2’4'-1

6. f#) = 1/4/t. 'This function is APC by virtue of its behavior near
the singularity at ¢t = 0. However, it is also EO,0, and so its Laplace
integral converges for Re 8 > 0. Here we have a case toward which the
comments of Sec. 10-9 were directed. As we shall see, it is essential that
s shall be replaced by ¢. In the integral

° 1
— oot
/(; V't et dt
replace ot by 22, giving

% / T edr = 3/@ (10-35)
cJo s



THE LAPLACE TRANSFORM 303

This integral is well known and can be found in tables of improper inte-
grals. In writing v/Z and 4/7 in the above formulas we understand a
single branch of the £ or ¢% functions. That is to say, a minus sign is
not admitted. Now, when we analytically continue 4/, we go into only
one sheet of the Riemann surface of the function s*, the sheet in which the
points of 4/ are located. Let us then use the symbol 4/ to imply this
single-valued branch of the function s*. Accordingly, the result is

£ (\%) - \fé (10-36)

By first considering the Laplace integral for the real number ¢ we are able
to arrive at the correct choice of the two possible values of s¥.

If this case had been treated throughout with the variable s retained,
the formal manipulations of variable change would have led to the factor
1/4/s. However, we would not then have a clear meaning for 4/s.
Notation is merely a symbolism for ideas; symbols which are not properly
defined have no meaning, a point which is illustrated by this example.

7. f(t) = V&, k = 1 and Odd Integer. This function gives conver-
gence for Re s > 0. As in case 5, integration by parts yields a general
recurrence formula, as follows:

g k ,—at
/ \/Fe""dt=———ta—e- / Vi 2 et dt
0

If k = 1, the lower limit can be used in the first term on the right and the
integral exists. The result can be stated as

w©

LVE) = 2%;:(\/?—7) k = 1 and odd (10-37)°

In similarity with Egs. (10-34), this yields a sequence of formulas, starting
with /271, which is obtained from case 6. Thus,

()%

N VT
sV = Y
£V = 31%% (10-38)
(V) = (k+ D!'v=

QUe+1) (’%) 14/s¢+D
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In this general formula the root of a power of s is always interpreted to
be on that sheet of the Riemann surface on which are found the values of

Vot

8. f(©) = Pulse of Unit Height and Duration T. This function is

defined as
1 0<t<T

o = {0 T <t
and it has the Laplace transform

T — ¢—9T
/ emdy = L=
0 g

F(s) = 1 _s"_'T (10-39)

9. f(t) = Triangular Pulse of Duration T. The function is

2 T
-Tt 0<t<§

@) = 2 T
Z—Tt §<t<T
0 T<t

The Laplace integral, for real s, is
2 /2 —at T — _2 —at — _3_ — —oT[2 —aT
T [) teot dt + /1'/2(2 T t) etdt = a7 (1 — 2 + e 7)

and the transform is

— —sT/2 —eT
21— 2 + e (10-40)

F(s) = T s?

10. f(t) = Sinusoidal Pulse. This is the function

sin bt 0t

oy

0 =

0 <t

oy

The Laplace integral is

*/b . . _ b(l + e—vflb)
/; sin ble—* dt = '—W

and the transform is

b —ox /b
F(s) = WLEET) (1041)
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The denominator of this function is zero at s = +jb, but et = —1,
showing that the numerator is zero also. F(s) has no poles and is an
entire function. In each of the last three cases f(f) is identically zero
beyond a certain value of ¢, and in each case F(s) has no finite singular
points. Later on it will be shown that this is a general property of trans-
forms of functions which eventually become identically zero.

From these examples we can construct Table 10-1, a short table of
Laplace transforms.

TaBLE 10-1
1® F@®)
1. 1 !
8
2. est L
s —a
. b
3. sin bt 8 + b3
8
4. cos bt P yrayy
. b
13 —_—
5. (a) e gin bt G —ar + 58
ot —8—-a
(b) et cos bt (s —a)ye 1 b2
n!
6. r~ nz20 prest
1
7. AVt k= —1,andodd G+ D!V
ok+1 (,"’_;'_1)1 +/gkt2
8. 1 0<t<T 1 —e?
0 T <t 8
0. 2t o0<i<?
9 T 2 1 — 26_‘1'“ + e—lT
-_—— —_ 2
2 Tt 3 <t<T T 8
0 T <t
. x
10. sin bt 0<t < I3 b 1 4 et
- & + bt
0 ? <t

In conjunction with the combinational properties described in Seec.
10-10, this table provides the transforms for many particular functions.
These examples show that F(s) is rational if f(¢) is a polynomial or a sum
of exponentials. We conjecture that a product of a polynomial by an
exponential might also yield a rational F(s). When the square root
appears, we do not get a rational function. Another observation is that
in each case F(s) approaches zero as |s| becomes infinite, but at different
rates. We also note that, if f(f) ultimately becomes identically zero, its
transform is an entire function. These ideas, based here on only a few
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examples, are offered in order to awaken your curiosity about possible
relationships between properties of F(s) and f(z).

Another interesting question arises. In Table 10-1 we find F(s) fune-
tions tabulated for given f(f) functions. The F(s) functions have been
uniquely determined for these f(t) functions. The question arises: Is each
of the f(f) functions shown in the table the only ¢ function which will give
the F(s) function appearing opposite it in the table? Thisis an important
question because the solution of a practical problem usually presents a
known F(s), from which f(f) must be found. A table such as this is there-
fore more useful if it can be used to find f(¢) from F(s). But this is possi-
ble only if there is a unique f(¢) for each F(s). In Sec. 10-17 we show that
F(s) uniquely determines f(¢) for ¢ > 0. Meanwhile, in the fcllowing
four sections we shall answer the above questions about properties of F(s)
and shall establish some other properties which are not so obviously
anticipated by Table 10-1.

10-12. Elementary Properties of F(s). In the previous section we
obtained some empirical information about the properties of £[f(?)].
Now we shall derive an assortment of different general properties of F(s),
which are valid for a variety of conditions on f(¢). The presentation isin
terms of a sequence of theorems and proofs.

Theorem 10-3. If f(t) is a real function of ¢ and if F(s) = £[f(t)] is
single-valued, then F(s) is a real function of s.

PROOF. It is necessary only to look at the defining integral
F(s) = /0“‘ fe* dt

In this integral ¢ is real, and so f(¢) is real. Also, when s = ¢ > ¢, the
integrand is real and therefore the integral is real. This establishes that
F(s) is real on the real axis to the right of point o.. Also, if F(s) is single-
valued, by virtue of Theorem 7-2 it can be said that F(s) is a real analytic
function.

Theorem 10-4. If f(t) is an APC function having a Laplace integral
which converges at sy, and if F(s) is the transform, then

lim F(s) =0

|sj—

uniformly in the region
lang (s — so)| < & <g
PROOF. From Theorem 10-2 it is known that the Laplace integral
eonverges uniformly in the region specified above. Therefore, if we are
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given an arbitrary small positive number ¢, we can find a number 4, which
is independent of s such that

® —8t _6_
‘ L f()e dt‘ < 3
when lang (s — so)| = 6 < §

Also, since the function is integrable, another number 4, < A, can be
found such that

As
' fe=tdt| < £
0 3
Finally, for the remaining interval of integration we have

| [2 10| s ea [2 15010 o> 0

The integral on the right is a constant, and therefore, 4; and A, having
been found, it is possible to find a number ¢’ such that

—0 A A d €
€ /;' lf(®)] dt < 3
when a>d >0

Now, as |s| approaches infinity in the region
|ang (s — so)| = ¢ <72—r

we recognize from Fig. 10-5 that ultimately Re s > ¢’ when |s — so| is

\

F16. 10-5. A graphical illustration of the fact that a number R’ can be found such
that Re ¢ > ¢’ when B > R, in the sector lang (s — &)] = ¢’ < »/2.

greater than some number R’. Therefore, we can write

=L T+ ] <

when |s-— so| > R’
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for all angles in the region
lang (s — so)} = ¢ <g

Since R’ does not depend on ¢, but only on e, it is established that F(s)
approaches zero uniformly in the angular sector specified.

This theorem yields some useful information about the behavior of F(s)
at infinity. However, you will observe that behavior along the j axis is
not predicted. This omission is necessary because in some cases F(s) will
have an essential singularity at infinity.

Theorem 10-5. If F(s) is the Laplace transform of an almost piecewise
continuous function f(¢), then at all regular points of F(s) its nth derivative
is

TG~ ["(~0f0evd  Res >,
= L[(—1)"f ()] (10-42)

PROOF. From Theorem 10-2 it is known that there is a point s, where

the Laplace integral converges and that convergence is uniform in an

F16. 10-6. An integration contour in the region of uniform convergence of the
Laplace integral.

angular sector like Fig. 10-6. Choose a closed curve C in this region, and
use the Cauchy integral formula

drF(s) _ nl! F(2)
LIV / P& g

ds" c(z — s)™*+!

LN S
- /c e [’ fe dt

But since C lies in a region of uniform convergence, by Theorem 8-9 we
can interchange the order of integration, giving

dF(s)
a5 21r_1j fa) i / el
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In the above expression the contour integral can be evaluated by finding
the residue of the integrand at the pole z = s, which is obtained from
Eq. (5-80) as follows:

et Ld"(e—") _ (_t)ne—u

Residue (Z — S)”+l = nl dz» = s n!

Therefore, we get

n! e~ ol Pmpst
55 Jo g e =
proving the theorem.

Theorem 10-6. If f(t) is APC and is identically zero for ¢ > T, where
T, is any positive number, then F(s) is an entire function.

PrROOF. In this case the Laplace integral reduces to an integral with
finite limits, namely,

F(s) = [0 T Sty dt

Since the limits are finite and the APC condition ensures integrability,
this integral exists for all finite s and we may say that its abscissa of
convergence is — . From Sec. 10-8 we know that the Laplace integral
is regular to the right of the axis of convergence, in the finite plane in this
case.

If you will refer to Table 10-1, you will find illustrations of Theorems
10-3 through 10-6. Many more general properties of F(s) can be derived.
Some of the simpler ones are given in the next section, and others are
developed in later chapters. The intention here is to present only the
relatively simple properties that can be proved relatively easily.

10-13. The Shifting Theorems. Suppose that we have the transform
F(s) of a transformable function f(f) and then consider the transform
of the function

(1)

where a is real or complex. If o, is the abscissa of convergence for f(t),
then the integral

[~ e @ea = [T f@eteror de

converges for Re 8 > ¢. — Re a. However, this integral is an expression
for F(s + a), showing that, if the Laplace transform is known for any
function, the transform of that function multiplied by an exponential can
immediately be obtained by a simple change in variable. There is a
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“ghift,” or translation, in the s variable. Thus we have the general
result

Lle ()] = F(s + a) (10-43)
where F(s) = £[f@)]

For the next case again assume that the funection f(f) has a transform
F(s), and consider 2 shift in the ¢ variable. From f(¢) a new function
is found by changing the variable to¢ — T, where T is a positive constant,
while stipulating that the new function shall be zero for ¢t < T. With
the aid of the notation for the unit step,

u(t) = { AN (10-44)

this function can be written
f&—Tuit-T)

In the graphical interpretation, this transformation shifts the graph
an amount 7 in the positive ¢t direction. The transform is represented
by the integral

/0"‘ f(t — Tut — T)e—tdt = [; 1t — TYe* dt

The factor u{t — T') is dropped in the second integral because the lower
limit has been changed to T. Now change the variable of integration
tot =t — T, giving
£ift = Tyt — )] = e [ f()e dt
= ¢*TF(s) (10-45)

These results are summarized in the following two theorems:

Theorem 10-7. If f(t) has a Laplace transform F(s), then the Laplace
transform of e~*(t) is F(s 4+ a), where a is real or complex.

Theorem 10-8. If f(f) has a Laplace transform F(s), then the Laplace
transform of f(t — T)u(t — T) is e*7F(s), where T is real and positive.

Examples of applications of these two theorems are found in Table 10-1.
To cite one, we can find the transform of cos b¢ by knowing the transform
of f(t) = 1, which is 1/s. Thus,

Fbt 143
cos bt = e__-l;_el

1 1 1 8
£(cos b) =§(s—jb+s+jb)=s=+b=
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10-14. Laplace Transform of the Derivative of f(f). We shall now
obtain a relationship between the Laplace transform of the derivative
of a function and the Laplace transform of the function itself. We
assume that f(f) is continuous for ¢ > 0 and has a limit at ¢ = 0 and that
its derivative is APC. We also require f(f) to be of exponential order ay.
Consider the Laplace integral, written with s = ¢, as follows:

fo" FOe=di = lim [o‘ F' (et dt

The integral on the right meets the conditions for integrating by parts
(Theorem 8-4), namely, continuity of f(f) and e~*t. Thus, we get

[t weat = tim f@e [ + o [ sy at
0 e
= f(A)eos — JO+) + o [ fyetdt (1046)

It is necessary to write

lim f(e) = f(0+)

in order to say precisely what we mean, because quite often f(¢) is dis-

continuous at ¢ = 0 and f(0) may be undefined or defined as some value

other than f(0+4), usually f(04-)/2. This is the only discontinuity

permitted in the theorem we are developing. A similar theorem, where

f(t) is allowed other points of discontinuity, is considered in Chap. 12.
We recall that f(¢) is EO,ap. Therefore, by relation (10-5),

iim fet =0
when ¢ > ao. Also,
. 4
lim [ feye—t dt

converges to F(s), for ¢ > ao, by Theorem 10-1. Thus, for ¢ > a,
Eq. (1046) yields

[ F®e dt = oF ) - 5004
or L[] = &F(s) — f(0+) (1047)
This proof shows that the abscissa of convergence for the Laplace
integral of the derivative function is at most no larger than a,. We also

note that f(¢) must be of exponential order but that f’(¢) is not necessarily
of exponential order. For example,

f(&) = cos e”
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is EO,0, but its derivative
f'(®) = —2te* sin e

is not of exponential order. But by the proof just completed we know
that it has a Laplace integral with zero for its abscissa of convergence.

This proof can be applied repeatedly to successive derivatives, as
long as the next-to-the-last derivative is EO,aq. The result is stated as
follows:

Theorem 10-9. Let f(t) and its derivatives of orders up to and including
order n — 1 be continuous for ¢ > 0, with limits existing at ¢ = 0, and
of exponential order. Then the Laplace transform of f®(¢) is

LAFD@] = () — $FO+) — sFOQO+) — - - - — fED(0+)
(10-48)

Table 10-1 provides illustrations of this theorem. For example,

1
£@t) = po
and, from Theorem 10-9,
1 1

in agreement with the table. As another example, we can get £(sin bt)
from £(cos bt) as follows:

£(COS bt) = ﬁ
. s? —b?
£(—b sin bt) = m’ —-1= m
. b
£(81n bt) = sz—_r—b‘z

10-15. Laplace Transform of the Integral of a Function. Let f(¢) be an
APC function having a Laplace transform and an abscissa of convergence
a.. This function is not necessarily of exponential order. Now define
the function

g) = f, 1) dr

and investigate whether or not it has a Laplace transform G(s). We
begin by defining another function

A(T,0) = /0’ ot L * f(r) dr dt (10-49)
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If the limit of the above exists, as T goes to infinity, this limit will be
G(s). Routine integration by parts yields

cA(Tg) = —e—T jo T fa) dr + ﬁ) T eotf(0) dt

From Eq. (10-49) it is apparent that

6—__Aa(;,a) = ¢~°T /OT J(r) dr

and so, in combination with the previous equation, we get

0A(Tw) _ (T _,
cA(T0) + 557 = /0 etf(t) dt (10-50)
Observe that the left-hand side of Eq. (10-50) can also be written
6A(T,a') 1 9 o T (0/3T)[e’TA(T 0)]
dA(To) + —7 = -7 aT[ A(To) =0 @/aT)e™ (10-51)
and, referring to Eq. (10-50), we see that, if ¢ > o,
[aA(T o) + "A(T ")] = F(o)

is obtained for the limit of the left-hand side of Eq. (10-51). An expres-
sion for the limit of the right-hand side of Eq. (10-51) can be obtained,
if ¢ > 0, by application of the Lhopital rule, giving

lim (8/0T) e’ A(T o)) _ e"TA(T a)
T—w (a/aT)e’T T—puo e’

= lim A(T,0)

The condition ¢ > 0 is necessary to ensure that e’ will approach infinity.
In order to ensure the existence of limits for both the right and left sides
of Eq. (10-51), it is necessary to have ¢ > o1, where o, is 0 or o, which-
ever is greater. Accordingly, we have shown that

lim A(To) =1F@) o>a
T— ag
In the original integral notation, this is

/” e /tf(‘r) drdt =1 fm ef®)dt  o>a
0 0 o Jjo

By virtue of Theorem 10-2 the same formula can now be written with ¢
replaced by s, subject to the restriction Re s > o1. Thus, the function

/0‘ f(r) dr
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has a Laplace integral which converges for Re s > ¢y and a Laplace

transform given by
o] [ty ar] = 3tz

It is of interest to observe how the abscissa of convergence o is related
to o., the abscissa of convergence of f(t). We found that if ¢. < 0
then ¢; = 0, but if o, > 0 then oy = ¢.. To illustrate, consider the

example
fi© = e b>0

Its abscissa of convergence is —b, but the integral of this function

¢ 1 — b
—br =
[) e dr 5

has zero as its abscissa of convergence. We have now proved the follow-
ing theorem:

Theorem 10-10. If f(t) is APC and has a Laplace transform, then the
function fot f(z) dr has a Laplace transform given by

[ / f() dr ] £l (t)] (10-52)

As an example of an application of this theorem, we can get £(sin bf)
from £(cos bt) by recognizing that

. .
ﬁ cos bz dx = sin bt

b

From Theorem 10-10 we immediately have

sin bt 1
"(“'b" ) R

. b
£(sin b)) = pepays
A theorem similar to Theorem 10-10, but in which f(t) is of exponential
order, has a much simpler proof. Its proof is left to you as an exercise.
10-16. Initial- and Final-value Theorems. The derivation of the
formula for the transform of a derivative provides two theorems which are
sometimes useful in analysis. Let f(f) be continuous for ¢ > 0, with a
limit at £ = 0, of exponential order, and with a derivative f’(¢) which is
APC. These are the conditions for Theorem 10-9, and accordingly the
transform of f(¢) exists, and Eq. (10-47) applies. By Theorem 10-4

lim £[f'(H)] =0
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and therefore it follows from Eq. (10-47) that
lim oF(¢) = f(0+) (10-53)
T ®

We shall now see that the value approached by f(¢) as ¢ becomes infinite
can also be determined from F(s). Assume the same conditions as
before on f(¢) and f’(f), with the additional stipulation that the Laplace
integral

]0 ® e di

shall converge for s = 0. From Theorem 10-2 it follows that convergence
of this integral is uniform for s real and nonnegative, and so we can take
the limit as ¢ — 0 inside the integral, as follows:

lim [°f/@etdt = [750) dt = () = f0+)

Now if you will refer to the equation preceding Eq. (10-47) and take the
limit indicated above, the result is

f(o) — f(0+) = %UF(U) - f(0+)
or l‘i% oF (o) = f() (10-54)

These results are derived here for a restricted class of functions. The
requirement that f(¢) shall be continuous would perhaps seem to provide
an unreasonable limitation. In Chap. 12 we shall review this topic again
and shall find that some of the restrictions at present placed on f(f)
can be removed. However, the results given above are as general as we
are able to prove with the theory presented up to this point. Pending
the treatment of the more general conditions, a formal statement of these
results is omitted here. It should be mentioned, however, that Egs.
(10-53) and (10-54) state the results of two theorems which are known,
respectively, as the initial-value theorem and the final-value theorem.

10-17. Nonuniqueness of Function Pairs for the Two-sided Laplace
Transform. In Sec. 10-2 it is shown that the two-sided Laplace trans-
form can be defined as the sum of two one-sided transforms. To reiter-
ate, if 5(s) = Lof())], F1(s) = £[f(%)], and Fa(s) = £[f(—1)], then

F(s) = Fi(s) 4- Fe(—s) (10-55)

In this way we see that a table of one-sided transforms can also be
used to obtain two-sided transforms. But the table cannot be used to
obtain f(t) if $(s) is known. In order to determine f(¢), knowledge of
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%(s) must be supplemented with directions as to how it is to be split up
into Fy(s) and F2(—s), or some equivalent information.

In order to clarify these ideas, assume that two functions f,(t) and f.(t)
are given, with converging single-sided Laplace integrals as follows:

n@=ﬁjmmwm Res>a,
and Fu(—s) = /0" fi(—terdt  Res <o

Also, choose a number b in the range ¢, < b < a3, and define the two
additional functions

(O +e 1>0
1. = {f;.(t) t<0

_ 1 L@ t>0
and f) = { fut) —e  1<0

We shall show that £5[f,(8)] = £2[/:(¢)]. In addition to F,(s) and Fi(—s)
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F1a. 10-7. Regions of convergence of various integrals used in defining Fi(s) and
F.(—s), in the equation F(s) = Fi(s) + Fa(—s).

defined above, we also have

/ ) ebte—et dt Res>b
s—b 0

1

—_— . = n—bs
5T [)e'e‘dt Res < b

Regions of convergence of the four pertinent defining integrals are shown
in Fig. 10-7. We then get
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2] = [Fulo) + 5] + F-o)
£Af0) = Fuo) + [ =) = 1

where the quantities in brackets are respectively F.(s) or Fa(—s) in the
notation of Eq. (10-55). Obviously, Lofa(t)] = Laffs(?)], although
fa(t) # fb(t)

We see that shifting the term e® from the region of positive ¢ to the
region of negative ¢ causes the term 1/(s — b) in the transform to change
its association from Fi(s) to Fo(—s). The region of convergence for the
defining integral of this term changes from Re s > b to Re s < b, as

% 17

Op

Region of
convergence of convergence of
oo

%_! fa(t)ye™ dt Z _f ()€™ dt

Fi1a. 10-8. Regions of convergence of functions having identical two-sided transforms.

Region of

indicated in Fig. 10-7. As a result, the regions of convergence of the two
defining integrals

edfu®] = [T f®emdt  and  £dfi® = [ filtyerdt

are different, as indicated in Fig. 10-8.
As a specific example, let

—26 __ p—
o= g7 e
e t>0

For f,(t) we have

Fi(s) = A“’ (* —edt Res> —1
11
+ 2 s+ 1

s
and Fy(—5) =0
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Similarly, for fi(t),
Fy(s) = fO' e%dt Res> —2

and Fa(—s) = /ow ele dt Res < —1

In each case F1(s) + Fi(—s) is the same.

The important observation is that f.(f) and f,(¢) have different regions
of convergence of the defining integrals; but after analytic continuation
their transforms are identical. Because the regions of convergence are
different, we must write

[l e dr= [° pe e
while we can also write
Fa(s) = Fuls)

The region of convergence needs to be taken into consideration if we
are to get a unique f(f) if F(s) is given. We get more insight into this
question after we develop a specific process for getting f(f) from F(s) or
F(s).

10-18. The Inversion Formula. As is pointed out in Eq. (10-3), the
two-sided Laplace transform

F(s) = /_: F(t)e dt
is identical with the Fourier transform
5o +jo) = [ fW)etertdt ou <o <oa
if we regard ¢ as fixed. This is a function of w only. Of course, the
fixed o must lie in the strip of convergence for the particular function

f(¥). Since the above is really a Fourier integral, we can use the inver-
sion formula of the Fourier integral theorem

fW)e—t = % PV f " S0 + jwe do (10-56)

or f@) = 2% PV /_: F(o + jo)e@Hot du (10-57)
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The symbol ¢ + jw which appears in two places in the above integral
can be replaced by s, provided that we stipulate that s shall lie on the
vertical line with abscissa 0. Then the above integral can be described
as a contour integral along the contour shown in Fig. 10-9. The prin-
cipal-value feature is retained by directing that the contour shall always
extend from ¢ — jR to ¢ + jR while R approaches infinity. This con-
tour occurs repeatedly and will be called the Bromwich contour (named
for a mathematician who did much work in this

field). The Bromwich contour will carry the %
abbreviated designation Br. Z)
On this contour Br
ds = jdw A
—

and so the real integral of Eq. (10-57) becomes

) = - / F(s)etds  (10-58)
2‘"’] Br iR

- . . VA
The Br contour must lie in the original strip of e

. Fi1a. 10-9. Definition of
convergence. One of the reasons for being {he Bromwich contour.
concerned about regions of convergence is to
establish the location of the Br contour. In Sec. 10-8 it was pointed out
that §(s) has singular points outside the strip of convergence of its defin-
ing integral. Therefore, if Br is moved outside this strip, we should
expect a change in the integral of Eq. (10-58), because the contour will
then have passed over one or more singular points.

This requirement, that the region of convergence of the Laplace
integral of f(t) must be known before we can locate the Br contour, isa
point of importance. If only %(s) were given, we would not be able to
locate this region, and therefore f(¢) could not be obtained, for lack of
knowledge of where to put the Br contour. However, if path Br is
specified, f(t) can be obtained from F(s) by Eq. (10-58). As a conse-
quence, we can say that F(s) determines f(t) uniquely only if by some
independent means we know where Br should be located. This informa-
tion is not automatically provided by the properties of F(s). The
ambiguity is the same one described at the end of Sec. 10-17, where it was
pointed out that F,(s) and Fs(—s) are not uniquely determined by (s).
A change in Br would correspond to a change in F(s) and Fo(—s).

We cannot carry the above discussion to completion until the cor-
responding theory is developed for the single-sided transform, which
we now do. Then the relation of contour position to Fi(s) and Fa(—s)
of Eq. (10-55) can be clarified. Therefore, we proceed by considering
the single-sided case. Let us compare £[f(t)] and £[f(¢)], where f(t)
is the same function in both cases and is defined for all &. Upon recalling
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the defining integrals for the one- and two-sided transforms, it is evident
that
F(s) = £lf(®)] = L:f(®)u(®)] (10-59)

Having related F(s) to a two-sided transform, we can use the inversion
integral for the latter, given by Eq. (10-58); and we have

fOul) = 2,,% /; F(s)eds (10-60)

The functions F(s) and F(s) are different, and so the integrations of
Eqgs. (10-58) and (10-60) yield different results, the difference occurring
when ¢ is negative. The two-sided transform £:[f(t)u(f)] has a “strip”’
of convergence consisting of a right half plane, the half plane of conver-
gence of a one-sided transform. Thus, in Eq. (10-60) the Br contour
can be any vertical line in the half plane
of convergence, as indicated in Fig. 10-10.

With this background we can turn to
the question of whether or not a single-
sided transform function uniquely deter-
mines a ¢ function. Suppose that F(s) is
given. Equation (10-60) provides f(f)u(t)
uniquely. In other words, F(s) deter-

% mines f(f) uniquely for { > 0 and gives

@% zero for { < 0. In appraising these com-

7 ments we recognize the role played by the

Br contour. The important fact is that

from the location of singularities of the

given F(s) we know Br must be fo the right of all singular points, and there-
fore Eq. (10-60) gives a unique function f(f)u(%).

The fact that F(s) does uniquely determine f(f)u(t) means that we
can adopt a notation to indicate that relationship. The notation
F(s) = £[f(t)] has been introduced to symbolize that f(t) determines
F(s) uniquely. Now we are going in the other direction, and so it is
convenient to use the notation

F@®u(t) = £7{F(s)) (10-61)

to represent Eq. (10-60). The function £-F(s)] is often called the
inverse transform of F(s).

In the two-sided transform, F(s) is uniquely related to f(t) by the
formula

F1a. 10-10. The Br contour which
yields zero f(t) for negative &.

F(s) = [ = fWeat

and this fact is implied when we write $(s) = £.[f(f)], but, as pointed
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out earlier, a notation similar to Eq. (10-61) cannot be employed, because
of lack of uniqueness.

The numerical example given in Sec. 10-17 provides a case in point.
There we obtained

e*—et  t>0)_ 1 1
“B’[f"(‘)]“e"(o t<0)_s+2_s+1
where convergence is for Re s > —1, and
e t>0\_ 11
Ldfu®)] = £ (c" i< 0) Ts+2 s+1

where convergence is for —2 < Re s < —1. To these we add a third
case,

0 £>0) _ 1 1
Lalfe(0)] =£2(e—‘—e"‘ t<0) LT ALY

where convergence is for Re s < —2. You can work out this third
case for ycurself. Each of the s
functions is the same and can be Br, ABr, Br,
labeled §(s). The pole locations
of ¥(s), and the various related
Bromwich contours to give the -2 -
three possible f(f) functions, are
shown in Fig. 10-11. From the
specified regions of convergence, Fia. 10-11. Various Br contours which
we see that contours Br,,, Br,, and yield diffe:rent f(@) functions for a given
Br., respectively, yield f.(t), fo(t), > fupetion.
, Tespectively, yie » Jol2),
and f.(f) when used in Eq. (10-568), and where

1 1 1
s+2 s+1 s+ 1)(s+2)

Thus, indirectly we have shown that

-
o

Case a _L/ e ds =le""—e" t>0
277 Jur. (s + 1)(s + 2) 0 t<0

Case b 1 / et ds _ ‘ e t>0
2r7 Jon (s + 1)(s + 2) et t<0

Case ¢ _ b / etds l 0 t>0
277 Jer. (s + 1)(s + 2) et — % t<o0

Now if we adopt the notation of Eq. (10-55) and write
F(s) = Fi(s) + Fa(—9)
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where Fi(s) = £[f(¢)] and F2i(s) = £[f(—1)], we see that F1(s) and Fz(~—3)
are the following, for the three cases:

1 1 _
Fi(s) = puray Sl Fy(s) =0 for case a
1 1
Fy(s) = Py Fo(—s) = — ¥ for case b
1 1
Fl(s) =0 F2(_8) = m - m for case ¢

The present discussion is somewhat hampered by a lack of a direct
means of evaluating the above three integrals. We got the answers
only by knowing regions of convergence for the various ¢ functions and
by knowing that to recover any one of these ¢ functions by Eq. (10-58)
requires a Br contour in that region. This is not a satisfactory state of
affairs, and it will be corrected in Sec. 10-19, where a method is developed
for evaluating these integrals directly.

Perhaps the main accomplishment of this section has been to confirm
the expectation stated at the end of Sec. 10-11, that the single-sided
transform has & unique inverse. We have a formula for it, namely,
Eq. (10-60), but as yet no means of evaluating it. In obtaining this
formula a sound basis has been established for the concept of function
pairs, for which tables can be constructed.

It is emphasized that the concept of paired functions does not apply
for the general case of the two-sided Laplace transform, for the reasons
cited above. However, function pairs for the two-sided case can be
constructed in a restricted sense, by considering only those f(¢) functions
which have a prescribed strip of convergence. Then we know that the
Br path of the inversion integral must be in this strip, and Eq. (10-58)
becomes unique. This is what happens in the case of the Fourier trans-
form, which uniquely determines f({). The Fourier transform is a special
case of the two-sided Laplace transform for which the strip of convergence
spans the imaginary axis and for which the Br contour is actually the
imaginary axis. Thus, it is possible to construct a table pairing functions
with their Fourier transforms.

10-19. Evaluation of the Inversion Formula. We have yet to consider
in detail what kinds of functions we get for F(s) and 5(s). The answer
to this has bearing on methods which will be applicable in evaluating the
inversion integrals

1
277 JBr

8 1 8
F(s)et ds and 2 /l;r F(s)e* ds

which appear in Eqgs. (10-58) and (10-60), respectively.
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The form of these integrands suggests the possibility of using Jordan’s
lemma. However, one adjustment is needed. Jordan’s lemma is stated
with reference to an integration along the jw axis, rather than a Brom-
wich contour. Suppose that the Br contour is at abscissa ¢;. In the
integrals in question we can change
the variable of integration from s
to z, so that the new contour will c (zors)
be the imaginary axis, as required c, ¢
in Jordan’s lemma. Thus, let £<0

£>0
z=8—o0; (10-62)

S plane  |j«—z plane

so that points s = ¢; + jw on con-
tour Br transform to z = jy. We R
shall consider only the inversion

integral for F(s), the case of F(s)
being essentially the same. Let \
C be a contour on the jy axis,

F1a. 10-12. Change in variable in the in-

from —jR to jE. It ‘15 the same version integral, to meet the conditions of
as the contour C of Figs. 8-8 and  jordan’s lemma.

8-10. As R approaches infinity,
this contour becomes the special case of a Br contour which coincides
with the j axis. Equation (10-60) now becomes

F@u) = % Ilgxﬁlﬂ /c F(z 4 o1)e* dz (10-63)

The details of this variable change are given in Fig. 10-12.
Jordan’s lemma applies to the integral of Eq. (10-63) for two cases, as
follows: If

hm Fiz+01) =0 uniformly for — = < § <

; 5 (10-64)

ot A

and ¢ < 0, then the integral over C: approaches zero as R approaches
infinity. Similarly, if
lim Fz+01) =0 uniformly for § £0= 3?1 (10-65)
|z}~
and ¢ > 0, then the integral over C: approaches zero as R approaches
infinity. These conditions must. be satisfied, respectively, for ¢ < 0 and
¢t > 0. In many practical cases F(s) meets the stronger condition

lim F(s) =0 uniformly for all ¢ (10-66)

|s|—> =

which of course is sufficient for both conditions (10-64) and (10-65).
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We have reached an important milepost. If conditions (10-64) and
(10-65) are satisfied, or if condition (10-66) is satisfied, we can evaluate
the integral of Eq. (10-63) or its equivalent,

ftyul) = % L F(s)ertds (10-67)

by closing the path on the right or left, depending, respectively, on
whether t < O or ¢ > 0.* Then the calculus of residues comes into play.
If F(s) is single-valued, when ¢ < 0 the integral is equal to —2z7 multi-
plied by the sum of the residues in the half plane to the right of Br,
and when ¢ > 0 the integral is 2xj multiplied by the sum of the residues
in the half plane to the left of Br. Of course, we know that F(s) is regular
to the right of Br, since Br is to the right of the axis of convergence, and
80 we get zero when { < 0. Therefore, Eq. (10-67) reduces to

0 t<0

FOu® = { sum of residues toleft of Br ¢ >0 (10-68)

If F(s) is multivalued, the paths C; and C: must of course be appropri-
ately modified to avoid crossing branch cuts, in some manner such as
that described in Sec. 8-12.

The two-sided transform F(s) is enough different to warrant sum-
marizing results in this case. If F(s) satisfies conditions (10-64) and
(10-65), or condition (10-66), and if F(s) is single-valued, then the calculus
of residues is used again. However, now path Br lies in a vertical strip,
with singular points of F(s) to the right of this strip as well as to the left.
Therefore, a nonzero result is obtained when ¢ < 0, and we can summarize :

— sum of residues to right of Br t<0

i@ = [ sum of residues to left of Br t>0 (10-69)

In this equation we have confirmation of the statement made in Sec.
10-17, that f(t) is not uniquely determined if $(s) is known. There are
singularities to the right and left of Br, and Br can be moved into a
different strip of regularity, thereby changing one or more poles from one
side of Br to the other.

10-20. Evaluating the Residues (The Heaviside Expansion Thecrem).
On the basis of the previous section, we can now derive one of the classical
theorems in Laplace transform theory. This result first appeared in
engineering literature in the operational calculus of Oliver Heaviside.

In Egs. (10-68) and (10-69) we are directed to find residues of the
function F(s)e* or $(s)e**. Consider the former, and assume that F(s) is

* If F(s) includes the factor =7, then these paths apply respectively when
t<Tandt>T.
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a rational function (ratio of polynomials) with the degree of the denom-
inator at least one greater than the numerator. This condition ensures
that condition (10-66) will be satisfied. F(s) could be one of the functions
tabulated in Table 10-1, for example.

In Chap. 5 we considered the representation of a ratio of polynomials

in a partialfraction expansion. There will be poles at s;, 82, . . . , 8a
of orders Ny, N2, . . . , Ny. The expansion will look like
M
Ok
10-7
F(s) = ,‘21 z G = s (10-70)

All we need do, then, is to find the residue for the typical term

a"'kelt
(s — )"

This term itself has a Laurent expansion, for which we want the coefficient
of (s — sx)™?, the residue. This problem is worked out in Chap. 5, and
the answer is given by Eq. (5-80) as

Aok dr—1
(——l)d' dsm1 (e ) sy

= w2 “_""1)! t—tent (10-71)

Residue =

Thus, when F(s) is a rational function, its inverse transform will be
a sum of terms like Eq. (10-71). Note that there is a certain amount of
work in arriving at these terms which is not shown here, the finding of
the coefficients a,; from the partial-fraction expansion of F(s). The
combination of Eqgs. (10-70) and (10-71) is an expression of the Heaviside
expansion theorem.

Although Eq. (10-71) represents all possible cases when F(s) is rational,
there is an important subclassification when s; is complex. It can be
shown that for physical problems F(s) is real. Assume that this is the
case, and recall, from Chap. 7, that there must be a conjugate pole at
$e41 = 8. The coefficients in Laurent expansions about these two poles
will be conjugates, giving

An 41 = Qn (10-72)

Consequently, the partial-fraction expansion of F(s) will include the two

terms
Qn.k dn.b "
[(s —ar T 5= s,,)n] ¢
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In similarity with Eq. (10-71) we get

n—1

Sum of two residues = (_n_t?l—)' (@npe®t + dnie™)  (10-73)
This is reduced to a more useful form by writing

[ A, 7%
Sk = or + jon
with the result
24, 1l leost
= DT

You should not necessarily think of Eqs. (10-71) and (10-74) as for-
mulas to be remembered and applied in a “crank-turning’’ manner.
They are important because they show that all systems for which F(s)
is a real rational function lead to solutions in { which are in the form
of either of these two equations.

The forms of Eqs. (10-73) and (10-74) are the natural modes of the
classical theory of linear differential equations, and the quantities s
are the characteristic values. Although we are not yet considering the
Laplace transform method of solving equations, it is very important to
recognize that Egs. (10-71) and (10-74) include specific directions for
finding the numerical coefficients. The fact that the inverse of Eq.
(10-70) leads to terms like Eqgs. (10-71) and (10-74) is the:substance
of the Heaviside expansion theorem.

Equations (10-71) and (10-74) have been established as the general
terms obtained when the inversion integral is applied to a rational func-
tion F(s) of degree in the numerator less than the degree of the denom-
inator. Furthermore, the number of such terms will be finite, and hence
their sum will be an entire function which is also of exponential order.
These observations can be formalized as follows:

Sum of two residues = cos (il + anx) (10-74)

Theorem 10-11. If F(s) is a rational function for which the degree of
the numerator is less than the degree of the denominator, then the inverse
transform function f(f) = £~ F(s)] exists, is an entire function consisting
of a finite sum of products of powers of ¢ by exponentials,* and is of expo-
nential order ao, where «y is the largest real part of all the poles of F(s).

10-21. Evaluating the Inversion Integral When F(s) Is Multivalued.
As an example of a function F(s) which is multivalued we shall consider
the simple case

) = e"a ds (10-75)

Trj Br7

* The sine and cosine functions are classified as exponentials in this statement.
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where we understand v/s to mean values of s% in the same sheet of the
Riemann surface as +/o. The

function 1/4/s approaches zero L —

uniformly with respect to ang s C, T
as |s| becomes infinite, and so ¢ I
Jordan’s lemma is applicable. We Branch

still get a result which is identi- cut ¢ LA l
cally zero when t < 0. For¢ > 0, j
we close the path by a circle to
the left, bypassing the branch cut 0,
in the manner shown in Fig. 10-13.
No singularities are enclosed by
the closed curve consisting of

h—

Fra. 10-13. Modification of the integra-

C + C: + (', where C, is a semi-
circle from which the infinitesimal
gap at the branch cut has been

tion path when the integrand of the inver-
sion integral has a first-order branch point
at the origin.

omitted. Thus
—=ds +

. eat ext
lim —ds + —_ ds) =0 (10-76)
B ( \f aVs Vs
The second integral approaches zero, and so we evaluate the first integral
by evaluating the third. That is, from Eq. (10-76) we have

8¢
1 —ds = — lim — 1 i

2 Br \/s R 21r] ¢ \/s
This is like Example 3 of Sec. 8-12. Path C’ is replaced by a pair of
straight parallel lines plus a small circle of radius A. On the straight
parts of ¢, v/s = 74/p and —j \/p, respectively, above and below the

(10-77)

branch cut. On circle 4, \/s = /A ¢*/%, where —r < ¢ = x. Also,
on each of the straight lines ds = —dp. Thus, we have
e 4 . [4 —dp) net 4 )
C,\/Es J _ﬂ\/p( p) + 3 \/-( P
. A - e(A eo-¢)tei(A sin O)teié
+J 7—;{ / 7Y, —

We let A go to zero and R approach infinity and note that the first
two integrals on the right combine into a single integral. The last
integral on the right approaches zero as A goes to zero, in similarity
with Example 3 of Sec. 8-12. Thus, from the above and Eq. (10-77),
we have

e:t © e——pl

w5 Juvi=r ) 72
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This integral was previously met in Example 6 of Sec. 10-11. It is
evaluated in a routine manner by substituting pt = z2, to give

1 e'l - 2 / e_z, dx
gj Br '\/; T '\/Z 0
1
RYZ

This result is in agreement with Example 6 of Sec. 10-11. In the earlier

case we obtained
F(s) = ¢ (L) =.F

(10-78)

Vi) "\
Now we have obtained the inverse,

-3

Thus, we see that a table of transforms can be evaluated in either way,
by finding £[f()] or £7YF(s)]. It is interesting to observe a significant
difference between these two procedures. £[f(f)] requires a real integra-
tion, whereas £~F(s)] leads to an integration in the complex plane. In
the latter case the introduction of Jordan’s lemma is a natural extension
because we are already thinking about integration in a complex plane.
But in Chap. 8 we showed how Jordan’s lemma can be used to evaluate
real integrals, and so we naturally ask whether this powerful method
might not be applicable to the integration in £[f(¢!)]. In some cases
it would be applicable, but there are many where it would not. There
may be two reasons: f(f) does not necessarily approach zero as ¢ becomes
infinite, and f(¢) is not necessarily capable of an analytic continuation.
The latter would be the case, for example, if f(¢) should consist of a
sequence of sections of straight lines.

PROBLEMS

10-1. Determine which of the following functions are of exponential order, and,
for those which are, determine ao. Also, determine whether or not a is included in
the set of values of « for which

lim f(t)e=t =0
]

@ £ = %/; ® 1@ = V"
© f@) = sin & @ @) = e

© f@ = t» (f) f& = Vitan 1]



THE LAPLACE TRANSFORM 329

10-2. Do Prob. 10-1 for the functions

smt

(@) f@&) = —— " (b) f(t) = sin?¢
) f@& = 7‘_ @ f¢t) =1logt
(&) 7@) = lo\z_t_ (f) @) = ettont

10-3. In Sec. 10-4 it is established that the single-sided Laplace integral converges
for Re s > ao, rather than Re s = ao. Is the absence of an equality sign due to the
fact that for some functions ao is not included in the set of « numbers for which
lim f(t)e—=t = 0, or is it because
—w

[ 10w a

might not exist even if lim f(f)e=at = 07
{—> w0

10-4. Let f(t) be a complex function of the real variable . A Laplace integral can
be defined for such a function, and assume that it converges at & point s,. Determine
a region of convergence for such a function.

10-5. Let f(t) be a real function of ¢, meaning that f(¢) is real when ¢ is real. Now
suppose that ¢ is allowed to become complex, using the notation

= rei?

and define a generalized Laplace integral

[0 fO)e s d

where C is a straight line in the ¢ plane radiating at angle 6, and extending to infinity.
If this integral converges at 8o, determine a region of convergence.

10-6. State and justify the regions of convergence and uniform convergence of the
one-sided Laplace integral, for the following functions:

@ f@&) = e ®) @) = 5‘—‘—“
(¢) f(t) = sin t* ) @) = e"“
(€) f&) =log ¢ 0 1o =

10-7. Suppose that f(¢) is known to be EQ,as. Prove that e*f(t), where a is real, is
EO,a0 + a.
10-8. Let a function f(f) be defined as follows:

J@ = (=) loglogn <t <loglog (n +1)

where n represents a succession of integers. Determine whether or not this function
is of exponential order, and determine the region of convergence of its Laplace integral.
10-9. Determine the strip of convergence of the two-sided Laplace integral, for the
following:
sin ¢

@ S = e ® 50 = = © §O = e
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10-10. In forming the Laplace integral, it is not necessary to define f(t) as identically
zero for ¢ < 0 or to introduce the factor u(). Explain why it is nevertheless custom-
ary to do so, explaining what conceptual simplification is thereby attained.

10-11. Explain the difference between the notations

F(s) = / on f@®etdt Res >a.

and F(s) = ﬁ) ? few dt

explaining which is correct. Also, is it your understanding that £[f(¢)} is a symbol for
F(3) or for the integral?

10-12. What is the significance in knowing that the Laplace integral converges in a
right half plane, if it converges at all, in determining the properties of F(s)?

10-138. Give an example to show that, if f(f) and g(¢) have Laplace transforms, it is
not necessarily true that f(f)g(f) has a Laplace transform. State and prove conditions
on f(t) and ¢(¢) which will ensure that f(f)g(t) will have a transform.

10-14. For each of the following cases, determine the strips of convergence for the
two-sided Laplace transforms of f(f) and ¢(¢), and determine whether or not f(t) + g(f)
has a two-sided transform:

(a) f(t) = ¢4 g(t) - Si:;t
® f@) = { Z::W : z 8 g(t) = e-ooldl

1 : e t>0
© 70 =135 0@ = { e <0

10-16. Using trigonometric identities and evaluating the Laplace integral, find the
Laplace transforms of the following functions:

(@) f(2) = sin at cos bt (b) f(t) = cos? bt
(c) f(t) = sin® bt (d) f@t) = t2est
10-16. A sinusoidal wave train of 2N cycles duration is described by the function
sin wel It < Z:—I-V
f@) = ;
0 i > ZN
wo

(a) Find the two-sided Laplace transform of this function.

(b)) Now suppose that the same wave train occurs completely after ¢ = 0, being
translated to the right to occur in the interval 0 < ¢ < 4rN/w,. Outside this inter-
val the function is zero. What is the one-sided transform of this function? Com-
pare it with the answer to part a.

10-17. Obtain a formula for the Laplace transform of the binomial

@ = (¢ =1

10-18. Using the shifting theorem appropriately and any appropriate information
in Table 10-1, obtain the Laplace transforms of the following:
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: I 1—et  0<it<l
0 3<t
sin bt 0<t<%
9 t 0<t<l1
0 %<t<f —14t 1<t<?2
© f@O = 20 N @fe={-2+t 2<t<3
sinbt p<t<Y -3+t 3<t<4
e 0 4 <t
0 3 <t

10-19. Discuss the difference between the Laplace integral and the Laplace trans-
form. Answer such questions as: Which has an abscissa of convergence? Which is
an analytic function? Which has singular points? Suppose that you were given a
Laplace transform, what would you do to get the corresponding Laplace integral? Is
there any difference in your answer to the last question if it applies to the two-sided
transform rather than to the single-sided transform?

10-20. Let F(s) be the Laplace transform of f(t), and define

Fo(s) = /OTf(t)e"‘ dt
. Show that
Slf¢ + T)] = e*T[F(s) — Fo(s)]

Test this result on the function f(f) = sin ({ + «).
10-21. Find the Laplace transform of

f@O = @ + e

10-22. Use appropriate theorems to find the Laplace transforms of the following
(information in Table 10-1 may be used):

(a) f(t) = sin bt cos bt ®) ft) = t2 cos bt
(¢c) f(t) = t*sin? bt @ f@t) = (1 —e )21 +1)?

10-23. Prove that
£(t) = e sin ¢

has a Laplace transform.

10-24. Beginning with the formula for the nth-order Legendre polynomial
1 d
P.(t) —2—,,,”!@("— 1)
show that

n
_ 1 (— 1)+ (2k)!

£IPw0) = 5, z Kl — B It

kﬂ[n;—l

where [(n -+ 1)/2] is the greatest integer in (n + 1)/2. What is the region of con-
vergence of the Laplace integral?
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10-26. Prove that, if £[f(t)] = F(s) and if f(f)/¢ has a transform G(s), then
G = /. " F(2) de

where the path of integration lies in the half plane of convergence.
10-26. Show that

1+2bt . Vs
().c( ¢ \/(8+b)‘
(b)£[w(e“—e°‘)]=2\/;(\/s— —Vi=b)

by starting with £(1/4/%) and with the aid of suitable theorems.
10-27. Starting with the formula for the gamma function

r@) = ﬁ)” "
show that

£Qog t) = (1) :log 8

and determine the region of convergence of the Laplace integral. (HinT: Recall that

di=/dz = t* log 1.)
10-28. Prove that
—_ g~ ot
() (149)
(a) Using Theorem 10-5.
() Using the property stated in Prob. 10-25.
What is the region of convergence of the Laplace integral?
10-29. From the known transform

-

£(sin bt) = w:-'zﬁ

sLow that
£ (s__m bt) = tan‘lé
t 8

and determine the region of convergence of the Laplace integral.

10-80. Consider the Laplace transform of (sin b¢) /£ given in Prob. 10-29. With due
consideration of multivaluedness, consider Fi(s) and Fi(—s) as s approaches the jw
axis respectively from the right and left half planes, and observe whether the sum of
these is the same as the Fourier transform given in Prob. 9-24.

10-31. Show that, for real a > 0,

Lleo) = 1 \/ge.ma [1 — erf (2 \8/5 ]

where erf (z) = \/ / e vidy
T

What is the region of convergence of the Laplace integral? |[HinT: Obtain the
integral representation for dF(s)/ds, and integrate by parts, thereby obtaining a
differential equation.}
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10-82. Consider the Laplace transform of e~ given in Prob. 10-31. From this
result, obtain the two-sided Laplace transform of this function, and specify the strip
of convergence of the two-sided Laplace integral. Compare the result with the
Fourier transform given in Prob. 9-9.

10-33. Prove that
b Vi r
£ (‘E___) = \/: e,
Vi s

and determine the region of convergence of the Laplace integral. [HINT: We have

© cos b \/- e—otdt = / e~Tulgidu dy
0

and this is recognized as the Fourier integral $(—jb) of ¢—**, which is treated in
Prob. 9-9.]
10-34. From the transform given in Prob. 10-33, show that

. b = _
£(in b V1) = 3 \/s—_,e b2ids
What is the region of convergence of the Laplace integral?
10-35. Obtain the Laplace transform

1
Vat t 5t

where Jo(af) is the zeroth-order Bessel function of the first kind, given by

LW olat)] =

Jolat) = % /(;r cos (at cos ¢) do

What is the region of convergence of the Laplace integral? Do this by forming the
Laplace integral, justifying an interchange of order of integration, giving an integral
in terms of cos? ¢. The variable change

1 —cos ¢
14 cos ¢

will yield an integral from 0 to « in the variable 2, which can then be regarded as
complex. With due regard to properties of a Riemann surface and the calculus of
residues, the required answer is obtained.

10-36. Starting with the Laplace transform of ¥, as given in Prob. 10-31, and
recalling that the error function is

z =

erft = e~ dz
.\/—

obtain the transform of erf (af), and determine the region of convergence of the
Laplace integral for this function.
10-37. Starting with the Laplace transform of ¢**, given in Prob. 10-31, derive the

Laplace transform
[ —ﬂ\/l) \/; ( a )
£ = A= go¥l4s _ "
( Vi 8 1 —erf 2 Vs

and specify the region of convergence of the Laplace integral.
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10-88. Referring to the information given in Prob. 10-31, show that

3(8—“‘/‘) = % \/s:’; gotih (erf - 1) + =

and specify the region of convergence of the Laplace integral.
10-39. Referring to the information given in Prob. 10-29, show that

i = Llign1d
L[Si (at)] = R tan p
where Siz = /I SnYg
o ¥

What is the region of convergence of the Laplace integral?
10-40. Evaluate the inversion integral, to show that

1 e ds—{o t<0
2nj JBr /ot + 52\ Jola) t>0

See Prob. 10-35 for the formula for Jo(at).
10-41. This is a generalization of Prob. 10-40. The formula

Jo(at) = @' /0' eisteond cog ng do

gives the nth-order Bessel function of the first kind. Evaluate the inversion integral
to show that, forn = 0,

elaan) = L E —

rZaya

10-42. By use of the inversion integral, show that
2lTo(a V) = 5 eetie

Refer to Prob. 10-35 for the definition of J¢(z).
10-43. By use of the inversion integral, show that

_Q( 1 e—a:/u) = 2 \/__‘lfe—a\/i
Vi a

where a > 0. Also, from this result, show that

1 _
=ce av/'s

.G(l —erf

10-44. The function

Fls) = 2s cosh t::r -_l- 12 sinh as

can be a two-sided transform, but not a single-sided transform. Explain how this is
known. Also, using three Br paths, to the right of both singular points, between
singular points, and to the left of both singular points, obtain three functions for which
the above is the two-sided Laplace transform.
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10-46. Obtain inverse transforms for the following:

et ts—1 _ 45?4165 + 16

@ F@) = =575 @) F6) = S e+ 05 +5
3 2

(© Fs) = 35 +8s24-9s + 4

st 4 55 + 9s + 78 + 2
10-46. If F(s) = £[f(t)], prove that
sl = ;7 (3)

(a) From the defining integral.
(b) From the inversion integral.



CHAPTER 11

CONVOLUTION THEOREMS

11-1. Introduction. In the application of the Laplace transform to the
solution of the equations of linear systems one encounters products like
F(s)G(s), where each of these two functions is the Laplace transform
of a function of £.  You can refer to Chap. 1, in which a preview is given
of how this comes about. In general at least one of these functions
appearing in the product is a so-called “system function,” the steady-
state sinusoidal response function analytically continued into the s plane.
The other function in the product is often the Laplace transform of the
driving function. However, it sometimes occurs that each of the factors
is a system function, as when two systems are combined in such a way
that the over-all system function is the product of two individual system
functions. This is the case, for example, when two networks are cas-
caded under conditions where the sccond network does not load the first.
This situation arises in the design of corrective networks, where one of the
factors is the system function of a given system and the other is the func-
tion for the corrective network.

If one arrives at the point of having a function F(s)G(s) for which the
inverse transform is wanted, the various techniques of finding an inverse
are of course available. However, here we are not interested in solutions
for specific problems; rather, we are interested in finding out how the
inverse

L7F(s)G(s)]
is related to the individual inverse functions
f(t) = £F(s)]  and  g(t) = £7G()]
By having such a relationship it is sometimes possible to arrive at general
theorems and properties of systems without the need for specific solu-
tions.

In dealing with systems which are essentially linear but which have
isolated nonlinear operations, like modulation and demodulation, we can
have products like f(t)g(f). In this connection we are interested in
knowing the relationship between the Laplace transform

£l 0g®)]
336
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and the individual Laplace transforms
F(s) = £[f(®)] and  G(s) = £lg()]

It would require a wide digression into the entire field of applications
of the Laplace transform to provide much more motivation than this
for the subject at hand. It is hoped that this brief introduction will
serve to show that there is some reason to consider these two questions.

11-2. Convolution in the ¢ Plane (Fourier Transform). In Sec. 9-5 you
will find a development showing that, if f() and g(f) are two functions,
one of which is PC and bounded and the other APC, and both of which are
absolutely integrable from — « to «, then the function

r®) = [ g+ dr (11-1)

has a Fourier integral which converges to
[2, r@es dt = §(—jw)gGw) (11-2)
where  §(jo) = [~ f@e*dt  gUw) = [ gWetdt  (113)

These results are obtained specifically from Eq. (9-34) and the various
defining expressions for 7(t), F(jw), and G(jw). Furthermore, in the foot-
note on page 281, it is pointed out that the above is still true if f(¢)
and g(¢) are both APC, if one of them remains bounded as |t| becomes
infinite.

Equation (11-2) serves as the starting point for finding the inverse
of F(jw)G(jw). The similarity with the right side of Eq. (11-2) is at once
apparent, but a sign change is needed in the argument of F(—iw).

Instead of Eq. (11-1) consider the function

w®) = [ (=)t + ) dr (11-4)

In doing so we note that f(—1t) also satisfies the Fourier integral theorem
and has a Fourier transform obtained by the following sequence of steps:

[of(—teimdt = [ f@yei dt = 5(—jw) (11-5)

We can also say that f(—¢) satisfies the same conditions as f(f), and
therefore the steps used in-Sec. 9-56 to show that r(f) exists are also
applicable to show that w(f) exists. Now we write Eq. (11-2), with w(t)
replacing r(f); and from Eq. (11-5) it is evident that F(—jw) replaces
F(jw). Therefore, we get

S(GwIgGw) = [ wde dt (11-6)
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showing that the product F(jw)G(jw) is the Fourier transform of w(t).
It also follows that

w(t) = o- PV / " §(jw)§(ju)e do (11-7)

The formula for w(f) in Eq. (11-4) can be put into a more convenient
form by changing the variable of integration from 7 to —r, with the
result

wt) = [° f)gt — ) dr (11-8)

The integral in Eq. (11-8) is called a convolution integral. Later on
other types of convolution integrals will be defined. We now state this
result formally as the following theorem:

Theorem 11-1. Let f(¢) and g(f) each be APC, while one of them is
bounded as |¢| becomes infinite and has at most a finite number of infinite
discontinuities, and let both be absolutely integrable from — o to o,
with respective Fourier transforms F(jo) and G(jw). Then,

w®) = [ f)gt 1) dr

is an APC function of ¢, and is continuous if either f() or g(¢) is PC, and
its Fourier integral converges to

F(jw)§(jw)

11-3. Convolution in the ¢ Plane (Two-sided Laplace Transform).
Let f(¢) and g(¢) be APC functions for which the integrals

[oliolerar and [Tl at
have strips of convergence which overlap in a strip designated by
6s < Res <ay

Also assume that there is a number ¢; between o, and o3 such that |g(t)|e—*
is bounded as [¢{| becomes infinite, and is integrable over the infinite
interval. Note that

|[ e ar| < [ sweria = [ 150l at

and since it is stipulated that the integral on the right shall converge
at least in the strip ¢4 < ¢ < 03, it is concluded that the integral

[ fwe at
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must certainly converge in this same strip. A similar statement applies
to the corresponding integral of g(t). Therefore, we can define a pair
of two-sided Laplace transforms as follows,

59 = [ femdt g6 = [ gear (11-9)
with assurance that each defining integral will converge in the strip

gs <o < 0o (11-10)

Using the previously defined number ¢, we write the above transforms
as explicit functions of w, as follows:

F(o1 + jo) = /_: fQe—rtedwt 4t Gloy + jw) = f:ﬂ g(te—orte5t dt

(11-11)
These are, respectively, the Fourier transforms of

fe ¢ and g()eot

Furthermore, because o1 lies in the common strip of convergence of the
two-sided Laplace integrals of |f(f)| and |g(t)|, it follows that

If®le=*  and  [g(B)|e=

are integrable over the infinite interval. It is now evident that f(f)e—¢
and g(t)e—* satisfy the conditions specified for f(f) and g(¢) in Theorem
11-1 and that they can be, respectively, substituted in that theorem.
The conclusion is that the integral

7. s@eorgt = Deorevdr = e 7 flg(t — D dr (11-12)
converges and has the Fourier transform

F(o1 + jo)§(o1 + jo)

The integral on the right of Eq. (11-12) has previously been defined as
w(t). Thus, we can write explicitly

§(o1 + jo)§(or + ) = [T wh)eteotdr  (11-13)

The function on the left can be analytically continued, and it is regular
in the vertical strip between o, and o;. Thus, the integral on the right
converges in this strip, and we have

5996 = [~ wh)e dt c<Res<a (1114

We also know that w(t) can be obtained from F(s)G(s), from the inversion
integral.
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These results are now stated in the form of a theorem, as follows:

Theorem 11-2. Let f(t) and g(¢) each be APC, and let |f(¢)| and |g(t)!
have convergent two-sided Laplace integrals, both converging in a strip

e < Res <o
Furthermore, let

§(s) = £df()]  and  G(s) = Llg(H)]

and assume there is a number o, in the above range such that |g(¢)|e—"* is
bounded as |f| becomes infinite. It is then true that

w) = [ f@g(t — ) dr

is an APC function of ¢ and is continuous if ¢g(¢) is PC, and that
F(s)G(s) = / C w(edt
where convergence is in the strip ¢a < Re s < o3; and, finally,

1

w(t) = o Ar F(s)g(s)e* ds

where the path Br lies in the strip specified.

If f(¢) and g(¢) have converging Fourier integrals, there is no difference
between Theorems 11-1 and 11-2, except for the difference in notation.
Then the Fourier transforms are the same as the two-sided Laplace
transforms. However, Theorem 11-2 is more general, since it applies
to a larger class of functions than does Theorem 11-1. It must be noted,
however, that even in Theorem, 11-2 f(f) and g¢(¢) are still somewhat
restricted, to the extent that their two-sided Laplace integrals of their
absolute values must have overlapping strips of convergence.

This restriction on f(¢) and g(¢) is important, as will be shown by the
following example: Consider the two cases shown in Fig. 11-1. For
case @

F@ = u(@®) and  §(s) = %
gi®) = 2u(—t) and  G(s) = — %
and therefore F(s)G(s) = — sg,

which is a perfectly good analytic function having two possible inverse
functions, depending on whether the Br path would be to the right or to
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the left of the origin. However, in this case, the formal expression
w@) =2 [~ uyu(—t+ ) dr =2 ["utr - dr

leads to a divergent integral. This becomes clearly evident when we
recognize the properties of u(t), giving

2[0‘”d1 t<0 2[t‘°dr 0<t

when we attempt to evaluate the integral. Neither of the above integrals
exists, and so w(t) does not exist. Theorem 11-2 has failed in this case,

=t
T ft)=¢*
|
0 0
:g(t)=2u(-tT 8(0)=2u(-0)
I
@ ®

Fia. 11-1. Examples of functions which have different properties with respect to the
conditions of Theorem 11-2. (a) A case which does not satisfy the theorem; (b) a
case which does satisfy the theorem.

and an inspection of the original functions shows why. The two-sided
Laplace integral of |f(f)| converges to the right of the jw axis, and the
corresponding integral of |g(f)| converges to the left of the jw axis. There
is no overlapping strip of convergence, as required in the theorem.

In case b, g(f) is the same as before, and

f@&) = eul?)

The two-sided Laplace integral of |f(t)] now converges to the right
of the point —1, and so the two integrals have a common strip of con-
vergence in the range

—1<Res<0
In this case
1

f@) = e~tu(t) and F(s) = py
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and G(s) is the same as before, giving the product

FOSO) = ~ 7o

lz/o”e—fdr t<0

2/‘m6_’d‘r 0<t

Now  w(f) = 2 [o“ e—u(r — 1) dr

and the result is
{ 2 t<o0

Wl = Yo  0<i¢

A simple check shows that this function does indeed have a two-sided
Laplace transform and that it is given by —2/s(s + 1).

11-4. Convolution in the { Plane (One-sided Transform). Extension
of the results of the previous section to the case of one-sided Laplace
transforms is easily accomplished. First it is to be recalled that the
one-sided transforms can be written in the notation of two-sided trans-
forms as follows:

F(s) = £[f(0] = L:lf(Ou®)]
G(s) = £lg(®)] = Lag(t)u(t)] (11-15)

Assume that f(¢{) and g(f) are APC, the one-sided Laplace integral of
| f(£)] converges, and g(f) is of exponential order. Since g(¢) is of exponen-
tial order, |g(t)| has a convergent Laplace integral, and since one-sided
Laplace integrals converge in right half planes, it follows that there will
always be an overlapping region of convergence. Also, there will always
be a number o in this region for which |g(f)le—* approaches zero as ¢
becomes infinite. The conditions of Theorem 11-2 are thus satisfied by
f(®u(t) and g(f)u(t), and so we know that

w(t) = [ fun)glt — ule — ) dr (11-16)

is APC and that this function has a two-sided Laplace transform given by
F(8)G(s).
Now observe that
u(r) =0 <0
ut—71)=0 t<r

Therefore, the integral in Eq. (11-16) reduces to

w(t) = { jotf(f)y(t ~-7dr 0<t
0 t<0

(11-17)

Since w(t) is zero for negative ¢, the above statement that F(s)G(s) is the
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two-sided Laplace transform of w(t) can be revised to state that F(s)G(s)
is the one-sided Laplace transform of w(¢).
The results presented above are formally stated as follows:

Theorem 11-3. Let f(f) and g(¢) each be APC, where |f(f)[ has a
convergent one-sided Laplace integral and g¢(¢) is of exponential order.
If we use the notation

F(s) = £[f(]  G(s) = £lg®]
then the integral

RO = [} 1gtt — 1) dr (11-18)

is an APC function of ¢, is continuous if g(¢) is PC, and has a single-sided
Laplace transform given by F(s)G(s).

The integral on the right of Eq. (11-18) is also called a convolution
tntegral. It is perhaps more frequently met in practice than the one
given in Eq. (11-8). Your understanding of the convolution integral
will be enhanced if you will pick some simple f(t) and g(t) functions and
make graphs of the integrand for various fixed values of &.

It is possible that you may have come to regard the one- and two-sided
Laplace transforms as quite similar, and if so it may be surprising to
find a significant difference in these two convolution integrals, namely,
the appearance of ¢ in the limit of one and not of the other. It is possible
to get a degree of correlation between this difference and the severity
of restrictions on f(f) and ¢g(f). For the case of Theorem 11-3 it has been
pointed out that, if |f(¢)| and |g()] have convergent one-sided Laplace
integrals, an overlapping region of convergence is automatically obtained.
On the other hand, in the case of Theorem 11-2, convergence of the
appropriate integrals does not in itself ensure an overlapping region of
convergence. Thus, f(t) and g(¢) are more severely restricted in Theorem
11-2, on the basis of condition of convergence of their Laplace integrals.

11-5. Convolution in the s Plane (One-sided Transform). In view of
similarities between the Laplace integral and the inversion integral, we
might expect to have a theorem relating the Laplace transform of the
product of two functions with a convolution integral of their transforms.
If we were interested in analytic ¢ functions, it would be a simple matter
to establish such a theorem by reference to the previous results. How-
ever, many practical applications involve functions of ¢ which are not
analytic. We want at least to admit the piecewise continuous functions
of exponential order. An adequate treatment of s-plane convolution
for functions of this generality would require an unreasonably extensive
digression into further theory of improper integrals, and particularly
the Fourier integral. In view of these realities, we shall not attempt
here to establish conditions and a rigorous proof of a theorem on s-plane
convolution. Instead, we shall develop the subject in a purely formal
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way, to establish the forms of the formulas, and to locate the pertinent
contours of integration.

We begin by considering two functions f(f) anua ¢(¢f) which have,
respectively, single-sided transforms F(s) and G(s). In the single-sided
Laplace integral of the product, namely,

[, 109 at

we replace g(¢) by its inversion integral

o) = 2% ﬁ G@)er dz (11-19)

where Br; has an abscissa z; in the z plane. If o, is the abscissa of
convergence of g(¢), then we know that z, > ¢, We now have

= — 5t = 1 ® z—s8)t
[) fg®)et dt = %ﬁ @) dt /};n GR)edz  (11-20)

An interchange of order of integration is anticipated on the right. This
would be justifiable if G(z) had an absolutely convergent integral over
the Br; path. However, we do not have this property in general, and
80 we proceed to make this interchange without justification, with the
result

/ " fDg(t)e dt = 2L / G(z) dz / S fe gt (11-21)
0 7] JBn 0
For the integral on the right of Eq. (11-21) we have

F(s —2) = [o” fyee=tdt  Re(s—z) >0,  (11-22)
where ¢, is the abscissa of convergence of f(f). Since Re z = z, for the
z-plane integration, it follows that if

Res> o+ o (11-23)
then £l Do) = 5 / GEF(s — 2) dz (11-24)
] JBr

Now observe that if
Res> o+ 0, (11-25)

a value of ;1 > o, can always be found so that relation (11-23) is satisfied.
Thus, the abscissa of convergence of f(t)g(t) is oy + a,.

The situation is portrayed graphically in Fig. 11-2 for the case where
both ¢, and o, are positive. Normally the contour integral can be evalu-
ated by employing Theorem 8-13 or 8-14 and the caleulus of residues, in
the manner described in Chap. 10 for the inversion integral. In this
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connection it is useful to observe where (in the z plane) we may expect
to find the poles of the integrand in Eq. (11-24). From the properties of
the single-sided transform we have the following information:

Poles of F(s — 2) are in the region Re (s — 2) < oy
Poles of G(z) are in the region Re z < g,

The first of these conditions, in conjunction with Eq. (11-23), yields
Rez> Res—os>m
and since ¢, < z,, the second condition becomes
Rez < z,

Thus, the poles of F(s — z) are to the right of Br;, and the poles of G(z)
are to the left of Br;. It is emphasized that poles of F(s — z) are specified
in the z plane (not the s plane) because integration is in the z plane. We
make the interesting observation

,,,,,,,

. 7’7

that poles of F(s — z) are functions 5050555252555%;
00575025052222

of s but that poles of G(z) are fixed By E;g;;_;;;;x;;é;
in relation to s. 75 Region of 7.
. 27 values of s’

If the Br; contour is closed to the 7552220022527

. . .. (2200002000
right with a large semicircle C, the AN
: : > 4 AR
integral is —2nj times the sum of % £
residues of F(s —z). If a large 2550505050055
. . . i00000050500000
semicircle C; to the left is used, the — 0f —-—lé;;;;g;;;;;;;;;
H H L AR
integral is 2xj times the sum of the i
residues at poles of G(z). In some 1055055555557,
VYRR 222 s

cases clpsure is Permlss1ble to the Fic. 11-2. The Br, contour and allowed
left or right, and in other cases only  range of s, in relation to the abscissas of
one is permitted. The properties at convergence of the two functions in the
infinity of the F(s — z) and G(2) s-plane convolution integral. (Shown
. ‘y | X . for positive values of s and o,.)
functions determine which semicircle
should be used. The closure semicircle must be on the side where the
integrand approaches zero.

The shifting theorem offers an instructive vehicle to illustrate s-plane

convolution. Let g(f) = e~*, which has the transform

1
Gz) = ¥
Then Eq. (11-24) becomes
1 1
om0 = o [\ AP =D (11-26)

The integrand will always behave appropriately in the left-hand z plane
for the application of Theorem 8-13 or 8-14 to contour C;. The perti-
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nent geometry is given in Fig. 11-3. The residue of the integrand at
polez = —ais

F(s — 2) e = F(s + a)

which is in agreement with the expected result.
As a second example, suppose that g(t) is the ‘“gate function,”

0 o0<t< T,
gt) = {1 T.<t< T,
0 T, <t

having the transform
e—sT, —_ e—sT,

G(z) =

z

Furthermore, suppose that f(f) has a transform which is rational and zero
at infinity, so that F(s) goes to zero at least as fast as 1/s as s goes to
Cosooioss

.
SNV AAA
A P—
Cz f/// 544 /;///

YA
5% N Z. AR
1 20005002277

2222
200 sl
PRI

=

Fi1a. 11-3. The Br; contour and contour Fig. 11-4. The Br; contour and contour
of closure for deriving the shifting of closure for obtaining the Laplace
theorem from s-plane convolution, shown transform of ¢ multiplied by a gate
for oy > 0. function.

infinity in any direction. To be specific, let f(f) = ¢{. Then the inte-

grand of
1 e—le - e—:T, 1 2 d
275 JBn z s—z) ¥

approaches zero properly in the right half plane, and we use contour C,
as in Fig. 11-4.
The pole to the right of Br; is at z = s, and we have

—2Ty . o—3Ts
Residue ='§' e—————e———)
¥4 H4 Sump

= (—Tle—"" + Toe*™ e — e-"")

2 22
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In this case, owing to the negative sense in which the contour is traced,
we change the sign and get

ag) = (2 + D) e - (24 Hen wm

s? s s
Since a valid proof is lacking, we do not state the results of this section
as a formal theorem. However, the results are summarized by saying
that, if f(t) and g(f) have respective Laplace transforms F(s) and G(s),
then at least in some cases

Ll D)) = 2% L GEFG —2)ds (11-28a)
Ll De®)] = 2% A FQGG - 2 ds (11-28b)
for Res>oar+ 0o,

and where Br, is a Bromwich path to the right of all singular points of
G(2) or to the right of all singular points of F(z) for Eqs. (11-28a) and
(11-28b), respectively. The second form in Eq. (11-28) is obtained by
interchanging the roles of f(f) and ¢(¢) in the derivation. Furthermore,
it was found that the abscissa of convergence of each integral in Egs.
(11-28) is the sum of the abscissas of convergence of f(f) and g(¢).

11-6. Application of Convolution in the s Plane to Amplitude Modula-
tion. The process of amplitude modulation can be analyzed readily by
the s-plane convolution and is illustrative of an essentially nonlinear
process that can be handled by the Laplace transform.

Let the carrier signal be represented by

g(t) = cos bt

and let f(f) be the modulation function, with modulation factor m. The
modulated signal is then

r(t) = [1 + mf(f)] cos bt (11-29)

The following transforms:

s 1/ 1 1
£(cos bt) =sz+b2=§<s—jb+s+jb)

2L+ mf®)] = ; + mF(s)

are used in the convolution formula to give

() = L ) (z Lo+ _:jb) [s L4 mP(e — z)] dz (11-30)
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The integral is evaluated by summing residues at poles to the left of Bry,
in similarity with the treatment of Eq. (11-26). The residues at the two
poles are readily obtained, giving the result

st 0] = 5[ 25 + g + mF @ = )+ mFG o+ )|

= o+ 5 s — i) + Fls + b)) (11-31)
Here we see three terms, the transforms, respectively, of the carrier and
two translations of the transform of f(f).

Now let this modulated signal be demodulated in a square-law detector
followed by a low-pass filter having a response function H(s). Convolu-
tion in the s plane is used again, to obtain the transform of the squared
function. The transform of the squared signal is

1 1 1 1 1
STJ'Ln[z—J'b+z+ib+'”0(z)][s—z—jb*s—z+jb

+mG(s—z):ldz=Il+Ig+Is+I4

where G(s) = F(s — jb) + F(s + jb)

and where
Il=8—}r‘_7ﬁ3,,(z—1]b+z-:]b><s—zl—jb+s—z1+jb>dz
[2=8_ierl(;:1—ﬁ)+m>mG(s—z)dz
Ia:SLrj/lgrlmG(z)(s—zl—jl;—*-s—zl+j5)dz
I4=g—:5/];n G(2)G(s — z) dz

Integrals I, and I, are evaluated by evaluating residues to the left of Br,,
and I; is evaluated by using residues at poles to the right of Br,, giving

1
Il_4<s—12b+ +s+s+]2b)

1/1 s
=§<;+sz—+sz)

L=1I,= ﬁ (K(s) + 2F(s)]
where K(s) = F(s — 72b) + F(s + 52b)

From the definition of G(s) it is evident that £~ G(s)] = 2f(¢) cos bt and
1, is therefore recognized as the transform of

7n2[j(t)]2 c(.)S2 bt = m2[f(t)]2 li(;()_s__zbt
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Thus, the output of a square-law detector followed by a filter of charaec-
teristic H(s) is described by the transform function

H(s) (1 8
HO (2 + gtgs + 20l 9) + KO + moo SO + oos200) )
The filter will normally be a low-pass filter with cutoff considerably
below frequency b. Therefore, as an approximation, the transform of the
output is

3 {3 + 2P + mestson)
and the inversion to give a function of ¢ yields

3 {1 + 2mf®) + m* FO1}

For linear detection, we take the square root of this, giving

1
\_75

This differs from the original only by the factor 1/4/2, which appears
because this is the case for rms detection.

11-7. Convolution in the s Plane (Two-sided Transform). The argu-
ments given in See. 11-5 are applicable to the two-sided transform.
The only difference is in regions of convergence and locations of the
Bromwich contours. We assume that two functions f(f) and g(t) have
the respective two-sided transforms F(s) and G(s). Furthermore, let
the two-sided Laplace integrals converge in the following regions:

[1 " mf(o]

ann < Re s < o9 for f(t)
g1 < Re s < oy for g(t)

The two-sided Laplace integral of the product, namely,
[, 1gye dt
is treated by replacing ¢g{¢) by the inversion formula
1
00 = 5 [ s

where z,, the abscissa of contour Brs, is in the range

o1 < T3 < g2
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Again, without justification, we interchange the order of integration and
obtain

%j /_’1 &) dt L g@e e = 5% A 8 de /_ : F(B)e=t—o dt

(11-32)
The last integral on the right converges for
onn < Re (s — 2) <oy (11-33)
or Rez+ g1 <Res < Rez-+ oy
But, since Rez =z,
it follows that in Eq. (11-32) s is restricted to the range
z2 + o1 < Re s < T2 + gr1 (11'34)
If s is in the range
o1 + o < Res < Gg2 + (57 (11-35)

a value of z; can always be found in the range
go1 < T2 < 0g2

such that relation (11-34) ecan be satisfied. Therefore, we conclude that
relation (11-35) gives the strip of convergence of the two-sided Laplace
integral of f(#)g(¢). A similar result is obtained if the roles of f(¢) and
g(t) are interchanged. Accordingly, we have

LdfO90) = 5 L 556~ 2) dz (11-36)
or £di090] = o [ @56 - 2 ds (11-87)
where g1+ o1 < Re s <oy 4 0y2

Br, and Br; lie in the respective convergence strips of g(f) and f(t).

Evaluating the integrals in Eqs. (11-36) and (11-37) is slightly more
complicated than in the single-sided case because each factor in the
integrand will have poles on both sides of the Br contour. Therefore,
no matter which side is chosen to close the contour, poles of both factors
in the integrand must be considered.

PROBLEMS

11-1. You are given
f© = eomm

and the following three ¢(2) functions:

t>0

o {a L2

{ e~ t>0
et t<0
eIt

(@) g(®
(c) g

I
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In each case determine whether or not Theorem 10-1 is applicable, and where it is,
check the validity of the theorem. If the theorem is not applicable, explain why.
11-2, Do Prob. 11-1 for the case
gin ¢

o =5

11-8. Considering the function

- 1>0
f(‘)={z—' t<0

which of the g(t) functions given in Prob. 11-1 can be used in conjunction with the
above, in Theorem 11-2? If the theorem applies, check it; if it does not apply,
explain why.

11-4. Let the two functions

0 t <
=11 -1<t<1 g(t) = ¢
0 1<
be given.
(@) Find ) = [ ftaote — ) dr.

(b) For this example, show that £:[¢ ()] = F(3)G(s).
11-6. The function
¢ 0<t<l1

f(t)={t’ 1<t

can be regarded as the product of two functions
fa@) =t ® =t -Du@ -1y +1

Use the appropriate convolution integral to get £{f()].

11-6. The two functions

0
t <2
i

0 t<0
<1 git) = {1 0<t
0 2<t

0 t <
f={1 o<
0 1<

are given.

(a) Find

t

o0 = [ 1ot = 7) ar

(b) For this example show that

L[] = F(s)G(s)

11-7. Show that the {-plane convolution integral can be written
t 1
[yt =ndr =1 [ et - w)lgtew) o
1
=t [ st - w1 dw

Check this on the case f(£) = ef, g(t) = cos i.
11-8. Assume that the transform

1

EWVo(at)} = 7
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is known, where J is the zeroth-order Bessel function of the first kind, given by

Jo(z) = ;1-' /o' cos (z cos ¢) d¢

By writing 1/a? + s = /3 + ja /s — ja, use the appropriate convolution integral
to show that this is the correct transform for Jo(at).
11-9. Using the functions
1 1

- gt) = —

Vi Vi

we recognize that each has 4/x/s as its Laplace transform and therefore that the
t-plane convolution of f and ¢ should have /s as its Laplace transform. Check

whether or not this is true.
11-10. Given the two Laplace transforms

1 x -2/ 1 -
° ,,.,,.)=\/_e ,3( )=\/_
(\/E s Vi 3
use convolution to prove that

£ (1 — erf \/;2) = ie_z‘/;

11-11. Use s-plane convolution to obtain the Laplace transform of sin at cos bt.
11-12. Use the appropriate convolution integral to prove that

= o=ma=n] = -

@ =

11-13. Use the appropriate convolution integral to get the inverse transform of

1 —e*
8248
11-14. Use s-plane convolution to prove the theorems
ar
(@) £l~Y®)] = F(s + a) ® syo) = - 50

11-156. Use the appropriate convolution theorem to obtain the following:

(@) £ (e'“‘ /0\/;!32' da:) = Var

2vVs(s+a)
—at ﬁtz! - Y - @ ~a37r
(b)‘e(‘/&_e ﬁ) ¢ dx)—zx/ﬁ(s+a)

11-16. Use {-plane convolution to prove that
1 [F (8)] [ ¢
11 =
£ [ p o f(o) dr

where F(s) = £[f(t)]. Why cannot convolution be used to obtain the inverse of
sF(s)?



CHAPTER 12

FURTHER PROPERTIES OF THE LAPLACE TRANSFORM

12-1. Introduction. There are at least two kinds of “operational
calculus” which lead to formulas identical with, or similar to, the Laplace
transform. The best known of these methods is the operational caleulus
invented by Oliver Heaviside. Therefore, since the Laplace integral
is not the only formula which will yield a unique F(s) corresponding to a
given f(¢), the serious student will naturally ask whether or not the
Laplace integral is preferable to the other possible formulations and, if
so, why.

Several advantages of the Laplace integral formulation have already
been mentioned in this book, at least by implication. The close rela-
tionship with the Fourier integral theorem, from which an inversion
formula for f(f) can be established, is one of these reasons. Another
reason is that the Laplace theory puts into evidence a generalized view-
point and interpretation of the steady-state-system response function,
as a function of a complex variable, making it possible conclusively to
establish certain properties of these functions. The Laplace transform
theory is the catalyst which provides the bridge between the system
equations and the powerful methods of the theory of complex variables.

In Chap. 10 it has been shown that F(s) must have certain properties
(analyticity, for example), and we found that these properties are
established by relying on the Laplace integral for the definition of F(s).
Properties such as this can be inferred by the other methods of arriving at
F(s), but possibly less conclusively and less easily. In this chapter, as
we develop further properties of F(s), you will come to a fuller under-
standing of why the Laplace transform is so important.

12-2, Behavior of F(s) at Infinity. In Chap. 10 it was demonstrated
that, if f(t) is APC, then its transform F(s) approaches zero uniformly as
|s| becomes infinite in an angular sector in the right half plane described
by
w

lang (s — so)| = & < 5

where s, is any point where the Laplace integral converges. We shall
now consider two special cases where f(t) is more restricted and for which
353
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it is possible to derive stronger conditions on the behavior of F(s) at
infinity.

First we treat the case where f(?) is identically zero for ¢ greater than
some number 7. From Sec. 10-12 we recall that the transform of such a
function is an entire function. It is singular only at infinity, and now
we shall learn something about its behavior at this singularity. Spe-
cifically we shall look at

lim /OT f(e dt

|8|—

where |s| approaches infinity along the ray defined by
8 = peN

with ¢ held constant. The above integral bears a similarity with the
integral in Theorem 8-12, but the exponential replaces the trigonometrie
function. Use will be made of this similarity and we shall rely heavily
on the proof given for Theorem 8-12; and so you should refer to that
proof for details. A function g(¢f) will be defined as a staircase approxi-
mation for f(f). Assuming f({) is piecewise continuous, we have

Ay = <t<tl
A h <t <
g =7 pet<h
AN_1 tN...1<t<TN=T
T
such that ﬁ 17(6) — g dt <-§

Now, if Re s = 0, it is true that
Ie—ul § 1
and so, for Re s = 0, we have

| [ st dt] = | [ ot dtl < [ "1 = gle dtl

T
s / F®) — o)l dt < 3
0
which then yields

T
< % + {/ g(te dt
0

T
/ f)e—=t dt
0

Recalling the definition of g(t), we can evaluate the integral on the right
as follows,
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T Lt ’
l / g(tye dtl = ‘ E A, / e di
0 =1 [

N-1

—sly sy . p—8ty
e e < 2NM

— 4
k 3 »

k=0

where M is an upper bound of the set of numbers A,, and Res = 0.
Since the above relations are true for Re s = 0, we can also say that they
are true for
<7
19l <
ANM

€

Thus, if p>

we conclude that
i /OT f(t)e dtl <e

In view of the independence of ¢, in the range specified, it follows that
as p becomes infinite the integral approaches zero uniformly with respect
to ¢. Now suppose that

8§ — 8o = Re®

where sy = g¢ 4 jwo is any complex constant. We can write

foT F(D)e dt = /0’ F()e—sste—te—wt df = /OT [f(B)est cos watle—»* di
—-j [o’ [f(t)e— sin wotle——w* dt

and each of the integrals on the right meets the conditions of the proof
just given, if 8 — s, is replaced by s. Thus, we can use the previous
development to conclude that each of these integrals approaches zero
as R becomes infinite. By following the outline given in Sec. 8-10 we
can extend these results to the case where f(f) is APC, rather than PC
as we assumed here. We have established the following theorem:

Theorem 12-1. Let f(f) be a function which is APC and which is
identically zero for ¢ greater than some number T. Then, the Laplace
transform of f(¢) approaches zero uniformly as s becomes infinite in &
right half plane,

lang (s — 8)] = 5

This theorem shows that Jordan’s lemma will always be applicable in
evaluating the inversion integral of functions of this type. You will
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recall that this statement cannot be made for the general class of Laplace
transformable functions.

For the second case, assume that f(f) is piecewise continuous and
of exponential order ao. This condition is sufficient to ensure that

]o " f()e— di

converges for Re s > ao. With the observation that the Laplace integral
can be written

/0’" ftye st dt = /o" F(t)e—* cos wtdt — j [0‘ F(t)e—t sin wt di

we see that Theorem 8-12 applies to each of the integrals on the right.
Therefore, it follows that the Laplace transform of such a function
approaches zero as s goes to infinity along a vertical line to the right
of ap. Referring to Theorem 10-4, we recall that uniform approach to
zero in the region

lang (s — s0)| £ 0 < g

implies approach to zero (but not uniformly) in the region
o (s — 50| <

But, in view of the present proof that F(s) also approaches zero along a
vertical line through so, we can add an equality sign to the above, giving
the following theorem:

Theorem 12-2. 1If f(t) is PC and EO,a,, then the Laplace transform of
f(®) has the property

Jim F(s) = 0
ki
for lang (s — so)| = 3

and where Re s; > ay.

The following comments are offered in appraisal of this theorem.
Comparison shows that Theorems 12-1 and 12-2 both deal with behavior
as s approaches infinity along a radial line, making an angle less than or
equal to n/2 with the real axis. There are two important differences,
however. In Theorem 12-1 the line can radiate from any point in the
8 plane, and F(s) approaches zero uniformiy with respect to its angle in a
right half plane. In Theorem 12-2 F(s) approaches zero in a similar
sector, but the apex must be in the region of convergence of the Laplace
integral; and there is no proof that zero is approached uniformly. Thus,
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Theorem 12-2 is not strong enough to ensure applicability of Jordan’s
lemma to the inversion formula.

12-3. Functions of Exponential Type. You will recall from Chap. 5
that an entire function is an analytic function having no singularities
in the finite plane. Any Taylor series of such a function has an infinite
radius of convergence. Let ¢ be the real part of a complex variable
w = { + ju, and let f(w) be an entire function. In addition, assume that
it is possible to find numbers M and y such that for all w

If(w)| = Mer! (12-1)

where M and v are real numbers greater than zero. Many functions fit
into this category; functions such as sin bi, ¢, any polynomial in ¢ are
typical. An entire function satisfying condition (12-1) is said to be of
exponential type. This designation is not to be confused with expo-
nential order. Functions of exponential order are not necessarily entire
functions and, indeed, need not even be defined for complex values of the
variable. We note that the function ¢=* is of exponential order, but not
of exponential type, because ¢~@* = ¢ cannot be dominated by the
exponential in Eq. (12-1). Also, any function having discontinuities, or
discontinuous derivatives, cannot be of exponential type, because such a
function is not analytic.

In all but the trivial case f(f) = 0, the set of values for which relation
(12-1) is satisfied will have a greatest lower bound v, which can never be
negative. This number may or may not be a member of the set of y’s
for which relation (12-1) is true. We shall call v, the order of f(2).

Since f(w) is an entire function, it possesses all derivatives and we shall
now show that each derivative is of exponential type, of the same order
vo as f(f). The Cauchy integral formula for the nth derivative is

s = 22 /C L e (12-2)

where C is a circle of radius R centered at z = w. The change of variable
z = w4+ Re? dz = jRe? do
leads to

o = g1 [l Benest,
0

27 Rn
But since f(w) is of exponential type of order 7.,
[f(w 4 Rei®)| < MertotRe!fl < MevBerivl 7> v
and consequently
nlMe'E

o) < (MFe)eH 1> m
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The quantity in parentheses is independent of w, and so we conclude
that f®(w) is of exponential type and of order v,. A more convenient
form for the above, for later use, is obtained by choosing R = n/y,
which can be done because R, the radius of the circle used in the Cauchy
integral formula, is arbitrary. Thus,

)| < Y

evivl ¥> 70 (12-3)
Next we show that a function of exponential type, and all its derivatives,
are of exponential order. This can easily be shown by observing that if

|f(w)| £ Mert!
|f(ﬂ)(w)| é M"eﬂ""

then for w = t > 0 (w real) we have

[f@®)|e=t < Me—te—

lf(n) (t)le—at é M”e—(u-'y)t (12'4)

For each of the above, ¢ can be made sufficiently large to make the right-
hand side arbitrarily small, if the condition

a >y

is satisfied. Thus, f(f) and f*(¢) are of exponential order ao, where in
each case ap £ vo. Also, f(¢) and all its derivatives are continuous. These
conditions satisfy Theorem 10-9. Furthermore, Eq. (10-48) can be
written by using the Laplace integral formulation for the transforms, if
Re s > 4. The latter restriction arises from conditions (12-4) and
Theorem 10-1. The + is not needed on f(0+), etc. Thus, we can write

[) “fenan =IO L SO LSO L / e dt
Res> v (12-5)

which carries the implication that the Laplace transform of a function of
exponential type might possibly be represented by a series in negative
powers of s. This proves to be the case, as we now find by investigating
the remainder term

An=L j " fo e dt (126)
8" Jo

as n approaches infinity. Relation (12-3) makes possible the following
appraisal:

Mnlery»

IA"l < !slnnn

Mn!e"‘y"
—(o—7)¢ == = B. 7
[J € V¢ dt |8" n( ) o> Y (12‘ )
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In order to show that B, approaches zero, we start with the ratio

Bn+l (n + 1)1en+l n+1 |slnnn
B, |s|n+l(n + 1)n+l nleny® (1 + l/n) |§i

and recall the definition of e, namely,
. 1\»
e = ,lil;ll (1 + -ﬁ)

lim Bt F}I o>y (12-8)

n—o Bn

It is now evident that

The condition |s| > v is satisfied when ¢ > v, and therefore this limit is
less than 1. We have just completed the ratio test for the series
Bo+Bi+ - - -

showing that convergence occurs for ¢ > y. But a series can converge
only if the terms approach zero, and since |4.] < Ba, we have proved

im |4, =0 ifo >y (12-9)

n—o

It follows that Eq. (12-5) can be replaced by the series

]f(oe-" dt = f-i’-("—’ o>

sn+ 1

If a power series in positive powers of 1/s converges at some point 1/0,
it will converge in the circular region

hiiel
and therefore the above series converges in the region
ls] > v > 7o
1t is sufficient to designate this region by
Is] > 7o (12-10)
Thus, although the Laplace integral has a half plane of convergence,

the series expression for the transform converges in the region defined
above and accordingly we get the result

F@ = ) 20 1> 4 (12-11)

nw=(
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Next we observe that the Taylor expansion of f(t) is

n)
1@ = Ef‘nﬂzn (12-12)
n=0 ’

Thus, in Egs. (12-11) and (12-12) we have an indirect relationship
between f(f) and its Laplace transform, in terms of correspondence of
coefficients in series expansions for the two functions. We also get two
specific items of information about F(s). First, the seriesin Eq. (12-11) is
regular outside the circle of radiusy,. Therefore, all singular points of F(s)
are on or inside the circle [s| = yo. Second, Eq. (12-11) shows that F(s)
has a zero at infinity and that the order of this zero is one greater than
the order of the lowest derivative of f() which is not zero at the origin.
In general terms, this shows that, the more smoothly f(¢) starts out from
the origin, the higher will be the order of the zero of F(s) at infinity.
The existence of at least a first-order zero at infinity guarantees that
Jordan’s lemma is applicable to £[f(¢)] for all functions of exponential
type.

These ideas are illustrated by the following three cases:

1 1

£(ebt) — s_—_ ‘,Q(e_“) = m £(Sin bt) =

b
b st + b2
Each of the above ¢ functions is of exponential type, with vo = b. Thus,
for each case we should expect singularities to be in or on a circle of
radius b. The above formulas show that this is indeed the case: the poles
are located on the circle |s| = b.

These examples provide insight into the difference between the con-
ditions of exponential type and of exponential order. As far as the con-
dition of exponential order is concerned, each of these functions is of
different order, the orders being respectively b, —b, and 0. However,
the same 1, is obtained in each case. Each of these transforms has poles
inside the same circle, but the abscissas of convergence of the various
Laplace integrals are different. Observe that a function of exponential
type is of exponential order but that the converse is not true.

The important features of the preceding discussion are collected and
stated as follows:

Theorem 12-3. If f(w) is a function of exponential type of order v,
which means that, if ¥ > vy,
|f(w)| < Mert!
for all complex values of w, then for the Laplace transform

F(s) = £[f@®)]

we can say that:
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1. F(s) has a zero at infinity, of order one greater than the order of the
lowest-order nonzero derivative at t = 0.
2. Singularities of F(s) lie inside or on the circle |s| = v,.

Now suppose that F(s) is given by the series

F(s) = z G (12-13)

sntl
n=0
which converges for [s| > v,. The series therefore converges uniformly
in the region |s| = 4’ > vo. In Sec. 10-18 it is demonstrated that for
¢t > 0 an integration over the infinite path Br is equivalent to integration
around a closed path enclosing all singular points of F(s). Since all
singularities of F(s) are inside a circle of radius +,, it follows that if
Cr is a circle of radius R > +,, centered at the origin, then, for ¢ > 0,

10 = 5 f F(s)e" ds = z o /C e ds

where uniform convergence is used to justify term-by-term integration.
Each term on the right is £7'(a./s"*!) = aqt*/nl. Therefore,

L]
a.t*

o =) =

n=0

(12-14)

Since the series in Eq. (12-13) converges, outside a circle of radius 7o,

Im +/[as] = 7o

n—w

and this means that, corresponding to a small positive number ¢, there
is a number N such that whenn > N

{'/I_ajl —vo <€
or la.| < (vo + &) (12-15)

since yo > 0. Foreachn £ N we can define a number M, by the relation
'a'ﬂl = M.(vo)"

There will be one value of M, which is the largest of this finite num-
ber of terms: Let M be this largest M, or unity, whichever is larger.
Accordingly,

|aal < M(v)* < M(yo+ € O0=ns=N
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Relation (12-15) is also true if M is included as a factor on the right,
because M = 1. Thus, we have

la.l < M (‘Yo 4 or all n (12-16)

and ‘2 s, E i < M 2[(vo+ ol

But the series on the right is the exponential function of argument
(vo + €)|t|, which converges for all . Therefore, the series in Eq. (12-14)
also converges, and hence f(f) is an entire function. Also, the above
can be written

an

&) < Metwvon (12-17)

showing that f(¢) is of exponential type and that ¥ can be any number
greater than vy, This leads to the following theorem:

Theorem 12-4. If
Qn
F(s) = pres|
n=0
converges for |s| > v, then £~ F(s)] is of exponential type and there is a
number M such that
[f()] < Metl all ¢
where ¥ > vo.

12-4. A Special Class of Piecewise Continuous Functions. Many func-
tions of importance in engineering are made up of continuous sections,
each of which is a portion of a function consisting of sums of terms like
t*est.  The following two examples illustrate this type of function:

Case a
1 0t
e~ (-1 1<t<2
3 =1 2<t<3
="
singt 3<t<6
1 6 <t
Case b

o) = {1 2nr <t < (2n + D
" |sint Cn+Dr<t<@n+nx

where 7 is an integer.* Case a is illustrated in Fig. 12-1.
In case a there are a finite number of sections, and in case b the number
of sections is infinite. The function may or may not be continuous

* In this classification sine and cosine are regarded as sums of two exponentials.
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at a point of transition from one function to another. This kind of
function will be said to be piecewise continuous with sections of exponentials
times polynomials, abbreviated PCSEP.

. f (t)rl & t-D

@3-t

i X
Slngt

F16. 12-1. Example of a function of PCSEP type.

The next objective is to study the properties of the Laplace transform
of PCSEP functions. As a start, let us inspect the transform of case a.
From information available in Chap. 10, the transform can be written by
inspection, as follows:

1 1 1 1
F(S) —'—(1 '—6_')+ s+ 1<e—'—;e—z‘)+(§—?)e‘z'+§e"'
982 + 7'-2 (e—h + e—e.
This transform consists of a sum of terms of the form

Fy (8) e T

where each F,(s) is a rational function and T} corresponds to the suc-
cessive values of ¢ where f({) changes from one functional form to another.
Observe that a new term like the above appears for each transition,
whether or not the function is continuous at the point of transition. We
shall now show that the observations made for this particular case are
generally valid for the PCSEP functions.

Before proceeding with the general treatment, it is to be emphasized
that this class of functions is considerably more restricted than the PC
functions. For example, the functions

[Vt 0<t<l1
JO =, 1<t
1 0<it<1
1
and f(t)— m 1<t <2
t 2<t

are piecewise continuous and of exponential order; but each one includes
a section of a function [respectively, 4/t and 1/sin (wt/4)] which is not of
the proper type.
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The general case can be written
J@ =fit) Ti<t<Tin (12-18)

where Tp = 0 and k takes on successive integral values. This notation
implies that k becomes infinite. If f(f) should have only a finite number
(N) of discontinuous points, the appropriate notation would be

Si(®) Ti <t < T

fo = (0 Ty <t (12-19)
The Laplace integral of Eq. (12-18) is
Ji" fwear = 20 /TT flt)e= dt (12-20)

and if f(¢) is in the form of Eqs. (12-19) we get
N-1
Ji iweae = kzo [ fuyemdt + [ 2 fuemde (12-21)

In either case the general term of the series can be changed to the follow-
ing, with ¢ used in place of s for later convenience:

/ TT fulBe—t di
- /T” fu(ye—t di — /T:lfk(t)e"‘ dt
= T /0"‘ folt + The—ot dt — e~ Tin /O”f,,(t + Tipetdt (12-22)

This step is possible because each fi() is defined for all & Therefore,
each of the Laplace integrals in Eq. (12-22) exists. In order to see how
to proceed in substituting Eq. (12-22) into Eq. (12-20), it is convenient
to adopt the shorthand notation

A, = /0°° fult + Tw)e—dt

. (12-23)
B, = /;) St + Tayr)e 7t di

Then Eq. (12-20) can be written

[, f®e =t dt = (4o — BeT) + (Ase~™ = Bie~T)
+ (Ase~Ts — Boe~Ts) + - - -

where the parentheses indicate the individual terms for the summation
as written in Eq. (12-20). If this series converges absolutely, the terms



FURTHER PROPERTIES OF THE LAPLACE TRANSFORM 365
can be rearranged in the more convenient form
[T I@edt = Ao+ (41 — Bem + (43 — Be T + - -
Next it will be shown that the series of Eq. (12-20) will converge abso-
lutely if f(t) is EO,ap. We recall the definition
Iim f()e = = a> ap

t— o

and this can be interpreted to mean that if a small number ¢ is given a
number 7" can be found such that

If@)] < ee
when t>7T

Having chosen ¢ and found 77, choose a number N’ such that Ta > T".
Then, for k > N’
Tenr Trar
‘ [o " 10 dt‘ <e f " et gy

T:

andif n > N’ and ¢ > o,

- Trsr = Tin w .
z l f(t)e—” dt’ < € z / e—lo—a)t df = G/ e ot dt <

bl Ts T., c—a
k=n ken

Now, if ¢ = o’ > «, the above gives

= Tin

2' fye dtt <—oge—=¢ >N
T

kmn

a'—a

Since ¢ was arbitrarily chosen, ¢ is also arbitrary and so it follows that
the series converges uniformly for Re s = o > ao. Absolute convergence
shows that the rearrangement suggested for the series in Eq. (12-20) is
valid, and accordingly we assume that f(¢) is EO,ao and write

/o" feotdt = Ao — 2 (Ax — Bi)e o> a0 (12-24)
k=1

Each integral in Kqs. (12-23) has a half plane of convergence, and so
we can regard A and B; each as functions of s which are in reality the
respective Laplace transforms of fi(t + T:) and fi(t + Tiy1). Accord-
ingly, let us define

[ £Lfo(®)] k=0
vi(e) = ‘J:[fk(t T - fint+ T kmo (1229
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giving, finally,
F(s) = z Yi(s)™T: Res> a (12-26)

E=0
The case where the number of transition points is a finite number N,
represented by Eq. (12-21), is simpler. In that case it is unnecessary to
be concerned about convergence of a series. The only formal change is
in the summation limit, and we have
N
F9) = ) wa(e)e (12-27)
k=0
Equations (12-26) and (12-27) have a unique form. As expected from
the earlier example, each transition point produces a factor like e—T:.
Furthermore, each yi(s) is the Laplace transform of a combination of
terms like "¢** and is therefore known to be a rational function in s.
The case where each section of f(¢) is a constant,

fi(®) = D
is of particular interest. From Eq. (12-25) we then have

Yi(s) = Dy = D _8 Det

and Eq. (12-26) gives

kz1

Dy — Dy, e

—eTy .
y (12-28)

F) =204
k=1
You should be aware in this development of the importance of having
f(@® of exponential order, in addition to being PCSEP in type. The
latter condition does not ensure the former. For example, the successive
fi(t) functions can have multiplying constants that increase so rapidly
with increasing k that f(¢) might not be of exponential order.
As a theorem, we can now state these results as follows:

Theorem 12-5. Let f(¢) be made up of sections of functions of combina-
tions of terms like i"e*, and let f(t) be EO,ap. Furthermore, let T repre-
sent the point where f({) experiences a transition from section fi_1(f)
to section fi(t), taking k = O as the origin. Then, f(t) has a Laplace
transform in the form

F(s) = z Yi(s)eTs Res> a

k=0
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where each :(s) is a rational function given by

[ £l k
¢k(8) = ‘ec[fk(t + Tk) -_— fk—l(t + Tk)] k

The series expression for F(s) converges uniformly for Re s = o' > aq.

Corollary. 1f section k of a function meeting the conditions of Theorem
12-5 is a constant D;, then the ¥x(s) functions in that theorem are given

by

k=1

In the above theorem we do not have any particular requirement on
the spacing of the transition points 7. Of course, the results presented
here include the case where the spacing is uniform and where each section
is a repetition of the previous one; i.e., the periodic functions are included.
However, this theorem gives somewhat less than the maximum informa-
tion about the transform of a periodic function. A detailed consideration
of the periodic case is given in Chap. 15.

12-6. Laplace Transform of the Derivative of a Piecewise Continuous
Function of Exponential Order. In Sec. 10-14, when considering the
Laplace transform of the derivative of a function, we considered the
function to be continuous. This is in agreement with the usual practice
of requiring a function to be continuous if we are to discuss its derivative.
Of course, situations like point 7'; in Fig. 12-2 are admitted, where right-
and left-handed derivatives exist at the point, making the derivative
approach different values from the two sides.

Now suppose that f(¢) has isolated points of discontinuity, like 7; and
T:. No derivative can be defined at these points, but the function
can be differentiated at all neighboring points. Points T; and T’ differ
to the extent that the derivative (in the one-sided sense) is double-valued
at T'; and does not exist at T,. Thus, it is not unreasonable to talk about
the “derivative,” when a function has isolated discontinuities, #f we
understand that the derivative funclion 1s undefined at the points of dis-
continuity. In this sense we shall define the derivative of a PC function
and shall use the symbol f/() to represent it.

Having defined f’(¢) in the manner described above, we now form the
function

10 = [/ rear (12-29)

This funetion is not affected by the fact that f/(f) is undefined at isolated
points, because these points form a set of measure 0 and, by Theorem 8-5,
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we understand that the value of an integral is not affected if the integrand
is undefined over such a set. An integral is a continuous function of its
upper limit. Thus fo(¢) is continuous and has the same derivative as
f(®) at points where f’(¢) is defined. Figure 12-2 shows an example of
fo(t) and also the staircase function f(¢) — fo(t).

PO~ __ "
A~ ©
] @

F16. 12-2. Resolution of a discontinuous function into continuous and discontinuous
components.

The fact that f(¢) is of exponential order does not ensure that fo(¢),
and also f(£) — fo(f), will be of exponential order. An illustration can be

derived from the function
e
which is not of exponential order. At values

ta = Viogn n integer

the function has the value %, and so if a downward jump of unity is
introduced at each t., a function like Fig. 12-3 (which is never greater
than 1) will be obtained. If Fig. 12-3 is labeled f(i), then Eq. (12-29)
will yield

o) = e — 1
Whereas f(t) is of exponential order 0, fo(t) is not of exponential order.



FURTHER PROPERTIES OF THE LAPLACE TRANSFORM 369
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F1a. 12-3. Example of a function of exponential order for which / o f'(z) dr is not of

exponential order.

In view of the above comments, it is necessary also to require fo(t) to
be of exponential order; and then f(t) — fo(t) will also be of exponential
order. We can adopt the notation of the corollary of Theorem 12-5
and write

J@&) — fo(®) = D T <t < Tipr (12-30)

and this function can also be written as a series of displaced steps, as
illustrated in Fig. 12-2¢, giving

7O = fo®) z Bau(t — Ts) (12-31)

where By = Dy

Bi=Di—Diy k=1 (12-32)

The corollary of Theorem 12-5 is applicable to Eq. (12-30), and, using
the notation of Eq. (12-32),

o

B:

F(8) — Fo(s) = - e T (12-33)

k=0
Note that this result would have been obtained by a formal term-by-term
transformation of the series in Eq. (12-31). However, Theorem 12-5

provides justification of this step.
' Equation (12-29) fits the conditions of Theorem 10-10, and therefore

Llfo(D] = [f @) (12-34)

As usual, let F(s) = £[f(#)]. Then Eq. (12-33) becomes

£lf' O] = sF(s) — ) Buems (12-35)

k=0

This result is a generalization of Theorem 10-9. In that earlier
theorem, f(f) is continuous. Thus, the present result should reduce
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to Theorem 10-9 if we set Bx = 0, except By = f(0+). Then Eq. (12-35)
gives

L[f'(@)] = sF(s) — Bo
in agreement with Theorem 10-9. The generalization implied in Eq.
(12-35) is not evident from the earlier theorem because the exponential
€° is not in evidence on the term f(04-). We can now state the following
more general theorem, of which Theorem 10-9 is a special case:

Theorem 12-6. Let f(f) be a piecewise continuous function of exponen-
tial order, and let the discontinuous function

10 = [ @ dr = Y Bautt — Ty
E=0
also be of exponential order «y, it being understood that f’(f) is undefined
at points where f(t) is discontinuous. Then, if F(s) = £[f(?}], the Laplace
transform of f’(¢) exists and is given by

£lf'®) = F(&) — ) Bie*™  Res>am
k=0
Equation (12-35) can also be written
F(s) = "—G[fs—(t)] + z % e~ (12-36)
E=0

which bears a certain resemblance to Theorem 12-5. However, in Eq.
(12-36) we are told that exponential terms like

B:

—_— e—'Th

must appear, but from this equation we know nothing about the form of
£[f'(#)], which can include nonrational functions of s. In Theorem 12-5,
the function is PCSEP, but no such stipulation is required for Egs.
(12-35) and (12-36).

12-6. Approximation of f(t) by Polynomials. It is sometimes incon-
venient to find an exact Laplace transform of a given function; or some-
times it is impossible, as when the function is specified graphically or as a
tabulated set of numbers. This fact lends pertinence to the commonly
used method of approximating f({) by a piecewise continuous function
made up of sections of polynomials. We shall now consider the Laplace
transform of such a function. Assume that each section is an nth-degree
polynomial. All derivatives of f(¢) will be defined in the sense given in
Theorem 12-6; and each derivative, up to and including the nth, can be
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discontinuous at the ends of the sections (points T:). However, the
(n + 1)st derivative will be zero, because each polynomial is of degree =.
Equation (12-35) will be applied to the successive derivatives, until the
(n + 1)st is reached. The following notation will be used:

11 = [} £G) dr
7 = [, 1@ dr

........... (12-37)
@) = [ 1o06) dr
and @& = fol® = . Bou(t — Ts)
k=0
@ =i = z Buu(t — Tw) (12-38)
k=0 X

F ) = fo(®) = ) Buu(t — To)

k=0

each of which is assumed to be EO,ao. Equation (12-36) then gives

po = Oy N B o,
k=0

yon _ SO, N Bu
£I7 ) = —s—+k2076 .

£[f(")(t)] 'f'[f( l)(t)] z B(»—l)k 6_'T"

8
k=0

L

- A0 N B,
s
k=0
The zero on the left of the last equation is, of course, the transform of
the (n - 1)st derivative, which is zero. By substituting successive

formulas for transforms of derivatives we get, for Re s > ay,

F(s) = z B Buy By iy f) e (12-39)

k=0
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The interesting point about this result is that the transform is com-
pletely determined by the discontinuities in the derivatives of the poly-
nomials. The coefficients of the polynomials do not enter explicitly.
However, this is not surprising, if we think of each polynomial section
being a Taylor series, since the coefficients of the Taylor series are indeed
determined by the function and its derivatives at a point.

This same result could have been obtained from Theorem 12-5. That
theorem can also be useful if f(¢) is sectionally approximated by functions
other than polynomials—exponentials, for example. Details of special
cases can be worked out as exercises.

12-7. Initial- and Final-value Theorems. In Sec. 10-16 we introduced
the relationship between limits approached by sF(s) and the initial and
final values of f(f). In that earlier development f(¢) was required to be
continuous, but on the strength of Sec. 12-5 it is now possible to relax
the conditions on f(f). Accordingly, we shall assume that f(t) is piece-
wise continuous and of exponential order and that

10— [[F@dr =f0+) + ) Bu— T  (1240)

k=1

is also of exponential order. The derivative f'(f) is defined arbitrarily
to be zero wherever f(t) is discontinuous. From Theorem 12-6 we can
write

oF (o) = f(0+) + £[f'()] + 2 Bie™Ts (12-41)

k=1

Theorem 10-4 provides the information

lim £[f'(1)] = 0

o—r @
Furthermore, the series

&‘ —~oTs
k=1

is a special case of Theorem 12-5, and therefore it exhibits uniform
convergence for Re s 2 o/ > ao. The factor 1/s does not affect con-

vergence, and therefore the series in Eq. (12-41) converges uniformly in
the same region; and the limit as ¢ — < can be taken prior to summation,

giving
lim z Bie—Ts = 0

F—w K=
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Returning to Eq. (12-41), we have the result
lim oF(s) = f(0+) (12-42)
a—r©
It is concluded that the appearance of discontinuities in f(f) has no
effect on the initial-value theorem.
For the next development, directed toward finding the limit of ¢F (o)

as o goes to zero, Eq. (12-41) is the starting point. Assume that the
integral

jo" F1(t) dt

converges. The above integral is the Laplace integral of f’(f), with
8 = 0, and therefore from Theorem 10-2 it can be said that

[0“’ (e dt

converges uniformly for ¢ 2 0. Accordingly, the limit as o goes to zero
can be taken under the integral, giving

lim /o ° Petdt = [o 1) dt (12-43)

exists and that the series

Furthermore, since the infinite sum of |B;| converges,

Bke—aT.
k=1

converges uniformly for o 2 0 and therefore

lim B,,—-n = z B: (12-44)
a-—»O =1
Equation (12-41) now yields
lim oF (7) = f(0+) + [o“’ () dt + Z B. (1245)
i k=1

Recalling Eq. (12-29), we recognize the above integral as f,( «), the value
of f(t) at infinity with the discontinuous jumps omitted. However, the
terms

f0+) + ) B

k=1
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constitute the contributions of these jumps to f(t), at { = «, and thus we

have
lir% oF (o) = f() (12-46)

Again we find that the final-value theorem can be stated without
change, if the function f(f) has discontinuities. In summary, these
results are stated as the following pair of theorems:

Theorem 12-7. Initial-value Theorem. Let f(t) be piecewise continu-
ous, define /() as the derivative of f(¢) at points of continuity, and define
f'(t) as zero, where f(t) is discontinuous. Each of the functions f(f)
and

1~ [ @ dr
shall be of exponential order. Then,
lim oF (¢) = f(0+)
T— ©
where F(s) = £[f(®)].
Theorem 12-8. Final-value Theorem. Let f(t) be a piecewise continu-

ous function of exponential order, having a derivative f'({) in the sense
defined in Theorem 12-7. Let the integral

JAELCL!

exist, and let the series

LY

kel

converge, the B, terms of this series being defined by

5O = [ F@dr = Y Ba(t - T
k=0

where T represents the points of discontinuity of f(f). Then, if F(s) =
L@,
1111% oF (o) = f()

12-8. Conditions Sufficient to Make F(s) a Laplace Transform. Pre-
vious sections of this chapter have developed some necessary conditions
that F(s) must satisfy if it is to be a Laplace transform. Now we shall
deal briefly with some conditions on F(s) which are sufficient to ensure
that it is the transform of some function. Conditions which are both
necessary and sufficient will not be found.
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From Chap. 10, and indirectly from the Fourier integral theorem, it
is known that a given function F(s) is the Laplace transform of some
function f(f) if F(s) is regular for Re s > o, and if the integral

fB, F(s)e* dt

exists for all &. Path Br is to the right of some abscissa o.. Existence
of this integral is a sufficient condition, but not very enlightening. Con-
ditions that can be checked by inspection are more useful. However,
this integral does provide one simple sufficient condition, arrived at by
recalling that the above can be written

PV [ Flo +joetei*tdo @ >0,
Now, by recalling Theorem 8-6, it follows that this integral exists if
PV /_“‘_, IFlo + jo)|do &> o

exists, and, finally, the last integral exists if
llilm |} |F(o + jw)| =0 g >0, (1247)

Theorem 10-11 provides another useful sufficient condition, namely,
that F(s) shall be a rational function for which the degree of the denom-
inator is greater than the numerator.

Now suppose that ¥(s) is a Laplace transform. From Theorem 10-8
we know, if T = 0, that

F(s) = ¢(s)eT
is a Laplace transform. Finally, by virtue of the convolution theorem,
we can say that the product of two transform functions of funections
satisfying the conditions of the convolution theorem (Theorem 11-3) is
itself a transform function. We collect and state these results in the
following theorem:

Theorem 12-9. A function F(s) is the Laplace transform of some func-
tion f(¢) if any one of the following conditions is satisfied:
1. If a number 0. exists such that F(s) is regular for Re s > o, and

lllim [w] [F(e + jw)] =0 ¢ > 0.

2. If F(s) is a rational function of s for which the degree of the denom-
inator is greater than the numerator
3. If Y(s) is & Laplace transform and F(s) is in the form
F(s) = y(s)e™T
where T 2 0
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4. If F(s) = G(s)H(s), where G(s) and H(s) are each transforms of
functions satisfying the conditions of Theorem 11-3

12-9. Relationships between Properties of f(t) and F(s). Theorems
12-7 and 12-8 give a small amount of information about f(f), at ¢ = 0 and
t = o; and Theorem 10-11 has already been cited to show that certain
properties of f(£) are related to identifiable properties of F(s), namely, that
if F(s) is a rational function with degree of denominator greater than the
numerator, f(f) will be a combination of terms like i"est. Depending
on how detailed one wants to become, many other properties of f(¢)
can be related to properties of F(s). In this section we shall deal with
one particular case, of importance in the following chapter. We shall
prove the following theorem:

Theorem 12-10. Let F(s) be of the form
F(s) = G(s)H(s)

where H(s) is the Laplace transform of h(f), a piecewise continuous
function of exponential order ag, and where G(s) is a rational function
for which the degree of the numerator is no greater than the degree of
the denominator. Then:

1. £7YF(s)] exists and is piecewise continuous and of exponential order.

2. £7YF(s)] exists and is continuous for ¢ > 0 if either of the following
is true: '
a. The denominator of G(s) is greater in degree than the numerator.
b. h(t) is continuous for ¢ > 0.

PROOF. Since the numerator of G(s) is no higher in degree than the
denominator, we can write

G(s) = A + B(s) (12-48)

where the numerator of B(s) is of lower degree than the denominator
and A is a constant. By Theorem 10-11, B(s) has an inverse transform
b(?) which is continuous and of exponential order a.. Now

F(s) = AH(s) + B(s)H(s) (12-49)

and since H(s) is a Laplace transform, AH(s) obviously has the inverse
Ah(t). Also, B(s) and H(s) have inverses which meet the conditions
of the convolution theorem (Theorem 11-3), and therefore B(s)H(s) is
the transform of

fo‘b(f)h(t - 1) dr

But h(f) and b(t) are both the exponential order, respectively, of orders
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ap and a:. Also, each is bounded for finite ¢, and so each is dominated
by an exporential, as follows:

|h(t)l < Myent ap > ag
|b(t)l < Mye=s ay > o

making possible the estimate
¢ t

/ b(T)h(t e T) dT < MhAIbea“‘ / e(ub—a,,)f d‘l’ —
0 0

The expression on the right can be dominated by an exponential (there
is no loss of generality if we assume that as # o), and consequently
£-UB(s)H(s)] is of exponential order. By now we have shown that
each term on the right side of Eq. (1249) has an inverse which is of
exponential order. The sum of two functions of exponential order is of
exponential order, and so we have proved that

LHF(s)]

exists and is of exponential order. This completes the proof of part 1
of the theorem.

Part 2 is proved by first observing that, even though h(¢) may have
points of discontinuity,

£ BEHE) = [, b@ht — 1) dr

MM,

(e%‘ _— ea;.t)
h

ap — &

is a continuous function of {. Thus, when referring to Eq. (12-49),
£YF(s)] is continuous if £~ [AH(s)] is continuous. This leads directly
to the two cases listed under (2) in the theorem, namely:
a. If the degree of the denominator of G(s) is greater than the degree
of the numerator, A will be zero and then £~ [AH(s)] is identically zero.
b. If h(t) is continuous, obviously

L NAH(s)] = Ah(?)
is continuous. Thus part 2 has been proved.

Another useful theorem can be proved for functions which can be
written G(s)H(s):

Fheorem 12-11. If F(s) is of the form

F(s) = G(s)H(s)

where G(s) is a rational function for which the degree of the numerator
is n greater than the degree of the denominator, and if £-[H(s)] has
n — 1 continuous derivatives, all of which are zero at ¢ = 0, and if the
nth derivative is piecewise continuous and of exponential order, then
£-Y[F(s)] exists and is piecewise continuous.
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PROOF. We write

F) =92 on(e)
and observe from Theorem 10-9 that £-Ys*H(s)] exists and is piecewise
continuous. The functions G(s)/s* and s"H(s), respectively, meet the
conditions on G(s) and H(s) in Theorem 12-10. Therefore, from that

theorem, we conclude that £~[F(s)] exists and is piecewise continuous.

From Theorem 12-11 we can immediately derive the following corol-
lary, by allowing G(s) to be the single term s*. Thus, we have:

Corollary. If £~{H(s)] has n — 1 continuous derivatives, all of which
are zero at t{ = 0, and if the nth derivative is piecewise continuous and of
exponential order, then £-1[s"H(s)] exists and is piecewise continuous.

PROBLEMS

12-1. For each of the following special cases establish that the Laplace transform
is an entire function, by actually finding the transform:

@wso={5 25i<T wio={g s3i<T

@so={5" p3i<T

12-2. Test the validity of Theorem 12-2 on the following cases:

@so={; (i<t ®) FO = (e n<t<n+1

12-3. Prove that if f(¢) is continuous and of exponential order, with a PC derivative,
then F(s) = £[f(¢)] has the property

lim F(s) =0

|8]—>

uniformly with respect to ang s, in a right half plane.
12-4. Of the following functions, which are of exponential order, but not of expo-
nential type, and which are of exponential type? In each case, give the order.

(@) f@&) = [sin ¢} (b) f(¢) = sin*¢
(c) @) = cos VT @f)=(—1)* n<t<n+l
@ J@&) = e (f) 1@) = et

12-5. Using Eqs. (12-11) and (12-12), show that
&lf' ()] = sF(s) — £(0+)

for the cases to which these equations apply.
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12-6. Using Eqgs. (12-11) and (12-12), show that

[0 4] -2

for the cases to which these equations apply.
12-7. Using Egs. (12-11) and (12-12), show that

LU=0f@)] = o F@)

for the cases to which these equations apply.
12-8. Obtain a power-series expansion for the function whose transform is

.1
F(s) = sm;

12-9. Let a function be specified at the discrete points 0, 7', 27T, etc., at which the
values of the function are, respectively, yo, y1, ¥2, etc. Let the function be inter-
polated by holding it constant in the interval nT <t < (n + 1)T, at the value ya.
Show that the Laplace transform of this interpolated function is

F6) =242 % (= pas)e

n=1

12-10. Let a function be specified at the discrete points 0, T, 27, ete., at which the
values of the function are, respectively, yo, y1, ¥2, etc. Let the function be defined for
other values of ¢ by using a straight-line interpolation between each pair of defined
points. Show that the Laplace transform of the interpolated function is

F) =L 4 Bt g o S ot = 20 + gt

n=]

12-11. Let a function be specified at the discrete points 0, T', 2T, etc., at which the
values of the function are, respectively, yo, ¥1, ¥2, etc. Let the function be defined at
other values of ¢ by an interpolation in which each successive triplet of points (yo,41,¥s),
(y2,95,94), ete., is connected by a parabolic arc. Show that the Laplace transform of
this interpolated function is

F(s) = ; - 271,3, z (Yon+2 = HWons1 + 6Ysn — 4Yan—1 -+ Yan—2)e 20T

n=1

1
+ Tzgs z Yznsz — 2Ymm11 — Yon + 2Y2a-1 — Yan_2)e" T
n=]

12-12. For each of the functions

@ f@) =n(—1)» n<t<n+l1
®) f@&) =t(—1) n<t<n+1

0 2n<t<2n+1
© f@&) = :l 2n+1<t<2n+2
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obtain the derived function
¢
10 = [ rea

12-13. Check the validity of Theorem 12-6 for each of the functions given in
Prob. 12-12.
12-14. Find the Laplace transform of each of the functions

@ f@t) =n¥}(—1)» Vrn<i<+n+1
@) f@) = n¥(—-1)" nt<t< (n41)2

where n is the succession of integers, in each case.

12-16. Of the following functions, which are you sure have an inverse transform,
and which are you sure have a continuous inverse? Explain your answers, and
obtain your answers without actually finding the inverse functions.

@ silsl: 8 ® 1- 25: + e
1 —2e*+ e 1 -+ se™T

©@ 82 @ s*+as+b
1 -1

©Vettire 7o tanms

12-16. Assume that a given function f(¢), defined for all {, has a two-sided Laplace
transform which converges in a strip o, < Re 8 < o,,. State and prove a theorem
relating the two-sided transform £,[f(f)] with the two-sided transform of its derivative
L.[df(t)/dt]. State conditions used in the derivation, with particular emphasis on
permissible range of the strip of convergence.

12-17. Assume that a given function f(t), defined for all ¢, has a two-sided Laplace
transform which converges in a strip 0., < Res <o, State and prove a theorem
relating the two-sided transform £,|f(f)] with the two-sided transform of its integral

¢
£ [ f f@) d‘r]' State conditions used in the derivation, with particular emphasis

on permissible range of the strip of convergence.
12-18. Justify the correctness of finding £7![1/(s + 1)] by applying the inversion
integral to the individual terms of the expansion

and check whether or not the result is correct.



CHAPTER 13

SOLUTION OF ORDINARY LINEAR EQUATIONS
WITH CONSTANT COEFFICIENTS

13-1. Introduction. An outline of how the Laplace transform fits into
the theory of linear equations is found in Chap. 1. There the emphasis
is on motivation, and the treatment is necessarily nonrigorous. In the
present chapter it is assumed that you have assimilated the essential
concepts of the theory of functions of a complex variable and that the
theory and properties of the Laplace transform are familiar.

Most of the material in Chaps. 10 and 11 is relevant to the present
chapter. Chapter 12 will also be helpful as background, but specific
reference is made only to Secs. 12-8 and 12-9. If you omitted Chap. 12,
you should at least study these two sections before proceeding with the
present chapter. It might also be helpful for you to reread Chap. 1
at this time.

13-2. Existence of a Laplace Transform Solution for a Second-order
Equation. The simple second-order integrodifferential equation

a % +by+c+d /:y(r) dr = z(t) (13-1)

is used as the starting point, but now we shall inspect each step more
critically than before. First, it is stipulafed that z(t) shall be PC and
of exponential order. The equality sign in Eq. (13-1) is really an identity,
and so, since z(£) has a transform, so also does the left side; and they are
equal. Therefore, we immediately have

£ [a% +by+c+d ﬁ' y(r) df] - X(s) (13-2)

where X(s) = £[z(f)]. Since Laplace transforms are unique, any y(#)
which is a solution of Eq. (13-2) will also be a solution of Eq. (13-1).
However, Eq. (13-2) is of no help in solving for y(t) unless it can be
converted to

P (a %) +o(by) + S+ 2 [d [:y('r) dr] - X(s) (133

and s0 we must investigate whether or not this step can be permitted.
381
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The question before us may be clarified by recalling that, if f1(f) and
fa(t) are two functions having Laplace transforms, then if f(f) = fi(t) +
f: (),

LlfO)] = £[f1()] + £[f=(0]

However, the converse is not true: if only f(¢) is given, then we cannot
arbitrarily write f(¢) as the sum of two functions and expect the above
relation to hold. As an example, consider

t—sint 1 sint

2 ¢ A

The left side has a transform, but neither function on the right has a
transform.

Now return to Eq. (13-2), and assume, on a trial basis, that y(¢) is
continuous and of exponential order. These conditions are sufficient to
ensure the existence of

Y(s) = £ly(0)]
and to allow Theorems 10-9 and 10-10 to be applied as follows:

2 (%) = sY(s) — y(0+)

s[ﬁy(f)df] =19

Thus, if the assumed condition on y(t) is true, each of the transforms
on the left of Eq. (13-3) exists and this equation is identical with Eq.
(13-2). Then, the solution of Eq. (13-3) is the Laplace transform of the
solution of Eq. (13-1). Furthermore, if the notation Y(s) is used, Eq.
(13-3) reduces to

(as b+ %) Y(s) = X(s) + ay(0+) — & (13-5)

(13-4)

Equation (13-5) yields the explicit solution

Y6) = | X0 + O] s

Now recall Theorem 12-10, from which it is evident that

—1 $
L [as"’ +bs+d X(s)]
is continuous and of exponential order. Also, Theorem 10-11 (or direct
observation of the inverse) is available to show that

o1 say(0+) — ¢
ast + bs+ a
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is also continuous and of exponential order. Consequently, if ¥(s) is
given by Eq. (13-6), its inverse
y(&) = &Y (s)] (13-7)

is continuous and of exponential order. Therefore, Eq. (13-5) is equiv-
alent to Eq. (13-1), and since Y (s) is a solution of Eq. (13-5), it follows
that y(¢) as given by Eq. (13-7) is a solution of the original equation.

Two special cases are of interest. Suppose that the derivative term
is missing, giving

by +c+d /o‘ y(r) dr = z(t) (13-8)

as the equation to be solved. Since the Laplace transform of a derivative
is not needed, it is not necessary for y(¢f) to be continuous. Assume
merely that it has a transform Y(s). Then, by Theorem 10-10,

‘ 0]
[ v ar = T

and, by virtue of the same reasoning as before, we get

(b + d;) Y(s) = X(s) — ¢ (13-9)
which has the solution

Y(s) = pop d[X( s) — ] (13-10)

This function meets one of the sufficiency conditions for being a Laplace
transform, as stated in Theorem 12-9, and therefore the sufficient con-
dition for Eq. (13-9) to be equivalent to Eq. (13-8) is met. It follows
that y(¢) is the solution of Eq. (13-8).

Now turn to the case

d [0' y(r) dr = z(l) (13-11)
and proceed as before. Assuming that y(f) has a transform Y (s), we get
a ¥ - x() (13-12)

from which Y(s) = 3 X()

is obtained as the tentative transform of the solution. However,
although Y (s) is certainly a function of s, we have no assurance that it is
a Laplace transform. It meets none of the conditions specified in Theo-
rem 12-9. In fact, if z(¢) is the unit step, X(s) = 1/s and Y (s) = 1/d,
which is not a Laplace transform. Theorem 12-11 shows that Y(s)
can be a transform if z(0) = 0 and z(¢) is continuous, with a derivative
of exponential order. Thus, Eq. (13-11) has a solution if z(f) is EOQ,as,
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continuous at all points and is zero at the origin. The same conclusion
could have been reached without recourse to the Laplace transform. It
is impossible to define a function such that its integral is a discontinuous
function of its upper limit, a condition which y(t) would have to satisfy
if z(t) were to be discontinuous.

In much of the engineering literature an ‘““impulse function’ &(f) is
““defined ”” which supposedly does have a discontinuous integral. In the
present section we are ruling out such “functions.” They are not really !
functions at all, but certain manipulations can be performed with them
as if they were functions. Chapter 14 is devoted to this subject, and so
we avoid a digression at this time. These comments are intended to
allay any concern you may have if what you read here seems to be in
conflict with notions you may already have. In this section we are
adhering to the pure concepts of the Laplace transform, and under these
conditions Eq. (13-11) has no solution if z(f) is discontinuous.

13-3. Solution of Simultaneous Equations. Suppose that we have n
simultaneous integrodifferential equations in the n unknown functions

yi(t), y2(t), . . . , ya(t), as follows:

¢ Ay

an % + buy1 + dn yx(r) dr+ - - - + aln"_y_ + blnyu

dt 0 dt
¢
+ din -L yn("') dr + 1 = z1(f)
.................................... (13_13)
P A N Y R . L
nl dt nlyl nl o yl E nn dt nnyn

+ drm [: yn(T) dr + ﬂn = xn(t)

This system of equations is typical of an electric network or possibly a
mechanical system. We assume that each driving function z:(t), . . . ,
z.(t) is PC and of exponential order. The constants 85, . . . , B, take
the place of the constant d of Eq. (13-1), representing such quantities as
initial displacements or initial charges or flux linkages.

The procedure for solving these is the same as for the single equation.
Assume that each unknown function yi(t), . . . , y«(f) i continuous
and of exponential order. Then we have

7o) = @) o¥i) -0+ = £ (%) DO ol [y a]
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If we take the Laplace transform of each side of Eqs. (13-13) and then use
the fact that each of the above transforms exists, we can have a sum of
transforms on the left equal to a transform of the corresponding z(¢). It
is too cumbersome to write this all out, but we see that the kth term in
the jth equation is

(s + b+ 22) 7,09 = a0

Accordingly, we adopt the simplifying notation

d.
M(s) = ans + b + f (13-14)
so that the transform equations can be written in matrix form:
Mu(s) - - Muw@) ||| Yis) 1 X(s) L A
Ma® - M@ || V.0l (X0l *| 6
au Q1n y1(0+)
| | N (13-1 5)
Ant ° ° " Qpn yu(0+)
where X,(s), . . . , Xa(s) are the Laplace transforms of z,(2), . . . ,za(t).

Equation (13-15) ecan be further simplified, as follows:
WM NY I = 1XE)) — % 18Il + llall w0+l  (13-16)

The definition of each matrix in Eq. (13-16) is apparent by comparing
with the expanded matrices in Eq. (13-15).

Each matrix on the right of Eq. (13-16) is known, from the specified
information about the system. Therefore, let us combine these into a
single known matrix

1B = IX@I ~ L8 + lall ly@+)  (13-17)

to give
M Y = IEG) (13-18)
as the matrix formulation of a system of algebraic equations in the vari-

able s. Matrix notation having been used to arrive at this point, per-
haps it is helpful to look at the set of equations themselves, namely,

Mu@s)Ya(s) + - - - + Mi(8)Ya(s) = Ei(s)
.......................... (13_19)
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As in the case of a single equation, if each function y:(), . . . , ¥a(f)
is continuous and of exponential order, the solutions of Egs. (13-19) are
the Laplace transforms of the solutions of Eqs. (13-13). That is, if the
set of functions in the matrix || ¥ (s)| is a solution of Eqgs. (13-19), then
the set of functions in the matrix

%) £~1{Y(s)]
R | P | R (13_20)
Ya(t) £7Ya ()]

will be solutions of Egs. (13-13). A simpler notation for Eq. (13-20) is
ly@l = eMI1Y )] (13-21)

where the symbol £! outside the matrix is defined as the matrix of the
inverse transform functions given in Eq. (13-20).

Now we proceed to obtain the solutions of Egs. (13-19) and then to
determine whether each of the functions in the matrix of Eq. (13-20)
exists, is continuous, and is of exponential order, as assumed. One
way to solve Eqgs. (13-19) is to define the determinant

Mll ot Mln
D(s) = :

(13-22)

M a1l M nn
and the set of cofactors

Dji(s) = (—1)"* [minor of D obtained by omitting row j and column #]

(13-23)
Then, by Cramer’s rule, if D(s) is not identically zero,
1
Yi(s) = D [DuEi(s) + * + - + DuE.l(s)]
........................ (13_24)
1
Ya(s) = D [D1nEv(s) + + -+ + DanEa(s)]
This result can also be written in matrix notation,
1Y@ = DI IEE] (13-25)
1 Dll t Dnl
where "D(s)”—l — 5 .........
D 1n ¢t Dnn
is the tnverse of ||[D(s)]|. The condition that D(s) shall not be identically
zero means that the n functions Y(s) - - - Y.(s) shall be independent.

Such will be the case for equations appropriately chosen to represent a
physical problem.
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Let us now look at the expression for Y;(s), which can be written

Yi(s) = Z %"('S) Bi(s) (13-26)
k=1

The determinant D(s) is made up of a sum of n products of factors like
as + b+ g

and therefore it is a rational function of the form

polynomlalsc:f degree 2n (13-27)

D(s) =

Similarly, observing that each minor has a product of n — 1 factors like
the above,

polynomial of degree 2n — 2 (13-28)

st

Dii(s) =

Therefore, if D;;(s)/D(s) is multiplied in numerator and denominator by
s® we can write it as a rational function
Diis) _ (polynomial of degree 2n — 1) (13-20)
D(s) polynomial of degree 2n  /y;

"The subscript kj is retained as a reminder that these polynomials are
different for each k and j. Owing to the special form of D(s) and Dy (s),
having only a power of s in each denominator, their ratio is a rational
function, even though each one is not a polynomial.

The degrees of numerator and denominator in Eq. (13-29) apply only
to the general case where all a, b, and d coefficients in Egs. (13-13) are non-
zero. Otherwise, the degrees of the polynomials specified in Eqgs. (13-27)
and (13-28) can be lower than indicated ; and no general statement can be
made about the degree of numerator and denominator of their ratio.

In the general case represented by Eq. (13-29) we see that each term in
Eq.:(13-26) consists of the product of Ex(s) by a rational function in
which the numerator is less in degree than the denominator. The Ex(s)
functions are defined by Eq. (13-17), which shows that each one is made
up as follows:

Ex(s) = Xa(s) +

lemy(04) + - - -s+ Binyn(0+)]s — Be (13-30)

Now recall that z:(f) is piecewise continuous and of exponential order.
Therefore, by Theorem 12-10,

Dki(s)
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is the Laplace transform of a continuous function of exponential order.
Also, by Theorem 10-11, the same statement can be made about the
function

Dij(s) {{any1(04) + - - - + araya(0+)]s — Bi}
sD(s)

Thus, each of the functions

Dii(s)
D(s)

E,,(s)

is a Laplace transform, and

59 m0)

is continuous and of exponential order. Now we can write
yi(t) = L7Y(s))

_ 23—: [%J('(S‘;) E,,(s)] (13-31)
k

=]

and we draw the conclusion that y;(¢) is continuous and of exponential
order. These are the conditions upon which we based the conclusion that
Egs. (13-18) and (13-19) could be derived from the original equations,
and since || Y (s)]|, as given by Eq. (13-25), is a solution of Eq. (13-18), so
also is

ly@dl = Y1l
a solution of Eqgs. (13-13).

As in the case of the single equation, degenerate cases can occur in
which some of the a, b, and ¢ coefficients are zero, and D,;(s)/D(s) is not
zero at infinity (the degree of the denominator is not greater than the
numerator). Then, whether or not a solution exists depends on the
nature of ||E(s)||, as indicated by Theorem 12-11. A solution will not
exist for any physical situation requiring an integral to be a discontinuous
function of its upper limit. Whenever the original equations have a
solution, it can be obtained by the Laplace transform method.

13-4. The Natural Response. Let us now analyze the general solution
given by Eq. (13-31). Assume that each zero of D(s) is a regular point
of each Ei(s). Since D(s) has a finite number of zeros, we can separate
out the sum of the principal parts of the Laurent expansions about each
of these poles, giving

I‘zg'g‘s(;’) Eu(s) = Gils) + Hy(s) (13-32)
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where Gj(s) is the sum of these principal parts. It follows that H,(s)
is an analytic function and that it is regular at each of the zeros of
D(s). G;(s) is a rational function with denominator higher in degree
than the numerator, and therefore G;(s) is a transform. Also, the left-
hand side of Eq. (13-32) is a transform, and therefore H;(s) is also a
transform function, and the solution can be written

h ul) = g0 4 0 (13-33)
where gi() = £-1Gy(s
hi(t) = £ [H;(s)] (13-34)

Of course, this is not the only possible way to break y;(¢) into separate
terms; but these components have particular significance, which will
now be discussed. Since G;(s) is a rational function, from Sec. 10-20
we know precisely what form g;(f) will have. A real pole of order p at
s = g, will contribute a term like

(Al + Azt + A + A,,#"l)e’"

and a pair of complex-conjugate poles, each of order p (one of them being
s = ¢, + jo,), will contribute

[B1 cos (wrt + a3) + Bat cos (wt + az) + - - -
+ B,tr~! cos (wd + ay)le’

where the A’s, B’s, and a's are constants. Each of the terms like
tmesrt and t™ cos (wd + amq1)e’

is a natural mode of the system.
The numbers g, and o, + jw, represent the various roots of the equation

D(s) =0 (13-35)

This equation is called the characteristic equation of the system, and the
roots are called the characteristic values. The characteristic values are
s0 named because they are the essential parameters which determine the
characteristics of the natural modes. The complete function g;(f), con-
sisting of a sum of all the possible terms like the above, is called the
natural response of the system. Sometimes it is referred to as the
transient response, but the latter terminology leaves something to be
desired because the natural response does not always die out with increas-
ingt. If any characteristic value has a positive real part, the correspond-
ing natural mode will increase without limits; and the natural response is
not a transient.

The form of the natural response is determined by the characteristic
values, and therefore by the system parameters, exclusive of the driving
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functions. However, the 4’s, B’s, and a’s appearing in the expressions
for the natural modes are obtained from the coefficients in the principal
parts of the Laurent expansions of

\ Diji(s)
2, B o
k=1

about the zeros of D(s). Therefore, these A, B, and a parameters are
influenced by the driving function. However, these affect only the
amplitudes and initial angles of the various terms, not their general form.
13-5. Stability. The comments of the previous section introduce the
question of stability. A stable system is defined as one whose natural
response goes to zero as ¢ increases; its natural response is a transient.
Thus, we see that the criterion for stability is that the characteristic
values shall have nonpositive real parts. The transitional condition,
where a characteristic value is a pure imaginary, separates the stable
condition from the unstable. It is customary to define this case as stable.
From the foregoing discussion it is obvious that, if the characteristic
values of a system are known, then from observation of their real parts it
can be determined whether or not the system is stable. In many cases
the main interest is in whether the system is stable, rather than in an
explicit determination of the natural response. Several methods are
available for determining whether or not the zeros of D(s) are in the
left half plane, without actually finding their values. Three methods
are commonly used for this purpose. The Routh algorithm* is a method
which uses an algorithm of the coefficients of D(s). The Nyquist criterion
accomplishes the same result by a complex-plane plot of the complex
function D(jw). A brief description of the Nyquist criterion is given in
Sec. 7-7. The third method is the roof-locus method, briefly described
in Sec. 6-10. These three methods vary in the kind of information
required, and one or the other may be appropriate in different situations.
13-6. The Forced Response. Returning to Eq. (13-33), we now con-
sider the h;{(t) portion of the response. Its transform H,(s) is regular at
the poles of Gi(s). However, H;(s) may have singular points of its own,
which are determined by the driving functions E.(s). Accordingly, since
H(s) is influenced by the driving functions, A;(¢) is called the forced
response.
Very little general discussion of the forced response is possible without
specific knowledge of the driving function. It is apparent that the initial

* E. A. Guillemin, “ Mathematics of Circuit Analysis,” p. 395, John Wiley & Sons,
Inc., New York, 1949.
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conditions of the system, the 8’s and various values of y;(0+), effectively
become part of the driving function. The forced response is determined
by E(s), and it is recalled from Eq. (13-17) that E(s) includes all terms
due to initial conditions.

An important degenerate case is worthy of a brief discussion. It is
entirely possible for

Dy;E(s)
k=1
to have one or more poles coincident with zeros of D(s). This condition
was ruled out in the earlier discussion, but now it will be considered
briefly. The routine process described for forming G;(s) and H;(s) will
now introduce some extraneous terms in G;(s), because one or more of
the poles will be of higher multiplicity than if all the poles are due to zeros
of D(s). To illustrate, suppose that s, is an mth-order zero of D(s), and
suppose that

ijE k (8)

k=1

has a pole of order p at s,. The principal part of the expansion of

! Dis(s)
Z e Bt
k=1

about this pole is of the form

a-1
8 — 8

a2 e G-m e O—(m+p)
+ (8 — s,)? + + (s — spm + + (s — s)mt»
The first m terms in this expansion can be assigned to G;(s) and the
remainder to H;(s). In this way it is still possible to differentiate between
a natural response and a forced response. The situation just described
is a generalization of the condition of resonance.

13-7. Illustrative Examples. Some of the important ideas relevant to
the discussion of the response functions can be illustrated by a few simple
examples. In each of these, a single equation is used in order to avoid
obscuring the important points in a welter of detail. In each case the
system will be assumed to have zero stored energy at ¢ = 0.

Ezample 13-1
dy ¢
Zi-t-+y+ y(r)dr = et t>0
0
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In transformed functions this becomes

(8+1+%>Y(3)=S+L1

8 1
YO = g rsrivy

The function D(s) in this case is (s + s + 1)/s, and its zeros are

s=12(-1%3jV73)

To find G(s), we want the sum of the principal parts due to these two
poles. Routine manipulation yields

1 ( -¥ +iV3/2 + %+j\/3/2)

iV3\s+ % +iV32 s+%—j\V3/2
s+ 1% 1 V/3/2

RS P L A \/§(s+%)2+%

Referring to Table 10-1 for the inverse of the above, we get

g(t) = e t2 (cos \/Ft \/_ \/3 t)

as the natural response of the system. H(s) is obtained most readily by
evaluating the principal part of Y(s) at the pole —1; or it could be
obtained by subtracting G(s) from Y(s). The result is

and h(f) = —e~

This is the forced response. The complete response is, of course,

\/— 3 1 sin \/§ t

— p—ti2 —_ — p—t

y(f) = e (cos 2 + \/_ 5 €

The natural response is a damped sinusoid, and the forced response is a

decaying exponential.

Ezample 13-2

G(s) =

y+ [,y dr =sint >0

(+Y -5

8 1
Y(s)_s+lsa+1
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In this case G(s) has a single term

and glt) = —lget

is the natural response. H(s) is easily obtained as follows:

H(s) = Y(s) — G(s)
_ st %BE+1) s+ 1) _1ls+1
241

(s+D(@*+1) %( + D@2+ 1) 2s
Therefore, the forced response is
h(t) = Y4 cost 4+ Y sint
and the complete response is
y({) = Y4(—e* + cost + sin &)

In this example the natural response is a decaying exponential, and the
forced response is a constant-amplitude sinusoid.

Erample 13-3

y+/o‘y(f)dr=e-' t>0

(1+%>Y(s) =s-ll-l

YO = Gx

In this case D(s) =14 1/s = (1 + s)/s. The second degree in the
denominator of Y (s) arises because £(¢~*) contributes a like factor. The
expansion of Y (s) is

1 1
s+ 1 (s+ 1)

and we attribute only the first term to G(s). Thus,

Y(s) =

1 1
s e e

From Table 10-1 we obtain
g(t) = e h(t) = —tet

G@s) =

and so the complete response is

y(@) = 1 = e~
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Ezample 13-4
dy -
a +y=1 t>0

(s 4+ DY(s) =+

1 1
Y =35
Following the usual procedure, we readily obtain
1 1
G(s) = — | H(s) = 5
and g(t) = —e Ait) =1

are the natural and forced responses, respectively. The complete

response
y@®) =1 —¢

is quite familiar, being, among other things, the current in a series

resistance-inductance circuit with a constant voltage suddenly applied.

Ezample 13-5. The previous example is very simple and is included
mainly to set the stage for the following:

dy _ {1 0<it<1
E+y_l0 1<t
In this case the Laplace transform of the driving function is the trans-

cendental function

1—¢
s
and so we have
1 1 —¢
Y(s) = s+1 s
The principal part of the Laurent expansion about point s = —1 is
-1
Gls) = + 1
—e* e—1
and therefore H(s) = s(s D sF1
= l — _G_ -_gt _1. — ;
s s+1 s s+4+1

From these results, for the natural and forced response, we respectively
get

g(t) = (e = 1)e~*
h(t) = (1 — e D)u(t) — (1 — e~ D)u(t — 1)
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where the u(t — 1) appears because of the factor e=* in the transform.
The above notation somewhat obscures the real nature of A(f), which
can also be written

1 — D (IR A |
M”‘lo 1<t
— 1)et 1 — e D 0<t<1
Thus, y(t) = { g: ~ lgz“ + € 1<

is an alternative formula for the response.

We can make several comments about this example. In the first place,
as pointed out in the previous section, the natural response is a continuous
exponential, even if the forcing function is discontinuous. Here we find
a forced response with a discontinuous derivative. Second, the complete
solution is not necessarily written most conveniently by separating the
natural and forced responses. To illustrate, the above solution can be
put in the form

1 —e 0<i<l1
1 —et~ (1 —e WD) 1<t

which puts into evidence a response 1 — e¢~* consisting of a natural
response —e—* and a forced response 1, valid for 0 < ¢t < 1. Over this
interval the response is no different from that in Example 13-4. How-
ever, when { > 1, the solution appears as the sum of two responses, the
continuing response due to a positive unit step occurring at ¢ = 0, and
the other due to a negative unit step occurring at ¢ = 1. In this form,
there appears to be a new natural response commencing at ¢ = 1. How-
ever, this formulation is not the one we want here; it is mentioned only
because this form is often the one presented in elementary treatments
of the subject. Graphs of the natural and forced responses for this
example are shown in Fig. 13-1.

13-8. Solution for the Integral Function. Momentarily let us return to
the single equation used in the example of Sec. 13-2, namely,

dy ‘ -
a'ﬂ+by+c+d y(r) dr = z(t)
0

As previously mentioned, in physical systems y is usually some such
quantity as current, voltage, velocity, etc. The variable

w(t) = [0’ y(r) dr (13-36)

has, in these respective cases, physical significance as charge, flux link-
age, or displacement. These quantities are sometimes required as part
of a solution. There are many ways to obtain w(f). First, if y(f) is
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2y
1k &(t)
Y 1 2 3
£ —»
(@)
1-“"‘__—"-—’——'-—"‘-"::__-_—-_
””’
//”
O — —
-1 h(t)
_2—
®)
1
T ¥(t)
0 1 2 3
i ———
(c)

F1a. 13-1. Example of natural and forced response, for the case where the driving
function is discontinuous. (a) Natural response; (b) forced response; (c) complete
response.

found, Eq. (13-36) can be used to find w(f). Also, in terms of the trans-
form functions it is true that

W) = glu()) = =2
and thus from Eq. (13-6)
W(s) = a;;_;l———w [X(s) + ”—QQJ—F——S)_"] (13-37)

from which w(?) is obtained as the inverse transform.
A slightly different approach is to introduce the variable w(t) in the
original equation, giving
dw

d
aW+b?ﬂ9+dw=x(t) -c (13-38)
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If w(t) and w'(f) are both assumed to be continuous and of exponential
order,
£lw'(®)] = sW(s) — w(0+)
= sW(s)
s$2W(s) — w'(0+)
W (s) — y(0+)

Equation (13-36) is applied here to provide the information
0
w0+) = /; y(r)dr =0

W) = g [ v dr = 400

which is used to get the second form given for each transform. Thus, the
transformed equation corresponding to Eq. (13-38) is

(13-39)

£lw" (1))

(as* + bs + OW(s) = X(s) + ay(0+) — <

and this obviously has a solution given by Eq. (13-37). A routine check
shows that the conditions assumed for w(t) and w'(t) are satisfied if z(Z)
is PC and of exponential order.

From this brief development it is seen that it makes little difference
whether we solve for y(t) or w(f). An exactly similar development could
be given for the set of equations of Sec. 13-4. To write this out in
detail would contribute little more than an increase in complexity.

We conclude that an equation carrying a first derivative and an integral
is essentially the same as one in which there are second and first deriva-
tives. Accordingly, both are designated as second-order equations. To
get from one form to another requires a change in variable. In this con-
nection it should be noted that we avoid the formality

af,dy ' _ds()
d—t[a5+by+c+dﬁy(7)df]— 57
dy , . dy - o

which is sometimes used to remove the integral. In a general treatment
this process is to be avoided because z'(¢) would not exist at any point
of discontinuity of z(¢); and we do not want to be restricted to continuous
driving functions.

13-9. Sinusoidal Steady-state Response. The case where the driving
funetion is a suddenly applied sinusoid is of both historical and practical
importance. Consider the single equation

a%+by+d/:y(r)dr=Acos(ﬂt+ﬂ) (13-40)
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To expedite taking the Laplace transform, it is convenient to use

A cos (Bt + a) = A(cos a cos Bt — sin « sin ft) (13-41)
so that from Table 10-1 we have

i
3
j
3

scos o — fBsin a

214 oos (8t + )] = 4 2B E L (1342)
and therefore Y(s) = A s—cz‘l(’:—;"(?}—ﬁz,‘;“ (13-43)
where Z(s) =as+ b+ % (13-44)

To find the forced response, we need the sum of the principal parts of the
Laurent expansions about poles +j8 and —jB8. The principal parts
for these poles are found, by routine methods, to be

Acosa+jsina nd Acosa —jsinea

2 Z(j8)(s — jB) 2 Z(—jB)(s + jB)
Note that Z(s) is a real function, because the coeflicients a, b, and d are
real, and therefore

Z(—jB) = Z(5F
and so if we write Z(jB) in terms of a magnitude |Z(j8)] and an angle
0(jB), we have
Z(jB) = |Zl¢® and  Z(—jB) = |Z]e?

For the sum of these principal parts we can now write

_i(e_"("_—f_)_ g_,(,,_—,)> _Ascos(a—8) — Bsin (e —9)

21ZI\s — 8  s+jB Z s + B?
The forced response is the inverse of this transform, namely,

% [cos (a¢ — 0) cos Bt — sin (@ — 6) sin B}

= ’—%l cos (Bt + a — 6) (13-45)
This is the familiar solution of “steady-state’ circuit theory, which,
presumably, you could have written down without recourse to Laplace
transform theory. A similar result would be obtained for the case of a
set of simultaneous equations.  Perhaps this presentation is helpful in
establishing an understanding of Z(s), as defined in Laplace transform
theory, and Z(jw), as defined in the conventional analysis of the sinusoidal
steady state. Both are the same function, but with different arguments.
The natural response will not be computed for this example because
it is not relevant to the point under discussion.
13-10. Immittance Functions. Let us return to the general equations
presented in Sec. 13-3. Assume that z,(f) is the only driving function,
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and let y.(¢) be the response of the system component acted upon by
z:(t). (The words system component are used here because of the desire
not to be committed to a particular type of system. Figure 13-2 shows
a network loop, a network node, and a mechanical linkage as typical
examples of what we mean by a system component.) In agreement with
usual network terminology, the foreing function is regarded as being a
source which maintains the prescribed function under all conditions.

Network — Network —
L]
ol
71
current
source
(a)
Vi velocnty ____________
mkagek
imka e Machine
© 7. 7 % // 7

Fia. 13-2. Examples of physical interpretations of system variables for definition of
an immittance function.

It is also assumed that the system is initially without stored energy;
in the notation of Eqs. (13-13), each 8 and y;(0+) is zero. Under these
prescribed circumstances, Eq. (13-15) becomes

Mu(s) -+ M) ||| Yils) 0
............. ce = Xas) (13-46)
Mu(s) -+ Mua(8) Ya.(s) 0

Following the notation of Eq. (13-23), we can write the solutions for the
transforms of two response functions,

Yi(s) = DD"’E(? Xi(s) (13-47a)
Yi(s) = %’(S) Xa(s) (13-47b)

where Y;(s) represents any response other than Y. (s).
The quantities

Dkk(S)

D(s)

i(s)

(s)

Wule = (1348)
13-48

Waii(s) =
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appearing in Fgs. (13-47) are called, respectively,t he self-immittance
presented by the system to source k and the transfer tmmittance from
source k to response j. These immittance functions can be defined
only when there is a single driving function. The term smmittance is
used here because we are not committed as to what physical quantities
are represented by the z and y functions. In network theory, if z is
voltage and y is current (Fig. 13-2a), then Wi and W, are admittances.
If the roles of z and y are interchanged (Fig. 13-2b), the functions are
impedances.

13-11. Which Is the Driving Function? When z:(t) was treated as the
driving function, we obtained

Yi(s) = Wi(s)Xi(s)

as the Laplace transform of the response. It is certainly also valid to
write

X k (8) Yk (8)

Wls) ( )
suggesting that Y:.(s) is then the transform of a driving function and X,(s)
is the transform of the response. This is indeed the case, subject to
the comment that X;(s) must be a transform. This question arises when
Wi(s) has a zero at infinity because then Yi(s) must have a zero of
sufficiently high order at infinity to more than cancel the pole due to
1/Ww(s). It should furthermore be stated that the so-called driving
function, whether it be Xi(s) or Yi(s), does not need to be due to a
so-called source (voltage or current source, for example). Further com-
ments relevant to this point are given at the end of Sec. 13-12.

Of course, we have now suggested that 1/W.(s) is also an immittance
function. If Wi(s) is an impedance, 1/Wiu(s) is an admittance, or
vice versa. Thus, impedance and admittance can each be determined
from each of the above equations. In the language of network analysis,
this is to say that impedance and admittance can each be found from
either a loop analysis or a node analysis.

13-12, Combination of Immittance Functions. Immittance functions
are convenient because they often permit the analysis of a complex
system by breaking it down into subsystems (called branches, in network
analysis) each of which can be analyzed independently. The only
requirement is that each subsystem shall interact with the remainder
of the system at only one point. For example, suppose that we have
two systems, one with response functions y:1(¢), . . . , yx-1(t) and the
other with response functions yi+1(f), . . . , ¥a(f). This choice of con-
secutive numbering from one system to the other is arbitrarily made, to
simplify notation. The number k is purposely omitted. Now let the
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driving function z:(f) act simultaneously on both systems, in such a way
that it acts on component k — 1 in the first system and on component

p [+
P e 75N x is current +
. X Ya-15Yis Van1 Yre1
i} are voltage
%3 is voltage X T CS Yk S
(@) Yi-1, Yu» Ya+1 are current K
Ya-1
©®) .
Ya-1 -—y"—— Yan1
= - > x; is force
2 X 1 V-1, Y&s Y1 @re ve!ocities
@ @ W ¥, is velocity of (1) with
respect to (2)
17 7777 777

F1a. 13-3. Physical situations which can be described by the addition of immittance
functions. (a) Addition of admittances; (b) addition of impedances; (¢) mechanical
system.

k -+ 1 in the second system. Furthermore, suppose that the systems
are connected in such a way that y;_; adds to yi41 to give an additional
response variable

() = v (@) + yra(t) (13-49)

Illustrations are given in Fig. 13-3.
The combined system is described by the following matrix equation,

My Miza O 0
Mi1a Miyea O s .- 0
0 e =1 1 —1 o --- 0
0 C.. .. 0 Mispr " - Mipin
0 0 Mk+l,u Mnn
Y, 0
Yiaa Xz
X | ¥ =1 0 (13-50)
Y X
Y. 0
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where the elements —1, 1, —1 represent Eq. (13-49). This set of equa- |
tions could be solved for Y:i(s), but it is not necessary to treat the whole
set. They are written out merely to identify the problem in terms of a
set of simultaneous equations. The set does not need to be solved
simultaneously because of the two arrays of zeros in the upper right- and
lower left-hand corners of the square matrix. The first £k — 1 equations
can be solved independently, and also the set from &k + 1 to n, giving the
two solutions

Dk-l,k—l(s)

Yi_i(s) = Xi(s)
k-1 D(s) © (13-51)
Y,,+1(s) *k—%%— X (8)

where a prime is used to denote the determinant of the set of equations
running from k£ + 1 to n. Recalling Eq. (13-49), we have

Y=Y+ Y

and so Yi(s) = Wi(s)Xx(s) (13-52)
where Woas) = D"*Dl'fs-)‘(s) + Dkﬁ?'i§§(s) (13-53)

is the immittance function for the combined system. Each ratio of
determinants in Eq. (13-53) is an immittance function of one of the sub-
systems. When systems are connected together in the manner deseribed,
we have shown that their immittance functions add to give the immit-
tance function of the combination.

We stress two points which have already been made: First, the sub-
systems must have definable immittance functions (zero initial energy
and no sources). Second, the interaction of the two systems must be
of such a form as to cause two response functions to add, but with no
other interaction (so that the over-all system matrix will have appro-
priately placed sets of zeros).

You will recognize here a generalization of two principles of common
usage in network theory. When z(f) represents voltage and y() current,
we have shown that the parallel connection of two-port networks leads to
addition of their admittance functions. In the reverse situation, if z(f)
is current and y(¢) is voltage, our results indicate the familiar fact that
when one-port networks are connected in series their impedance functions
add, to give the impedance function for the combination.

Figure 13-3 implies that the two networks in parallel are driven by
a specified voltage source z:(f) or that the two networks in series are
driven by a current source z:(f). In reality, the parallel combination
could be considered as driven by a current source or the series combina-
tion by a voltage source. If either of the combinations shown in Fig. 13-3
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should be a part of a larger network, the actual sources may be absent
at the points indicated in Fig. 13-3, as long as there is a source somewhere
within the larger network. As an example, consider the networks shown
in Fig. 13-4. In Fig. 13-4a z(f) represents either a voltage source or a
current source, and a voltage z:(f) will exist and may be considered the
driving function for the parallel combination within the dashed rectangle.

r—f————

————
W
X is voltage transform X, is current transform
W is impedance W is admittance

(@) ®

Fre. 13-4. Simple configurations of immittances.

If Wy and W, are regarded as impedances, the transform of z,(f) is
given by
Wu(s)

Xi(s) = W) + Wil Xofs)

if zo(t) is a voltage and by
X1(8) = Wu(s)Xo(s)

if zo(f) is a current. Similar comments apply to Fig. 13-4b, if Wy, is
regarded as an admittance.

13-13. Helmholtz Theorem. In the discussion of immittance functions
it is carefully stipulated that the system should have zero stored energy
at ¢ = 0 and that there should be a single driving function. Now we
approach the more general situation, where these conditions are not
fulfilled. Again, Eqs. (13-13) are taken as the system equations and the
transform solution for Y;(s), given by Eq. (13-26), is the starting point.
For notational simplicity, take 7 = 1. Then Eq. (13-26) becomes

Yi(s) = %ZS) Ei(s) + kzz g{;—) Ex(s) (13-54)

Equation (13-17), defining matrix ||E(s) ]‘[, yields the specific formula

Ek(s) = Xk(s) - %Bk + z akvyv(o"l') (13'55)
ve=]
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In terms of this, Eq. (13-54) becomes

Yi(s) = Wu(s)Xa(s) + Ki(s)] (13-56)
where
ki) = ) 2 iy LY [ 20 5 N anon) | 3
k=2 k=1 vm]
and W) = Dﬁzg) (13-58)

The function K,(s) is independent of ¥1(s) and X(s), being a function
of the initial energies and of the various driving functions Xi(s), where
k # 1. These driving functions may be considered internal to the
system, in so far as we are at present interested only in & relationship
between Y1(s) and X(s).

The formula for K,(s) is rather complicated, but a simple physical
interpretation is possible. Suppose that z,(¢) is replaced by a function
f(?) such that y,(¢) is then zero. Equation (13-56) gives

Ky(s) = —2l5(®)]

In other words, K.1(s) is minus the transform of the driving function that
gives zero response. In practice, K,(s) is usually found by modifying
the system, to force yi1(f) to be zero rather than to solve the original sys-
tem with a modified driving function. This modified system is then
solved with z,(f) temporarily regarded as a response variable. In net-
work theory, if z represents voltage and y current, an open circuit forces
y1(f) to be zero; and £-1K,(s)] is the negative of the voltage across the
open circuit, the same reference polarity being used as for z,(f). Sim-
ilarly, if « represents current and y represents voltage, a short eircuit
forces y; to be zero; and then K,(s) is the transform of the negative of the
current in this short circuit, the current reference direction being kept
unchanged. In a mechaniecal system, if ¥, is a velocity, the system can
be modified by clamping linkage 1 and then solving the modified system
for the force on that linkage. The factor Wyi(s) in Eq. (13-56) is, of
course, the same immittance function defined in Sec. 13-10.

Equation (13-56) is a mathematical statement of the Helmholtz theorem.
It is an extension of the immittance concept to the case where “internal
sources” and initial energies are not zero. In similarity with Eq.
(13-47q), Eq. (13-56) gives a relationship between the transforms of two
driving-point quantities, such as X(s) and ¥i(s).

In network theory, when z is voltage and y is current, the Helmholtz
theorem commonly goes under the name of Thévenin’s theorem. It is
then customary to draw an equivalent circuit, called the Thévenin
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equivalent, as shown in Fig. 13-5. In this case K.(s) is the transform
of an equivalent voltage source, and W (s) is an impedance function.
If a network is analyzed by regarding z as current and y as voltage, the
Helmholtz theorem is known as Norton’s theorem and the equivalent
network described by Eq. (13-56) is shown in Fig. 13-6. K,(s) is the
Laplace transform of an equivalent current source, and Wyi(s) is an
admittance function.

These equivalent circuits, or the corresponding equivalent systems in
nonelectrical systems, can then be combined with other subsystems in the
manner of combining immittances described in Sec. 13-12. There is one
significant difference, however. When Helmholtz equivalent systems are
combined, the new system will still have a distribution of driving func-
tions representing equivalent sources, one for each Helmholtz equivalent.

Ly e J
"X Norton equivalent
X; and K, are voltage transforms X, and K, are current transforms
Y, is current transform Y, is voltage transform
F1a. 13-5. Circuit of the Thévenin exam- Fig. 13-6. Circuit of the Norton example
ple of the Helmholtz theorem. of the Helmholtz theorem.

However, the number of driving functions will, in general, be less than
in the original system.

13-14. Appraisal of the Immittance Concept and the Helmhoitz
Theorem. The Laplace transform does not offer the only technique for
solving linear equations, and historically it is not the oldest method.
This chapter presents in outline some of the reasons why the Laplace
transform hags gained wide acceptance for solving engineering problems.

One way to describe the advantage of the Laplace transform is to say
that it clearly shows how the integrodifferential equations are reduced to
algebraic equations. The algebraic formulation is then exploited further
by the definition of immittance functions and Helmholtz equivalents.
The advantages accruing from these steps arise particularly because
of the existence of the well-developed technique of d-¢c and sinusoidal
steady-state network analysis. With a simple change of variable the
immittance functions of sinusoidal analysis become the immittance
functions of transform theory. In fact, transform immittances combine
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in exactly the same way as resistances and conductances of the resistance
network. We are also permitted, in the Laplace method, a simple
extension of the Helmholtz-Thévenin and Helmholtz-Norton theorems.
Except in trivial cases, it is not evident from the original integrodiffer-
ential equations how these equivalent systems should be constructed.

From previous studies of network theory you should be aware of why
it is such an advantage to be able to define immittance functions and
Helmholtz equivalents. The answer is that certain intuitive and formal-
ized topological methods can be used in many cases actually to bypass
writing the integrodifferential equations of the complete system. It is
usually possible, from an inspection of the network graph, to recognize
certain immittances that can be combined and network sections that
can be replaced by Helmholtz equivalents. A simpler network is then
obtained, the equations for which can be written directly in terms of the
transform functions.

The standard techniques of network theory are well known, the series
and parallel combination of immittances, the T = II (or Y = A) trans-
formations, and loop and node analyses. Another topological device,
the signal flow graph, or flow graph, is particularly helpful in nonelec-
trical systems. It provides another method for determining how the
various functions can be combined to yield the required response func-
tion. All these techniques are possible only by virtue of the functions
defined through the Laplace transform.

The objective of this chapter is to give the broad concepts of how the
Laplace transform serves in the solution of linear equations. The
algebraic and topological aspects, as applied to networks, are a very well
developed subject, and for further details on that subject you are referred
to the many texts on network theory.

13-15. The System Function. Many physical systems described by
linear equations are of a particular type in which there are one input port
and one output port. In network terminology such a system is called a
two-terminal pair or a two-port network. A rotating shaft driven at one
end and loaded at the other is a mechanical two-port system.

In our general notation, let z:(t) be the input function, and let y.(f)
be the output function. There is no initial stored energy. Then, if we
define

X1(s) = Llza(t)]
Yao(s) = Lly2(0)]
the function
(13-59)

is called the system function. By implication, z:(t) will be Laplace
transformable, and since y.(f) must also have a transform, it follows that
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H(s) must behave appropriately at infinity. For example, if X1(s) = 1/s,
H(s) cannot have a pole at infinity.

The system function carries all the information we need to know about
the response function y.{¢). In particular, the poles of H(s) are the
characteristic values of the natural response.

PROBLEMS

13-1. Referring to the circuit of Fig. P 13-1, the capacitor has an initial charge go
and the inductor an initial current z,. For this specific case, write out the {|M(s)]}

R’y R,
—AAMAA—
+l
A 5 +
1 T %TC L}k
FiG. P 13-1

and | E(s)|| matrices, and carry out the details leading to a solution for the inductor
current, in the form of Eq. (13-23). Determine the natural response of the system,
again regarding inductor current as the output.
13-2. Do Prob. 13-1, regarding the voltage across the inductor as the output.
138-3. Do Prob. 13-1, regarding the capacitor current as the output.
18-4. Do Prob. 13-1, regarding the voltage across the capacitor as the output.
18-6. In Fig. P 13-5, up to time ¢ = 0, a flywheel of moment of inertia I, is rotating
freely on shaft s;, with angular velocity wo, while shaft S; and all other members are

F1a. P 13-5

rotating with angular velocity wie. At time ¢ = 0 the flywheel is clamped rigidly to
ring 4, which has an ideal viscous frictional coupling to B, through surface C. Struc-
ture DEF is a similar frictionally coupled element, ring D being coupled to E by an
ideal viscous frictional force at surface F. At each frictional surface let the friction
be described by a constant f, the ratio of frictional torque to relative angular velocity.
This constant is the same for both surfaces. Assume that ring A has negligible
moment of inertia. Obtain a transform solution for the angular velocity ) of shaft S;.
Also obtain the forced and natural responses of the system.
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18-6. Figure P 13-6 shows a coupling between two shafts So and S:. The symbols
I, and I, are moments of inertia of the indicated members, and each spring is described
by a constant k (the ratio of torque to relative angular displacement between the ends
of the spring). There is assumed to be an ideal viscous frictional force at surface 4,
such that the frictional torque is given by a frictional constant f multiplied by the
relative angular velocity between the two members. Assuming that equilibrium

Fia. P 13-6

conditions prevail at ¢ = 0, let shaft S, be given a sudden angular velocity woat ¢ = 0.
Obtain a transform solution for the angular velocity w; of shaft 2. Determine the
natural and forced responses of the system. In your solution show the characteristic
equation and assign symbols to represent its roots, giving the solution in terms of
these symbols.

18-7. For the circuit consisting of R and L in series, with a sinusoidal source

= Vo sin (wot + a)

switched on at ¢ = 0, show that the complete response (current in the circuit) ap-
proaches the usual steady-state response.
18-8. For the circuit of Fig. P 13-8, the driving voltage V, is given by

1 O0<t<l1
V‘(‘)={0 1<t

Obtain the forced and natural responses for the output function V.

=1 C=1
+] S ——-

i R=43 vV,

Fi6. P 13-8

138-9. Do Prob. 13-8 for the case R = 2.
18-10. Do Prob. 13-8 for the function

sin ¢ 0<t<x
(t)-{o r <t

18-11. Do Prob. 13-8 for the case R = 2, using the driving funetion specified in
Prob. 13-10.
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13-12. Referring to Fig. P 13-5, what is the immittance function presented to the
fiywheel, when it is connected to ring A, if immittance is defined as the ratio of trans-
forms of torque to angular velocity. It is assumed that no external load is connected
to shaft Si.

13-13. In the system specified in Fig. 13-5 obtain the Helmholtz equivalent system
parameters which could be used if this system were to be connected to another system
by shaft S;. The output functions are w: and T, respectively, the angular velocity
and torque of shaft S;.

18-14. In the system specified in Fig. P 13-6, obtain the Helmholtz equivalent sys-
tem parameters which could be used if this system were to be connected to another
gystem, by shaft S;. The output functions are w, and 7'y, respectively, the angular
velocity and torque of shaft S,.

18-16. In Fig. P 13-1, suppose that there is a pair of output terminals at the ends
of the inductance. Assuming that there are an initial current 7, in the inductance
and an initial charge go on the capacitor, and assuming the excitation given in the
figure, obtain the parameters of the Thévenin form of the Helmholtz equivalent of
this system.

13-16. Using the specifications given in Prob. 13-15, find the parameters of the Nor-
ton form of the Helmholtz equivalent.

13-17. In Fig. P 13-1 suppose that there is a pair of output terminals across resistor
R;. Assuming that there are an initial current ¢4 in the inductance and an initial
charge go on the capacitor and assuming the excitation given in the figure, obtain the
parameters of the Thévenin form of the Helmholtz equivalent.

13-18. Using the specifications given in Prob. 13-17, find the parameters of the
Norton form of the Helmholtz equivalent.

13-19. Assuming that a system is without stored energy at ¢ = — o, develop a
theory using the two-sided Laplace transform, for finding the response r(t) to a driv-
ing function f(¢), for the integrodifferential equation

of +orte [l s =50

Refer to Probs. 12-16 and 12-17 for further information.
138-20. Referring to Prob. 13-19, let a = ¢ =1 and b = 4, and use two-sided
Laplace transform theory to solve for r(¢) in the following two cases:

wso={L 129 ® f@) = e M

13-21. For a driving function f(f) = /%, obtain the response r(t) for the following
two Bystems:

@ H(s) = ®) H») = ——

Ts+1 T e 41

(HinT: S8ee Prob. 11-15 for related transforms.)

18-22, By virtue of the relation £[( —)*f(t)] = d~F(s)/ds", certain differential equa-
tions involving variable coeflicients can be solved. As an example, obtain the solu-
tion of the geroth-order Bessel equation

O L FO o
b +—at—+¢f(‘) 0

(HinT: See Prob. 10-35 for related information.)



CHAPTER 14

IMPULSE FUNCTIONS

14-1, Introduction. There are many physical systems in which a driv-
ing function has a very short duration and where the response is required
only after the driving pulse has died out. Impact between colliding
bodies and the response of a ballistic galvanometer are cases in point.

A similar situation also occurs in certain cases where the independent
variable is a spatial coordinate. A simple beam with a concentrated
weight is an example. In any practical case the weight must cover a
finite length of the beam. However, many answers can be obtained,
such as reactions at the support and a good approximation of the amount
of bending, if the actually distributed force due to the weight is replaced
by an equivalent concentrated force at a mathematical point. This
conceptual model would not, however, accurately predict the bending
directly under the weight. Another example occurs in electrostatic-field
theory, where it is recognized that in certain situations charged bodies
of finite size can be replaced by point charges.

These cases all share the property that a response is to be computed
which will be valid for values of the independent variable outside the
range of that variable over which the driving function is not zero. In the
notation of the Laplace transform of a function of £, this function of short
duration T, and which we shall call fr(¢), can be characterized by a
strength

P= [onT(t) dt (14-1)

We shall find, within certain limitations, that the response of the system
is a function of P and does not depend upon detailed properties of fr(t).
A pulse for which P is unsty is called a unit pulse.

14-2. Examples of an Impulse Response. Consider the circuit of Fig.
14-1, driven by the voltage pulse

1
vo(t)={T 0<t<T

0 T<t (142)

We assume that the capacitance has zero charge at ¢ = 0 and regard
41Q



IMPULSE FUNCTIONS 411

the voltage v.(f) across the capacitor as the response function. From
routine analysis, the following relation in transform functions is obtained:

_ 1 1 — T
Ve(s) = RCs +1 T
_ifr_ 1 (1 — e=T) (14-3)
T\s s+ 1/RC

The inverse transform is readily found to be
vlt) = 7 [(1 — eBu(t) — (1 = e-DIRYu(t — T)]  (14-4)

If t > T, the above reduces to

eT/RC -1 e—thC' T ; 4
velt) = (W) re T< (14-5)
As T approaches zero, the quantity in parentheses approaches 1, so that
- R —
11'1_1’1(1) v(t) = 70 ¢ ) (14-6)

The fact that the response function approaches a unique limit is not
surprising, since the pulse area

foT vo(t) dt = 1 (14-7)

is constant as the width approaches zero. In the language of Eq. (14-1),
the pulse has unit strength.

1
\ |

0T o

F1a. 14-1. An RC circuit excited by a Fi1G. 14-2. A triangular unit pulse.
pulse of duration T < RC.

Now let the same circuit be driven by a triangular pulse of unit
strength, as shown in Fig. 14-2. Again assuming that v.(0) = 0, the
transform of the response is

4 1 — 26_'T/2 + ev—:T
RCs + 1 T2s?
4 (1 RC RC

= [ - — — — 3 —sT .
=7\ T +s+1/RC)(1 2T eT) (148)

Vus) =
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We are interested only in the response when 7 < t, which is readily
seen to be

0lt) = 5t + BC(e12¢ — 1)]

- Tiz [(t - -72:) 4+ RC(e¢-TIDIRC 1)]
+ %‘2 [t — T) + RC(e—t—1Rc — 1)]

eT/zRC -_— 1 2 e—t/RC 1
—( T/2RC > gc T <t (14-9)

It is seen that the quantity in parentheses approaches unity as T — 0,
and Eq. (14-6) is obtained in the limit.

It being recognized that 7' will remain finite in any practical situation,
it is useful to estimate how small 7 must be for the actual response to
differ negligibly from Eq. (14-6). Considering the rectangular pulse,
we see that the correction factor in Eq. (14-5) is

eT'’¢ — 1 14+ T/RC + B(T/RC)*+ - - - — 1
T/RC T/RC
T
=l+4gzpst - (14-10)

which shows that, if T/2RC < 1, the per unit error is approximately
T/2RC. Thus, for example, if

T < 0.02RC

Eq. (14-6) gives the exact response (for T < £) within about 1 per cent.

For these two examples the limits approached by the actual responses
for T <t are the same, illustrating that the strength, rather than the
shape of the pulse, is the determining characteristic.

o2(t)
™ ——> hp(t)

0 T

F1e. 14-3. A network excited by a general unit pulse.

14-3. Impulse Response for the General Case. Let us now consider
the general case of a linear lumped-parameter initially relaxed system
driven by an arbitrary positive unit pulse, asillustrated in Fig. 14-3. The
pulse function, designated by 8r(¢), is one of a family of pulses which are
zero outside the variable interval T and which satisfy the conditions

T . T
L ()dt=1 and lim /0 sr(dt =1  (14-11)
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H(s) is the system function, and hr(?) is the response.* Since the system
has lumped parameters, it is described by a set of ordinary integro-
differential equations and H(s) is therefore a rational function of s.
We also temporarily make the assumption that H(s) is of lower degree
in the numerator than in the denominator. Under these conditions (see
Theorem 10-11) we know that H(s) has a continuous inverse transform

h(t) = £ Y{H(s)] (14-12)
In transform functions, the system is described by
Hr(s) = H(s)Ar(s) (14-13)
where Hr(s) and Ar(s) are the respective transforms of hr(f) and 8,(f).
The product in Eq. (14-13) suggests writing the convolution formula
@ = [ a@ht—ndr T <t (14-14)

The upper limit of integration is T because dr(¢) is identically zero for
T < t. For simplicity, we shall assume that ér(f) is nonnegative for all
t, and it is known that A(f) is continuous. One form of the mean-value
theorem for integralst is used to give

hr(t) = h(t = \) [or s(rydr T <t
or, in view of Eqgs. (14-11),

hr(t) = h(t — ) T<t (14-15)
where 0 < A\ < T for all t. Since h(f) is continuous, we can now write
}"m}) hr(t) = h(2) (14-16)

* H(s) is the system function defined in Sec. 13-15.

t The mean-value theorem used here is slightly different from that usually stated
in elementary texts. The required theorem is readily proved, as follows: Let u(x)
be continuous, @ < z < b, and let v(z) be nonnegative for all z in the interval. Being
continuous, u(z) will have a lower bound m and an upper bound M. The quantities
u(z) — m, M — u(z), and v(z) are all nonnegative. Therefore

b b b
fa u(z)v(z) dz — m /a v(z) dz = [a [u(z) — mlp(z)dz = 0
M /:v(x) dz — L  w@)(a) dz = L "M = u@b) 2 0
b b b
and therefore m /a v(z)dx = /a u(z)o(z) dr < Mfa v(z) dz
In view of this inequality,
b 3
[a u(z)v(z) dr = u(z’) /a v(z) dz

where u(z’) has a value between m and M. Being continuous, u(z) takes on all

values between m and M in the interval of integration. Therefore, we are sure that
ez b
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In words, we state this result by saying that the inverse transform °
of the system function is the limit approached by the response to a short
pulse of unit area, as the duration of the pulse approaches zero. This :
general result is confirmed by the example in Sec. 14-2. The limit
approached by the response was found to be

1

_~  ,—tiRC
RC®

and its transform is
1

RCs + 1

which is indeed the system function V.(s)/Vo(s).

Let us turn again to the practical situation, in which 7' can never reach
zero. The argument on the right of Eq. (14-15) differs from ¢ by at most
the amount 7. This fact gives the approximate formula
M) | _
ol
Applied to the example of Sec. 14-2, this estimate yields 7'/ RC, rather
than the previously obtained value of T/2RC. The factor of 2 by which
these two estimates differ is not significant, since we are obtaining only
an order-of-magnitude appraisal. Equation (14-17) is significant because
it provides an estimate which is independent of the parameters of a
specific system. In general, the result shows that the maximum rate
of change of h(t) determines how small T' must be for the actual response
to differ from h(¢) by a negligible amount.

In order to simplify the derivation, we assumed that the pulse was a
nonnegative function. However, this restriction is not necessary, as
can be seen by applying the mean-value theorem separately to each inter-
val of ¢t over which the function does not change sign. Of course, the
condition that its integral from 0 to T shall be unity must be retained.

When the unit-pulse excitation is short enough in duration for A(¢) to
be indistinguishable from the actual response, such a pulse is called a
unit impulse and h(t) is called the tmpulse response of the system. The
unit-impulse function is not uniquely defined; the acceptable duration T
depends on the system function. In practice, a pulse which is short
enough in duration to act as an impulse for one system might be too
extended to act as an impulse for another system.

The main conclusions reached in this section can be summarized by the
following theorem:

Per unit error < T T d% liog h(®)] (14-17)

Theorem 14-1.* If a linear lumped system, with a transmission function
H(s) which has a zero at infinity, is excited by a unit pulse, the limit

* A similar theorem can be stated for distributed systems, for which H(s) is a trans-
cendental function of the proper form to have an inverse transform.
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approached by the response, as the duration of the pulse approaches
zero, is
h(t) = £ H(s)]

14-4. Impulsive Response. In the previous section we were careful to
specify H(s) as a rational function with a zero at infinity, thereby ensur-
ing existence of £-[H(s)]. We now consider a system for which H(s) is
rational but with an nth-order pole at infinity, in which case £~1[H (s)] does
not exist. Clearly, the development of the preceding section does not
apply. However, if 8r(t) is defined so as to have n continuous deriva-
tives, all of which are zero at ¢t = 0, and a piecewise continuous (n 4 1)st
derivative, the following sequence of transforms will exist:

£lor ()] = Ar(s)
L[57(2)] = sAr(s)

L[ar(8)] = s™*'Ar(s)
Then we can write
Hr(s) = H(s)Ar(s)

= T [sr1ap(e)

The factor H(s)/s"*! has an inverse transform, and we have shown
that the factor in brackets has an inverse. Accordingly by Theorem
12-10 it is known that £—[Hr(s)] exists and can be designated by hy(£).*

Now let H(s) be written as a partial-fraction expansion (see Sec. 5-15),
with the polynomial part written explicitly, giving

H(s) =G@) + Ao+ As+ -+ - + Apsm (14-18)

In the above, G(s) is the sum of the principal parts at the finite poles and
therefore has an inverse transform

g(t) = £7G(s)] (14-19)
Now it is possible to write
Hr(s) = G(8)Ar(s) + (Ao + Aws + - - - + Aas")Ar(s) (14-20)

The first term on the right is the product of two functions, each of which
has an inverse transform. Accordingly, the convolution theorem applies,
giving

[fot—Dbmar  0st<T

42
[OT gt — Do) dr T =t (14-21)

LG (s)Ar(s)] =

* Theorem 12-11 could be used to yield this result directly.
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Furthermore, in view of the existence of n derivatives of ér(t), it follows °

that
£ AoAr(s)] = Aodr(t)
£YA15Ar(8)] = A187(8)

L[ Ans"Ar(3)] = Andr™(f)

If T is very small, so that there is no significant difference between
g(t — \) and ¢(¢), where 0 = X\ £ T, we can use the mean-value theorem
given in Sec. 14-3 to write the approximate equalities

[ ot — ey dr = 9@) [ ey dr = alhg) 0st<T

(14-22)

[\ 9 = Dtet) dr = g 12T (1423)

where a(t) = [ or(r) dr

is positive and lies in the interval 0 £ a(t) £ 1. Thus, approximately,
a(f)g(t) + Addr(t) + Ardr(t) + - - - + A3r™(D)

he(t) = 0<t<T (14-24)
9(®) T=t

The approximation can be as good as we like, by making T sufficiently
small. Furthermore, §7(f) and its derivatives become increasingly large,
for 0 <t < T, as T is made small, and so |a(t)g(t)|, which remains finite
and less than |g(f)|, eventually becomes negligible. There is therefore
the possibility of saying that in the interval 0 £ t < T there is no sig-
nificant change if we replace a(t)g(f) by g(t), thereby allowing hr(f) to be
represented by the single approximate formula

he(t) = g()) + Aodr(t) + A15z(t) + -+ - + A 3r™()  (14-25)

for 0 < t. The one point ¢ = 0 is excluded, since ¢g(0) is not necessarily
zero, whereas a(f)g(t) must be zero at ¢ = 0 because «(0) = 0.

It is convenient to continue using the notation of the previous section,
employing the symbols 8(¢), (), etc., to signify 8r(f), 6;(¢f), ete., when T
is small enough for Eq. (14-25) to be valid. We shall also drop the sub-
seript on hz(f), with a similar interpretation. Accordingly, Eq. (14-25)
is simplified to

h(t) = g(®) + Aod(t) + A’y + - - - + A8™(@) 0<t (14-26)

as the approximate response of a system to a short unit impulse.

In Eq. (14-17), the symbol A(f) implies the limit of hr(f) as T goes to
zero. However, in the present case, such a limit does not exist, because
8r(t), 87(t), etc., do not approach limits. Thus, we emphasize that in
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Eq. (14-26) T is very small, but finite, and that the meaning of the words
very small depends on the nature of g(t).

When 67(t) is short enough in duration to allow it to be written 8(f),
it becomes a unit impulse. The functions éz(t), 87 (f), ete., are called,
respectively, the unit doublet, unit triplet, etc. It is customary, although
not necessary, to define 8r(t) in such a way that 3,(¢) changes sign only
once, 87 (t) only twice, etc. Examples are shown in Fig. 14-4 for the case
where 87 (¢) is piecewise continuous but for which &;’(f) does not exist.
The original pulse can always be made smooth enough att = 0andt = T
to allow any required number of derivatives to be continuous.

\ [
-V

F16. 14-4. Example of a unit pulse having first and second derivatives which, respec-
tively, yield the unit doublet and the unit triplet.

The fact that H(s) does not have an inverse transform, unless it is
zero at infinity, makes it necessary to separate out G(s) and ultimately
to arrive at Eq. (14-26) instead of Eq. (14-17). However, a symbolic
notation has been invented which allows a similar notation to be used
for both cases. This is accomplished by defining the symbol £-1[H(s)]
to mean

STUH(s)] = £7MG()] + Aod(t) + A18'(t) + - - - + A™() (14-27)

Use of the symbol £~! might be questioned; but it is reasonable, since
the above reduces to a true inverse transform in the event that all A’s
are zero.

Since Eq. (14-27) should apply if all terms but one are zero, this
definition is consistent with the following definitions of symbolic trans-
forms and their inverses:

£-1(1) = 8(2) 1 = £[5(t)]
£-1(s) = &'(f) s = L[ (0)] (14-28)
L) = 8(t) st = £ (®)]

With the aid of this notation, it is now possible to state a theorem which
is more general than Theorem 14-1, as follows:
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Theorem 14-2. Let a linear system be represented by a rational func-
tion H(s) having a pole of order n at infinity, and let the function be
written

HE) =G+ Ao+ Ais+ + -+ + 4,8
where G(s) is zero at infinity. If £-H(s)] is defined as
LH(9)] = £7UG()] + Aod(t) + A1) + - - - + Aa8™()
then the response of the system to a unit pulse which is short enough
in duration to be considered a unit impulse is given approximately by
h(t) = £H(s)]

14-b. Impulse Excitation Occurring at¢ = T, Itis a logical extension
of the previous section to consider the excitation of a system by a dis-
placed unit impulse, occurring at a position £ = T;. The notation hz(¢)
will again be used to designate the response to a pulse é7(¢t — T'1) which
has duration T and commences at ¢ = T,. It is understood that the
function ér(t) is zero for negative t. From Theorem 10-8 the transform
of the response is known to be

Hr(s) = H(s)Ar(s)e™D (14-29)
If H(s) is given by Eq. (14-18), we have
Hp(s) = G(8)Ar(8)e T + (Ao + Ars + « « - + Aas®)Ar(s)e—Tr  (14-30)

By arguments involving the convolution theorem, in similarity with
the development of Eq. (14-21), it is found that when T is very small

we can write
LG (s)Ar(s)e*T:] = g(t — Tou(t — Ty)

and, approximately,
£ AoAr(s)e ] = Aodr(t — Th)

ete., and so when T is sufficiently small to write A(t) in place of hr(f)
we get
h(t) =gt — T)u(@ — T1) + Ad(t — Ty) + A8 —T) + - - -

+ Ad™(@ — Ty) t= T, (14-31)
This can be written, symbolically,

h(t) = £~Y{H(s)e™*T) t#= T,

where, by definition,

£{H(s)e ] = L7 G(s)e~T] + Aod(t — T1) + Aw'(t — Th)
+ -+ AB™(E - Ty (14-32)



IMPULSE FUNCTIONS 419

This last definition amounts to an extension of the symbolic notation
of Eq. (14-27), to which it reduces when T, = 0. Also, Eq. (14-32)
is consistent with the following definitions:

e ) = 8t — Ty) L3 — T1)] = e
LY (g ) = §'(t — Th) L't — T1)] = seh
£71(s%eT) = §"'(t — T) L[t — T)] = ste—N

(14-33)

In concluding this and the previous section it is to be emphasized
that we are using a symbolic notation which looks like Laplace transform
notation, and which is derived from the Laplace transform theory. How-
ever, the functions 1, s, %, etc., are not Laplace transforms and hence
have no inverse transforms. When applied in these cases, the £-1
symbol should be regarded purely as a symbolism for the definitions
given in Egs. (14-28) and (14-33).

14-6. Generalization of the ‘“Laplace Transform” of the Derivative.
The symbolic notation defined in the last two sections permits a general-
ized treatment of the derivative, extending the earlier results presented
in Theorems 10-9 and 12-6. First
we shall generalize Theorem 10-9.

Consider a continuous function
f(t) of exponential order and having f®)
a derivative for ¢t > 0 which ap- f(o9—] 7
proaches a limit as ¢ approaches zero; //*~——f (1)
and let the value of f(0+) be different /
from zero. Let this function be /
approximated by a continuous func- ,I
tion fr(¢), which is identical with L
f@), for ¢ > T, but thh 18 ?ero .at Fi16. 14-5. Approximation at a discon-
~ t=0. Anexample is shown in Fig. inyity by a continuous function.
14-5. The symbol f'(¢) will be used
to designate the derivative of f(f) for ¢ > 0. The modified function can
be written with the aid of a 37(f) function, as follows:*

fr(t) = [o '§(2) dr + f(O+) L ‘ br(r) dr (14-34)

The derivative is

Jz(@®) = f'(t) + f(0+)8z(¢) (14-35)

Although this formula is valid for all values of T, §r(f) will be regarded
as a unit impulse in any specific case for which f’(t) is negligible compared
with f(0+)é7(f) in the interval 0 < ¢ < T. This provides a criterion
for estimating under what conditions ér(f) can be replaced by &(t). To

* It is assumed that f7(¢) has the same sign throughout the interval 0 < ¢ 5 T.
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drop the T subscript on fr.(t) would make the symbol indistinguishable
from f’(t) as used on the right of Eq. (14-35). Accordingly, f3(¢) is used ;
to designate the derivative when 7 is sufficiently small. Equation !
(14-35) now becomes ;

51O = 1O + S0+ (1436) |
and from Theorem 10-9 we have ‘
J'@®) = £7YsF(s) — f(0+)] (14-37)

and finally Ji@®) = £7YsF(s) — f(0+)] + f(0+)s(2) (14-38)

It being recognized that the first term on the right is a true inverse trans-
form, it is convenient to write

sF(s) = [sF(s) — f(0+)] + f(0+) (14-39)
and to recognize this as similar to Eq. (14-18), where
Ay=4,= -+ =4,=90

Then, by following the definition in Eqs. (14-28), it is consistent to write
the symbolic equation

£7YsF(s)] = £7Y[sF(s) — f(0+)] + f(O+)5(¢) (14-40)
in terms of which Eq. (14-38) becomes

fi@®) = £7YsF(s)] 0<t (14-41)

This process can be extended to

/i higher-order derivatives. If we are

I, ; interested in the nth derivative, f(¢)
] ! and all its derivatives must be modi-
!l | fied close to the origin, giving a se-
/ i quence of functions fr(t), f7(?), . . .,

T fr»1(f) each of which is zeroat¢ = 0.
Fra. 14-6. Approximation st a dis- This requirement places a restriction
continuity by a function having &  on he modification of f(£), as com-
continuous first derivative. . . ’
pared with the previous case (see
Fig. 14-6 for the case where the second derivative is considered). An
analysis similar to the previous case then yields the symbolic result

Hi» () = £ s"F(s)] 0<t¢
where £-1[s"F(3)] is defined as

SeF ()] = () = Y(0+) — - - - — fo-D(0+)]
+ OB + - + - +fo-DO+)3(  (14-42)

Of course, this definition is consistent with Eqs. (14-28). In this case,
omission of the subscript T implies that T is small enough to ensure
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pegligibility of f®(0+) compared with f*+1(04)5%+b(¢) in the small
interval 0 £ ¢t < T, for each k in the range 0 £ k& < n.

Now we shall generalize Theorem 12-6, which deals with the case
where f(£) has discontinuities at Ty, T, etc. It will be sufficiently gen-
eral to consider a single discontinuity, at T;. Also, since the case where
f(0+) 5 0 has been covered, we now assume f(0+) = 0. The deriva-
tive symbol is used in the sense defined in Theorem 12-6. That is, f/(t)
is undefined at T;. It is assumed that f’(f) exists for ¢ ¢ T, and has
finite limits (not necessarily the same) as T, is approached from right or
left. In similarity with the previous case, a modified function fr(f) is
defined, in which the jump at 7T, is replaced by a continuous curve
(with slope of constant sign) extending over a short interval T.

In similarity with Eq. (14-34), we can write

fo®) = [ G dr + By [ o — T dr (14-43)
where B,= f(T1+) — f(T1—)
is the jump at the discontinuity. When T is sufficiently small, the deriv-
ative is
fi®) = /(&) + B:é(t — Th) (14-44)
and from Theorem 12-6
F(¢) = &Y sF(s) — Bye™T]
Thus, Eq. (14-44) can be written
fi) = £ YsF(s) — BT + Bid(t — Ts) t= Ty (14-45)
Now we write
sF(s) = [sF(8) — Bie™*T] + Bie—*h (14-46)

The quantity in brackets has an inverse transform, and so this is similar
to Eq. (14-32). Thus, using the symbolic notation of Eqs. (14-33), we
have

£7YsF(s)] = £ YsF(s) — Bie—] + B1é(t — Ty) (14-47)

which allows us again to write

fi(®) =27 sF(s)]  t# T
This process can be extended to higher-order derivatives. As a theorem,
we can now state the following:

Theorem 14-3. If a function f(tf) and n — 1 derivatives are piecewise
continuous and of exponential order (the derivatives being considered in
the sense defined in Theorem 12-6), and if f;(¢), fi'(t), etc., are the deriva-
tives of approximating continuous functions, where the interval over
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which each actual discontinuity is approximated by a continuous fune-
tion is made arbitrarily small, then the symbolic Laplace transform of
Si™(t) is related to F(s) = £[f(t)] by

Ll (0] = sF(s) (14-48)

Thus, in the sense that the derivative is now defined, the formula
for the “Laplace transform” is simplified. This result is of minor
value in problem solving, but it has some conceptual value, particularly
in the following section. To illustrate how these ideas would apply to
a practical problem, consider the equation

di .

where V is constant, subject to the condition #(0+) = 4,. Using the
modified current #r(t), we have

() = @) + iodr(t)
and so the original equation can also be written
Liz(t) — Ligdr(t) + Ri = V

By making T small, the difference between 7 and 77 becomes negligible
for ¢ > 0, and the subscript T can be dropped, giving

5(8) + Ri(t) = V + Liod(t)
L[4 ()] = sI(s), where I(s) = £[i(?)], and from Eqs. (14-28) we- have
L] =1
all in symbolic notation. Therefore,
I(s)(Ls + R) = V 4 Li,

and thus I(s) = —Ilfe—-_*l-—_%’

is the transform of the solution. This same result would have been
obtained by using Theorem 10-9, apparently with less effort than by
the present method. However, the example does show that it is pos-
sible to regard the initial value 7, as contributing an impulse excitation
of strength i, and then to disregard 7, in writing the Laplace transform
of the derivative.

14-7. Response to the Derivative and Integral of an Excitation. The
main purpose of introducing the generalized treatment in the previous
section was to make it possible to develop & rather interesting and simple
relationship which otherwise could be stated only with encumbering quali-
fications. We consider a lumped linear initially relaxed system, with an

e
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excitation f(f) and response r(f). Assume that f(¢) and r(f) have Laplace
transforms, respectively designated by F(s) and R(s). Then,

R(s) = H(s)F(s) (14-49)

Now suppose that the driving function is replaced by the nth derivative
of f(), where the derivative is interpreted as f;(t), as defined in See.
14-6. The transform of the derivative is s"F(s), and so the response is

L YH(s)s*F(s)] = £~ s"H (s)F(s)] (14-50)*

However, the right-hand side is 75 (¢). This result includes the special
case where the nth derivative of 7(¢) exists in the ordinary sense.

Of course, it is true that the response to the integral of a certain excita-
tion function will be the integral of the response to the excitation.
That is, after n integrations of the excitation, the transform of the
response is

H(s) Fs) _H (S)f‘(s)

8" 8

(14-51)

No difficulty of existence of transforms is experienced in the case of
integral relationships, because each integration increases the degree of
the denominator by 1. These results are now summarized as the follow-
ing theorem:

Theorem 14-4. If a system function H(s) is rational, and if when
initially relaxed the response r(f) is obtained from a driving function
f(t), then if the driving function is changed to the nth derivative f;™ (%),
the response will change to the nth derivative r;™(f), these derivatives
being in the sense of the approximations obtained when continuous
approximations are used over arbitrarily small intervals at all discon-
tinuities. Also, if the function

s f@de= [P [0 [0S dtedty - - - by

acts as an excitation, the response is

[

where the symbol (n) implies the iterated process of integration indicated
above.

It is interesting to note that even though f(¢) might be discontinuous,
causing its derivative to have impulsive components, it is not necessary

* This equation is written with the knowledge that we are permitted to commute
the factors of a transform function. We need consider only the definition of £[3(f)]
to realize that this interchange is proper for symbolic as well as true transforms.
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that these impulsive components appear in the response. If s*H(s)F(s)
is zero at infinity, there will be no impulsive component in the response.

A particularly useful application of Theorem 14-4 relates the impulse
response of a system to the response to the unit step. The derivative
of the unit step, in the sense used here, is

u(2) = 8(t)

and so if S(¢) is the response to u(t), it follows from Theorem 14-4 that
the impulse response is
dS()

hO =

(14-52)
It is left to you as an exercise to try this out on simple examples.

14-8. The Singularity Functions. The group of functions 8r(t), 87(¢),
87 (8), ete., have been defined and used in the previous work, showing how
it is possible, in a specific problem, to make T small enough so that the
response of a system to one of these functions is substantially independ-
ent of T. When T is small enough to satisfy this condition, these func-
tions are designated by 8(t), &’(¢), 8''(¢), etc., and have been called the
unit impulse, the unit doublet, etc. The doublet and triplet are also called
second-order and third-order impulses, respectively. These functions are
members of the family of functions called singularity functions. Addi-
tional members of the family are obtained by successive integration.
For example,

) = [ o) dr
SrD(t) = [0‘ 3r-V(r) dr (14-53)

...............

are additional functions, which are designated by §-V(8), §<2(¢), ete.,
when T is sufficiently small. Although the functions ér(f), &7.(¢), ete.,
do not approach limits as T' goes to zero, it is noted that the negative-order
singularity functions do approach limits. In fact

;'im SR = §CV(@{) = u(l) (14-54)
—0
is identical with the unit-step function. Also

0 t<0

i () = §-2(}) =
im 500 =00 = {130

is known as the unit-ramp function.
In view of the existence of the limits as T goes to zero, the negative-
order singularity functions are precisely definable true functions, as
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compared with the impulse “functions,” which are not true functions
because for them limits do not exist. However, the singularity function
of order —k is singular to the extent that the kth derivative does not
exist at ¢t = 0. Of course, singularity functions of all orders can be
defined so as to be singular at any prescribed value of ¢.

Theorem 14-4 applies to the negative-order singularity functions. As
an example, suppose that we begin with the known current response
of an initially relaxed RL circuit to a unit impulse of voltage, namely,

i=£ (R -il-Ls) = [

The response to a unit step is

1 ’e—m/z, dr = — _le—m/L ‘ 1 (1 — e—BE)
L Jo R o R
and the response to a unit ramp is
1]
f (1 — eBriL) dr = (.,. + = —Br/L)
0
+ + — e—RtIL

RR2

14-9. Interchangeability of Order of Differentiation and Integration.
An interesting interpretation of the positive-order singularity functions
is obtained when we consider the difference between the results obtained
when a function is differentiated and then integrated and those when it
is integrated and then differentiated. These operations are noncommuta-
tive, in general. We shall consider here only the first-order impulse.

In the notation we have been using, if f(f) is integrable and differ-
entiable for ¢ > 0, differentiating and then integrating yields

o 7@ dr = 5@ — 50+) (14-55)

However, integrating first, and then differentiating, yields the different
result

d t
4 [) fr) dr = (0 (14-56)

This situation can be extended to the case where f({) has a discontinuity
at T and f'(¢) is defined in the sense given in Theorem 12-6. Then, for
t> T,

b ¢
[ir@ar = [Fraa+ [, 16 ar
= f(t) + f(T1—) — A(T1+) — f(O) (14-57)
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whereas Eq. (14-56) still holds for the inverted order. If we differentiate
first and then integrate, we get a continuous function which is zero at
t = 0. The constants in Eqgs. (14-55) and (14-57) subtract out the
amounts of the discontinuous jumps in f(z).

From the above, it is evident that noncommutability of differentiation
and integration is due to f(0-4) not necessarily being zero and to dis-
continuities of f(f). Accordingly, it is evident that the operations are
commutable for a continuous function if it is zero for ¢ = 0. The
approximation for f(f) previously described and labeled fr(f) meets this
condition. Thus,

¢ _d [
[inoa =3 [ e (1459

for all approximations of f(¢) for which T is finite. A symbolic notation
can now be introduced whereby T is considered to be small enough to
write f({) on the right of Eq. (14-58) and f;(¢) on the left, giving

- [rear =g [ re (1459
0 1]

This result is consistent with the symbolic property of the impulse

function whereby
¢ 1 t>0
/;,S(r)dr—[o 1<0

Referring to Eqgs. (14-36) and (14-44), we have
f® =7 ® + f0+)3¢) + [f(T1++) — f(T1—)]8( — Th)
and its integral, for 0 < ¢ < T4, is
[5 i@ dr = O — §0+) + O+) = @)
For T; < t, the integral is

[ 5i6) dr = 5O — 5O+) + FO+) — F(T1) — S(Ts-)]

+ [A(T2+) = f(T1-)]
= f(

In both cases, f(f) agrees with the known correct function for the right-
hand side of Eq. (14-59).

14-10. Integrands with Impulsive Factors. A unit pulse has been
defined to have the property

foT Sr(r)dr =1
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and 87(f) = 0 when ¢t < 0 and when ¢ > T. An integral like
[y #@5@) ar

sometimes occurs in problems arising from physical situations. Since
5r(2) is zero for T < t, we immediately have

[0‘ Sr(n)f(r) dr = [OT sr()f()dr T <t (14-60)

Except for differences in symbols, the right-hand side of Eq. (14-60) is
like the integral in Eq. (14-14). Relying on the discussion of the latter,
as given in Sec. 14-3, it is evident that, if 87(f) is nonnegative, and if f(f)
is continuous in the interval 0 £ ¢t = T,

J) @@ dr =50 [T ar =100 T <t

where 0 £ A £ T. If T is so small that f(t) does not change appreciably
between 0 and T, 8r7(f) can be called an impulse function and written
5(t) and f(A) can be replaced by f(0) as an approximate equivalent,
giving

[y @@ dr =50  t>0 (14-61)

Similarly, if ér(¢ — T,) is defined with T small enough so that f(t)
does not change appreciably between T and T + T, we have the general
case

[o‘ 8t — TOf)dr = f(TY) Ti<t (14-62)

Corresponding formulas can be written for the higher-order impulse
functions. Taking the second-order case as an example, we assume that
3r(t) has a piecewise continuous derivative 87(f) and consider

[ w@ar = [Fa@imd T <t

According to Theorem 8-4, the integral on the right can be integrated by
parts, giving

Jo %@ dr = sr(DAT) = 8:©0) — [T (') dr

However, ér(t) must be continuous in order to be piecewise differentiable,
and 6r(f) =0 for t <0 and t> T. Therefore &:(T) = 87(0) = 0.
Furthermore, if f'(r) is PC, the principles applied to Eq. (14-60) apply,
giving

[T a@r@d = -f0) 0sAsT (14-63)
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If '(¢) is approximately constant between 0 and T, 8;(r) can be replaced
by the second-order impulse §’(t), and f'(A) can be replaced by f'(0),
giving the approximate result

/0 "V dr = —f(0) t>0 (14-64)

Repeated application of this analysis yields a result for the general
nth-order impulse occurring at the general point T, leading to the follow-
ing theorem:

Theorem 14-5. If the nth derivative of f(¢) is piecewise continuous,
and if 6™ (¢f) is an nth-order impulse defined as 87 (¢) when T is small
enough so that f®(t) is approximately constant in the range

TWst=T+T
then approximately

[o‘ ™ (r — TOf() dr = (=)™ (Ty) (14-65)

14-11. Convolution Extended to Impulse Functions. In Theorem 12-3
it is stated that under certain conditions

EFEGE)] = [ fmgt — ) dr
= [, ft = n)g(e) dr

where the integral on the right is called a convolution integral. With
the aid of ideas presented in Sec. 14-10, it is possible symbolically to
extend the convolution theorem to certain cases where F(s) and/or G(s)
do not have inverse transforms. Suppose, for example, that in the
symbolic sense we are interested in the inverse transform of the product

F(s) + AemG(s) + Be~mi
where T: = T, is a possibility, and where F(s)G(s) meets conditions
sufficient to have an inverse. Then, by using the definition of an
inverse given in Eq. (14-32), the inverse of the above is found to be
L£YF(s)G(s)] + £ HAG(s)e*Ts 4+ BF(s)e™*Ts] + ABL-1(e~*T1#T)

= [, 16)o = ) dr + Ag(t — Tou(t — T») + Bf — Tu(t — T2
' + ABS(t — T, — T2) (14-66)
Next we shall apply the principles established in Sec. 14-10 to the convolu-
tion integral, to establish that the same result is obtained. The integral
in question is obtained by using the following individual relationships:
L7 F(s) + Ae—Ts] = f(t) + Ada(t — T)

£-1G(s) + Be=™] = g(t) + Bt — T») (14-67)
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The impulse functions would normally be written without designating
finite widths by the a and b subscripts. However, these are included as a
reminder that the widths must be small enough so that f(¢) and g(¢) do
not vary appreciably as ¢ varies over the respective intervals a and b.

The convolution integral of the above functions gives the formal
expression

[y U0 + Adr — Tllgtt — ) + Ba(t — 7 — To)] dr
= [[10ee - ndr + 4 ['g@ — our — Ty ar
+B [0t — 7 = T dr + 4B [ b — T8t ~ 7 = T dr
(14-68)

The first integral on the right includes no impulse function, and so no
further discussion of this term is required. The second and third
integrals are similar. When a and b are sufficiently small, the subscripts
are omitted, giving '

¢ 0 t<T
Af) gt =5t — T dr = {Ag(t _ 1 <
= Ag(t — Tru(t — Ty (14-69a)
B [, fr)3(t — v — T) dr = [%f(t - Ty < ;""
= Bf(t — Ta)u(t — Ts) (14-69b)

The last integral on the right of Eq. (14-68) presents a different situa-
tion, because Theorem 14-5 does not provide for a product of two impulse
functions in the integrand. In view of the fact that 8a(t) is zero except
in the interval 0 < ¢ < a and 8(¢) is zero except in the interval 0 < ¢ < b,
it follows that the integral

[o‘ dalr — T)&(E — 7 — Ts) dr

is zero for ¢ < T; and, for ¢ > T, + a, the integral takes on fixed limits
as follows:

[ TS Salr — T)ds(t — 7 — Ta) dr

&}

The second factor of the integrand is zero for ¢ < 7 + T3, and the inte-
gration limits put 7 in the range T, <7 < T; + a. Accordingly, we
see that the integral is zero for ¢t < Ty + T, The same factor is also
zero for t > T, + b + 7, and since 7 has T + a as its maximum value,
the integral is zero for ¢ > T1+ T:+ a + b. Thus the integral in
question is a function of ¢, with the property of being identically zero for
t<Ti+ Tsand for t > T+ Tes+a+b. It is a pulse of duration
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a + b. We have yet to show that its integral is unity, making it a unit
pulse.

We proceed by showing that the integral from 0 to « is unity, recog-
nizing that the integral over this range is the same as the integral over the
pulse width. Since a and b are finite, the following Laplace transforms,

Aq(s) = £[8.(8))
Ay(s) = L[a(1)] (14-70)

exist. From Theorem 11-3 for the convolution integral and Theorem
10-10 for the transform of an integrated function, we have

£ {/;' [ﬁ salr — T)HO — 7 — T3) df] d)\] = 2040 (1471

The final-value theorem can be used on the function on the right, to
yield the value of the integral from 0 to . We get

uA.,(aZAb(a) . [M ohy(o) ]

g g

lim
o—0 e—0

- / " 5a(r) dr / " () dr =1 (14-72)
0 0

Thus, it is proved that the integral in question is a unit pulse, of width
a+b.

Earlier, we placed restrictions on the maximum values of @ and b
and then in Eq. (14-68) allowed them to be small enough to replace 54(2)
and & (f) by 8(f). Assuming that this has been done, consistent notation
would be to imply the same small values in the integral just treated, by
leaving off the subscripts. Thus, when a and b are small enough for
Eqgs. (14-69) to be valid, we then also have

jo‘ Sr— T8t —r— To)dr =8t —T1— Ts)  (14-73)

When the values of the four integrals in Eq. (14-68) are combined, the
result is in agreement with Eq. (14-66). This fact establishes that the
integration principles developed in Sec. 14-10 can be used in the convolu-
tion integral to give results consistent with the definition of the symbolic
inverse transforms of functions of the form

G(s) + Ao+ Ass+ * - - + Aas®

The proof given applies only for the first two terms of the above, but by
following similar arguments the general case can be confirmed.

14-12. Superposition. The convolution formula of Theorem 11-3,
when applied to a linear system, can be interpreted as an expression of the
superposition principle. In the notation of Sec. 14-7, the response of an



IMPULSE FUNCTIONS 431

initially relaxed linear system is given, in transform functions, by Eq.
(14-49), which we repeat:

R(s) = H(s)F(s)

If £-[H(s)] exists, from Theorem 11-3 it is known that the response
r(t) is

r(@) = [, bt — D) dr (14-74)

To any desired degree of approximation, the above integral can be

written
N

r(® = Y h(t = 2)f(r) A, (14-75)
i=0

In Eq. (14-75), the factor A(t — 7;) is the response of the system due to a
unit impulse occurring at ¢t = 7. Therefore,

h(t — 7)f(r:) Az

is the response due to an impulse of strength f(r.) Ar;, and the total
response, given by the summation in Eq. (14-75), is the superposition
of the responses of a sequence of impulses whose strengths are propor-
tional to f(+) at all values of 7 less
than ¢. Figure 14-7 illustrates how
f(r) can be thought of as consisting
of a sequence of impulses.

In view of the extension of the
convolution theorem, as presented in
Sec. 14-11, it is possible to extend
the present concept to include im- — Ar— — {
pulse excitations and systems having K
impulsive responses to a discontin- gy 147, Approximation of a function
uous driving function. In other by a sequence of pulses. The strength
words, it is permissible for F(s) and of each pulse is equal to the area of its
H(s), or both, to have various-order rectangular representation.
impulse functions in their inverses, so long as the convolution integral is
interpreted in the manner described in Sec. 14-11.

14-13. Summary. In this chapter we have attempted to provide a
rational development of a topic which has sometimes been considered
controversial. The controversy has arisen because, as we have seen,
discontinuous functions do not have ordinary derivatives at the points
of discontinuity and an impulse function does not approach a function
in the limit as the width goes to zero. It is not surprising, then, when we
formally get the transform of the derivative of a discontinuous function,
that we obtain a function which does not have an inverse, in the ordinary

<—-t—-ri—>
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sense. In spite of these anomalies, it has long been known that correct
answers can be obtained by a purely formal process, by regarding certain
functions of s as Laplace transforms, even though they are not.

No attempt to develop a theory to cover these exceptional cases, based
on the usual calculus, can succeed. Two basic reasons can be given for
this statement: The basic definition of the derivative cannot be applied
at a point of discontinuity, and an integral is a continuous function of a
variable limit of integration. Thus, no true function §(f — T'1) can exist

for which
¢ _ 0 t< T
/oa(t"T‘)—ll t> T

Another way to put it is to say that the operations of integration and
differentiation are noncommutative. In the treatment presented here
this difficulty has been overcome by defining 5(f) as always being of finite
width.

By adopting this policy, it is possible to proceed without violating any
mathematical or physical principles, although some symbolic notation
like £[5(f)] = 1 is used. This notation is not precise, to the extent that
here the symbol does not mean a Laplace transform. The idea of keep-~
ing the pulse width finite is satisfying from a physical standpoint, because
zero-width pulses never occur in physical phenomena. In practice, an
impulse phenomenon is always one whose duration (in time or space) is
small enough so that variation of other function components is negligible
throughout the span of the pulse.

We have attempted to make a distinction between the tmpulse response
of a system and an impulsive response. Under certain conditions, namely,
in a system whose function H(s) has an inverse, the impulse response is a
clearly defined function, obtained when the width of a driving pulse
goes to zero. However, when H(s) does not meet this condition, or
when the driving function is a higher-order impulse, there will beimpulse
components in the response, giving what we have called an impulsive
response. An impulsive response can be obtained even when there is no
impulse in the driving function. An example of this oceurs when a step
function of voltage is applied to a capacitor, current being regarded as the
response. In the analysis present here, the impulse components of an
impulsive response are always of finite width.

It may be disturbing to you that we use the unique symbol 5(¢) to
imply a pulse whose width and shape are left unspecified. Of course, as
has been pointed out, the area under the pulse is the unique feature in
determining the impulse response; and when a response includes an
impulse term, we understand this to be a condition in which the pulse
i8 s0 short in duration that its detailed shape is not observable and is of
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no importance. If we are interested in pulse details, the pulse cannot be
called an impulse.

Mention should certainly be made of the work of L. Schwartz and
others* in which distributions are used instead of functions. It is then
possible to define an operation which is analogous to differentiation but
which has meaning for situations which bear a similarity to the discon-
tinuous functions. However, in order to apply this theory, it is necessary
to change the conceptual models used to represent physical devices, in
such a way that their characteristics are described by distributions
rather than functions. Therefore, there does not seem to be any way
to append the theory of distributions to the present theory, which is
built on the concept of a function.

PROBLEMS

14-1. In Fig. 14-1 let the excitation be a unit voltage pulse

) N 4
vo(t)={§sm7 0<t<T
0 T<t

Obtain the response to this pulse, and the limit of this response, as T goes to zero.
Compare your result with the limit obtained in the text.

14-2. Show that a pulse can be negative during part of its duration, and still be
considered a unit pulse, so long as its area is unity.

14-3. For each of the circuits of Fig. P 14-3 what duration of excitation pulse v,(£)
would be adequately short, so that the pulse could be considered an impulse?

C;=107? C,=10"? C;=1078
i ., . )
v L=102
4 C) Ry=1,000 2 14 =, V2
R;~=10,000 Ry=10 h 3—10 R,=10%
@ ®
F1a. P 14-3

14-4. Consider a system whose response function is

]

s+1

* L. Schwartz, “ Théorie des distributions,” vols. I, II, Hermann & Cie, Paris, 1957;
1. Halperin, “Introduction to the Theory of Distributions,” University of Toronto
Press, Toronto, 1952; M. J. Lighthill, “An Introduction to Fourier Analysis and
Generalized Functions,” Cambridge University Press, New York, 1958; Sir George
Temple, J. London Math. Soc., 28: 134138 (1953).

H(s) =
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Design a unit excitation pulse of finite duration which can be used in an exact
application of the Laplace transform theory, but such that the response differs negh- 3
gibly from the impulse response. If the system function were ’

H(s) = T3 + s
how could the pulse specification be changed?

14-5. Show that the driving-point response of a passive network cannot have higher
than a second-order impulse function (doublet) in its impulse response.

14-8. Prove that all orders of singularity functions, higher than the first, have
Zero area.

14-7. What is the response, to a second-order impulse of unit strength, of a system
whose function is

(s + 0.5)(s + 1.5) _ s+ 0.5

14-8. Discuss the difference between the concepts of an impulse response and an
tmpulse function.

14-9. Refer to the functions defined in (a) and (b) in Prob. 12-12. In each case
specify df(f)/di, using symbolic impulse functions. Also, obtain £[df(f)/dt], and
obtain the inverse of this transform divided by s. It should be the same as the
original function.

14-10. For the following examples, obtain the response to a unit impulse and to a
unit step, and observe that the former is the derivative of the latter:

1 __s+1
(@) H(s) =m)(s—+2‘5 (b) H(s) —s’+8+l
s+1 -1



CHAPTER 15

PERIODIC FUNCTIONS

16-1. Introduction. In many important physical systems the driving
function is periodic. In the classical development of the theory of the
behavior of such systems, the sinusoidal excitation occurred first, and in
many respects, it is the simplest. It was recognized early that the
solution could be broken into two parts, usually called the transient
response and the steady-state response, as we have pointed out in some
detail in Chap. 1. In that chapter we also showed that for a non-
sinusoidal periodic driving function the Fourier series provided a solution.

F1a. 15-1. Example of a periodic function.

The Fourier-series solution for the nonsinusoidal case is certainly of
great theoretical importance, providing an important link in the theory
of linear systems. However, in many cases the Fourier series is not
convenient for computation, owing to slowness of convergence. In the
present chapter we shall be concerned with a method of obtaining the
response of a system to a periodic driving function, which is preferable
when specific numerical answers are required.

Our attention will be confined to those cases where the driving and
response functions are at least piecewise continuous. The gist of the
method is very simple and can be described in terms of the triangular
function shown in Fig. 15-1. This function can be described by the
Fourier series

8/. 1 . 1 .
) = o (sm wt — g sin 3wt - o5 Sin St - - ) (15-1)
and this series could be used to calculate values of the function, but

with some effort if a high degree of accuracy is required. Computation
435
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of such a series is more difficult if it represents a discontinuous function,
because convergence is then slower. Now we observe the simple idea
that this same function can be specified by the pair of formulas

2t 0<uwtss
T 2
i) ={2— ;2r—wt 5 S ot s 37” (15-2)
4 4 ga.)t ?,1 fuwt = 2x
T 2
and 5@ = f(t - 2;") (1-3)

The first formula establishes the function throughout the first period,
and the second equation tells us that the function is periodic. In other
words, we recognize that it is necessary to know the function only for the
first period in order to know it for all values of ¢. It is obvious that
Eq. (15-2) is preferable to Eq. (15-1) for purposes of numerical evaluation.
We shall find that it is possible to obtain answers in the form of Eq.
(15-2).

In this chapter we consider functions which are zero for negative ¢
and periodic for positive {. A compact way to write such a function is
to define a function fo(t) which is identical with the periodic function
f@), for 0 < t < T, and zero outside this interval, where T is the period.
We see that f(f) can then be written

F@& = fo®) + fot = T) + folt — 2T) + - - -
= z folt = nT) (15-4)

n=0

where T = 2r/w. Thus we see that most of our attention can be directed
toward finding the function fo(?).

15-2. Laplace Transform of a Periodic Function. We shall now con-
sider the basic properties of the transform of a piecewise continuous
periodic function f(¢), of period T, for which we also define the function

_lre o0=t=T
fol®) = [0 T <tandt <0 (15-5)

It is possible to write the complete function
F®) = fo® + ¢ — Tut - T) (15-6)
in view of the fact that f(t — T) = f(f). Theorem 10-8 can be used on
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the second term of the right. Therefore, if F(s) = £[f(t)] and
Fo(s) = £[fo(1)]

we have
F(8) = Fo(s) + e*TF(s)
or Fs) = (20 (15-7)
where Fo(s) = /0"’ Fotyet dt
= /OT f()e— dt (15-8)

The last equation shows that F(s) can be obtained by an integration
between finite limits. Accordingly, there is no difficulty in differentiation
under the integral sign, giving

dF:;s(s) — /; T —tf(t)e“‘ dt (15-9)

which exists if f(f) is integrable, as we assume. Equation (15-9) is
valid for all finite values of s, and so it is concluded that F(s) is an entire
function. This same property of Fo(s) is available from Theorem 12-1,
from which we also learn that Fy(s) approaches zero uniformly as |s|
goes to infinity in any closed right half plane.* Later on we shall find
this to be a useful property. We collect these ideas and state them
formally as a theorem:

Theorem 15-1. If f(¢) is a piecewise continuous periodic function, of
period T, its Laplace transform exists and is given by

R = 18,
where Fo(s) = [oT f(t)e* dt

is an entire funetion which approaches zero uniformly as |s| goes to
infinity, for Re s = oo, where oy is any real number.

We shall now prove the converse of this theorem, starting with a
function Fy(s) which is known to be an entire function having an inverse
transform

Jo(t) = £7YFo(8)] (15-10)
which is identically zero for T < t. It will now be shown that
- Fo(s)
Flo) = y— % (15-11)

* The closed half plane includes points on the vertical dividing line.
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is a transform which has a periodic inverse. It being recognized that
Fo(s) is the given function, fo(f) is determined by taking its inverse,
and from this the periodic function

@) = ) folt = D) (15-12)
n=0

can be formed. From Theorem 15-1 it is known that Eq. (15-11) is the
transform of f(f). In view of the uniqueness of the relationship between
a transform and its inverse (except for the possibility of the function of ¢
being arbitrarily defined over a set of measure 0) we conclude that Eq.
(15-12) is the inverse of F(s) as given by Eq. (15-11). Thus we have
proved the following theorem:

Theorem 15-2. Let an entire function Fo(s) be given such that it has
an inverse transform

fo(t) = £ [Fo(s)]
which is identically zero for T < t and for ¢t < 0. Then

| 2]

is a periodic function, of period T, and is identical with fo(¢) for0 < ¢t < T.

16-3. Application to the Response of a Physical Lumped-parameter
System. Let H(s) represent the system function for a linear lumped-
parameter system, which is without stored energy at ¢ = 0. A periodic
driving funection z(t), of period 7', begins to act on the system at ¢ = 0.
The response will be a function y(f) which, from intuitive reasoning, we
can expect to be the sum of a periodic function p(f) and an aperiodic
function a(t). Thus we shall tentatively write

y() = p@®) + a(®) (15-13)

with the expectation of obtaining independent solutions for p(t) and a(t).
Tentatively it is assumed that H(s) is regular at infinity, but this restric-
tion will be removed later.

From Theorem 15-1 it is known that the transform of the driving
function is

X(e) = (2 (15-14)
where Xo(s) = Llzot)] = /OT z(t)e* dt (15-15)
and where zo(t) = [ (:;(t) g f :f-n th <0 (15-16)
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The transformn of the output function is

Y(s) = fliis:)%g(—ﬁ) (15-17)
This function has simple poles at the roots of the equation
1— e = (15-18)

and also is singular at the poles of the rational function H(s). We
exclude from consideration the degenerate case (resonance) where poles
of H(s) coincide with roots of Eq. (15-18). Now let A(s) designate the
sum of the principal parts of Y (s) at the poles s, 83, etc., of H(s), and
form the function

P(s) = Y(s) — A(s) (15-19)

which will exhibit poles only at the roots of Eq. (15-18). These poles
can be placed in evidence by defining

Po(s) = H(s)Xo(s) — (1 — e*T)A(s) (15-20)
in terms of which Eq. (15-19) becomes
Ps) = {00 (15-21)

In the following section it is shown that Py(s) satisfies the conditions
of Theorem 15-2, and so from that theorem the inverse of P(s) is known
to be periodic. The inverse of A(s) certainly exists and is not periodic,
since A(s) is a finite sum of terms like

ax
(8 — su)"
for which the inverse is known, from Eq. (10-72), to be of the form

(3
(n — D!

Accordingly, it is evident that the functions p(f) and a(f) of Eq. (15-13)
will be given by

e

a(t) = £ A(s)] (15-22)
p(t) = £7YP(s)] (15-23)

In fact, referring to Theorem 15-2, we have an explicit formula for p(f),
namely,
p® = Y polt — nT) (15-24)

n=0

where polt) = £-YPo(s)] (15-25)
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is identical with p(¢) during the first period. Thus, it is emphasized
that the inversion indicated in Eq. (15-23) need never be carried out:
Eq. (15-25) is sufficient.

16-4. Proof That £ ![P¢(s)] Is Periodic. The crucial item omitted
from the previous section is a proof that Py(s), as defined by Eq. (15-20),
has an inverse transform which is iden-
tically zero for T < ¢ and for { < 0.
c, First we show that P¢(s) is an entire
function. From Eq. (15-19) it is known
that P(s) is regular at the poles of H(s),
and so it follows from Eq. (15-21) that
Py(s) is regular at these points. Fur-
thermore, A(s) and H(s) are regular at
the points where e¢—*T = 1; and with
this information Eq. (15-20) can be used
-jR to show that Py(s) is regular at these
F16. 15-2. Two ways to approaschthe points. Finally, X(s) is known to be
Br contour when the integrand is  ap entire function, by virtue of Theorem
regular in the right half plane. 15-1. Thus, all possible singular points
have been accounted for, and it is concluded that P¢(s) is an entire
function.

Each term in Eq. (15-20) has an inverse which is zero for ¢ < 0, by
virtue of being a Laplace transform. We now consider po(t), for T < t.
The Br contour for the inversion formula is defined in terms of the
geometry shown in Fig. 15-2. Accordingly, we have

G JR

po(t) = %r;ﬁr Py(s)er ds = 5}"3 Rh_xg -L. Py(s)etds  (15-26)

Since the integrand is an entire function, the function is regular in the
region between curves Coand Cy, as well as on Ci1.  Therefore, the contour
can be distorted from Cy to Cy without changing the value of the integral,
giving
1 13 = _1_ 1 ot
e Po(s)e*ds = I ;1_1’11 /;'. Py(s)e* ds (15-27)
The form of this last integral immediately suggests Jordan’s lemma.
However, since we wish to show that the integral is identically zero
for T < ¢, it is convenient to rewrite it as follows:

[, Polo)er ds
From Eq. (15-20),
Py(s)eT

]

[01 Po(s)erTere=D ds (15-28)

H(s)Xo(s)e'T — A(s)e'T + Afs) (15-29)
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and reference to Theorem 8-14 shows that the integral on the right of
Eq. (15-28) approaches zero, as R becomes infinite, whenb = ¢ — T > 0,
if Po(s) approaches zero uniformly, as |s| becomes infinite, for Re s < 0.
We shall show that each of the three terms of Eq. (15-29) satisfies this
condition. Upon recalling Eq. (15-15), it is evident that the first term
can be written

H(s)Xo(s)e'™ = H(s) /OT z(t)e*™0 dt = H(s) ﬁ) T T — wemdu  (15-30)

Theorem 12-1 is available to show that the last integral approaches zero
uniformly, as |s| becomes infinite, for Re s £ 0. Since H(s) is regular
at infinity, multiplication by this function does not disturb the behavior
at infinity. The function A(s) goes to zero at least as fast as 1/s,
because it is a sum of principal parts, and hence it goes to zero uniformly
with respect to ang s, for all angles, as |s| goes to infinity. Thus, the
last term of Eq. (5-29) satisfies the required condition. Furthermore,
multiplication by T does not disturb this property, for Re s < 0, and
so the second term also goes to zero uniformly, for Res < 0. It having
thus been proved that Po(s) goes to zero uniformly, for Re s < 0, it
follows from Jordan’s lemma that the integral on the right of Eq. (15-27)
goes to zero as R becomes infinite. Thus,

LYPu(s)] =0 T<tandt <0 (15-31)

and from Theorem 15-2 it follows that p(t), as defined by Eq. (15-24), is
periodic.

Referring to Eq. (15-20), and considering its inverse, we see that
L£[H(s)Xo(s)] is the response of the system to a single pulse which is
identical to the first cycle of z(f) and which certainly is nonzero for
0=<t=T Likewise, £{A(s)] is nonzero for the same interval.
However,

L e*TA(s)]

is zero for t < T. Accordingly,
po(t) = £ [H(s)Xo(s) — A(s)] 0=:t=T (15-32)

and since we know that po(f) is identically zero when T < i, the inverse
of e*TA(s) is not needed in a numerical problem. It is this term that
cancels the other two, when ¢ > 7, making po(t) identically zero.

16-6. The Case Where H(s) Has a Pole at Infinity. Most practical
situations yield H(s) functions which are regular at infinity. However,
systems do occur for which a discontinuous driving function yields an
impulsive response, at least for certain idealized systems. We shall
recognize two cases for which H(s) has a pole of order N at infinity.
The first case is the more practical one, in which z(f) and the first



442 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

N — 1 derivatives are zero at ¢ = 0 and continuous for ¢ Z 0, a condition
which will ensure absence of impulse components in the response.*
During the first period following ¢ = 0, the derivatives of zo(t) will be
identical with the derivatives of z(f), and hence they exist; but these
derivatives [up to and including the (N — 1)st] are zero at ¢ = 0, and
hence from Theorem 10-9 we can say that the Nth derivative z™ ()
has a transform

Xn(s) = / T2 (e dt (15-33)

sz(s)

and Xo(s) = (15-34)

The transform of the response is then
H(s) Xn(s)

s 1 —eT

Y(s) =

(15-35)

H(s)/s¥ is regular at infinity, and Xy(s) has the same properties at
infinity as Xo(s). Therefore, Eq. (15-35) can be treated in the same
manner as Eq. (15-17), with H(s)/s¥ used in place of H(s) and Xx(s)
in place of Xo(s). A(s) continues to be the sum of the principal parts of
Y (s), and

Po(s) = % Xn(s) — (1 — e~T) A(s) (15-36)

replaces Eq. (15-20). The response is still given by Eqgs. (15-24) and
(15-25), and the proof of periodicity is still valid, subject to the inter-
change of functions mentioned above.

In the case just discussed, the effect of the pole of H(s) at infinity is
nullified by the existence of a sufficient number of derivatives of z(t).
The second case occurs when less than N — 1 derivatives are continuous.
If only N — 2 derivatives are continuous, the first term in Eq. (15-36) is

7Y Xuato)

which has a symbolic inverse in the sense defined in Chap. 14. A first-
order impulse will appear, due to the first-order pole of H(s)/s¥! at
infinity. Thus, by following the concepts presented in Chap. 14, the
present theory is applicable to the general case, for all z(¢) functions
which are piecewise continuous.

16-6. Illustrative Example. The periodic response will be found for
the equation

v+ [ ) dr = 20
* S8ee Theorem 12-11.



PERIODIC FUNCTIONS 443

Driving function

N

\{ Response
2
0 1 -3 4

-
-

L

F1a. 156-3. Periodic driving function and response during first period, for illustrative
example.

where z(t) is the periodic function shown in Fig. 15-3. Following the
plan outlined, in transform functions,

s Xo(s)
Y(s) = 14351 —oe—"'
1 _ 1 — et
and Xo(s) = [) et dt = .
. . 1 1_ —8
giving Y6 = e

The above has a first-order pole at s = —1, for which the principal part
is

AQs) = 1 _ei 1 -ll— s
giving, from Eq. (15-20),
Po(s) = po (1= ) — £ =5 - (1 — &%)
1+s + 8 1—etl+s + s
=23:iul-s—1ise_'+:3——111-1}-se_3'

The inverse of this is

3 — —_
po(t) = zs—_ie"—e—(“”u(t— 1) +:3_lle‘(“”u(t—3)
3 -
S 0st=s1
= et — 8
—a-T1¢ 1=t=3
0 3=t

We observe that the third term in the-first line is not needed, since it
merely cancels the other two terms when £ > 3. This fact was pointed
out in See. 15-4, and the term was included here merely to confirm Eq.
(15-32) by a numerical example.
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PROBLEMS
15-1. Obtain the Laplace transform of the following functions:
(a) f@® = lsin af| ®) f&) = lcos at|
sin at 22—"<t<-——(2"':1)" |
(0 @) =
0 (2n:—1)r<t<(2n:-2)1r

1 alT <t < (n+aT
@ f@& = {0 (n+a)T <t<(@n+1)T

In (d), a is a number between 0 and 1.

16-2. Since the Laplace transform of a sine function is rational in s, it follows that
the Laplace transform of a periodic function which can be expressed as a finite number
of harmonic terms will also be rational. How can this fact be reconciled with the form
of Eq. (15-7)?

16-3. Determine which of the following functions has an inverse and whether or
not the inverse is zero for ¢t > T. [That is, determine whether or not they satisfy the
conditions on Fo(s) in Theorem 15-2.]

@ Py = IR ® Fols) = L2
@ P = L5 @ P = (A2’
@ P = E=5= 0 Fole) = L2
@ Fos) = 1(%41():” (h) Fo(s) = l—%ﬂlﬂm

16-4. For each of the functions specified in Prob. 15-1, obtain the steady-state
response for the system function

H(s) =1—}r—s

15-6. For each of the functions specified in Prob. 15-1, obtain the steady-state
response for the system function

2 = ¥ in

16-6. For each of the functions specified in Prob. 15-1, obtain the steady-state
response for the system function

8
o) = erne+D



CHAPTER 16

THE Z TRANSFORM

16-1. Introduction. The Laplace transform is particularly well
adapted to the solution of lumped linear systems because the system func-
tion is a comparatively simple rational function of s. When the driving
function is a sum of exponentials multiplied by powers of ¢, its transform
is also a rational function (see Chap. 12).

Of course, the Laplace transform is applicable to any linear equation,
with any transformable driving function. There are cases, however, in
which the transform functions are transcendental and not particularly

1 1
[

f® Wip(t)
— ' 0 KHl<W  t1—
(@ ®

Fra. 16-1. A continuous function sampled at uniform intervals. (a) The continuous
function; (b) the sampled function.

simple to handle. In this chapter we shall consider a particular class of
problems in which the transform functions are simplified through the
transformation

z=eT (16-1)

where T is a constant. A Laplace transform, when converted to a
function of z, is called a Z transform. Although all the Laplace theory
could be presented in terms of the z variable, it is particularly advan-
tageous to do so when F(s) is a rational function in the variable e°Z.
This situation occurs when f(¢) is a sequence of equally spaced pulses of
variable strength.

Signals such as those described above can occur in practice as inherent
inputs to a system, as in pulse radar, or by virtue of a sampling process
whereby a pulse signal is created from a continuous signal by a periodic

switching operation. In either case we have two related signals, as
445
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shown in Fig. 16-1. In a radarlike system the train of pulses can be
used to define a continuous envelope function; and in a sampled-data
system the system creates the pulses from a continuous function. We
shall use the symbols f(¢) and f () to designate the continuous and pulse
signals, respectively. The subscript W implies the pulse width. The
signal f7(f), in which the pulse period is T, can be related to f(¢) by

fo® = ) fO8w(t = nT) (16-2)
n=0
1
where Sw(t) = lW O=t=W (16-3)
0 W<t

is a pulse of finite width. Since the height of w(f) is 1/W, rather than
unity, there is a scale change between f(f) and f%(¢), as indicated in Fig.
16-1.

We shall immediately dispense with the subscript W, with the under-
standing that the symbol §(f) implies a finite-width pulse, of negligible
width in the sense described in Chap. 14. Then we define a sampling
Sfunction

p(t) = ) 8t — nT) (16-4)

n=0

and a sampled function

/&) = 7Op@)

where f*(t) implies a function like Fig. 16-1a¢ with small but finite pulses.
16-2. The Laplace Transform of f*(t). Let f(¢) be continuousfort = 0
and of exponential order a,, and consider the Laplace integral

/°° et dt = [o“ FO)p(t)e+ dt

= z [n‘;‘“’f F(O)8¢ — nT)e—Tdt  (16-5)

nw=0

From Eq. (14-62) it is recalled that §(¢) is defined in such a way that we
can write the formal equation
[T $08(t = nTher dt = f(nT)en (16-6)

n

if f(t) is continuous at ¢ = nT. Thus, we have

i) = 2 f(nT)eT  Res > o (16-7)
n=0
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where o, is the abscissa of convergence. We stipulated that f(¢) should
be of exponential order. Therefore, corresponding to an arbitrary small
number ¢ > 0, there is a number N such that, if & > «q,

[f(nT)|e==T < e

and If(nT)Ie—n-T - lf(nT)Ie—anTe—(a-a)nT < eg—(r—a)nT (16'8)
when n>N
The series
g—(e—a)nT
n=N

is known to converge if ¢ > a. Therefore, the series in Eq. (16-7) con-
verges absolutely, and therefore also converges, for ¢ > ao. It can be
shown to diverge for ¢ < aq. Thus, the abscissa of convergence of the
Laplace integral, which is also the abscissa of convergence of the series, is

T = Qo

and can be determined from the behavior of f(f) at infinity, since it is
this behavior that determines a,.

It is now convenient to make the variable change z = ¢'7, as defined
in Eq. (16-1), which transforms the axis of convergence Re s = ¢, into
the circle

z = e*TeT
2| = v (16-9)
In the z plane we now have a new function
F,(2) = F*(s)
and, from Eq. (16-7),
F.(z) = z f(aT) (zl) |z] > e (16-10)*
n=0

By the principle of analytic continuation, it is known that F,(z) is an
analytic function; and the series on the right of Eq. (16-10) is the Laurent
expansion about the origin. F.(z) is called the Z transform of f(t). A
shorthand notation is sometimes useful, corresponding to F(s) = £[f()].
Accordingly, we define

F(z) = Z{f()] (16-11)
to mean the function defined by Eq. (16-10).
* In this equation it is understood that f(0) means f(0).
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16-3. Z Transform of Powers of &. The Z transform of #, as a series,
is found from Eq. (16-10) to be

Z(H) = z n*Th 2| > 1
n=0
=Tz z nkE 1Tk 1pz— (0t (16-12)
n=0
and also Z(t 1) = z nk—1Tk—15—n 2] > 1 (16-13)
n=0

Observe that the series can be differentiated term by term, and so

(%Z(tk—l) - — z 1Tk 1pz—(nt D) l2| > 1

n=0

Comparing with Eq. (16-12), we get the recurrence formula

Z(#) = —Tzadzz(t"‘l) (16-14)

For k = 0, we have

zZ(1) = zz"‘ 2l > 1
n=0
which is recognized as the Laurent expansion of
_z
z—1

Thus, a sequence of formulas is obtained from Eq. (16-14), as follows:

(1) = ;725

T2
zZ0 = gy (16-15)
Z(?) = T(:(z J[)})

Since the Z transforms are obtained from the Laplace transforms
merely by a change of variable, we conclude that the Z transform of a
sum is the sum of the transforms. Also, the Z transform of a constant
times a function of ¢ is equal to that constant times the Z transform of the
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function. Accordingly, it is seen that the Z transform of a polynomial
in ¢ is a rational function of 2.

16-4. Z Transform of a Function Multiplied by ¢e—**. From Eq. (16-10),
we have

Ze @) = ) fnT)e e
nm=Q
= E f(aT)(eT2)™ || > eo? (16-16)
n=0
Thus, if F.(2) = Z[f(t)]
it follows from Eq. (16-16) that
Zle=*f(1)] = Fu(e*T2) (16-17)

Referring to Eqs. (16-15) and taking f(t) = t*, we have the additional
formulas
2

R
o TerTz
Z(te™) = = gy (16-18)
2,—aT. —aT
Z(t’e=) = T e(z i(zej:r)ea )

These are rational functions of z, and a sum of a finite number of them
will be rational. From the region of convergence of Eq. (16-10) we also
know that the poles of this function will lie inside a circle of radius
exT where f(t) is of exponential order ao.

Since functions of this type are used so frequently in analysis, it is
useful to have the following theorem, for which the above development
constitutes a proof:

Theorem 16-1. If f(¢) is a sum of a finite number of terms of the form
t* and tke~*, the sum being of exponential order ao, the Z transform is a
rational function of z, having poles inside a circle of radius e=7.

A useful corollary is obtained by referring to Theorem 10-11, which
tells us that, if F(s) is a rational function with a zero at infinity, then its
inverse will be a function of  such as is described in Theorem 16-1. Thus,
we have the following corollary:

Corollary. 1f F(s) is a rational function with a zero at infinity, and if
ao is the largest real part of the poles of F(s), then Z{£L Y [F(s)]} is a
rational function of z, with poles lying inside a circle of radius e=7.
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16-5. The Shifting Theorem. Consider a function f(¢) for whick the Z
transform F,(z) is given by

Fi(2) = f(0) + f(T)z + f@T)zt + - - - +fNT)z¥ 4 - - -
lz| > e (16-19)

Suppose that we now find the Z transform of the shifted function
J¢ — NT)u(t — NT) ’

where the shift is an integral number of sampling periods NT. In view
of the unit step u(t — NT), this function is zero for ¢ < NT, and there-
fore the Z transform is

0 + 0 + « s . +_f(0)Z_N +f(T)z—(n+l) + “ . . Izl > ev.T
and, comparing with Eq. (16-19), gives
Z[ft — NTu(t — NT)] = z=¥Z[f(t)] (16-20)

as the Z-transform counterpart of Theorem 10-10. We observe that
the proof is simpler with Z transforms than with Laplace transforms.
16-6. Initial- and Final-value Theorems. The values f(0) and f(«),
when the latter exists, are related to properties of the Z transform of f(¢).
The initial-value theorem will be considered first. From Eq. (16-10)

Fiz) = Z[f®)] = f(0) + f(T)z* + f2D)z> + « - = |2 > e”

The series converges uniformly, for |z| 2 R’ > ¢, and therefore the limit
of the series as |z] — = can be obtained by taking the limit of the indi-
vidual terms, giving

|11im F.(z) = f(0) (16-21)

For consideration of the final-value theorem, we are interested in the
behavior of F,(z) as z— 1, as we might suspect by recalling the final-
value theorem of the Laplace transform, which involves the point s = 0.
If f(t) is of exponential order ao, where oy < 0, the Z-transform series

Z[f®] = 2 f(nT)z=¥ (16-22)

n=0

converges for |z| > e=T. Since as < 0, it is evident that the series con-
verges and the function is regular, for z = 1. The result is a useful
theorem, which we state as follows:

Theorem 16-2. If f(¢) is of exponential order ap < 0, then the Z
transform of f({) is finite, and is also regular, at z = 1.
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This theorem can be used to get a final-value theorem for Z transforms.
Let the general function be written

f@O = fol) + K (16-23)
where fo(f) is of exponential order as < 0. It follows that f() = K
Referring to Eqgs. (16-15), it is evident that the Z transformation of Eq.
(16-23) is

F.@) = Zfo®) + K ;2

and therefore K = — Z[fo®)]}

However, by Theorem 16-2, Z[fo()] exists at z = 1, and so

lim

1

2= 1lpe = lim  — DF.(2)

giving K = lim
z—1
But K = f(«), and so, under the conditions stated,
lim (z — 1)F.(z) = f() (16-24)
—1

The two limit-value theorems derived in this section are now stated
formally, as follows:

Theorem 16-3. If f(t) has a Z transform F,(z), the initial value of f(t)
is equal to the limit approached by F,(z) as |z| approaches infinity.

Theorem 16-4. If f(w) exists, and if f({) — f(=) is of exponential
order a9 < 0, then
(o) = lini (z — 1)F.(2)

where F,(2) is the Z transform of f(t).
16-7. The Inversion Formula. The inversion formula for F.(z) can be
obtained by substituting z = Re® in Eq. (16-10), to give

Fy(Re?) = E f(nT) Voo e""" R > e? (16-25)

n=0

which can also be written

J1(6) + jfx(0) = 2 f(nT) £m €08 n - 2 f(nT) Voo - sin nd
n=0 nm=l

where f1(8) = Re [F,(Re®)]  f2(8) = Im [F,(Re?)]
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Using the formulas for coefficients of a Fourier series,
1 2x
10 = & [ o) ao
R 2x
f(nT) = - [) J1(8) cos no do (16-26)

R [ .
s = =2 [* 16) sin no o

Adding the last two, and dividing by 2, gives
n 2r
faT) = % [] [f1(8) cos n8 — f4(6) sin né] do
1 [2~ . .
=3 /; Re [F.(Re™) Rne™%) do (16-27)
Note that F,(2) is a real function of z, and therefore Re [F.(Re®)] and
Im [F,(Re’)] are, respectively, even and odd functions of §. Thus,
Im [F,(Re’®) Rrei*f] = Re [F.(Re?)] Im (Rei*?) — Im [F.(Re’®)] Re (R"e™?)
is an odd function of 8, showing that
" Im [F.(Re®) Rre¥] df = 0
It follows that Eq. (16-27) can be written
2x
fT) = 5 [ Pu(RomRrer do
2r Jo

Let C, designate a counterclockwise circular integration contour of
radius R > ¢T, as shown in Fig.
16-2, and convert the above integral
zplane to a contour integral for which

Rei* = 2z do = 1— dz
72
Region of giving

singularities - et g
B JoD) = 5 [ et 1629)

. . The above integral is the inversion
F1o. 16-2. The integration contour used ¢, my1g for the Z transform. We
for the Z-transform inversion integral. . T
observe particularly that it gives
f(nT) only for integral values of n; it does not uniquely specify f(¢). If
F,(2) is single-valued, the calculus of residues is readily available to
evaluate this integral. C, encloses all the singular points of F.(z).
It is interesting to observe a difference between the Laplace inversion

LT F*(9)] = f®p(@) = f*@®)
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and the result just obtained, whereby f(nT) is obtained from F.(z).
We recognize f*(t) as a symbolic function which has an impulse of
strength f(nT) at ¢ = nT. Equation (16-28) gives the more useful
f(»T), which will be regarded as the inverse of F,(z), and accordingly
we write
f(nT) = Z7YF.(2)] (16-29)
Although there is an exact functional equivalence
H*(s) = F.(2)

the inverses £~ [H*(s)] and Z~'[F,(z)] are different.

As an illustration of the inversion formula, consider

Tz
(z - 1)

which is known to be the Z transform of f(t) = £. The inversion integral

gives
_ 1 Tz ., _ 1 Tz
fnT) = 5 /c = E =5 /c ) i

with the understanding that Cy has a radius greater than 1. The second-
order pole at 1 is therefore enclosed, and the integral is equal to 2xj
times the residue, where

F.(2) =

= nTz1 l =naT

ze=1

Residue = i Tz
dz

Thus, the expected result

z=1

f(rT) =nT
is obtained.

We conclude these remarks about the inversion integral with the
observation that the inversion integral is not normally needed.  For
a given F,(z) it is necessary only to expand in a Laurent series about the
origin, say by a division algorithm. The successive values of f(nT)
are the coefficients in this series.

16-8. Periodic Properties of F*(s), and Relationship to F(s). In this
section we return to a consideration of F*(s), recalling that it is related
to the Z transform by

z=¢eT F*(s) = F,(2)
By virtue of the Laurent-series representation for F,(z), we are assured
that F,(z) is an analytic function of z. Since

ecT - e(c—i-innIT)T
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it follows that the Z transform is a periodic function of s, which fact is
put into evidence by writing

F*(s) = F* (s + ﬂTM) (16-30)

Corresponding to each singular point of F,(z), there will be an infinite
set of singularities of F*(s). Specifically, if 2z, = z; + jy: is a singularity
of F,(z), F*(s) is singular at

S = Tl,log z = 2T log (z:* + y:?) +J 5 (tan“ L 21m)

where n takes on all integral values. If F(s) is rational, implying that
F,(2) is also rational, we see that F*(s) is meromorphic.

In view of the above comments, when F(s) is rational, we suspect
that F*(s) can be expressed in a Mittag-Leffler (partial-fraction) expan-
gion, in the manner described in Sec. 5-16. The objective of this section
is to show that this is true and to obtain the expansion. F(s) is assumed
to be a given rational function, with a zero at infinity. Assume that it is
written in partial-fraction form, for which we write three specific terms as
follows:

a
8§ —«a

F() = - - - +

+...+,____+...+___+...
(8—ﬁ)’ (8-7).

The total number of terms is finite. The corresponding f(f) function is
ft) =" +aet+ - bt - - +§t’e‘7‘+ ce - (16-32)

and the Z transform, according to Eqs. (16-18), is

az bTefTz

+"'+(ZT")2+

cT?Tz(z 4 &'7)
2(z — e7T)3

F&)= - +

z —eT

+ -+ (16-33)

Since the factors ¢#7 and e'T cause only a scale change in the z variable,
Eq. (16-14) is applicable, giving

bTef’z  _ —Tzi( bz )
(z — &f7)2 dz\z — €T

T2 Tz(z + e7T) - T2 d cTerTz

2(z — e'T)3 dz [2(z — e7)?%

(16-34)
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with similar relations for higher-order terms. Noting from Eq. (16-1)
that

ds 1

ez Tz
we see that in the variable s the above becomes somewhat simpler, as
follows:

bTefTe™ df beT
(eT — fT)? - ds \ T — ¢fT
T eT(eT + eT) _ 1d* [ ceT (16-35)
2(eT — eT)? 2ds?\eT — T
Thus, by using Eqgs. (16-33) and (16-35), a formula for F*(s) is
W)= ... 0T L. _a( beT N 1af ceT
F*@ T — el + ds (e‘T — ef7 *t3 ds?\e'T — 7
+ - - - (16-36)

This form is useful because it shows the importance of the first term, the
other terms being derivatives of a similar function of s. Accordingly, the
function

aelT a
eaT + eaT = 1 —_ e—(;._a)r ) (16'37)

will be studied in detail. By the principle established in Sec. 5-16, this
can be written as an infinite sum of the principal parts at each of the
poles, which occur at

3u=a+ﬂ”%—n

Each pole is simple, with residue

a(s — a — j2zen/T) _Ga
T

lim [ — T

8 38n

Thus, the Mittag-Lefller expansion of Eq. (16-37) is

ae’T a 1
eT —¢f T 2 s —a— j2zn/T (16-38)
This expansion can be differentiated term by term, and so, in view of
Eqgs. (16-35), from the above we get the additional expansions

bTefTesT b 1
(_e'?e:%’T’ =T 2 G == =2 (16-3%9)

cTeTeT(eT +e'T) _ ¢ 1 y
and 5@ — o T T z G—a— 2Ty (16-:3%)

ne—w
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with similar results for higher-order terms. Equation (16-36) can now
be written

- 1 1
F*(s)=7["'+a z ‘;—:—Z——%/—T-I-'..

n=-—awo

\ 1
+o z G—a—@m/TR T
+ \ 1 +...
¢ G — « — j2mn/ T}
1 N a
=7~[ B =y, S

n=-—aw

b ¢
teoa—@m/mE Tt G a= T T ]
Reference to Eq. (16-31) shows that this can be given by the simpler
expression

L

F*(s) =% 2 F(“"#) (16-40)

n= -

This result can be obtained formally in a much simpler way by using
s-plane convolution of the transforms of f(¢) and »(¢f). However, the
result is an integral which is not known to converge, and so the above
more extended derivation is presented. The following theorem has been
proved:

Theorem 16-5. If F(s) is a rational function, with a zero at infinity,
the Z transform, as a function of s, is given by

ro-} 2, r(F)

N — o

16-9. Transmission of a System with Synchronized Sampling of Input
and Output. As a practical application of the Z transform, consider a
system function H(s) which is rational and has a zero at infinity. If f(f)
ia sampled by multiplying by p(f), the transform of the output is

R(s) = H(s)F*(s) (16-41)

The output £-![R(s)] is continuous. Now suppose that the output is also
sampled, using the same sampling function p(f). Its transform R*(s)



THE Z TRANSFORM 457

is to be found. From Theorem 16-5, Eq. (16-41) becomes

_H (s) Z (s - ]21rn)

Nem — o

and so

R*(s)=% z H("___TJ;Z"_’“) z F[i_ﬂ_z"TM] (16-42)

k=

In the second summation, for fixed k, we can write v = n + k and sum »
from — » to «, with no change in the sum. The result is

vo- 3 a5 3 0 (F)
k v=—o

or R*(s) = H*(s)F*(s) (16-43)
This result can also be expressed in terms of Z transforms:
R.(2) = H.(2)F,(2) (16-44)

The function H*(s) is called the sampled transfer function of the system.
Upon recalling that
h(t) = £ [H(s)]

is the impulse response, it is evident that
h(nT) = Z~YH,(2)] (16-45)

In view of the comments at the end of See. 16-7, it is observed that
Egs. (16-43) and (16-44) are not exactly equivalent. Inversion of B*(s)
by the Laplace inversion integral gives

(@) = £ R*(s)]
whereas the Z inversion of R.(z) gives
r(nT) = Z7'[R.(2)]
which are related by

() = 2 r(T)5(t — nT)

n=0

Neither inversion defines r(¢) for values of ¢ other than integral multiples
of T.

16-10. Convolution. The Z transform provides a useful convolution
formula. In the notation of Sec. 16-9, we write

Rl(z) = Hl(z)Fl(z)
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and direct our attention toward relating Z—![R,(z)] to the inverse trans-
forms of H.(z) and F,(z). Equation (16-10) gives

F.(2) = Z f@T)z o] > e

u=0
0

Hi(z) = z h@T)z 2] > enT

v=0

and for their product we have

H.@F ) = ) h(T)z Y ful)e™

u=0

<

8grvﬂa

Apz (16-46)
0

s
I

where A, is the sum of all products h(vt)f(ut) for which » 4 u = n.
This sum is given by either of the following:

A, = z R(ET)f[(n = k)T) (16-47a)
k=0

A, = Y hn — B)TIfET) (16-47b)
k=0

Comparing Eq. (16-46) with Eq. (16-10) shows that A, is Z-{H,(2)F.(z)]
at t = nT. But r(nT) is our designation for the above inverse, and
therefore we can write the following convolution theorem:

Theorem 16-6. If f(t) and h(t) have respective Z transforms F,(z) and
H.(2), then the inverse Z transform of the product F.(z)H,(z) is a func-
tion r(nT) which can be expressed as

r(nt) = z h(kT)f[(n — kK)T] or r(nt) = 2 hi(n — B)TIf(kT) (16-48)

k=0 k=0

16-11. The Two-sided Z Transform. The Z transform can be extended
to those situations for which the Fourier transform and two-sided Laplace
transforms are used, by defining a two-sided Z transform

Fau(2) = z f(aT)z™  eT < |z| < enT (16-49)
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The above can be written as the sum of two ordinary Z transforms:

F3y(2) = Fo(2z) + Foo (‘i‘) (16-50)
where Fu(z) = z fnT)z [2] > en?
»=0 (16-51)
Fy(2) = z f(—=nT)z |z| > enT
nw=]

The series for F,3(1/z) converges inside a circle, whereas the first series
converges outside a circle. If o1 < 09, there is a ring of convergence.

In regard to the inversion integral and uniqueness, the situation is very
similar to the two-sided Laplace transform. The inversion formula is
simpler to derive than for the single-sided case. Referring to Eq. (16-49),
if

z = Re® T < R < eo?
we have Fu(Re®) = ) f(nT)R—ne=int (16-52)
which shows that f(nT) R~ is the general Fourier coeflicient of the expan-
sion of Fy(Re®). Thus, from the formula for Fourier coefficients, we
immediately get

fnT) = 2l / " Fa(Re®) Rre® df
T o

which converts to the contour integral

f(nT) = 2% /C Fau(e)ztds (16-53)

This formula is identical in form with Eq. (16-28). However, we note
that now the radius of C, is restricted to being in the annular region
between the two circles of convergence. If a radius is used which carries
C, outside this region, the inversion formula will give a different f(¢),
but one which has the same two-sided Z transform. In other words, in
similarity with the two-sided Laplace transform, the two-sided Z trans-
form is not uniquely related to the f(¢) function, unless the contour of
integration of the inversion integral is specified. The corresponding
situation for the Laplace case is discussed in Secs. 10-17 and 10-18.
16-12. Systems with Sampled Input and Continuous Qutput. If a sys-
tem has a sampled input but a nonsampled (continuous) output, the
Laplace transform of the output is given by Eq. (16-41) rather than
Eq. (16-43). Z transforms are particularly suited to Eq. (16-43) because
H*(s) = H,(2) is rational in z if H(s) is rational in s. However, H(s)
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is not rational in z, and for that reason Eq. (16-41) is not simplified by
introduction of the Z transform. It is best to remain with the s variable,
Laplace theory being used to obtain £-'[R(s)]. Of course, F*(s) is trans-
cendental in s, but this is less disturbing than the multivaluedness that
occurs if we try to use

1
T

in the rational function H(s). Further thought on this question will
show that, if we attempt to get an inversion formula like Eq. (16-28)
for continuous functions, the integrand is multivalued except at ¢ = nT.

It is possible, however, to adapt the Z-transform theory to obtain
information about a continuous output, by periodically sampling the
output at valuesof ¢t = r, + T, r + 2T, ete., where the variable param-
eter 7 is in the range 0 < v < T. In this way, the output can be deter-
mined at any sequence of points, arbitrarily located between the original
sampling points.

The Laplace transform of the continuous output is

R(s) = H(s)F*(s) (16-54)

where we are assuming that the input is sampled at 0, T, 2T, etc. We
recall Eq. (16-10) and write

log 2

H(s)F*(s) = z H(s)f(kT)e—= (16-55)
E=0

Since k() = £~ [H(s)], we have, according to Theorem 10-8,
LHH(s)e *T] = h(t — ET)u(t — kT) (16-56)

Thus, assuming that we can take inverse transforms inside the summation
of Eq. (16-55), the output r(t) = £-[R(s)] is

() = z SETRE — ET)u(t — kT) (16-57)
E=0
Although this is the function we want, it is not in a convenient form for
computation. It is nothing more than the summation of responses due
to impulses of strength f(kT) occurring at ¢t = kT, a result which could
have been derived without the aid of Z transforms.

Now let us sample r(f) at the points 7, + + T, etc., by multiplying
r(f) by a sampling function like p(t), but for which the impulses are
shifted an amount 7. Thus, in similarity with Eq. (16-4), we define

() = E 3t — v — nT) (16-58)

n=0
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which yields the sampled output
r*t,r) = r()p(,r) (16-59)
In comparison with Eq. (16-7) the Laplace transform of this ig

2lr* )] = z r(r + nT)e—sr+sD (16-60)

n=0

The function £[r*(¢,7)] is really superfluous, as we now show by defining

w©

Ri(z) = z r(r + nT)z* (16-61)

n=0

wheren = 7/T. R,(z,7) is called the modified Z transform of r(f). Thus,
Llr*(t,r)] = e R.(2,m) (16-62)

‘The factor e~ shows that R,(z,n) is the Laplace transform of the output
function shifted an amount 7 to the left and then sampled at t =0, T,
2T, etec. Equation (16-61) yields the same conclusion by emphasizing
that R,(z,7) is the ordinary Z transform of r(t + 7).
Equation (16-57) can be used in Eq. (16-61). This would introduce
a unit-step factor ufr + (n — k)T] which is zero for £ > n. Therefore,
the upper summation limit in Eq. (16-57) can be changed to n, giving
Ren) = ) Y JGDhr + (0 — H)T) (16-63)
n=0 k=0
This result is similar in form to Eq. (16-46) when Eq. (16-47b) is used
for A,. This fact can be used to establish that Eq. (16-63) can be put
in & form similar to the first form of Eq. (16-46), namely,

Ren) = ) b+ oDz ) Sz (16-64)
v=0 u=0
The second summation on the right is F,(z). The first summation on
the right is similar to Eq. (16-61), and so we define the following modified
Z transform of A(t):

Haen) = ) hir + oDz (16-65)

v=0

The final result can thus be written
R.(z,n) = H.(zn)F.(2) (16-66)

The function H,(z,y) is readily found from Eq. (16-65), being the normal
Z transform of h(t + 7).
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In concept, this result is very simple. To obtain a solution, we pro-
ceed as with ordinary Z transforms, but using an ordinary Z transform of
k(t + 7), namely, H.(z,n) = Z[k(t + 9T))], in place of H,(2). The inverse
of the resulting Z-transform function then gives values of r(#T + nT)
at sampling points displaced an amount 4T = 7 from the original sam-
pling points.

It is interesting to observe that Eq. (16-44) can be obtained by the
above proof. This is evident when we note that, if 5 goes to zero, the
modified transform reduces to an ordinary Z transform and Eq. (16-44)
becomes a special case of Eq. (16-66). In fact, to prove Eq. (16-44) by
the present method, although perhaps more complicated, is preferable
because it does not require F,(z) and H,(z) to be rational functions.

16-13. Discontinuous Functions. Throughout the discussion of the
Laplace transform, much attention is given to the possibility of f(z)
having points of discontinuity. In contrast, the discussion of the Z
transform has been based on the assumption that f(¢) is continuous. This
is not a significant omission, because f*(¢) is insensitive to discontinuities
occurring between the sampling points. Furthermore, if f(f) should be
discontinuous at a sampling instant, the theory presented is still appli-
cable. In that case, if there is a discontinuity at n,7, it is necessary only
to replace f(mT) by f(n1T+), wherever it occurs.

PROBLEMS

18-1. Obtain the Z transforms of

(a) sin bt (b) e*t sin bt
(¢) cos bt (d) cos at sin bt

and locate their singular points in the z plane.
16-2. Show that

zr@l = [ 0w

where n7 4 signifies a value slightly greater than 7. Both sides of this equation are
functions of n.
16-8. Let the input function of a system be

J@§) = e

and suppose that the system function is

y 1
H (8) = m
The system is initially relaxed.

(a) Assuming sampling intervals of duration 7, and using series expressions for the
appropriate Z transforms, find the first three terms of the synchronously sampled out-
put function (corresponding to t = 0, T, 2T).

() Using the inversion integral, obtain a general expression for the output func-
tion required in (a), and compare with the three values obtained in (a).
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16-4. Let a system be described by a function

and assume a driving function
(&) = sin bt

sampled at integral multiples of T. Using the inversion integral, obtain an expres-
sion for the synchronously sampled response, assuming that the system is initially
relaxed.

18-5. Obtain the solution to the system specified in Prob. 16-3, by using the con-
volution theorem for Z transforms.

16-6. Show that at time nT <t < (n + 1)T the nonsampled response of the sys-

tem defined in Prob. 16-3 is
e~ (a0 +DT _ ]

emS -
e GDT — 1

16-7. Obtain the solution for the nonsampled response, for the situation described
in Prob. 16-4.

16-8. A system with input function f(¢) which has been sampled at 0, T, 2T, . . .
i8 to operate on this sampled input in such a way as to give an output of the form

£(0) 0<t<T
r(t) = { f(T) T <t <2T
j@r) 2T <t < 3T
Show that a system funection
H(.g) - 1 - e—aT

will meet these requirements.
16-9. A system is described by the function

1
H(s) = iFi
Assume that the input f(f) is sampled at integral multiples of T. The output is
unsampled. If r(nT') is the corresponding sampled output, show that
r(t) = e~ ¢ T (nT)

where nT <t < (n + 1)T.
16-10. For the general function

{5 120

obtain a formula for the two-sided Z transform, giving conditions on e and b for the
existence of this transform.
16-11. Obtain the two-sided Z transform of

@) =M

and then use the inversion integral to recover f(nT"). (HINT: A change in variable
of the inversion integral will simplify the case for negative n.) Also, determine what
function would have a single-sided Z transform identical with the two-sided trans-
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16-12. In the case of the two-sided Z transform, let f(¢) be written
f(t) = fa(t) +fo(t)

where f.(t) and f.(t) are, respectively, even and odd functions of ¢&. Let F,,(z) and
F1,0(2) be the respective Z transforms of f,(f) and f,(f).
(a) Show that

F1.,(2) = Fo (%)
Fauul?) = —Fha(g)

(b) Show that, for all n, the inversion integral can be written

1 n
= —_ |n]—1
f(nT) 30 J oo [qu(z) + lnl F”o(z)] z dz
16-18. In Eqs. (16-15) we find
. Tz
Zl ==y

and in Eq. (16-40) we have

F*s) =71’ E F(s —jz"T”)

n=—wx
Show that the condition
F*(s) = F.(2)

is satisfied for this case.

16-14. The inversion integral for the Z transform [Eq. (16-28)] yields f(nT),
whereas the Laplace inversion integral applied to F*(s) yields f*(t).

(@) Discuss how f*(¢) differs from f(nT).

(b) Observe that a formal change of variable to z in

1 * mn
o [Br F¥(s)enT ds
yields a formula identical to Eq. (16-28), but that according to (a) this is f*(f). Ex-
plain the apparent paradox.

16-15. Cariy out the details of the derivation of Eq. (16-60).

16-16. Observe that f*(t) is given as a product f(¢)p(t). Although the symbolic
Laplace transform does not meet the conditions for s-plane convolution, carry out a
formal derivation of Eq. (16-40), using s-plane convolution. Explain how it can be
determined that the convolution theorem is not applicable in this case.

16-17. Give a derivation of Eq. (16-44) based on the method suggested in the last
paragraph of Sec. 16-12.

16-18. Use the inversion formula to obtain f(nT) for the one-sided Z transform

224+ az 40

e =5

where ¢ # 8. Determine by trial whether or not the initial- and final-value theorems
are valid in this case, and appraise your findings.

16-19. Prove that Z {F.(z)] is of exponential order < 0 if all poles of F.(z) lie
inside the unit circle.



APPENDIX A

With a working knowledge of the basic concepts and theorems presented in this
book, you are equipped with techniques for finding the Laplace transform, or the
inverse, of almost any admissible function. However, when doing applied work, a
person does not always remember all the theoretical background. This being the
case, it is useful, for practical work, to have a tabulation of transform pairs. Rea-
sonably complete tables are found in many of the books on the Laplace transform
listed in the Bibliography, and very extensive tables have been compiled.* Since
this text is primarily designed to present concepts, rather than procedures, an exten-
sive tabulation is not given. Table 10-1 takes care of a large number of cases, and a
few more of the more common functions are presented in the following table. It
should be recognized, of course, that the two shifting theorems and the theorems on
the derivative and integral of a function, in both ¢ and s variables, are available to
extend these tables to many other cases, almost on sight.

* A. Erdelyi (ed.), “Tables of Integral Transforms,”” vol. I, McGraw-Hill Book
Company, Inc., 1954.
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The unit step u(t) is implied as & multiplier of f(?) in each case. Defining formulas

COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

TaBLE oF FuNncTioNs AND THEIR LarLace TRANSFORMS

for many of the functions are given in Appendix B.

B (0]
sin af
t

%(1 — cos af)
L —e9

cos Vat
Vi

sin Vi
i_ ~as/g

Vi

1
v
o VE

Vi

o~ Ve

(ent — ebt)

logt
atr [ T/ (1)
rh [I’(n) - log t]
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Ie_z“\/; az0

8
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Heb)
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a" \/az + s?
R o—al
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TaBLE or FuncTions AND THEIR LapLace TRaNsrorMs (Coniinued)

J® F(s)
'\7:(:—1+T) &ae-‘(l —erfVas) a>0
WI_T_; \/Ese‘"(l—erf\/a_s) a>0
‘%1 —e#Ei(—as) a>0
P % \ée-'“a (1 —erf i/é) a>0
Si (at) !tan12
erf Vi %’ a>0
erf (at) %e""“’ (l — erf %) a>0
l—erf% %e'z"‘/; az0
Ei (—a) ~llgtte 450
Ci (at) ~ g lg 2 EE
e~ /Oﬁe” dz 27\/(:}%—“—) a>0
\/a—e"“‘ﬁ)ﬁ‘e”da: 27:’/_2_314—_41) a>0

* Brackets denote the greatest integer.



APPENDIX B

P.(z) = 2"n' da:" (z3 — 1)» Legendre polynomial
d» _ .
L,(z) = e* e (z"e™*) Laguerre polynomial
Jal2) = —‘D— ef’ s ¢ 0os nu du Bessel function
I.(z) = (—j)"-’ »(JZ) Modified Bessel function
z
effz = — e v du Error function
.\/_
Eiz=— / s Exponential integral function
1
Siz = /; smu:cu du Sine integral function
Ciz = — /1 ° %{:—u du Cosine integral function
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INDEX

Abscissa of convergence, one-sided
Laplace integral, 292, 293
two-gsided Laplace integral, 295
Algebraic singularity, 185
Almost piecewise continuity, 240
Amplitude modulation, application of
convolution integral to, 347
Analytic continuation, 147
significance of, in definition of Laplace
transform, 298
Analytic function, 32, 152
Analytic geometry plane, 24
Angle, of complex number, 21
initial, for sinusoidal wave, 2
preservation of, by conformal
mapping, 75
Angle function, 229
Arc, differentiable, 85
simple, 85
Axis of convergence of Laplace integral,
293

Bessel function, 468
Laplace transform of, 466
Bilinear transformation, properties of, 70
Branch cut, 171, 185
Branch point, 177
integration around, 180
methods of locating, 186
order of, 173
Bromwich contour, for one-sided trans-
form, 320
for two-sided transform, 319

Cauchy integral formulas, 106

Cauchy integral theorem, 94-98

Cauchy principle of convergence, for
improper integrals, 240

Cauchy principle of convergence, for
infinite series, 117
Cauchy-Riemann differential equations,
34
Characteristic equation, 389
Characteristic values, 326, 389
Complex number, angle of, 21
exponential form, 37
imaginary component of, 20
imaginary part of, 20
magnitude of, 21
as an ordered pair, 19
polar form, 21
real component of, 20
real part of, 20
rectangular form, 21
Complex plane, 24
Conformal mapping, by analytic func-
tion, 73
preservation, of angles by, 75
of shapes by, 76
Conformal maps, bilinear function, 70
exponential function, 61
hyperbolic cosine, 62
reciprocal function, 56, 66
trigonometric sine and cosine, 63
Conjugate, complex, 4, 23
Connected set, 86
Connectivity, order of, 87
of a region, 87
significance of, for integrals, 99
Continuity, definition of, 28
Contour integral, 89, 92
Convergence (see Improper real inte-
grals; Infinite series)
Convolution in s plane, for one-sided
transform, 343
for two-sided transform, 349
Convolution integral, for Fourier trans-
form, 338

471
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Convolution integral, for impulse funec-
tion, 428
for one-sided Laplace transform, 343
for two-sided Laplace transform, 340
Convolution theorem for Z transform,
458
Cosine integral function, 468
Laplace transform of, 467
Current source, equivalent, 405
Curve, simple closed, 85

Deleted neighborhood, 28
Derivative, definition for function of a
complex variable, 29
for discontinuous function of a real
variable, 367

of impulse function, 417

of multivalued function, 177
Distribution, 433

<

Element of an analytic function, 148
Entire function, 153
Error function, 468
Laplace transform of, 467
Essential singularity, first kind, 142
second kind, 143
Exponential form, 37
Exponential function, 36
Exponential integral function, 468
Laplace transform of, 467
Exponential order, function of, 287
Exponential type, function of, 357
Extended plane, 88

Field problems, solution in two dimen-
sions, 77-80
Final-value theorem, for Laplace
transform, 315
for Z transform, 45)
Finite plane, 88
Forced response, 390
Fourier integral, 6, 268
Fourier integral theorem, 268-272
Fourier series, 5
Fourier transform, 274
derivative of, 275
symmetry of, 276
Frequency, 10

Frequency variable, 10
generalized, 12
Function, of a complex variable, 24
analytic, 32, 152
entire, 152
meromorphic, 152
rational, 152
transcendental, 35
global definition of, 151
of a real variable, almost piecewise
continuity of, 240
piecewise continuity of, 235

Gain function, 229
Gauss mean-value theorem, 205
Global definition of a function, 151

Half plane of convergence for Laplace
integral, 293

Harmonic function, 41

Heaviside expansion theorem, 325

Helmholtz theorem, 403
Norton’s theorem as special case, 405
Thévenin’s theorem as special case,

404
Hilbert transform, 225
Hyperbolic functions, 38

Imaginary component of complex
number, 20
Imaginary number, 20
Imaginary part of complex number, 20
Immittance function, 398
combination of, 400
self-immittance, 400
transfer immittance, 400
Improper real integrals, 237, 238
convergence of, 237, 239, 240
absolute, 239
uniform, 248
Impulse function, 414
higher-order, 416, 418
symbolic transform of, 417, 419
Impulse response, 414
Impulsive response, 415
Index prineciple, 211
Infinite series, 116-122
convergence of, 116, 117
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Infinite series, convergence, absolute, 118
uniform, 120
power (see Power series)
ratio test, 119
root test, 119
Infinity, point at, 64
Initial-value theorem, for Laplace
transform, 315
for Z transform, 451
Integral, contour, 89, 92
upper bound, 94
improper (see Improper real integrals)
line, 90
real, theorems for, 236
Integration, around branch points, 180
over large circular arcs, 254
by parts, 236
by primitive functions, 109
by residues, 145
Inversion formula, for Fourier trans-
form, 268, 273
nonuniqueness of, for two-sided
Laplace transform, 315, 321
for one-sided Laplace transform, 320
for one-sided Z transform, 452
for two-sided Laplace transform, 319
for two-sided Z transform, 459
uniqueness of, for Fourier transform
and one-sided Laplace transform,
276, 320
Iterated integrals, finite limits, 242
infinite limits, 247

Jordan curve, closed, 86
Jordan curve theorem, 88
Jordan’s lemma, 259

Laguerre polynomial, 113, 468
Laplace transform of, 466
Laplace integral, convergence of, 288,
289
one-sided, 8, 287
related to Fourier integral, 286
two-sided, 286
Laplace transform, as an analytie func-
tion, 298
behavior at infinity, 306
conditions to make an entire function,
309

473

Laplace transform, derivative of, 308
of derivative, 311
of integral, 312
inverse of (see Inversion formula)
linear combination of, 299
one-sided, 9, 287
sufficient conditions for, 374
uniqueness of inverse, 320

Laplace’s equation, solution of, by func-

tions of a complex variable, 77-80

in two dimension, 41, 77

Laurent series, 134
expanded about a singular point, 139
properties of coefficients for real

function, 203

uniqueness of, 136

Legendre polynomial, 113, 468
Laplace transform of, 466

Limit, definition of, 27

Line integral, 90

Linear function, mapping properties of,

46

Lipshitz condition, 271

Logarithm, definition, 102
mapping properties of, 176
Riemann surface, 102

Logarithmic singularity, 185

M test (see Weierstrass M test)
Magnitude of complex number, 21
Maximum, principle of, 207
Meromorphic function, 152
Minimum, principle of, 207
Mittag-Lefller theorem, 157
Modified Z transform, 461
Morera’s theorem, 109
Multivalued function, expansion in
series, 188

Natural boundary, 150
Natural mode, 326, 389
Natural response, 389
Neighborhood, deleted, 28
Nyquist criterion, 213

Open region, 86
Order, of branch point, 142
of connectivity, 87



474 COMPLEX VARIABLES AND THE LAPLACE TRANSFORM

Order, of a zero, 212
Ordered pair, 19

Parseval’s theorem for Fourier trans-
form, 279
Partial fraction expansion, 153
of meromorphic function, 157
Partial sum of series, 116
Periodic function, Laplace transform of,
436-438
response of system to, 438-442
Piecewise continuity, 235
Point set, 86
Poisson’s integrals, 215
transformed to imaginary axis, 220
Pole, definition of, 142
order of, 142
of system function related to natural
response, 389
Positive real function, 208
Power series, 125129
circle of convergence, 125
term-by-term differentiation, 129
term-by-term integration, 128
Primitive function, 100
used in evaluating integrals, 109
Principal part of Laurent expansion,
142

Radius of convergence for power series,
126
Real component of complex number, 20
Real function, 201
Real number, 20
Real part of complex number, 20
Region, 86
bounded, 88
closed, 87
connectivity of, 87
open, 86
Regular point, 31
Residue, definition, 144
formulas for, 145
at infinity, 146
Residue theorem, 145
Resonance, 391
Riemann sphere, 64
Riemann surface, 103, 171

Riemann’s theorem for trigonometric
integrals, 252-254
generalization of, 354-355
Root locus, 190-197
Roots, of complex numbers, 22, 37
of equations, 212

Saddle point, 186
Sampled transfer function, 457
Sampling function, 446
Series (see Infinite series)
Set, connected, 86
of measure zero, integration over, 237
point, 86
Shapes, preservation of, 76
Shifting theorems, for Laplace trans-
form, 309, 310
for Z transform, 450
Sine integral function, 468
Laplace transform of, 467
Singular point, 31
classification (see Algebraic singu-
larity; Branch point; Essential
singularity; Logarithmic singu-
larity; Pole)
at infinity, 143
Singularity functions, 424
Sinusoidal pulse, Laplace transform of,
304
Sinusoidal steady state, 1-5, 397
Stability, 12, 390
Strip of convergence for two-sided
Laplace integral, 296
Superposition, 430
Symmetry of Fourier transforms, 276
System function, 2, 406
angle function, 229
gain function, 229
relationships between real and imagi-
nary parts, 223-228

Taylor series, 129-133
uniqueness of, 132

Techebysheff polynomisl, 199, 468

Thévenin’s theorem as special case of
Helmholtz theorem, 404

Transcendental functions, 35

Transformation point due to a function,
48
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Transient response, 389

Triangular pulse, Laplace transform of,
304

Trigonometric functions, 38

Two-sided Laplace transform (see
Laplace transform)

Two-sided Z transform, 458

Uniform convergence, improper inte-
grals, 248
infinite series, 121
Laplace integrals, 289, 291, 294
M test, for integrals, 251
for series, 127
power series, 127
Unit doublet, 417
Unit impulse, 414
Unit pulse, 410

Unit ramp, 424
Unit step, 310

Voltage source, equivalent, 405

Weierstrass M test, for integrals, 251
for series, 127

Z transform, 447
convolution theorem for, 457
of function multiplied by e~%¢, 449
inversion formula for, 451, 459
modified, 461
periodic properties of, 453
of powers of ¢, 448
two-sided, 458
Zeros of a function, 212
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Complex \ariables and the
Laplace Transform for Engineers

‘... an excellent text; the best I have found on the subject.”—]. B. Sevart, Dept. of
Mechanical Engineering, U. of Wichita

“An extremely useful textbook for both formal classes and for self-study. . . " —SOCIETY
FOR INDUSTRIAL AND APPLIED MATHEMATICS

Engineers often do not have time to take a course in complex variable theory as under-
graduates, yet it is one of the most important and useful branches of mathematics, with
many applications in engineering. This text is designed to remedy that need by supplying
graduate engineering students (especially electrical engineering) with a course in the basic
theory of complex variables, which in turn is essential to the understanding of transform
theory. Presupposing a good knowledge of calculus, the book deals lucidly and rigorously
with important mathematical concepts, striking an ideal balance between purely mathe-
matical treatments that are too general for the engineer, and books of applied engineering
which may fail to stress significant mathematical ideas.

The text is divided into two basic parts: The first part (Chaps. 1-7) is devoted to the theory
of complex variables and begins with an outline of the structure of system analysis and an
explanation of basic mathematical and engineering terms. Chapter 2 treats the founda-
tion of the theory of a complex variable, centered around the Cauchy-Riemann equations.
The next three chapters— conformal mapping, complex integration and infinite series—
lead up to a particularly important chapter on multivalued functions, explaining the con-
cepts of stability, branch points and Riemann surfaces. Numerous diagrams illustrate the
physical applications of the mathematical concepts involved.

The second part (Chaps. 8-16) covers Fourier and Laplace transform theory and some of
its applications in engineering, beginning with a chapter on real integrals. Three impor-
tant chapters follow on the Fourier integral, the Laplace integral (one-sided and two-
sided) and convolution integrals. After a chapter on additional properties of the Laplace
integral, the book ends with four chapters (13-16) on the application of transform theory
to the solution of ordinary linear integrodifferential equations with constant coefficients,
impulse functions, periodic functions and the increasingly important Z transform.

Dr. LePage’s book is unique in its coverage of an unusually broad range of topics difficult
to find in a single volume, while at the same time stressing fundamental concepts, careful
attention to details and correct use of terminology. An extensive selection of interesting
and valuable problems follows each chapter, and an excellent bibliography recommends
further reading. Ideal for home study or as the nucleus of a graduate course, this useful,
practical and popular (8 printings in its hardcover edition) text offers students, engineers
and researchers a careful, thorough grounding in the math essential to many areas of
engineering.

“. .. an outstanding job. . . "— AMERICAN MATHEMATICAL MONTHLY

Unabridged, corrected republication of the McGraw-Hill edition, 1961. Numerous illis-
trations. Bibliography. Exercises. 483pp. 5% x 8. Paperbound.
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